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Preface

This book contains material that has been developed and collected over the last ten
years in my research and teaching activities. It has been used in lecture series on
optimal control for master students at the University of Hamburg, the University of
Wiirzburg, and the University of the Federal Armed Forces in Munich.

The book addresses primarily master and PhD students as well as researchers in
applied mathematics, but also engineers or scientists with a good background in math-
ematics and interest in optimal control.

The intention of the book is to provide both, the theoretical and computational tools
that are necessary to investigate and to solve optimal control problems with ordinary
differential equations and differential-algebraic equations. An emphasis is placed on
the interplay between the continuous optimal control problem, which typically is de-
fined and analyzed in a Banach space setting, and discrete optimal control problems,
which are obtained by discretization and lead to finite dimensional optimization prob-
lems. The theoretical parts of the book require some knowledge of functional analysis,
the numerically oriented parts require knowledge from linear algebra and numerical
analysis. Examples are provided for illustration purposes.

Optimal control is a huge field and not all topics and aspects can be covered in
this book. Hence, the contents reflect my personal preferences in favor of necessary
optimality conditions, direct and indirect solution methods, mixed-integer optimal
control, and real-time optimal control. Topics like existence of solutions and sufficient
optimality conditions are not covered in detail.

Parts of the book were presented in a summer school on discrete dynamic program-
ming, which has been held by Prof. Frank Lempio and myself in Borovets and Sofia,
Bulgaria, in 2003. This summer school was funded by the Bulgarian Academy of Sci-
ences and DAAD within the ‘Center of Excellence for Applications of Mathematics’.

Last but not least, I would like to express my thanks to all members of my current
working group at the University of the Federal Armed Forces in Munich and to my
former colleagues in Bayreuth, Hamburg, Birmingham, and Wiirzburg for the very
pleasant and enjoyable time.

I hope this book on optimal control problems with ordinary differential equations
and differential-algebraic equations is helpful to the reader. Corrections and sugges-
tions are welcome!

Neubiberg, August 2011 Matthias Gerdts
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Chapter 1
I ntroduction

Historically, optimal control problems evolved from variational problems. Variational
problems have been investigated more thoroughly since 1696, although the first vari-
ational problems, such as Queen Dido’s problem, were formulated in the ancient
world already. In 1696 Johann Bernoulli (1667-1748) posed the Brachistochrone
problem to other famous contemporary mathematicians like Sir Isaac Newton (1643—
1727), Gottfried Wilhelm Leibniz (1646-1716), Jacob Bernoulli (1654-1705), Guil-
laume Frangois Antoine Marquis de L’Hépital (1661-1704), and Ehrenfried Walter
von Tschirnhaus (1651-1708). Each of these distinguished mathematicians was able
to solve the problem. An interesting description of the Brachistochrone problem
with many additional historical remarks as well as the solution approach of Johann
Bernoulli exploiting Fermat’s principle can be found in [251].

Optimal control problems generalize variational problems by separating control and
state variables and admitting control constraints. To this end, the dynamic behavior
of the state of a technical, economical, or biological system is described by dynamic
equations. For instance we might be interested in the development of the population
size of a specific species during a certain time period, or we want to describe the
dynamical behavior of chemical processes or mechanical systems, or the development
of the profit of a company during the next five years, say.

The dynamic behavior of a given system typically can be influenced by the choice
of control variables. For instance, the breeding of rabbits can be influenced by the
incorporation of diseases or natural predators. A car can be controlled by the steering
wheel, the accelerator pedal, and the brakes. A chemical process can be controlled
for instance by increasing or decreasing the temperature. The profit of a company is
influenced for instance by the prices of its products or the number of employees.

Most often, the state or control variables cannot assume any value, but are subject
to control or state constraints. These constraints may result from safety regulations,
economical restrictions, or physical limitations, such as the temperature in a reactor
has to be lower than a specific threshold, only a certain budget is available, the altitude
of an airplane should be larger than ground level, and the steering angle of a car is
limited by a maximum steering angle.

Finally, we are particularly interested in those state and control variables that fulfill
all constraints and moreover minimize or maximize a given objective function. For ex-
ample, the objective of a company is to maximize the profit or to minimize operational
costs, a race driver intends to minimize lap time.
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In summary, optimal control problems have the following ingredients in common:
Sate and control variables, dynamic equationsin terms of differential equations, state
or control constraints, and an objective function to be minimized or maximized.

The following well-known examples illustrate the ingredients of optimal control
problems.

Example 1.0.1 (Spline Problem, Minimum Energy Problem, see [39]). Consider a
rod in the (z, x)-plane, which is fixed at the positions (0,0) and (1,0) such that it
assumes the angle « to the 7-axis, see Figure 1.1.

x(1)

Figure 1.1. The spline problem (minimum energy problem): minimal bending energy of a
fixed rod.

We are interested in the shape x(¢) of the rod. The rod will assume a shape that
minimizes the bending energy, which is given by the curve integral

L
E = c/ K (s)%ds, (1.1)
0

where ¢ is a material dependent constant and « denotes curvature. The shape function
x(t) is described by the curve

Y [0,1] — R2, 1> p(1) = (XEZ)).

The arc length s(¢) is given by

s(t) = /Ot Iy (0)|dt = /Ot V1+x(v)?dr.

The length L of the curve between the points (0, 0) and (1, 0) is

1 1
L:s(l)—s(O):/O ||y’(z)||dt:/0 1+ x/(0)2 dt.



The function s(-) is a continuously differentiable parameter transformation (injective,
s~ 1 continuously differentiable) and the curve y can be parameterized with respect to
the arc length s:

7i[0.L] —R% L () = y(s~ ' ©).
In particular it holds (as y’ # 0)

y'()
ly' Ol

P'(s(1) =
The curvature « is defined by
k() = [I7"Ol.
After some computations we find
x"(1)
VIO
With the substitution s — s(¢) in (1.1) the bending energy reads as

L 1 ; LX)
R R e =1

K(s(r)) =

For |x/(7)| < 1 it simplifies to

1
E ~ c/ x"(t)%dt.
0

With xq(¢) := x(1), x2(¢) := x'(¢), u(t) := x”(¢) we obtain an optimal control
problem, which is known as spline problem or minimum energy problem, see [39,
p. 120, Sec. 3.11, Ex. 2]:

Minimize
1
/ u(r)?de
0
subject to
x1 (1) = x2(1), x1(0) = x1(1) =0,
x5(1) = u(r), x2(0) = —x2(1) = tana.

The functions x; and x, denote the state of the problem and the function u is the
control. The problem can be further augmented by a state constraint x1 () < Xmax.
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The solution of the optimal control problem then describes the shape of a fixed rod
subject to a load:

Minimize

/1 u(r)?de
0

subject to the differential equations

x1(t) = x2(1),
x5 (1) = u(r),

the boundary conditions
x1(0) = x1(1) =0, x2(0) = —x2(1) = tana,
and the state constraint
x1(2) — xmax < 0. O
Example 1.0.2 (Goddard Problem, see [138]). A rocket of mass m lifts off vertically

at time ¢+ = 0 with (normalized) altitude 2(0) = 1 and velocity v(0) = 0, compare
Figure 1.2.

u(t)

h(t)

Figure 1.2. Goddard problem: Vertical ascent of a rocket.



The task is to choose the thrust u () and the final time ¢4 such that the altitude A(z)
at final time 7, is maximized:

Minimize —h(ty) subject to the differential equations

h(t) = (1),

. 1 1

0(0) = o5 (0O = DO hO) = 5. (1.2)
mm:-%g (1.3)

with initial conditions
h(0) =1, v0)=0, m() =1,
terminal condition m(ty) = 0.6, and control constraint
0 <u(r) <3.5.

Herein, the fuel consumption is assumed to be proportional to the thrust, which leads
to (1.3) with ¢ = 0.5. D(v, &) in (1.2) denotes the drag, which is defined by

CpF

D
D(v,h) = 2mog p(h)v?

with the air density p(h) = po exp(500(1 — &)) and % = 620.
The term —1/ A2 in (1.2) models the (normalized) acceleration due to gravity. O

The following example leads to an optimal control problem with a discrete control
set—a so-called integer optimal control problem.

Example 1.0.3 (Lotka—Volterra Fishing Problem, see [275]). The following problem
models an optimal fishing strategy on the fixed time horizon [0, 12] with the aim to
control the bio-masses of a predator population and a prey fish population to the pre-
scribed steady state (1, 1):

Minimize
12
(x1(1) = D? + (x2() — 1)?dt

subject to

x1(t) = x1(2) — x1(£)x2(2) — 0.4x1 (D)u(?),

X2(2) = —x2(1) + x1(0)x2(1) — 0.2x2(1)u(?),

u(t) € {0, 1},
x1(0) = 0.5,
x2(0) = 0.7.
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The control ¥ may only assume the two values 0 and 1. Hence, the control set is
discrete. O

The dynamics are given in terms of ordinary differential equations (ODEs) in the
previous examples. Many processes in natural sciences however are modeled by par-
tial differential equations (PDEs) leading to PDE constrained optimal control prob-
lems. A typical sample problem is described next and it will be revisited later on.

Example 1.0.4 (Distributed Control of 2D Stokes Equation). The instationary 2D
Stokes equation

vy =Av—Vp+u,
0 = div(v),
v(0,x,y) =0, (x,y)eQ,
v(t,x,y) =0, (t,x,y)€(0,T)x IR

is a model for the motion of a laminar flow of a Newtonian fluid in two space di-
mensions x and y. Herein, v denotes the velocity vector, p the pressure, and u a
distributed control in the domain Q := (0,T) x Q with = (0,1) x (0,1) and
T >0.

Let a desired velocity field v; be given on the domain Q. The task is to minimize
the distance of the controlled velocity field v to the desired velocity field vy, see
Figure 1.3 for a numerical solution.

This leads to an optimal control problem with a partial differential equation:

Minimize

1
5/ lv(t, x,y) —vq(t, x, y)||2dxdydt + %/ ||u(t,x,y)||2dxdydt (1.4)
o o

subject to
vy =Av—Vp+4u, inQ,
0 = div(v), inQ,
v(0,x,y) =0, (x,y) € Q,
v(t,x,y) =0, (t,x,y) € (0,T) x 0
and

Umin = U < Umax N Q O
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Figure 1.3. Actual velocity field from the 2D Stokes equation and desired velocity field.

Numerous additional applications of optimal control problems can be found in nat-
ural sciences, engineering sciences, economy, and other disciplines. Strongly mo-
tivated by military applications, optimal control theory as well as solution methods
evolved rapidly since 1950. The decisive breakthrough was achieved by the Russian
mathematician Lev S. Pontryagin (1908-1988) and his coworkers V. G. Boltyanskii,
R. V. Gamkrelidze, and E. F. Mishchenko in proving the maximum principle, which
provides necessary optimality conditions for optimal control problems, see [261]. Al-
most at the same time also Magnus R. Hestenes [156] proved a similar theorem. Since
then many contributions in view of necessary conditions, see, e.g., [133,153,162,164,
171,173, 226,227, 244], sufficient conditions, see, e.g., [210,212,223,224,228, 315],
sensitivity analysis and real-time optimal control, see, e.g., [16,47,48,213-215,229-
232, 252-255], and numerical methods and analysis, see, e.g., [24, 28, 39, 40, 42, 59,
66,67,70,75-77,152,157,176, 216, 246,247,256, 301, 310], have been released.

Since the 1970ies differential-algebraic equations (DAES) have been considered
more intensively owing to their importance in mechanics, process engineering, and
electronics. DAEs are composite systems of differential equations and algebraic equa-
tions. In an industrial environment such systems are often generated automatically by
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software packages like SIMPACK. Although DAEs are related to ODEs, they possess
different properties and require tailored methods regarding analysis and numerical
approaches. The main differences to ODEs can be found with regard to stability prop-
erties, choice of consistent initial values, and smoothness of solutions depending on
input functions. In this book we investigate certain classes of DAE optimal control
problems with regard to necessary optimality conditions, direct and indirect solution
methods, sensitivity analysis, and real-time optimization.

Notation

Throughout this book, ®y denotes the zero element of some vector space X. If no
confusion is possible, we will use ®. In the special cases X = R” and X = R the
zero elements are denoted by Og» and 0, respectively. The unit matrix of dimension
n is denoted by I, € R™*", The Euclidian norm on R” is denoted by | - || = | - 2.

We use the convention that the dimension of a real-valued vector x is denoted by
ny € N, that is x € R"~,

In most cases time dependent processes are investigated and hence the independent
variable of a mapping z : 4 — R”z with 4 C R is denoted by ¢ and it is associated
with time, although it can have a different meaning in specific applications. The
derivative of z with respect to time at time ¢ is denoted by z(¢) = %z(t) =z/(1).

In order to simplify notation, we often use the abbreviation f[¢] for a function of
type f(¢,z(t)), which depends on time and on one or more time dependent functions.
It will be clear from the context at what argument £ is evaluated, typically this will
be an optimal solution of an optimal control problem.

The partial derivatives of a function f : R"x x R"™ — R/, (x,y) — f(x,y),
at (x, y) are denoted by fy(x, y) and f;(x, y).

1.1 DAE Optimal Control Problems

DAEs are composite systems of differential equations and algebraic equations and
often are viewed as differential equations on manifolds. The most general form of a
DAE reads as follows:

Definition 1.1.1 (General DAE). Let d := [fo.1r] € R, to < tr, be a compact time
interval, F : 4 x R"2 x R"z x R"» — R”"z a sufficiently smooth mapping. The
function u : 4 — R™ is considered an external input and it is referred to as control
(control function, control variable).

The implicit differential equation

F(t,z(t),2(t), u(t)) = Ogn=, ¢ €4, (1.5)

is called differential-algebraic equation (DAE). The function z in (1.5) is called state
(state function, state variable) of the DAE. ad
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If the partial derivative F/(-) in (1.5) happens to be non-singular, then (1.5) is just
an ODE in implicit form and the implicit function theorem allows to solve (1.5) for
Z in order to obtain an explicit ODE of type z(t) = f(¢,z(¢),u(t)). Hence, explicit
ODEs are special cases of DAEs. The more interesting case occurs, if the partial
derivative F/(-) is singular. In this case (1.5) cannot be solved directly for z, and
(1.5) includes differential equations and algebraic equations at the same time.

Example 1.1.2. The DAE

21(t) — z2(2)
F(z(t),2(t),u(t)) := | 22(t) — 23(6) — u1(t) | = Ogs
22(1) —ua(t)

for z = (z1,22.23) " and u = (u1,u»)" contains differential equations for the com-
ponents z; and z, and an algebraic equation relating z, and u,. Note that the com-
ponent z3 is not determined explicitly. Differentiating the algebraic equation with
respect to time and exploiting the differential equation for z, yields

0= 22(1) —ua(?) = z3(t) +u1(t) —u2(7),
if u, is differentiable, and thus
z3(t) = —u1(?) + u2(2).
Hence, the algebraic constraint implicitly defines the component z5. m]

DAEs are discussed intensively since the early 1970ies. Solution properties and
structural properties of DAEs have been in the main focus since then, see, e.g., [10,
50-53, 80, 139,218-220, 258].

Though at a first glance DAES seem to be very similar to ODES, they possess differ-
ent solution properties as it was pointed out in [34,258]. Particularly, DAEs and ODEs
possess different stability properties (see the perturbation index in Definition 1.1.13),
and initial values z (t9) = zo have to be defined properly to guarantee at least locally
unique solutions (see consistent initial values in Definition 1.1.18). Moreover, in the
context of control problems, the control input u needs to be sufficiently smooth to
obtain a meaningful solution.
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These difficulties are illustrated in the following examples.

Example 1.1.3. Consider the linear DAE with constant coefficients

(1)) (33 () (). et
where u = (uq,u2) " is a sufficiently smooth control input. The first equation yields
z1(t) = z2(t) + u;1(2), (1.6)
and by differentiation we obtain
21(1) = 22(t) + w1 (2).
Introducing this relation into the second equation yields
uz(t) = 21(1) + 22(1) = 222(¢) + 11 (1),

and thus

£2(0) = 5 (walt) i1 ().

The latter differential equation possesses a unique solution for every initial value
z5(t9), Whenever u, and 17 are integrable functions. The component z; and its initial
value (1) are then uniquely determined by Equation (1.6). a

Example 1.1.3 is a special case of the more general setting in

Example 1.1.4 (Canonical Form of Weierstral). Let A, B € R"=*"=z he given matri-
cesand u : [to.1r] — R"= a given control function. Consider the linear DAE

Az(t) = Bz(t) + u(t) 1.7

for ¢ € [to.17]. The matrix pair (A, B) is called regular matrix pair, if there exists A
with det(A4 — B) # 0.

For a regular matrix pair (A, B) the so-called Weierstraf canonical form exists,
i.e. there exist non-singular matrices P and Q with

rio=(12). mo=(29).

where © denotes a zero matrix of appropriate dimension, J and N are Jordan matrices
of appropriate dimension, and N is nilpotent, compare [185, Theorem 2.7, p. 16].
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Using the matrices P and Q, equation (1.7) can be rewritten equivalently as
PAQQ':(t) = PBQO ™'z (t) + Pu(r)

and, since Q does not depend on time,

PAQ% (07'z(t)) = PBQO'z(t) + Pu(t).
The Weierstra3 canonical form allows to decompose the DAE (1.7) equivalently into

I121(t) = JZ1(t) + i1 (1), (1.8)
NZy(1) = I1Z,(t) + 2 (D). (1.9)

where 7 := (51,%,) T := Q7 'zand @i := (ii1.12) | := Pu.

(1.8) is a standard linear ODE that possesses a unique solution for any integrable
control input %, and any initial value.

(1.9) is a DAE again, but in a canonical form. Let p € N denote the degree
of nilpotency of the matrix N, that is, it holds N7 = ® and Nk # © for
k=0,...,p— 1. Thenitis easy to verify that

p—1
B =-Y N (1.10)
k=0

is a solution of (1.9) provided that u, is sufficiently smooth, compare [185, Lemma
2.8, p. 17].

The figure p is called the index of the matrix pair (4, B) and the DAE (1.7), re-
spectively. It can be shown that the index is independent of the way the Weierstral}
canonical form is calculated, see [185, Lemma 2.10, p. 18].

Equation (1.10) reveals three important observations that are characteristic for
DAEs:

(a) u, needs to be sufficiently smooth to allow for a meaningful solution of (1.10).

(b) The initial value Z,(#9) is uniquely determined by (1.10) and cannot be chosen
arbitrarily. The initial value has to be consistent.

(c) If i, isinterpreted as a sufficiently smooth perturbation in (1.7), then the deriva-
tives up to order p — 1 of the perturbation will influence the solution Z,. This
motivates the definition of the perturbation index in Definition 1.1.13 below.

Canonical forms for time dependent matrices A and B using the strangeness index
can be found in [185, Theorem 3.17, p. 74]. ad

The above examples indicate that the DAE (1.5) in its full complexity is too general
and therefore too challenging for theoretical and numerical investigations, especially
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since canonical forms like the Weierstral? canonical form in Example 1.1.4 cannot
be extended to general nonlinear DAES without imposing additional structural restric-
tions.

Whenever necessary, we restrict the problem to more simple problems. Most often,
we discuss so-called semi-explicit DAES.

Definition 1.1.5 (Semi-explicit DAE). Let J = [to.7r] C R, 7o < t7, be a compact

time interval. Let the state z = (x,y)" in (1.5) be decomposed into components

x:d—R"™andy:d — R™. Letu : 4 — R be a given control function.
A DAE of type

x(1) = f(t,x(0), y(),u®)), (1.11)
Orry = g(t, x(t), y(t),u(?)), (1.12)

is called semi-explicit DAE on 4. Herein, x(-) is referred to as differential variable
and y(-) is called algebraic variable. Correspondingly, (1.11) is called differential
equation and (1.12) algebraic equation. a

The implicit DAE (1.5) can be transformed formally into a semi-explicit DAE by
introducing an artificial algebraic variable y as follows:

z(t) = y(0), (1.13)
Ornz = F(t,z(t), y(t), u(?)). (1.14)
The transformation inherits a potential pitfall, though. According to the differential
equation (1.13) one might expect the solution z of (1.13)—(1.14) to be absolutely con-
tinuous for an essentially bounded input y, which is the standard setting in optimal

control. The following example shows that this does not necessarily lead to a mean-
ingful solution, which satisfies the algebraic equation (1.14) as well.

Example 1.1.6. Consider the nonlinear DAE

0 0 21ty [ —1 u@) z1(t) 0
(u(t) 1) (Z'z(t)) = ( 0 0 ) (zz(t)) + (u(t)) (1.15)
for t € [0,2]. Let the initial values z;(0) = 0 and z2(0) = 1 be given and let the
control u be piecewise defined by

0, ifo<r<l,
u(r) = .
1, ifl<t=<2.
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Piecewise evaluation of the DAE vyields the following:
For 0 <t < 1 we find the solution

z1(t) =0, z2(t) = 1.
For 1 <t < 2 we obtain the solution

141
z21(t) = u(®)z2(t) = z2(t) = —
The component z; is discontinuous at r = 1.
The transformation (1.13)—(1.14) yields

(Z'l(l)):(yl(l))
Zo(t) y2(2) )7
(uir 1) () = (00 ) (260) + (uto )
u@) 1)\ y200) L0 0 72(1) u(r)

with initial values z, (0) = 0 and z,(0) = 1.
For0 <t < 1 we find

z1(1) =0, y1(1) =0, y2(t) =0, z2() = 1.

For 1 <t <2 we obtain

z21(t) = u(t)z2(t) = z2(2),  y1(2) + y2() = 1.

Differentiating z1 (1) = z2(¢) it follows y1(t) = z1(t) = z2(t) = y»(¢) and thus
y1(t) = ya(t) = % since y1(¢) + y2(¢) = 1. Hence, we found

0, ifo<r<l,
() = a0) = { :

55 ifl<r<2.
Integration of the differential equations and obeying the initial values yields

0, ifo<r<l, 1, ifo<rt<l,

Zl(l)z{%, ifl<7<2, Zza):{%, ifl<t<2.

But these functions do not satisfy the algebraic constraint z{ (¢) = z»(¢) for 1 <t < 2.
On the other hand, the equation z(t) = z»(¢) for ¢ € [1, 2] can only be satisfied, if
z1 (or zp) jJumps at ¢ = 1. Hence, the original DAE (1.15) and the transformed DAE
only have the same solution, if the latter permits jumps in the differential state. m|

Example 1.1.6 shows that in order to have the same meaningful solution as in (1.5)
one needs to permit impulsive solutions in the transformed system (1.13)—(1.14) that
allow the differential variable z to jump. This would complicate the following optimal
control problems considerably and for that reason we exclude such situations in the se-
quel by the following definition of a solution of the semi-explicit DAE (1.11)—(1.12).
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Definition 1.1.7. Consider the semi-explicit DAE in Definition 1.1.5. (x, y) is called
a solution of (1.11)—(1.12) for a given control input u, if (1.12) and

t
x() =x(to) + [ f(r,x(x), y(7) u(r))dz
to

are satisfied for ¢ € J. O

Consider

Problem 1.1.8 (DAE Optimal Control Problem). Letd = [to.7¢] C R, 7o <7, bea
compact time interval,

¢ :RxRxR™ xR"™ — R,
fo:d x R™ x R™ x R"™ — R,
f o d xR x R x R"™ — R~
g d xR™ xR™ x R"™ — R™,
c:d xR™ xR"™ x R"™ — R"¢,
s d x R*™ — R

YR xR xR"™ x R"™ — R"¥

sufficiently smooth functions, and U € R”* a non-empty set.

Minimize the objective function

tr
olio. 17, x(10). X 17)) + /t Folt.x(0).y(0) u())di

with respect to
x:d—R"™, y:J—R", u:J—R™

subject to the semi-explicit DAE

x(t) = f(t.x@).,y@).u@)),

Orry = g(r,x(1), y(1),u(?)),
the mixed control-state constraint

c(t,x(t), y(1), u(r)) = Ogrne, (1.16)
the pure state constraint

s(t,x(t)) < Ogns, (1.17)
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the boundary condition

¥ (to. tr, x(to), x(tr)) = Ogny (1.18)
and the control set constraint

u(t) e U. (1.19)
O
Remark 1.1.9.

(@) The time points #9 or z7 in Problem 1.1.8 can be fixed or unknown, in which
case 7o or ty are additional optimization variables. If 7o is not fixed, then 7o is
called freeinitial time and Problem 1.1.8 is a problem with free initial time. If
tr is not fixed, then 7, is called free final time and Problem 1.1.8 is a problem
with free final time.

(b) Problem 1.1.8 is called autonomous, if the functions ¢, fo, f, g, ¢, s, ¥ do not
explicitly depend to the time, otherwise it is called non-autonomous. a

In Problem 1.1.8 x and y are considered to define the state of the process, while u
is the control. In fact, this assignment is somehow arbitrary from the optimal control
theoretic point of view, since both, u and y, can be viewed as control variables.

This becomes clearer in Chapter 3 on local minimum principles for DAE optimal
control problems, where it can be seen that both functions, algebraic variable y and
control u, have very similar properties. Actually, this is the reason why the functions
@, ¥, and s only depend on x and not on y and u. But recall that the DAE in reality
is a model for, e.g., a robot, a car, an electric circuit, or a power plant. Hence, the
DAE has a meaning for itself independent of whether it occurs in an optimal control
problem or not. In this context, it is necessary to distinguish between control u and
algebraic variable y. The essential difference is that an operator can choose the con-
trol u, whereas the algebraic variable y typically cannot be controlled directly since
it results from the state component x and the input u. For instance, in the context of
mechanical multi-body systems, the algebraic variable y corresponds physically to a
constraint force.

A simple example of a DAE optimal control problem is given by the pendulum
problem. Despite its simplicity, it already exhibits the main difficulties when dealing
with DAEs.

Example 1.1.10 (Pendulum problem). Consider a rigid pendulum of length £ > 0
and mass m > 0 that is mounted to a motor. The motion of the pendulum under
influence of the acceleration due to gravity g = 9.81 [m/s?] can be controlled by
applying a torque £u(z) through the motor, see Figure 1.4.

/tf u(r)?de
0

Minimize
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X2

u-t X1

mg

Figure 1.4. Control of a rigid pendulum.

with respect to
x=(X1,....,x4) : [0,27] — R4 y: [0,t7]] — R, u:[0,77] — R

subject to the equations of motion of the mathematical pendulum given by

x1() = x3(0), (1.20)
Xo(1) = x4(1), (1.21)
mx3(t) = —2x1(t)y(t) + w, (1.22)
mistt) = —mg — 220y (o) - . (1.23)
0 = x1(1)® + x2(1)% — €2, (1.24)

and the boundary conditions

x1(0) = £, x2(0) = x3(0) = x4(0) = x1(tr) = x3(tr) = 0. (1.25)
With U := R, fo(u) :=u?, g(x) := x% + x% —¢2,and
x1(0) — ¢
X3, x2(0)
. X4, n x3(0)
f('x?y’u) T _%xly‘F% ’ W(X(O),X([f)) T .X4(0)
—g—Zxy - x1(ty)
x3(tr)

the problem fits into Problem 1.1.8.
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Note that the algebraic variable y is not explicitly defined by (1.20)—-(1.24). How-
ever, if we differentiate the algebraic constraint (1.24) twice with respect to time, we
obtain the equations

0= 2(x1(£)x1(2) + x2()X2(2)),
0 = 2(%1(£)% + %2(6)% + x1(1) X1 (1) + x2(0)32(2)).

Introducing (1.22)—(1.23) into the latter and solving for y yields

y(0) = 35 (107 + 5200 = 22 09).

In general, the algebraic variable y is defined implicitly either by the algebraic con-
straint or by its derivatives. In this example, three differentiations of the algebraic
constraint with respect to time are necessary to eventually obtain a differential equa-
tion for the algebraic variable y, and the DAE is said to have differentiation index
three.

Moreover, initial values x(0) and y(0) have to satisfy not only the algebraic con-
straint (1.24), i.e. g(x(0)) = 0, but also its derivatives at the initial time, i.e.

0 = 2(x1(0)x1(0) + x2(0)x2(0)),
m. . .

¥(0) = 25 (10 + £2(0)? ~ x2(0)g).

Consequently, initial values cannot be chosen arbitrarily as it would have been pos-

sible for ordinary differential equations. Instead, initial values have to be chosen
consistent with the DAE. m|

Often, algebraic equations are added to a problem formulation in order to force a
dynamic system to follow a prescribed path. We illustrate this for a problem from
flight path optimization.

Example 1.1.11 (Flight Path Optimization). Consider the following scenario: Dur-
ing the ascent phase of a hypersonic flight system a malfunction forces the ascent
to be stopped. It is assumed that the flight system is still able to maneuver with the
restriction that the propulsion system is damaged and hence the thrust is zero. For
security reasons an emergency landing trajectory of maximum range is sought, com-
pare [44,46,234].

This scenario leads to the following optimal control problem on the time interval
t € [0, 1] with free final time #;:

Minimize the negative range with respect to the initial position

Alty) = A<0>)2 ~ (@(tf) - @(0))2

o =~ (MG 00)
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subject to the differential equationsfor the velocity v, theinclination y, the azimuth
angle y, the altitude %, the latitude A, and the longitude ©,

1 .
=—D(v,h;CL)— —g(h)siny
m

+ w? cos A(siny cos A — cos y sin ysin A)R(h), (1.26)
cos h
y—L(th) h_(gh) COSy + 2w oS y cos A
v R(h)
+ w?cos A(siny sin ysin A + COS)/COSA)Q (1.27)
x=L,h; L)—M — COS Y COS y tan A—
v COS y R(h)
. . 5 . R(h)
+ 2w(sin y cos A tany —sin A) — »“ cos A sin A cos y , (1.28)
v COS y
h =vsiny, (1.29)
A = cosysin 1.30
y XR(h) (1.30)
. v
® =CcoSyCcoS y———, 131
4 XR(h) cos A (131)

withlift L, air density p, drag D, radius R, drag coefficient Cp, acceleration dueto
gravity g, and dynamic pressure ¢ defined by

L(v,h,CL) = q(v,h) F Cr, p(h) = poexp (—ph).
D(v,h,CL) =q(v.h) F Cp(CL), R(h) =ro+h,
Cp(CL) = Cp, + k CL?, g(h) = go(ro/R(h))?,

1
q(v,h) = Ep(h)vz,
with constants

F = 305, ro = 6.371-10°, Cp, = 0.017,
k=2, po = 1.249512, B = 1/6900,

go = 9.80665, w =7.27-107°, m = 115000.



Section 1.1 DAE Optimal Control Problems 19

Box constraints for the controls Cr, (lift coefficient) and « (angle of bank) are given
by
0.01 < Cr, <0.18326,
T - - T
) SH=7
Theinitial state corresponds to a position above Bayreuth (Germany):

v(0) 2150.5452900
y(0) 0.1520181770
x(©) | | 2.2689279889
h(0) | — | 33900.000000
A(0) 0.8651597102
®(0) 0.1980948701
Aterminal conditionis
h(ty) = 500.

Finally, the dynamic pressure constraint
q (U’ h) S 4max

With gmax = 60000 [N/m?] has to be obeyed.

The numerical solution of the emergency maneuver with and without dynamic pres-
sure constraint using the techniques in Chapter 5 is depicted in Figure 1.5.

Flight path optimization with a prescribed path

A modification is obtained, if a prescribed path needs to be followed during the emer-
gency landing maneuver. The path to be followed is expressed in terms of the longi-
tude and latitude and is given for simplicity by the straight line

A(t) +O(t) = A(0) + ©(0) forz €[0,1r].

Adding this algebraic equation to the dynamics (1.26)—(1.31) yields a DAE, if one
of the two controls, Cy, or w, is considered an algebraic variable. In this example
we choose . (¢) as algebraic variable. Analyzing the algebraic constraint reveals that
the differentiation index of the DAE is three, i.e. the algebraic constraint needs to be
differentiated three times with respect to time to derive a differential equation for the
algebraic variable p. Differentiating the algebraic constraint leads to

At)+0O@) =0 forse0,tr].
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h [m]

50000
40000
30000
20000
10000

0.99 o
A [rad] 0.9 0.88 0.86

no dynamic pressure con. e
with dynamic pressure con. = e

12 T T T T 0.2
‘ no dynamic pressure con. ——
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g 0.8 _ 0.16 !
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£ 06 S 014
= % g I3 I
S 04 8 012
@ &
g 0.2 - 0.1 M j
° ' ’ XW s, @z
0 0.08 ff
-0.2 0.06

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
normalized time normalized time

Figure 1.5. Comparison of the solution with and without dynamic pressure constraint: flight
trajectory (top), controls u (angle of bank) and Cy, (lift coefficient) (bottom, normalized time).

Introducing the differential equations for A and © yields the algebraic constraint

v(t)cosy(t) ( . cos (1)
= ———~(siny(¢ fort € [0, t7].
R((1)) KO+ s hm 0. 17]
This imposes an additional constraint for the initial conditions. For the initial value
v(0) 2150.5452900
y(0) 0.1520181770
x©0) | free
h(©) | | 33900.000000
A(0) 0.8651597102
©(0) 0.1980948701

consistent values for y and u are given by y(0) &~ —0.9955 and u(0) ~ 0.3695.
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Figure 1.6 shows the numerical solution with dynamic pressure constraint.

h [m]
50000
40000
30000
20000
10000

0.7 0.2

06 [\ 0.18 I"'
T o5 i 0.16 l
= 5 o014
x (7}
< 04 8 }
8 R 5 o012 N
3ol 2/ 1
§ 0.2 \ 0.08 }{ \wf\ - D

0.1 o~ 0.06

0 0.04

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

normalized time normalized time

Figure 1.6. Flight trajectory (top), algebraic variable « (angle of bank) and control Cy, (lift co-
efficient) (bottom, normalized time) for the emergency landing maneuver on a prescribed path.
m|

DAEs also occur in discretized PDE constrained optimal control problems.

Example 1.1.12 (Discretized 2D Stokes Equation). Let us revisit Example 1.0.4 and
the 2D instationary Stokes equation

vy =Av—Vp+u,
0 = div(v),
v(0,x,y) =0, (x,y)e€,
v(t,x,y) =0, (t,x,y) e (0,T)x9Q
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with Q := (0,1) x (0,1). We apply the method of lines in order to discretize the
Stokes equation in space. For simplicity an equidistant grid with step-size

1
h:=—, NEeeN,
N
is used to discretize 2 by the grid
Qp = {(xi.y) €R? [ xi = ih, y; = jh,i.j =0.... N}
Fori,j =0,..., N consider approximations
vij(0) = vt xi.yj),  pij(t) = p(t.xi,yj),  uij(t) = ult, xi, yj).

The operators Av, V p, and div(v) are replaced by finite difference approximations
1
Av(t,xi,y;) ~ h—z(vi+1,j(l) + Vi1, (1) + vi,j+1(0) + vi,j—1(2) — 4vi,j (1)),
1
Vp(t, xi,yj) ~ Z(Pi—i—l,j(f) — pi,j (). pij+1(t) = pij ()T,

. 1
div() (1, x5, 1) ~ 3 () = iy (0 + 7 (0 =07 5 (1),

fori,j =1,..., N — 1. Herein, v! and v2 denote the components of v = (v!,v2)T,
respectively. The undefined pressure components p; ; withi = N or j = N are set
to zero.

Introducing these approximations into the optimal control problem in Example
1.0.4 yields an optimal control problem with a differential-algebraic equation:

Minimize

1 T 5 a (T 5

= lvn(®) —van@)|I7dt + — lun@)]|~dt

2 0 2 0
subject to

Vp(t) = Apvp(t) + Brpp(t) +up(t), vip(0) = 0,
© = By vy(1),
and
Umin < Up(?) < Umax.

Herein,

-

Vp = (V1,1,+ s UN=1,1, V1,25 - - - s UN—1,2+ - - s UL, N—1+-+ - » UN=1,N—1) >
-

Ph=(P1,1s- s PN=1,1:P1,2+ -+ DN—1,25 -+ s PI,N—1s-+-» DN=1,N—1) »

T
Mh = (u1,17""uN_1,1’u1,2?"'7uN_1’2’“"ul,N_lﬂ""uN_l,N_l) 9
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and 4, € Rz(N—l)sz(N—1)2’ M e RZ(N—I)XZ(N—I), B), € ]RZ(N—I)ZX(N—I)z,
N, Q € RZW=Dx(N=1) yjith

0
M I —1
| I M I | N Q 0
Ap == - Bp =~ . . 0= -1
h h N 0
I M I N
I M 0
—1
and
1 —1
—4 1 10
—4 1 1 -1
1 0
1
M: B N:
1 1 -1
1 —4 1 0
1 —4 1
1

Consider the DAE

Up(t) = Apvp(t) + Bppp(t) +up(t), vp(0) = O,
® = B, vy(t)

with differential state vy, algebraic variable pj, and control u;,. Differentiation of the
algebraic constraint 0 = B,—lrvh () yields

® = B, (Apvp(t) + Bppn(t) +up()). (1.32)

The Matrix B,—lr By, turns out to be positive definite and thus it is non-singular. Hence,
the above equation can be solved for the discretized pressure pj:

pn = —(B) Bp) "' B)] (Apvop(t) + up(1)). (1.33)

The discretized Stokes equation is said to be of index two, because differentiating
equation (1.32) again with respect to time would lead to a differential equation for py,.
Note however, that the control u; appears in equation (1.32). As uy is typically an
element of the space L, (Banach space of essentially bounded functions, see Chap-
ter 2), a further differentiation with respect to time is not permitted without additional
smoothness assumptions. Consequently, the algebraic variable pj, in (1.33) possesses
basically the same smoothness properties as uy, that is, p; has to be considered a
function in the space L as well. ad
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The fact that y is defined by x and u, is mathematically taken into account for
by imposing additional regularity assumptions. The degree of regularity of the DAE
(1.11)—(1.12) is measured by a quantity called index. For specially structured DAEs,
e.g. Hessenberg DAEs, the various index definitions coincide, whereas for general
systems several different index definitions exist, among them are the differentiation
index, the perturbation index, the strangeness index, the tractability index, and the
structural index, see [51, 80,100,101, 149, 185,219-221]. We only review the pertur-
bation index in more detail as this index illustrates one of the major difficulties related
to DAEs: The influence of perturbations on solutions.

1.1.1 Perturbation Index

The perturbation index indicates the influence of perturbations and their derivatives
on the solution and therefore addresses the stability of DAES.

Definition 1.1.13 (Perturbation Index, see [149]). The DAE (1.5) has perturbation
index p € N along a solution z on [to, ], if p € N is the smallest number such that
for all functions Z satisfying the perturbed DAE

F(t,2(1).2(1). u(t)) = 8(t), (1.34)

there exists a constant S depending on F, u, and z — o with

I2(0) =20l = S(11z(0) — ZGo) ]| + max [3(2)] +--- + max 57~V ()])
(1.35)

forall z € [to. 1], whenever the expression on the right is less than or equal to a given
bound.
T
/ 8(s)ds
to
holds.

The perturbation index is p = 0, if the estimate
The DAE is said to be of higher index, if p > 2. O

EHOEEOER: (uz(ro) ~2(0) ||+ max ) (L36)

We intend to investigate the perturbation index for some DAEs and make use of the
subsequent lemma.

Lemma 1.1.14 (Gronwall). Let w,z : [to.tr] — R be integrable functions and
L > 0 a constant with

t
w(t) < L/ w(t)dt + z(1)

to
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for almost every ¢ € [0, t7]. Thenit holds

t

w(t) <z(t) + L/ exp(L(t —1))z(v)dt

to

for almost every ¢ € [fo, tr]. If z in addition is (essentially) bounded, then it holds

w(t) = [1z() oo €Xp (L (7 — t0))
for almost every ¢ € [to.tr].

Proof. According to the assumption we may write
w(t) = a(t) +z(1) + 8(r)

with the absolutely continuous function

a(t) = L/tt w(t)dt

0

and a non-positive integrable function §(-) < 0. Introducing the expression for w in a
yields

t t
a(t) = L/ a(tydt + L (z(r) + 8(v)) dr.
t

0 to

Hence, a solves the inhomogeneous linear differential equation
a(t) = La(t) + L (z(1) + 8(1))

for almost every ¢ € [to,1¢] with initial value a(zg) = 0. The well-known solution
formula for linear differential equations yields

a(t) =L /tt exp (L(t — 1)) (z(7) + (1)) dt

0

and

t
w(t) = L/ exp (L(t — 7)) (z(1) + 8(x)) dt + z(t) + 8(¢).
11

0

Since 4(t) < 0, the first assertion holds. If z is even (essentially) bounded, we find

t
w(®) < [12() oo (1 + L/t exp (L(r — T))df) = llz() o €Xp (L(r —10)) . O

0

The last assertion of Gronwall’s lemma obviously remains true, if we apply the
norm || - [ only to the interval [zo, 7] instead of the whole interval [zo, 7£].
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The ODE Case
To illustrate the perturbation index, we start with the initial value problem (IVP)

X(2) = [, x(@),u()), x(to) = xo,

where f is assumed to be Lipschitz continuous with respect to x uniformly with
respect to ¢ and u.
The (absolutely continuous) solution x can be written in integral form:

x(t) = xo + /tt f(r,x(7), u(r))dr.
Now, consider the perturbed I\VP )
X(0) = f.3(0).u() +8(1),  F(to) = Fo
with an integrable perturbation é : [z9, 7] —> R~ and its solution
%(1) = %o + /tt (f(x, %(0), u(r)) + 8(z)) dx.
It holds 0

t
[x(@) = X(O)] = llxo — Xoll +/l ILf (z. x(2), u(r)) = f(z. X(2), u(r))||ld7

t
d(r)dt

to

t
st—iaw+L[|wuo—xuwdr+
to

/tré’(s)ds

' 8(s)ds

to

+

/t: S(t)dt

)exp(L(t—za»

Application of Gronwall’s lemma yields

x(t) — x(t < X0 — X max
lx (1) (m_(no ol +, max,

5@m—mw+mw

to=<t=<ty

) exp (L(tf — 19)) -

Hence, the ODE has perturbation index p = 0.

Thelndex-1 Case

Consider the DAE (1.11)—(1.12) with solution (x, y) and initial value x(f9) = x¢ and
the perturbed IVP

X(0) = [, %), 5(0),u(0) + 87(1),  X(to) = o, (L37)
Orry = g(t, x(), y(t),u(t)) + 8¢ (t) (1.38)
in [fo, tr]. Assume that
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(@) f is Lipschitz continuous with respect to x and y with Lipschitz constant Ly
uniformly with respect to ¢ and u;

(b) g is continuously differentiable and g; (z, x, y,u) is non-singular and bounded
forall (z,x, y,u) € [to, 1r] x R x R™ x U.

According to (b), the equation
Orny = g(t,x,y.u) + 8¢

can be solved for y € R"» forany ¢ € [to.17], x € R"*, u € U by the implicit
function theorem:

y=Y(t,x,u,dg), gt,x,Y(t,x,u,d¢g),u)+ g =Orny.

Furthermore, Y is locally Lipschitz continuous with respect to ¢, x, u, § with Lips-
chitz constant Ly. Let (x(-), y(-)) denote the unperturbed solution of (1.37)—(1.38)
for 6y = Ognx, 8g = Orny and (X(-), y(-)) the perturbed solution of (1.37)—(1.38).
For the algebraic variables we get the estimate

Iy (@) =yl = Y, x (@), u(r), Orny) = Y (2, %(1), u(r), 8¢ (1)) ||
= Ly([[x(@) =X + [18g @)D
With (a) we obtain

() = X@)] = llxo — Xol

+ /l I/ (2, x(2), y(2), u(7)) — f(z,%(2), (). u(v))[|d T

t
+ /Sf(r)dt
to
t
< lxo — Foll + Lfft lx(0) — 2O + Iy(0) - 5©)lldz
t
+‘/ dr(r)dt
to
t
< [lxo — Foll + Ly(1 + Ly>/ lx(0) — $(0)|d
to

t
Lty [ 18e@ldr +
to

/t dr(r)dt
to

Using the same arguments as in the ODE case, we end up in the estimate
Ix(0) = 001 < (Ivo = Foll + T(Ly Ly max 185 (0 + max [6(r)]))

-exp(Lys(1 4 Ly)(t —t9)),
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where T := ty — to. Hence, if assumptions (a) and (b) are valid, then the DAE
(1.11)—(1.12) has perturbation index p = 1.

Thelndex-k Case

The above procedure will work for a class of DAEs called Hessenberg DAEs.
Definition 1.1.15 (Hessenberg DAE). Let k > 2. The semi-explicit DAE

).Cl(t) = fl (t’ y(t)v xl(t)7x2(l)’ ) Xk_z(l),Xk_l([), u(t))v
X2(1) = fa(t. x1(2), X2(1), - Xg—2(1), X1 (1), (1)),

(1.39)

Xg—1(t) = fi—1(t, Xp—2(1), xp—1 (1), u (1)),
OR"y =g([,Xk_1(t),M(l))

is called Hessenberg DAE of order k. Herein, the algebraic variable is y and the
differential variable is x = (x1,...,x5_1) . o

Fori = 1,...,k — 1 let f; be i times continuously differentiable and let u be
sufficiently smooth. By (k — 1)-fold differentiation of the algebraic constraint, by ap-
plication of the implicit function theorem, and by repeating the arguments for ODES
and index-one DAEs, it is easy to see that the Hessenberg DAE of order & has pertur-
bation index k, if the matrix

M) =gy O Syt O S O f1,0) (1.40)

is non-singular.

Another index concept corresponds to the definition of the order of active state con-
straints in optimal control problems, see [227]. Notice that the algebraic constraint
(1.12) can be interpreted as a state respectively mixed control-state constraint in an
appropriate optimal control problem, which is active on [zo, z¢]. The idea is to differ-
entiate the algebraic constraint (1.12) with respect to time and to replace the derivative
X according to (1.11), until the resulting equations can be solved for the derivative y
by the implicit function theorem. The smallest number of differentiations needed is
called differentiation index.

Definition 1.1.16 (Differentiation Index, compare [148, p. 455]). The DAE (1.5)
with u sufficiently smooth has differentiation index p € Ny, if p € Ny is the smallest
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number such that the equations

F(t,z(t), 2(t), u(t)) = Ogn- ,

d . _
EF(Z’Z([)’ z(t),u(t)) = Ogrn=,

dr ,
T Fz(0.200.u()) = O

allow to derive by algebraic manipulations an explicit ODE

20) = ft,z(0).u(), ... . uP@)).
This ODE is called underlying ODE. m|

We illustrate the differentiation index for (1.11)—(1.12) and assume
(a) g and u are continuously differentiable.
(b) g(z,x,y,u)isnon-singularand g}, (z, x, y, u)~ ! is bounded for all (¢,x,y,u) €
[0, 7] x R™* x R"™ x U.
Differentiation of the algebraic constraint (1.12) with respect to time yields

Orny = gylt] + gxlt]- X(1) + gy l1]- y (1) + g, [1] - 1 (2)
= g [t] + gy le]- fle] + g, [e] - y(1) + g, [e] - (o),

where, e.g., g;[¢] is an abbreviation for g;(z, x(¢), y(¢), u(¢)). Since g, [1]71 exists
and is bounded, we can solve this equality for y and obtain the differential equation

Y() = =g, [D T (g lt] + ghlr] - f1t] + gple] - 1(0)). (1.41)

Hence, it was necessary to differentiate the algebraic equation once in order to obtain
a differential equation for the algebraic variable y. Consequently, the differentiation
index is one. Equations (1.11) and (1.41) define the underlying ODE of the DAE
(1.11)—(1.12). Often ODEs are viewed as index-zero DAEs, since the underlying
ODE is identical with the ODE itself and no differentiations are needed.

In the same way, it can be shown that the Hessenberg DAE of order k > 2 has
differentiation index k, if the matrix M in (1.40) is non-singular.

Consequently, the differentiation index and the perturbation index coincide for Hes-
senberg DAEs, see also [51]. For more general DAEs the difference between pertur-
bation index and differentiation index can be arbitrarily high, see [148, p. 461].

Remark 1.1.17. Notice that the index calculations are questionable in the presence
of a control variable u. We assumed that u is sufficiently smooth, which is not the
case for many optimal control problems. Nevertheless, often the optimal control u is
at least piecewise smooth and hence the interpretation remains valid locally. m|
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1.1.2 Consistent Initial Values

DAEs not only differ in their stability behavior from explicit ODEs. Another differ-
ence is that initial values have to be defined properly, that is, they have to be consistent.
We restrict the discussion to Hessenberg DAEs of order k. A general definition of con-
sistency can be found in [34].

Define

Ot X1 (1), u()) = gt, xp—1 (1), u(t)). (1.42)

An initial value for x;_; at t = t¢ has to satisfy this equality, of course. But this is
not sufficient, because also time derivatives of (1.42) impose additional restrictions on
initial values. This can be seen as follows. Differentiation of g(®) with respect to time
and substitution of x;_1(t) = fr—1(t, xx—2(t), x—1 (), u(z)) leads to the equation

Ormy = gpt] + gy, [t] - fam1 (8 Xp—2 (1), xp—1(8), u()) + g, [t] - u(2)
=: gW(t, X2 (1), xp—1 (1) u (1) 2 (0)),

which has to be satisfied as well. Recursive application of this differentiation and
substitution process leads to the equations

Orny = gDt xp_1— (1), oo xpy (), (), (0, . .., u) (1)) (1.43)

forj =1,2,....,k—2and

Orry = g% V@, y@), x1(0), ... xp—1 @) u(0)21(0), ... . u® V@), (144)

Since the equations (1.43)—(1.44) do not occur explicitly in the original system (1.39),
these equations are called hidden constraints of the Hessenberg DAE. With this nota-
tion, consistency is defined as follows.

Definition 1.1.18 (Consistent Initial Value). Let x (7o) and y(zo) be given and let u be
sufficiently smooth. The differential variable x (zo) is called consistent for the Hessen-
berg DAE of order k, if equations (1.42)—(1.43) are satisfied for j = 1,2,...,k — 2.
y(to) is called consistent, if y(#y) satisfies the equation (1.44) att = 1. m|

The following optimal control problem shows that control components may occur
in the algebraic constraint.

Example 1.1.19 (communicated by O. Kostyukova). Minimize

> 1
/ 2x1(t)+§y(l)2dt
0
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subject to the DAE
X1(2) = x2(2), x1(0) =1,
B0 = YO +u@), 0 =3,
x3(1) = ua(?), x3(0) =1,

0 = x2(r) —ua(1),
the control constraint
1 =<u() <1,
and the state constraint
0 < x3(1) < 200.

As the algebraic variable does not appear in the algebraic constraint, this problem has
at least index two. Differentiating the algebraic constraint is questionable as u5 is not
necessarily differentiable. However, as x, is an absolutely continuous function, so is
u, by the algebraic constraint. Hence, the optimal control component u, is smoother
as expected.

An alternative way to avoid that control variables appear in the algebraic equations,
is to smoothen the controls. In this case, an artificial differential equation

uz(t) = us(t), u2(0) = x2(0) = %

with new control u3 can be introduced, where u5 is treated as a state variable. ]

The previous example shows that the dependence on derivatives of the control
in (1.43) and (1.44) can be avoided by introducing additional state variables §&;,
J=0,....k—=2by

Eoi=u, &1:=u, ..., §_p = u®k=2

satisfying the differential equations
Eo=E&1, ..., k3 =Eka. ko =1,

and to consider & := u*~1) as the new control, see [240]. Clearly, this approach is
nothing else than constructing a sufficiently smooth control u for the original problem.
The resulting problem is not equivalent to the original problem anymore. Nevertheless,
this strategy is very useful from a practical point of view.
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1.1.3 Index Reduction and Stabilization

The perturbation index measures the stability of the DAE. With increasing pertur-
bation index, the DAE suffers from increasing ill-conditioning, since not only the
perturbation & occurs in (1.35), but also derivatives thereof. Thus, even for small per-
turbations (in the supremum norm), large deviations in the respective solutions are
possible. Higher index DAEs occur, e.g., in mechanics, see [10, 96, 292], process
system engineering, see [83], and electrical engineering, see [145,222].

To avoid the problems of severe ill-conditioning, it is possible to reduce the index
by replacing the algebraic constraint in (1.39) by its derivative g1 defined in (1.43).
It is easy to see that the resulting DAE has perturbation index k — 1. More generally,
the algebraic constraint

g(O)(Z’ Xk—1 (Z), M([)) = ORﬂy
in (1.42) can be replaced by any of the constraints

gD xp—1—j (O)s o Xk (), (), 10 (0), .., u (1)) = Ogny

in (1.43) with 1 < j < k — 2 or by (1.44). Then the resulting DAE has perturbation
index £ — j or 1, respectively. The drawback of this index reduction approach is
that numerical integration methods suffer from the so-called drift-off effect. Since a
numerical integration scheme, if applied to an index reduced DAE, only obeys hidden
constraints up to a certain level, the numerical solution will not satisfy the higher level
constraints and it can be observed that the magnitude of violation increases with time z.
Hence, the numerical solution drifts off the neglected constraints, even if the initial
value was consistent. Especially for long time intervals, the numerical solution may
deviate substantially from the solution of the original DAE. One possibility to avoid
this drawback is to perform a projection step onto the neglected constraints after each
successful integration step for the index reduced system, see [14, 82].

Another approach is to stabilize the index reduced problem by adding the neglected
constraints to the index reduced DAE. The resulting system is an overdetermined DAE
and numerical integration methods have to be adapted, see [96,97]. The stabilization
approach, if applied to mechanical multi-body systems, is equivalent with the GGL-
stabilization in [102].

The above outlined procedures are illustrated for a very important field of appli-
cations—mechanical multi-body systems.

Example 1.1.20 (Mechanical Multi-body Systems). Let a system of » rigid bodies be
given. Every body of mass m; has three translational and three rotational degrees of
freedom. The position of body i in a fixed reference system is given by its position
ri = (x, y,-,zi)T. The orientation of the bodies coordinate system with respect to
the reference coordinate system is given by the angles «;, 8;, and y;. Hence, body i
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is characterized by the coordinates
qi = (xi, yi,zi, i, Bi,vi)| € R®
and the whole multi-body system is described by
q=(q1.....qn)" €R®".

In general, the motion of the n bodies is restricted by holonomic constraints
Orrs = g(q).
The kinetic energy of the multi-body system is given by
1 n
T(q.9) = 5> (mifi(g.9) 7i(q.¢) + wi(q.9) " Jiwi(q.9)).
i=1

where 7; denotes the velocity of body i, w; denotes the angular velocity of body i
with respect to the reference system, and J; is the moment of inertia of body i. The
Euler-Lagrangian equations of the first kind are given by

d
S T3@. )" = (T(q.9)" = F(g.¢.1) = ¢'@) "2,
Orne = 8(9),

where F is the vector of applied forces and torques, which may depend on the control u.
Explicit calculation of the derivatives leads to the descriptor formof mechanical multi-
body systems:

q(t) = v(1),
M(q(1))o(t) = f(q(t). v(t).u®)) — g'(q(t)) T A1),
Orre = g(q(1)),

where M is the symmetric and positive definite mass matrix and f includes the ap-
plied forces and torques and the Coriolis forces. Multiplication of the second equation
with M~ yields a Hessenberg DAE of order 3.

Let g be twice continuously differentiable. The constraint g(¢(z)) = Ogr»< is called
constraint on position level. Differentiation with respect to time of this algebraic
constraint yields the constraint on velocity level

g'(q()) - v(t) = Orng

and the constraint on acceleration level

g'(q(1) - v(t) + g44(@(®)) (W (). v(t)) = Orre.
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Replacing v by

0(1) = M(g() ™ (f (@), v(0),u(t)) = &'(q(0)) TA@0))

yields

Orre = &' (q(E)M(q() ™ (f (@), v(0), u(@)) = &'(q(0) TA®@))
+ 844@(O) (). v(1)).

If rank(g’(q)) = ng, then the matrix g’(g)M(q)~'g’(¢)" is non-singular and the
latter equation can be solved for the algebraic variable A. By the same reasoning as
before, the descriptor form has index three. Consistent initial values (go, v, Ag) have
to satisfy the constraints on position, velocity, and acceleration level.

For numerical methods it is advisable to perform an index reduction, i.e. the con-
straint on position level is replaced by the constraint on velocity or acceleration level.
An even better idea is to use the Gear—Gupta—Leimkuhl er-stabilization (GGL-stabiliz-
ation)

q(1) =v(t) — g'(q(1) " (). (1.45)
M(q()i(1) = f(q(1).v(0).u(1) — g'(q(1) TAQ), (1.46)
Orre = g(q(1)), (1.47)
Orns = g'(q(1)) - v(2). (1.48)

This DAE is equivalent to an index-two Hessenberg DAE, if the second equation
is multiplied with M ~1. Furthermore, differentiation of the first algebraic equation
yields

Orne = g'(q(1)) - ((t) — g'(q() T 1) = —g'(g()g'(q(1)) T 11 (2).

If rank(g’(¢)) = ng, then g’(q)g’(¢) " is non-singular and it follows & = Ogne.
Hence, the GGL-stabilization (1.45)—(1.48) is equivalent to the overdetermined (sta-
bilized) descriptor form

q(t) = v(@),
M(q()i(t) = f(q(0). v(t).u(®)) — g'(g(1)) T A1),
Orre = g(q(1)),
Orre = g'(q(1)) - v(1). O
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Example 1.1.21 (Pendulum problem, revisited). The equations of motion in GGL
formulation for the pendulum problem in Example 1.1.10 read as follows:

X1(2) = x3(1) — 2x1 () (1),
X2(t) = x4(1) — 2x2(2) (1),
me3(l) = —2X1([)/\(l) + W,

u(t)xi(r)

mxa(t) = —mg — 2x2(1)A(t) — 7

0 =x1(1) 4+ x2(1)* = £2,
0 = x1(2)x3(t) + x2(1)x4(2),

where u denotes the additional multiplier. Indeed, differentiation of the first algebraic
constraint yields

0 = 2x1(£)x1 (1) + 2x2(1)%2 (1)
= 2x1(1) (x3(1) = 2x1(D) (1)) + 2x2(2) (xa(2) — 2x2(2) i (2))
= —4 (x1()% 4+ x2(0)*) ()
= —40%p(1)

and hence u = 0 in every solution of the DAE. |

A formal procedure of stabilizing general DAEs of type

z(t) = v(1),
F(t,z(t),v(t),u(t)) = Ogn:

works as follows. Let G be a function with
G(t,z(t),v(t),u(t)) = Orng
for almost all 7 and let G/, have full rank. Moreover, assume that G is invariant, i.e.
d / ’ ’ . , .
EG[I] = G;[t] + G,[t] - v(t) + G, [t] - 0(¢) + G, [t]u(t) = Orrg -
Stabilization in the sense of Gear-Gupta—Leimkuhler yields the system

£(t) = v(0) = (GL[) " - (),
F(t,2(t), v(t), u(t)) = Ogn-,
G(sz(t)’ v(t),u(t)) = ORnG .
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The invariance of G yields
d
Orre = EG[I]
= G)[t] + GL[t]-v(t) — GL[t] - GLIA] " - ju(t) + GL[t] - o(t) + GL[t] - u(2)
= —G[1]- GL[1]" - p(o).

Since G.[t] has full rank, the matrix G.[t]G,[¢]" is non-singular. This implies
u(t) = Orng . Hence, both systems are equivalent.

1.2 Transformation Techniques

Several useful transformation techniques are discussed that allow to transform fairly
general optimal control problems to standard form. It should be mentioned however
that the size of the transformed problem may increase or additional nonlinearities
may be introduced by the transformations and thus tailored methods for the original
problem formulation can be more efficient.

1.2.1 Transformation to Fixed Time Interval

Problem 1.1.8 with free initial or final time can be transformed into an equivalent
problem with fixed initial and final time. This is achieved by the linear time transfor-
mation

t(r) :==to+t(ty —19), 7 e€l0,1]. (1.49)
Define
X(7) == x(t(r)) = x(to + (ty — 10)).
y(@) = y(1(r)) = y(to + t(ty — 10)),
u(r) ;= u(t(r)) = u(to + t(ty —to)).
Then,

45w = 1) 1@

T
= {1y — 1) FU (), X1, Y (@)1t ()
= (lf - tO)f(t(T)’ X(T)’ .)7(1—)! ﬁ(f))

The quantities o and/or ¢4 can be viewed as constant states with

ito(r) =0, 1(0) free,
dt

d
Elf(l’) =0, 17(0) free,
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or more efficiently as additional scalar optimization parameters. We obtain the equiv-
alent transformed problem (with o and 7, as additional states):

Minimize
@(to(0), 17 (1), X(0), x(1)) + /Ol(tf(f)—to(f))fo(t(f),)?(f),y_(f),ﬁ(f))df
subject to

%i(f) = (ty (v) —10(7)) f(t(x), X(7). ¥ (1), u(7)),

Orny = g(2(7), X(2), y(7), u(7)),

d

=~ =0
dflo(f) ;
d

-~ =0,
drtf(t)

s(1(7), X(7)) < Oges.,

C(l(f), )E(T)v .)7(7:)’ ﬁ(‘[)) =< OR”C s

Y (10(0), 27 (1), X(0), X(1)) = Ogny,
u(r) € U.

1.2.2 Transformation to Autonomous Problem

A non-autonomous Problem 1.1.8 can be transformed into an autonomous problem by
introducing an additional state according to the differential equation

T(t)=1, Tl(to) = to. (1.50)
The equivalent autonomous problem reads as
Minimize
@(T(10). T(1f). x(10), x(tf)) + : Jo(T (), x(t), y(t), u(t))dt
subject to
X(@) = f(TQ).x@),y@),u@)),
Orny = g(T(1), x (1), y(1), u(t)),
T(t)=1,
s(T(1), x(1)) =< Ons,
(T (1), x(2), y(1), u(1)) < Orne,
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V(T (to). T(t5). x(to). x(tr)) = Ogny
T (t0) = 1o,
u(t) e U.

1.2.3 Transformation of Tschebyscheff Problems

A Tschebyscheff problem aims at minimizing the objective function

max h(t, x(1), y(t),u(r))
t€lto,tr]
subject to the standard constraints of the DAE optimal control problem 1.1.8.
Define

o= max ]h(t,x(t),y(t),u(t)).

teftotr

Then,

h(t,x(t), y(t),u(t)) <a int,tr]. (1.51)

This is an additional mixed control-state constraint and the Tschebyscheff problem
is equivalent with minimizing « subject to the standard constraints and the mixed
control-state constraint (1.51).

The parameter « can be treated as a real optimization variable or by adding an
artificial constant state variable and the differential equation

a(t) =0, oaty) free.

1.2.4 Transformation of L{-Minimization Problems

An L-minimization problem aims at minimizing an objective function that contains
the term

tr
fuly = [ olar.
o

where u : [to, ty] — R is supposed to be single-valued for notational convenience.
Such an objective function is not differentiable and the corresponding optimal con-

trol problem is non-smooth. The problem can be transformed into an equivalent

smooth problem by introducing two artificial controls u™*(z) := max{u(t),0} > 0

and u~(¢) := —min{u(z),0} > 0. Then it holds

u(t) =ut () —u= (1)
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and
lu@)| = u™(t) +u=(t).

An equivalent smooth optimal control problem is obtained by replacing ||u||; by

lull = /t ! ut (1) + u=(t)dt, (1.52)

0

by adding the control constraints ¥+ (z) > 0 and ¥~ (¢) > 0, and by replacing all
remaining occurrences of u by u™ —u~.

Note that in an optimal solution one of the values u™*(z) or u~(z) will be zero
almost everywhere depending on the sign of u(¢), since otherwise the expression in
(1.52) would not be minimal.

1.2.5 Transformation of Interior-Point Constraints
Problems with intermediate point constraints of type

VY (x(to), x(t1), ..., x(tn)) = Ogny

and objective function

N=1 i
0(x(10), X(11).....x(tN)) + Y /t Jo,i (6, x(0), y(0), u(0))dt
i=0 "%

withzy = 17 can be transformed into Problem 1.1.8 using linear time transformations
f(t):=t; +t(tiz1—t;), 1€[0,1],i=0,....,N—1,
that map each interval [5;,7;44] onto [0,1]. In addition, for = € [0,1] and
i =0,...,N —1new states x'(t) := x(¢* (1)), y'(r) := y(*(r)), and new con-
trols u’ (z) := u(¢* (r)) are introduced with additional continuity conditions
x'(1) = x*1(0) = Ognx, i=0,...,N —2.
The transformed problem then reads as follows:
Minimize

@(x°(0), x1(0), ..., x¥71(0), x¥N (1))

N-1 1 ‘ . ) )
#30 [a= 0o 0.6 05 @ @)
i=0
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subject to

A (0) = (i1 = 1) ST (), X (0), ' (0),u' (1)) = Orme, i =0,...,N —1,
gt (v), X' (z), Y (v),u' (v)) = Ogny, i=0,....,N—1,
st (7). x'(¢r)) <Opns, i=0,....N—1,
c(t* (). x" (1), y' (1), u' (r)) < Ogre, i =0,....N—1,
¥ (00, x(0),....xV71(0), xN (1)) = Ogr,
x'(1) = x*10) = Ognx, i=0,...,N —2,
u'(r) € U, i=0,....N—1.

A problem with interior point constraints and free final time is discussed in the follow-
ing example.

Example 1.2.1 (Interior point constraints, communicated by Roland Herzog). The
task is to find a path with initial and terminal constraints that passes in minimal time
through a defined e-neighborhood of given via-points x;, i = 1,..., N. This task
occurs in the path planning of machines that have to perform a given task at prescribed
points. It can be modeled as the following control problem:

Minimize ¢ subject to

5(1) = (). x(0) = xo,
5(1) = a(t). v(0) =vo. v(ty) = vo.
a(t) = u(t). a(0) =ao. alty) = ao.

and
Umin < u(t) < Umax,
lx(@) = xill <e,  i=1,...,N,
v(f) < Vmax.
a(t) < amax-
The final time z, and the intermediate time points #;, i = 1,..., N, are free and the

problem can be transformed to an equivalent problem on the fixed time interval [0, 1]
using the transformation z(z) := t¢; with = € [0, 1]. The transformed problem reads
as follows:
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Minimize ¢y subject to

x(t) = trv(r), x(0) = xo.
0(r) = tra(r), v(0) =vo, v(l)=vo,
a(t) = tpu(zr), a(0) =ap, a(l) = ao,
Umin < u(T) < Umax.

Ix(zitr) — xill <e, i=1,....N,
v(7) < Umaxs

a(t) < amax.

IA

The intermediate time points z; := 1; /1y are still free. The variable time transfor-
mation 7(7) = for w(s)ds with additional control w(-) > 0, t; = ©(%;) and fixed
(equidistant) 7;, 7 = 1,..., N, can be used to transform the problem into an equiva-

lent problem with fixed intermediate time points. The transformed problem reads as
follows:

Minimizet subject to

X(T) = trw(Dv(7), x(0) = xo,
v(7) = trw(D)a(z), v(0) =vg, v(l) = vy,
a(t) = tyw(@u(t), a(0) = ao. a(l) = ao.
(7)) = w(7), 7(0) =0, (1) =1,
Umin < U(T) < Umax

Ix(zi) —xil]| <e, i=1,...,N,
v(T) = Umax,
a(?) < amax.

w(®) > 0.

Sampledata: N = 4,7, =i/4,i =0,...,4, & = 0.1, Vmax = dmax = 1,

X = x(8) = ((i_Jlr)ilg), P =0,... 3 x4 = x(f4) = (8)

0.4 0 —1
UO:( 0 ), aOZ(O), umin:—umax:(_l)-
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04

0.2

-0.2

04

Figure 1.7. Minimum time path through an e-neighborhood of given points x;, i = 1,...,4,
with radius e = 0.1. The neighborhoods are depicted as circles with center x;. The solid
points on the path at the boundary of the circles indicate the position x(z;) of the process at
time points ¢;,i = 1,...,4.

The solution is depicted in Figure 1.7. The time points ¢;, i = 1,...,4, and the
final time #; are given by

t1 = 1.3751117339512176,
1 = 2.3876857361783093,
13 = 3.4636193112119735,
14 = 4.7688769330936207,
tr = 4.768876933093622. =]

1.3 Overview

Figure 1.8 attempts to classify different approaches towards Problem 1.1.8. It does
not claim to provide a complete overview on methods and of course alternative classi-
fications are possible as well.

The main distinction, that is made in Figure 1.8, is the discretization approach ver-
sus the function space approach. The paradigm of the discretization method is to
approximate the DAE optimal control problem by a finite dimensional optimization
problem using a suitable discretization scheme. This approach is widely known as
‘first discretize, then optimize approach’. The discretization approach is discussed in
Chapter 5. Suitable integration schemes for DAEs, which are fundamental to dis-
cretization methods, are briefly summarized in Chapter 4.
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DAE Optimal
Control Problem

e
.

. Semi-analytical
Meihods for e methods (indirect
imensional
complementarity method looundary
problems and value problems)
variational Methods for infinite
inequalities dimensional
! e tarity
Newton, Josephy- problems and
Newton, fixed-point variational
iteration, projection inequalities
Newton, Josephy-
Newton, fixed-point
iteration, projection
methods)

Figure 1.8. Classification of solution approaches for a DAE optimal control problem.

In contrast, the function space approach considers the DAE optimal control problem
as an infinite dimensional optimization problem, typically in a suitable Banach space
setting. This is known as ‘first optimize, then discretize approach’. Typical methods
of the function space approach are described in Chapter 8. In the latter, discretization
techniques are only used to approximate the single steps of the function space method.

The branches below this first main branch into direct discretization approach and
function space approach basically summarize the same techniques, either to solve
the optimization problem directly using suitable optimization algorithms, or to solve
it indirectly by solving the first order necessary optimality conditions with suitable
techniques for variational inequalities or complementarity problems. The only funda-
mental difference is that the methods in the left branch of Figure 1.8 are applied to
finite dimensional problems, while the methods in the right branch have to be suitable
for infinite dimensional problems.

The classical indirect approach for optimal control problems plays an extra role in
the function space branch and can be considered a semi-analytical method. Herein,
necessary optimality conditions given in terms of the famous minimum principle are
exploited in order to set up a nonlinear boundary value problem that a minimizer has
to satisfy necessarily. This exploitation is usually not done automatically by an algo-
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rithm, but by the user. The user needs to extract all information that is provided and
sometimes hidden in first or second order necessary optimality conditions. Especially
in the presence of state or control constraints, this is not an easy task as the switching
structure of the problem, which is the sequence of singular sub-arcs and active and
inactive parts, is usually unknown and good initial guesses are mandatory. Hence, the
user needs to have a sound knowledge of optimal control theory and insights into the
problem specific structure.

The knowledge of first order necessary optimality conditions is fundamental to all
approaches. In Chapter 2 such optimality conditions are provided in terms of Fritz
John conditions for infinite optimization problems. In Chapter 3 the necessary Fritz
John conditions are evaluated for DAE optimal control problems by exploitation of
the special structure. The resulting optimality conditions provide local minimum prin-
ciples for certain classes of DAE optimal control problems.

Chapter 7 is devoted to mixed-integer optimal control problems. These problems
include control variables that are restricted to discrete sets, for instance a gear shift
control in a car. The local minimum principles of Chapter 3 do not hold for such prob-
lems as they require convex control sets with non-empty interior. By applying the
Dubovitsky—Milyutin trick, see [133, p. 95], [162, p. 148], it is possible to obtain a
global minimum principle for mixed-integer optimal control problems. This trick ex-
ploits a time transformation technique, which turns out to be of use for the derivation
of numerical approaches for mixed-integer optimal control problems as well.

Chapter 6 addresses the problem of controlling a system in real-time. Next to the
classic LQ feedback controller, an open loop controller based on a sensitivity analy-
sis of the discretized optimal control problem is described. Finally, the discretization
techniques in Chapter 5 are exploited to construct a (nonlinear) model-predictive feed-
back controller, which is capable of taking state or control constraints into account.

1.4 Exercises

Exercise 1.4.1 (Range Maximal Flight of an Aircraft). Consider the flight of an air-
craft of mass m with center of gravity S(z) = (x(r), h(z)) T and velocity v() in two
space dimensions x (range) and % (altitude).

The flight of the aircraft is subject to the weight force W = mg, where g denotes
acceleration due to gravity, and the aerodynamic forces lift

L(v,h,Cp) :=¢q(v,h)-F-Cp,
and drag

D(,h,Cp) :=¢q(v,h)- F-Cp(CL),
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where ¢ (v, h) = % - p(h) - v? denotes the dynamic pressure, p(h) the air density,
Cy, the lift coefficient, Cp(Cr) = Cp, + kCL2 the drag coefficient, Cp, and k are
constants, and F is the efficient surface.

The aircraft can be controlled by the thrust T(z) € [0, Tmax] in its longitudinal
direction and by the lift coefficient Cz (t) € [CL min. CL,max]-

For simplicity it is assumed that all forces apply at the center of gravity S, see
figure.

(a) Use Newton’s law
force = mass x acceleration.

to formulate differential equations for x(¢), h(¢), v(¢), and y(¢), where y de-
notes the pitch angle, see figure.

(b) Formulate an optimal control problem for the flight of the aircraft with the aim
to maximize the flight range. The aircraft is supposed to start at time o = 0
in a given initial position and it has to reach at final time point 7 > 0 a given
altitude h(ty) = hy > 0 with y(tr) = 0.

Exercise 1.4.2. Derive the equations of motion of the following two mechanical
multi-body systems, determine the differentiation index, write down the Gear-Gupta—
Leimkuhler stabilization, and find consistent initial values:
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(a) The quick return mechanism can be controlled by a torque u that applies at body
two:

) body 4
—

(b) The slider crank mechanism can be controlled by a torque u that applies at body
one:

body 3

body 4
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Exercise 1.4.3. Consider a trolley of mass m moving on a bar at height z with a
swinging load of mass m- attached, see figure.

(x,2) u

(YA (YT

e

z
m2*g
X

(a) Formulate a DAE that describes the motion of the trolley. Analyze the DAE, find
its underlying ODE, and write down the Gear—Gupta—Leimkuhler stabilization
for the problem.

(b) Attime ¢ty = 0 the trolley starts at the position x(0) = 0 and velocity x(0) = 0
with the load at rest. At free final time ¢, the trolley is supposed to reach the
position x(zr) = 1 with velocity x(z) = 0 and with the load at rest again.

Formulate suitable optimal control problems subject to the above restrictions for

(i) atime minimal motion of the trolley;

(if) a motion with minimal swinging of the load.

Exercise1.4.4. Investigate the following DAE regarding solvability depending on the
controls u and u»:

21(t) + 22(1) + z1(¢) + z2(t) +u1 (1) = 0,
z21(t) + z2(t) + ua(t) = 0.

Exercise 1.4.5. Let M € R"=*"z be an arbitrary matrix. Transform the quasilinear
DAE

Mz(t) = f(t,2(1),u())

into an equivalent semi-explicit DAE. Hint: Decompose the matrix M suitably.
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Exercise 1.4.6 (compare [51, 148]). Find the differentiation index and the perturba-
tion index for the following nonlinear DAE:

01 £1(1) z1(1) 0

L Za(1) z2(t) 0

Zn(l) . + . = .
] . . .

0 Zn(t) Zn(t) 0

How large is the difference between the differentiation index and the perturbation
index in terms of n € N?

Exercise 1.4.7. Let the DAE

Fi(x(1), x(1), y1(1), y2(1)) = Onx,
Fa(x(1), y1(1), y2(1)) = Ogmyy,
F3(x(7)) = Ogny,
with sufficiently smooth functions Fy, F,, and F3 be given. State conditions such that
the DAE has differentiation index two.

Exercise 1.4.8. Transform the following optimal control problem on the time interval
[0, 27] with free final time 7, > 0 into an equivalent optimal control problem on a fixed
time interval [0, 1]:

Minimize —m(ty) subject to the constraints

(1) = (1), r(0) = 1, r(tr) = 1.525,

. _ v(l)2 1 c . B _

w(t) = O T2 + u(t)m siny (1), w(0) =0, w(ty) =0,

v(t) = —w(i)(;))(t) + u(z)miz) cos (1), v(0) =1, v(ty) = 11525,
m(t) = —u(t), m(0) =1,

u(t) € [0,0.075].

Exercise 1.4.9. Let a vertically ascending rocket with time dependent mass m and
thrust T = cu obey the equations of motion

h(t) = ().
. C
U(t) = mu — g,

m(t) = —u,
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where & denotes the altitude, v the velocity, u the constant thrust level, g acceleration
due to gravity, and ¢ a constant.

(a) Solve the equations of motion given the initial values 4(0) = 0, v(0) = 0,
m(0) = mgy > 0.

(b) Find u such that the altitude &(zs) at time z > 0 becomes maximal under the
restriction

mo —m(ty) = Am,

where Am > 0 is given.

(c) Sketch m(t),v(t),h(t) for u = uqpt from (b) and for u = umax = 9.5 [kg/s].
Use the data mog = 215 [Kg], Am = 147 [kg], ¢ = 2.06 [km/g],
g = 0.00981 [km/s2].

(d) Now let u be time dependent with

. 0<rt<ty,
u@y =" T=EEY
0, t>tf.

Find u; € (0, umax] and T > t; such that 2(7y) becomes maximal. The time
point ¢ is again defined by the restriction mo — m(ty) = Am.



Chapter 2
I nfinite Optimization Problems

This chapter is devoted to the formulation of DAE optimal control problems and their
interpretation as infinite dimensional optimization problems. For the readers conve-
nience, the functional analytic background needed for the derivation of optimality
conditions is provided inasmuch as it is necessary. Although most of the material is
standard, we found that some parts are hard to find in the literature, for instance the
more advanced properties of Stieltjes integrals and the results on variational equali-
ties and inequalities involving functions of bounded variation and Stieltjes integrals
in Chapter 3.

After the functional analytic background has been provided, we start with a DAE
optimal control problem in standard form, which can be obtained by application of
the transformation techniques in Section 1.2 to more general problem classes. The
optimal control problem is then considered as an infinite dimensional optimization
problem with cone constraints. First-order necessary optimality conditions are pro-
vided for infinite optimization problems in general and for finite dimensional opti-
mization problems as special case. These optimality conditions are the basis for the
local minimum principles in Chapter 3, the global minimum principle in Section 7.1,
the Lagrange—Newton method in Section 8.2, and the discretization methods in Chap-
ter 5.

For the sake of completeness we provide a detailed presentation of the necessary
optimality conditions including most of the proofs. We found it useful to include
the proof of first order necessary Fritz John conditions, since it sheds light on the
many difficulties arising in infinite dimensions. Furthermore, the exposition attempts
to combine several versions of necessary conditions from the literature, which differ
slightly in their assumptions or the problem classes under consideration, and to adapt
them to our purposes. Readers, who are familiar with infinite and finite dimensional
optimization theory, may skip large parts of this chapter. However, Chapter 2 is of
central importance for all upcoming theoretical and numerical approaches towards
optimal control problems.

2.1 Function Spaces

For the interpretation of the DAE optimal control problem 1.1.8 as an infinite dimen-
sional optimization problem, it is necessary to specify the differentiability assump-
tions on the differential variable x, the algebraic variable y, and the control variable u.
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As already pointed out in Chapter 1, differential states and algebraic states exhibit dif-
ferent smoothness properties. For the semi-explicit DAE (1.11)—(1.12) it is reasonable
to choose x, y, and u from the function spaces

x € Wi (4),

,00
y € L3 (4),
u e L"),

which will be introduced in this section. To this end, some fundamental definitions
and results from functional analysis are summarized in the following subsections.

2.1.1 Topological Spaces, Banach Spaces, and Hilbert Spaces

LetK =R orK = C and let X beaset. Let two algebraic operations + : X xX — X
(addition) and - : K x X — X (scalar multiplication) be defined. Recall that (X, +)
is called an Abelian group, if

@ (x+y)+z=x+ (y+z)holds forall x, y,z € X (associative law);

(b) there exists an element ®x € X with Oy + x = x forall x € X (existence of
zero element);

(c) forevery x € X there exists x’ € X with x + x’ = Oy (existence of inverse);
(d) x +y =y + x holds for all x, y € X (commutative law).

Throughout, ®x denotes the zero element of (X, +). If no confusion is possible, we
will use simply ©. In the special cases X = R” and X = R the zero elements are
denoted by Or» and 0, respectively.

Definition 2.1.1 (Vector Space, Linear Space). (X, +,-) is called a vector space or
linear spaceover KK, if (X, +) is an Abelian group and if the following computational
rules are satisfied:

@ (s-t)-x=s-(t-x)forall s,t e K x € X;

b) s-x+y)=s-x+s-yforalls ek, x,y € X;

) (s+t)-x=s-x+rt-xforals,t ek, x € X;

(d) 1-x =xforall x € X. |

In order to define continuity of functions, we need to define neighborhoods of
points.

Definition 2.1.2 (Topology, Open Set, Closed Set, Topological \Vector Space, Conti-
nuity).

(a) A topology T on a set X is a subset of the power set of X with the following
properties:
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(i) 9, X belongto z.
(if) The union of arbitrary many elements of ¢ belongs to .
(iii) The intersection of finitely many elements of = belongs to .
(b) The elements of a topology t are called open sets.
(c) The complement of an open set is a closed set.
(d) The tuple (X, 1) is called a topological vector space over K, if
(i) X is a vector space over K,
(if) X is endowed with a topology 7,

(iii) addition and multiplication by scalars are continuous functions in the given
topology.

(e) Let (X, tx) and (Y, ty) be topological vector spaces and /' : X — Y a map-
ping. f is called continuous at x € X, if for all open sets V' € ty contain-
ing y = f(x) € Y there exists an open set U € zx in X with x € U and
faycv.

f is called continuouson X, if f is continuous at every x € X. a

In order to define a topology in a vector space, it is sufficient to specify a basis 4
of open sets around zero. A basis around zero is characterized by the property that
for any neighborhood V' of zero there exists U € # such that U € V. Herein, every
open set containing x is called a neighborhood of x. Then, a set S is open, if and only
if for every x € S there exists an element U € A suchthat x + U C S.

Definition 2.1.3 (Interior Point, Closure, Boundary Point, Dense Set). Let S be a
subset of a topological vector space (X, ).

(@) x € S iscalled an interior point of S, if there is a neighborhood U € t of x
with U C §. The set of all interior points of S is denoted by int(.S).

(b) The closure cl(S) of S is the set of all points x satisfying U N S # @ for all
neighborhoods U of x.

(c) x isaboundary point of S, if x € cl(S) and x ¢ int(S).
(d) Asubset S of atopological vector space (X, ) is called densein X, if cl(S) = X
holds. m|
Note:
e Sisopen,ifandonlyif S = int(S).
» Sisclosed, if and only if S = cl(S).
Some measure of distance is necessary to define convergence of sequences.
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Definition 2.1.4 (Metric Space, Cauchy Sequence, Convergence).

(@) A metric spaceis atuple (X,d), where X isasetandd : X x X — Risa
mapping such that for every x, y, z € X it holds

(i) d(x,y)>0andd(x,y) =0, ifand only if x = y;
(i) d(x,y) = d(y,x);

(ill) d(x,y) <d(x,z)+d(z,y).

d is called a metricon X.

(b) Let (X, d) be a metric space. The sequence {x,},eN IS said to converge to
x € X,if lim d(x,,x) = 0. We write
n—o0

lim x, =x or x,—x a n— oo.
n—>o00

(c) Asequence {x;,}neN iNnametric space (X, d) is called a Cauchy sequence, if for
every ¢ > 0 there isan N(e) € N such that d(xy, x») < e forall n,m > N(e).

(d) A metric space (X, d) is called complete, if every Cauchy sequence from X has
alimitin X. m|
Note:
* In a metric space every convergent sequence is a Cauchy sequence.
« If a sequence converges in a metric space, then its limit is unique.

In the sequel most often normed spaces are considered. A norm measures the length
of a vector.

Definition 2.1.5 (Norm). Let X be a vector space over over K = R or K = C. The
tuple (X, || - |lx) is called a normed vector space, if || - |x : X — R is a mapping
such that for every x, y € X and every A € K it holds

@ |lxllx = 0and ||x||x = 0ifandonly if x = Oy;
(b) IAxlx = [A]- [lxllx;
© llx+ylx < lxllx + lylx-
The mapping || - [|x is called a normon X o
Since every norm defines a metric by d(x, y) := ||x — y||x, the terminologies ‘con-

vergence, completeness, Cauchy sequence, ...’ can be translated directly to normed
spaces (X, || - |lx). Most often, we will work in Banach spaces.
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Definition 2.1.6 (Banach space). A complete normed vector space is called Banach
space. O

In a Banach space (X, || - |lx) forx € X and r > 0 let

Br(x):={y e X ||y—x|x <rj,

Br(x):={y e X [lly—xllx =r}
denote the open and closed balls around x with radius r, respectively. Then,
A = {B,(®x) | r > 0} defines a basis of open sets about zero. We say, the norm
| - llx induces the strong topology on X.

Finally, we introduce Hilbert spaces that permit to investigate orthogonality rela-
tions of vectors with respect to an inner product.

Definition 2.1.7 (Inner Product, Scalar Product). Let X be a vector space over K = R
or K = C. The mapping {-,-)x : X x X — K is called an inner product or scalar
product, if the following conditions hold for all x, y,z € X and all A € K.

@ (x,y)x = (. x)x;

(b) (x+y.z2)x = (x.2)x + (¥, 2)x;
(©) (x.Ay)x = A{x. y)x;

(d) (x,x)x =0and (x,x)y =0, ifand only if x = Oy. ad

Definition 2.1.8 (pre-Hilbert Space, Hilbert Space). A pre-Hilbert space is a vector
space endowed with an inner product. A complete pre-Hilbert space is called Hilbert
space. a

Notice that ||x|x := +/(x, x)x defines a norm on a pre-Hilbert space X.

From now on, unless otherwise specified, (X, || - |lx). (Y, - ly). (Z, | - I|z).-..
denote real Banach spaces over K = R with norms || - ||lx. || - ly. | - || z..... If no
confusion is possible, we omit the norms, call X, Y, Z, ... Banach spaces, and assume
that appropriate norms are defined.

2.1.2 Mappingsand Dual Spaces

Basic notions of mappings are summarized in

Definition 2.1.9. Let T : X — Y be a mapping from a Banach space (X, || - |lx)
into a Banach space (Y, || - ||ly).

(@) The image of T is defined by

im(T) :={T(x) | x € X}.
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The kernd (null-space) of T is defined by
ker(T) :={x € X | T(x) = Oy}.
Givenaset S C Y, the pre-image of S under T is defined by
T7YS):={xe X |T(x)eS).
(b) T iscalled linear, if
T(x1+x2) =T(x1) + T(x2), T(Axy) = AT (x1)

holds for all x;,x2 € X, A € R.

(c) Let D € X be open. A mapping 7" : D — Y is called locally Lipschitz
continuous at x € D with constant L, if there exists ¢ > 0 such that

IT») =Ty = Llly —zlx forevery y.z € Be(x).

(d) T is called bounded, if ||T(x)|ly < C - |x]|x holds for all x € X and some
constant C > 0.

(e) IfY =R, then T is called a functional.
(f) The set of all linear continuous functionals on X endowed with the norm

IT]lx+ = sup [T(x)]

lxllx <1
is called dual space of X and is denoted by X*. This norm defines the strong
topology on X *.
X is called reflexive, if (X*)* = X holds with respect to the strong topology.

(g) Let T : X — Y be linear. The adjoint operator 7* : Y* — X * is a linear
operator defined by

T*(y")(x) = y*(T(x))
forall y* e Y*andall x € X. |
The following statements can be found in textbooks on functional analysis, e.g.,
[1,205,267,311]:
(a) ker(T) is a closed subspace of X, if T : X — Y is a linear and continuous
mapping.
(b) A linear operator is continuous, if and only if it is bounded.
(c) If the linear operator T is continuous, then so is the adjoint operator 7*.
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(d) The set £(X,Y) of all linear continuous mappings from X into Y endowed
with the operator norm

17 (x)lly
ITlex,y):= sup ———— = sup [[T(x)|y = sup [IT(x)|y
A0y IIxlx Ixllx <1 Ixllx =1

is a Banach space.
(e) The dual space of a Banach space is a Banach space.
(f) The product space

X =X xXox-x X,

of n Banach spaces (X1, || - [lx,),---,(Xn, | - |lx,) equipped with one of the
norms

" 1/p
Ilx = max fxillx,. lxlx = (Y haillf) . peN,
1<i<n

i=1
is again a Banach space. The dual space of X is given by

X* = =01.x5, x| xfeXr i=1,....n}

X*(x) = ) X (x).

i=1

The following theorem allows to identify the dual space X* of a Hilbert space X
with X itself. In particular, Hilbert spaces are reflexive.

Theorem 2.1.10 (Riesz). Let X beaHilbert spaceand x* € X*. Thenthere existsa
uniqueelement x € X withx*(y) = (x, y)x forall y € X and |x*||x+ = ||x|lx. O

2.1.3 Derivatives, Mean-Value Theorem, and Implicit Function
Theorem

The differentiability of a mapping T : X — Y, where X and Y are Banach
spaces, is of central importance in the analysis of functions and plays a key role in the
derivation of necessary optimality conditions. The common definitions of directional
differentiability and differentiability in terms of linear approximations for functions
T : R — R are extended to the Banach space setting. Throughout this book, we use
directional derivatives and Fréchet-derivatives. The Fréchet-derivative coincides with
the common derivative inthe case X = Y = Rand T : R — R. Further differ-
entiability concepts like Hadamard differentiability are not considered, although such
concepts would allow to prove, e.g., the Fritz John conditions 2.3.24 under weaker
assumptions, see [202].
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Definition 2.1.11 (Directional Derivative, Gateaux-Derivative, Fréchet-Derivative).
Let X and Y be Banach spaces, x € X,and T : X — Y a mapping.

(@) T is called directionally differentiable at x in direction d € X, if the limit
1
T'(x;d) = lim — (T (x + ad) — T(x)))
al0 o

exists. T’ (x; d) is called directional derivative of T at x in direction d.
(b) T is called Gateaux-differentiable at x, if there exists a continuous and linear
operator 67 (x) : X — Y with

lim T(x+ad)—T(x)—adT(x)(d)
a0 o o

Oy.

The operator §T'(x) is called Gateaux-differential of 7" at x.
(c) T is called (Fréchet-)differentiable at x, if there exists a continuous linear oper-
ator 7’(x) : X — Y with
T(x+d)—Tx) —T'(x)(d) _
ldllx—>0 Id1lx

Oy.

The operator 77 (x) is called (Fréchet-)derivative of T at x.

If the mapping 77 : X — £(X,Y), x — T’(x), is continuous in the strong
topology of £(X,Y), then T is called continuously differentiable.

(d) Let X = X1 x Xp. T : X7 x X — Y is called partially (Fréchet-)dif-
ferentiable with respect to the component x; at (X1,X2) € X; x X, if
T(-,x2) : X1 —> Y is Fréchet-differentiable at x;.

The partial Fréchet-derivative of T with respect to x; at (X1, x2) is denoted by
T;l (X1, X2). A similar definition holds for the component x». O

The following statements can be found in [162] and are provided without proof. Ba-
sically, the same computational rules and properties known from the common deriva-
tive in Euclidean spaces still hold for the Fréchet-derivative. In particular, the chain
rule applies. Moreover, if T : X1 x X, —> Y is Fréchet-differentiable at (x1, X»),
then T is also partially Fréchet-differentiable with respect to x; and x, and it holds

T'(X1. %2)(x1.x2) = Ty, (X1, %2)(x1) + Ty, (X1, X2)(x2)

for all (xl,xz) € X1 x X».

If T : X — Y is Gateaux-differentiable at x, then T is directionally differen-
tiable and the directional derivative and Gateaux-derivative coincide: 7'(x;d) =
8T (x)(d).
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If T : X — Y is Fréchet-differentiable at x, then T is continuous and Gateaux-
differentiable at x and the Fréchet-derivative and the Gateaux-derivative coincide:
T'(x)(d) = 8T (x)(d). Conversely, if T is continuous and continuously Gateaux-
differentiable in some neighborhood of x € X , then T is Fréchet-differentiable in
this neighborhood with 77 (x) = 6T (x).

Higher order Fréchet-derivatives are defined recursively. Let k > 2. T is called
k-times Fréchet-differentiable, if 77 is (k — 1)-times Fréchet-differentiable. In partic-
ular, T is twice Fréchet-differentiable at X, if the mapping

T'(): X — L£(X,Y), xm T(x),

is Fréchet-differentiable at , i.e. 7”(X) is a continuous linear operator from X into
£(X,Y):

T"(%) € £(X, £(X,Y)),

T"() : X — (X, L(X,Y)).

Hence, for every di, d> € X it holds
T"(%)(d1)() € £(X.Y),
T"(%)(d1)(d2) € Y.

Notice that 7”7 (x)(d1)(-) is linear for every d; € X and likewise T”(x)(-)(d>) is
linear for every d, € X. Hence, T”(X) is a bilinear mapping and for notational
simplicity we write

T"(%)(-,-) respectively T"(%)(d1,d>).
In general, the k-th Fréchet-derivative of T at x is a k-linear mapping:
T®R)(dy, ..., dy).

Example2.1.12. For X = R” and Y = R the Fréchet-derivative is just the standard
derivative of the function 7 : R” — R.
The first derivative for d = (dy.....d,)" is given by

(o) =

i=1

aT (X)
0x;

di =VT®)'d.

The second derivative for d = (d1,...,d,)" andh = (hy,..., hy) " is

T ()

T"(%)(d.h) = e “dihj = d TV*T(%)h,
ij=1 Xi0Xj
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where V2T (%) is the Hessian matrix of 7 at . The k-th derivative of T for
d; = (di,l,...,di,n)—r,i =1,...,k,is

) - kT (%)
T®O @) dr.....dp) = Z D DF ey el UL O

Xi, -+ 0X
i1=1 ir=1 un Xik

In addition, the mean-value theorem holds under weak differentiability assump-
tions:

Theorem 2.1.13 (Mean-Value Theorem, see [162, p. 27]). Let X and Y be linear
topological spaces, D € X open, and 2 € X such that x + ah € D for every
0<a <1 LeT: D — Y be Gateaux-differentiable for every point x + a#,
0<aua<l.

() Then
1
T(x+h)—T(x) = / 6T (x + ah)(h)da,
0

provided the mapping x — 8T (x)(h) iscontinuousfor all x + ah, 0 <a < 1.
(b) If X and Y are Banach spaces, it holds

IT(x + 1) =Ty < e 18T (x + al)llgx,y) - Ihlx-
=a=<

Moreover, for any 7 € £(X, Y) the estimate

IT(x +h) = T(x) =Ty < 2 18T (x + ah) = Tllecx.v) - I2]x
=a=

holds. O

Especially in the context of DAEs, the following implicit function theorem is an
indispensable tool, which we have used in Chapter 1 already:

Theorem 2.1.14 (Implicit Function Theorem, see [162, p. 29]). Let X, Y, and Z be
Banach spaces, D € X x Y some neighborhood of the point (x,7) € X x Y, and
T : D — Z continuously Fréchet-differentiable. Let T(x,y) = ®z and let the
partial derivative 7y (%, ) be linear, continuous, and bijective.

Then there exist open balls B;(x) € X and Bs(y) € Y withe,§ > 0, and a
mapping y : B:(X) — Y with y(X) = y and

T(x,y(x)) =0z forall (x,y(x)) € Bs(x) x Bs()).
Moreover, y(-) is Fréchet-differentiablein B.(x) and

V') = =Ty(x, y(x) " (Te(x, y(x))) forall (x,y(x)) € Bs(%) x B3(§). O
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The assumptions of the implicit function theorem imply that the inverse operator
of the partial derivative 77 (%, y) exists and that 77 (%, $)~ L is linear and continuous,
because of the following

Theorem 2.1.15 ([205, p. 109, Theorem 4]). Let X and Y be Banach spaces and
T : X — Y acontinuous, linear, surjective, and injective operator. Then the inverse
operator 7! existsand it is linear and continuous. m|

A sufficient condition for the existence of the inverse is provided in the following
theorem.

Theorem 2.1.16 ( [205, p. 106, Theorem 4]). Let X and Y be Banach spaces and
T : X — Y a surjective and continuous linear operator. Let there exist some
constant C > 0 with

1Ty = Clixlx

for every x € X. Thentheinverse operator 7! existsand it islinear and continuous.
O

2.1.4 L ,-Spaces, W, ,-Spaces, Absolutely Continuous Functions,
Functions of Bounded Variation

We introduce specific Banach spaces that are used to properly define the DAE optimal
control problem 2.2.1 in Section 2.2.

Definition 2.1.17 (Lp-Spaces). Let  := [fo.zr] C R be a compact interval with
to < [f.

(@) Let 1 < p < oo. The space L,(J) consists of all measurable functions
f :d — Rwith

iy
/ | (@)|Pdt < oo,

0
where the integral denotes the Lebesgue integral.

(b) The space Lo (d) consists of all measurable functions f : 4 — R which are
essentially bounded, i.e.

esssup| f(2)| := inf sup | f(2)| < oc.
ted NCd ted\N

N is set of measure zero
(c) For 1 < p < oo the space L}, () is defined to be the product space
Ly(d) := Lp(d) x---x Lp(4),

where each element f of L7 () is a mapping from J into R”. m]
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Remark 2.1.18. Functions that differ only on a set of measure zero, i.e. functions that
are equal almost everywhere, are considered to be the same in Definition 2.1.17. In
this sense the elements of the spaces L, (4), 1 < p < oo, are equivalence classes. O

The spaces L,(4), 1 < p < oo, endowed with the norm

tr 1/p
1l = (/’ If(t)l”dt) |

and the space L (d), endowed with the norm
|/ lloo = ess sup| f(z)],
ted

are Banach spaces, see [178, Theorems 2.8.2, 2.11.7].
For1 < p < oo the dual space of L,(J) isgivenby L,(d), where 1/p +1/q =1,
i.e. for f* € L,(4)* there exists a unique function g € L, (4) such that

tr
F50f) = / Fhgnydr forall £ € Ly(d).

and || f*|| = llgllq. see [178, Theorem 2.9.5]. For 1 < p < oo the spaces L, are
reflexive, see [178, Theorem 2.10.1].

The dual space of L(d) is given by Lo (d), i.e. for f* € Li(d)* there exists a
unique function g € Lo (d) such that

Iy
f*(f)=/t f()g@)der forall /e Ly(d),

see [178, Theorem 2.11.8]. The spaces L1(d) and Lo (d) are not reflexive, see [178,
Theorems 2.11.10,2.11.11].

The dual space of Lo (4)) does not have a nice structure. According to [178, Re-
mark 2.17.2] the dual space L (d) is isometrically isomorph with the space of all
finitely additive measures on the family of measurable subsets of 4, which are abso-
lutely continuous with respect to the Lebesgue measure.

Lo (d) is a Hilbert space with the inner product

tr
(f.8)L, = f(g(t)dr.
to
Definition 2.1.19 (Absolutely Continuous Function). Let J := [t9,77] be a compact

interval with 7o < t7. A function f : 4 — R is said to be absolutely continuous, if
for every ¢ > 0 there exists 6(¢) > 0 such that

Yolbi—ail <8e) = Y |fbi)— flal <s,

i=1 i=1
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where m € N is arbitrary and (a;,b;) C d,i = 1,...,m, are disjoint intervals. The
set of all absolutely continuous functions f : 4 — R is denoted by AC(d). ad

The following properties of absolutely continuous functions can be found in [241]:

Theorem 2.1.20 (Properties of Absolutely Continuous Functions). Let d := [zo, 7]
be a compact interval with 7o < .

(@) If f € L1(4) then the undetermined integral

t
F(it):=C —I—[ f(rydr
to
is absolutely continuous and it holds
F'(t) = f(t) almost everywherein J.

(b) If /" € L,(J) existseverywhere and if it isfinite, then it holds

£(0) = f(to) + / o 2.1)

Furthermore the partial integration

tr 7 ‘
/t f(t)g/(t)dt+/ g0 f'(1)dt = [f()g)]y

to
holds for absolutely continuous functions f and g on .
(c) An absolutely continuous function on 4 is continuous, of bounded variation, 1’
exists almost everywhere in 4 and satisfies (2.1) for ¢ € 4.
If £ iszero almost everywherein [tg, 7¢], then f is constant.

If the derivatives f’ and g’ of absolutely continuous functions f and g are
equal almost everywhere, then the difference /' — g is constant. m]

The following spaces are natural spaces for solutions of differential equations. The
space Wi oo(d) is a natural choice for the components of the differential state x in
Problem 1.1.8.

Definition 2.1.21 (Wy, p-spaces). Let d := [tg,2¢] C R be a compact interval with
to<trand1=<gq,p < oo.

(a) The space Wy, ,(d) consists of all absolutely continuous functions f : 4 — R
with absolutely continuous derivatives up to order ¢ — 1 and

I/ llg,p < o0,
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where the norm is given by

il . 1/p
1 llgp = (D 17P12) ", 1=p <o,
i=0

1/ g0 := max || .fDlso.

0<i<q
(b) For1 < g, p < oothe space W} ,(4) is defined as the product space
W p(d) = Wap(d) X -+ x Wy p(4),

where each element f of W () is a mapping from J into R”. a

For1 < ¢q, p < oo the space W,, ,(4) endowed with the norm || - [|4, , is a Banach
space. The spaces W, »(4), 1 < g < oo, are Hilbert spaces with the inner product

q b ) )
(few,, = Z/ fD1)gD)yar.
i=0"¢

Definition 2.1.22 (k-Times Continuously Differentiable Functions).
Let d := [t0,1r] C R be a compact interval with 7o <77 andn,k € N.
The space of continuous functions f : 4 — R” is denoted by €" () = € ().
The space of k-times continuously differentiable functions f : 4 —> R” is denoted
by €/ (4). m|

The elements of the space W; oo (d) are continuous functions, but not all of them
are continuously differentiable, and hence €;({) C Wi so(d) C ().

The space €”(4) of continuous vector-valued functions f : 4 — R” endowed
with the norm

£ loo = max | £ (1)

where || - || is any vector norm on R”, is a Banach space.

If pure state constraints (1.17) are present in the DAE optimal control problem 1.1.8,
which are continuous functions, then the Lagrange multipliers associated to the pure
state constraints in the Fritz John conditions 2.3.24 are elements of the dual space of
the space of continuous functions. Hence, explicit representations for the elements of
the dual space are required in order to represent the Lagrange multipliers. It turns out
that the elements of the dual space of €(d) can be represented by Riemann—Stieltjes
integrals, see Definition 2.1.25 below, which are defined by functions of bounded
variation, see Definition 2.1.24 below. It holds
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Theorem 2.1.23 (Riesz’ Representation Theorem, see [241, p. 266]).
Let ® : €(4) — R bea continuous linear functional. Then there exists a function p
of bounded variation on 4 such that for every f € €(dJ) it holds

ty
(/) = / FOdp(0). .

In Theorem 2.1.23 the function of bounded variation p is defined almost every-
where in 4 with exception of an additive constant, see [137, p. 59], [208, p. 113].

Definition 2.1.24 (Function of Bounded Variation). Let J := [fo,7r] C R be a com-
pact interval with 7o < .

(@) u:d — Rissaid to be of bounded variation, if there exists a constant K such
that for any partition

Gm Z={l‘0<[1<-"<l‘m=[f}

of [to. t7] it holds

Z [p(ti) — p(ti-1)| < K.

i=1

The total variation of w is

m
TV(u.to. 1) = sup > ) — i),
all om j=1
The space of all functions of bounded variation on J is called BV({).
(b) The space BV"(d) is defined as the product space

BV"(J) := BV(J) x --- x BV(J),

where each element p of BV” () is a mapping from 4 into R”.

(c) The space of normalized functions of bounded variations NBV” (d) consists of
all functions u € BV" (), which are continuous from the right on (¢, 5) and

satisfy u(tg) = Ogrn. ]

A norm on NBV(d) is given by |u|nsv := TV(u.1o.1r). With this norm, the
correspondence between the dual space of €(4) and NBV(J) in Theorem 2.1.23 is
unique. Hence, NBV(d) is the dual space of €(d).

We summarize some facts about functions of bounded variation, see [241]:

(@) The derivative i of a function u € BV(d) exists almost everywhere in 4 and
the integral [,/ ju(1)d1 exists.
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(b) € BV(J) possesses only countably many jumps. For every jump point of u
the left- and right-sided limits exist.

(c) Every function p of bounded variation can be represented as
(1) = pa(t) + pa(t) + ps(),
where 4 is absolutely continuous, 1 is the jump function of u given by
Ka(to) =0,
a(t) = (ulto+) — pto)) + Y (ulti+) — u(ti=)) + (u(1) — u(1-))

<t

for ¢t € 4 with left-sided limits wu(¢; —), u(t—) and right-sided limits w(z; +) at
the jump points ¢; of u, respectively, and w; is singular. Herein, u; is called
singular, if it is a non-constant continuous function of bounded variation, whose
derivative is zero almost everywhere. Note that a singular function is not abso-
lutely continuous, since then it would be constant.

If w is continuous, then w4 is zero. If w is continuous and monotonically in-
creasing, then u, and ug are also monotonically increasing.

The Stieltjes integral in Theorem 2.1.23 generalizes the Riemann integral.

Definition 2.1.25 (Riemann-Stieltjes Integral). Let f, u : 4 —> R be two functions.
For m € N let a partition

Gm:={to<t1 <. <tm=1f}
of 4 be given. Let & € [t;—1,1;] be arbitrary and

Sm(fop) =Y f(&) () — plti-1))

i=1

S(f, n) is called Riemann-Stieltjes integral of f* with respect to i and we write

iy
Mﬁm=[ FOdp),

if for every ¢ > 0 there exists § > 0 such that for every partition G,,, m € N, with
max 1{1,~+1 —ti}<é

0<i<m-—

it holds

ISm (fo 1) = S(f. )] <e.
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In case of vector-valued functions f, u : 4 —> R” we use the abbreviation
ty - "oty
t) du(t) = ()d ().
[ reTano >, At .

Note that the convergence of the Riemann-Stieltjes integral in Definition 2.1.25 is
supposed to be independent of the choice of the points &;.

The existence of the Riemann-Stieltjes integral is guaranteed, if f is continuous
and w is of bounded variation on 4. Notice that the Riemann integral is a special case
of the Riemann-Stieltjes integral for u(z) = ¢. Some properties of the Riemann—
Stieltjes integral are summarized below, see [241, 312].

(a) If one of the integrals ffbf f(t)du(t) or ff({ w(t)df(¢) exists, then so does the
other and it holds

ty ty 1
FOdp() + / w(Odf (1) = LfOu)L.

to 0

This is the partial integration rule.
(b) It holds

7
| o) = wtey) - o).
to
If u is constant, then
tr
| rwann =0
to
(c) If £ is continuous and w is of bounded variation in d, then
t
Fo = [ foduo. ted.

to

is of bounded variation. Moreover,

F@+) = F@) = fO(p@t+) —p@). o=t <ty, (2.2)
F() = F1—) = fO)(u(t) —pt=)). tfo <t =ty. (2.3)

(d) If f iscontinuous, g € L1(d), and

t
M(f)=/ g)dr, ty<c=ty to<t=ty,
c
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then y is of bounded variation on (o, 7) and

tf l‘f l‘f
/ £ du() = / F(0g(n)dt = / FOiydr.
to to to

The latter integral is a Lebesgue integral.
If g is continuous, & is of bounded variation in , and

t
M(t)=/ ¢@)dh(D), fo<c<tp to<t<is,
c
then

ty 172
/, FOdu() = / £ dh().

(e) If f is of bounded variation and p is absolutely continuous on d, then

Iy ty
/t FO)du(t) = / O,

where the integral on the right is a Lebesgue integral.

(e) If f is continuous and w is monotonically increasing, then there exists £ € 4
such that

7
/, FOdp() = FElty) — ulto)).
This is a mean-value theorem.

Lemma 2.1.26. Let f be continuous and p monotonically increasing on J. Let u be
differentiable at ¢. Then it holds

d [! d
& | 10 = 10 30,

Proof. Let u be differentiable at . Define

t
F(1) = / F5)dus).

The mean-value theorem yields

t+h
F(t +h)— F() th f()dpls) = fE) (@ +h) — (@), <&, <t+h

Hence,

. h) — . h) — d
;!inow = }Eino (&) - M = f(1)- EM(I)'

Observe thatt < &, <t + h — ¢ holds. O
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2.2 The DAE Optimal Control Problem asan Infinite
Optimization Problem

The purpose of this section is to provide the connection between DAE optimal control
problems and infinite optimization problems. In fact, the DAE optimal control prob-
lem is an infinite optimization problem with a special structure. For the upcoming
theoretical investigations it is convenient to restrict the general DAE optimal control
problem 1.1.8 to standard form. To this end, the discussion is restricted to DAE op-
timal control problems on a fixed time interval [g, ¢]. In Section 1.2 transformation

techniques are summarized, which can be used to transform various problem settings,
including Problem 1.1.8, into the following standard form:

Problem 2.2.1 (DAE Optimal Control Problem in Standard Form).
Let J:=[t0.r] C R be a non-empty compact time interval with zo < ¢ fixed. Let

¢ R"™ xR"™ — R,
fo:d x R™ x R"™ x R"™ — R,
fid xR*™ x R"™ x R"™ — R"~,
g d xR"™ xR"™ x R"™ — R™,
c:d x R™ x R"™ x R" — R,
s d x R™ — R
Y R™ x R — R"¥

be sufficiently smooth functions and U C R~ a set.

Minimize the objective function

‘“
@(X(ZO)7x(tf))+/t/ Jot. x (1), y(t), u(r))de (2.4)

with respect to
xe W' (), yeLad(d), uell),

,00

subject to the semi-explicit DAE

X(t) = ft.x(1), y(@).u()), (2.5)
OR"J’ = g([,X([), y(t)’u(t))’ (26)

the mixed control-state constraint

C(I,X(t), y(t)vu([)) SOR”C’ (27)



Section 2.2 The DAE Optimal Control Problem as an Infinite Optimization Problem 69

the pure state constraint

s(t,x(t)) < Ogns, (2.8)
the boundary condition
Y (x(t0), x(tr)) = Ogry, (2.9)
and the set constraint
u(t) € U. (2.10)
]

Remark 2.2.2. If the DAE is not given in semi-explicit form, but in the general
form (1.5), it is a non-trivial task to identify the differential variables and algebraic
variables in the vector z, to assign appropriate smoothness properties, and the corre-
sponding function spaces. This assignment may even change with time depending on
the current state z and the control u. A nice idea to define appropriate function spaces
was used in [17] for the quasi-linear DAE

Bz(t) = f(1,z(1),u(t)),
where B is a fixed n; x n -matrix. In this case, one may use the space
Wiz (9) :={z € LI(J) | Bz € W' ()}
for the state vector z. O

For the derivation of first order necessary optimality conditions it is convenient to
rewrite the DAE optimal control problem 2.2.1 as an infinite optimization problem
in appropriate Banach spaces. Necessary optimality conditions of Fritz John type
are then applied to the latter. Exploitation of the special structure of the Fritz John
conditions eventually leads to a local minimum principle for the DAE optimal control
problem in Chapter 3. To this end, the vector z := (x, y, u) of optimization variables
in Problem 2.2.1 is an element of the Banach space (Z, | - | z) defined by

Z = WS () x L (4) x LE(d).
e,y w)llz := max{[lx 1,00, ¥ lloo: [[]loo}-

The objective function in (2.4) defines the mapping J : Z — R with

ty
J(x,y.u) = w(x(to),x(tf))+ft Jo(t,x(2), y (1), u(t))dt.

The equality constraints (2.5), (2.6), (2.9) of the optimal control problem define the
operator equation

H(x,y,u) =0y,
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where H = (Hy, H», H3) : Z — V is given by

Hl(x7 yvu) = f(',X('), J’()y“()) —X(),
Ha(x,y,u) := g(,x(), y(), u()),
H3(x,y,u) == =y (x(10), x(1r)),

and the Banach space (V, || - ||v) is defined by

V= L (d) x Log (d) x R™,

(w1, v2,v3) [y := max{[[viloo. [V2]loo V3ll2}-

Remark 2.2.3. It has to be pointed out that the choice of the image space of the
component H, is crucial and needs to be restricted further depending on the actual
structure of the DAE (2.5), (2.6). The space L5 (4) is a convenient choice for the
general setting in Problem 2.2.1. In Chapter 3 however, we require the derivative
operator (H, H}) to be surjective. In general, surjectivity cannot be obtained for the
above choice. For instance, if the DAE is an index-two Hessenberg system with u
and y not appearing in g, then surjectivity can be shown only if H> is considered as a
mapping into the space Wl"’go((ﬂ), compare Lemma 3.1.4. m]

Definition 2.2.4 (Cone, Dual Cone).

(a) A subset K of a vector space X is called cone with vertex at Oy, if k € K
implies ok € K for all scalars o > 0.

(b) Let K be a cone with vertex at ®x and xo € X. xo + K is called cone with
vertex at xg.

(c) Let K C X be a subset of a Banach space X. The positive dual cone of K (or
positive polar cone of K or positive conjugate cone of K) is defined as

Kt :={x*e X* | x*(k) >0forall k € K}.

The negative dual cone of K (or negative polar cone of K or negative conjugate
cone of K) is defined as

K :={x*eX*|x*(k)<0forallk € K}.

Functionals in K are called positive on K, and functionals in K~ are called
negative on K. O

Remark 2.2.5. The dual cones K and K~ are non-empty closed convex cones. 0O
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Example2.2.6. Let X = R2. Then the sets
K = {(xl,xz)T € R? | x1 >0, x2 >0},
Ky = {(x1,x2)" € R? | x; > 00r xa > 0},
K3 := {(xl,xz)T S RZ | X1 = 0},
K4 :={(x1,x2)" € R* | x1 + x2 = 0},

Ks:={(x1.x2)" € R? | x; >0, xp > 0} U {0}

are cones. K1, K3, K4, K5 are convex, K» is not convex. K1, K», K3, K4 are closed,
K5 is not closed. With exception of K4, all cones have interior points.
The following sets are closed convex cones in L, and L, respectively:

Ke := {x € Loo(d) | x(t) = 0 almost everywhere in 4},
K7 :={x € Ly(d) | x(¢) = 0 almost everywhere in J}.

But only K¢ has interior points, while K7 has no interior points! m|

Define

Ky = {k € L%(d) | k(1) = Ognc almost everywhere in 4},
K> = {k € €"5(J) | k(t) = Ogns in d}.

Then, K := K x K, is a convex cone with non-empty interior in the Banach space
W, || - llw), which is defined by

W = LL(d) x €' (4),
(w1, w2)llw := max{[[wileo. [w2]loo}-

The inequality constraints (2.7), (2.8) of the optimal control problem define the cone
constraint

G(x,y,u) € K,
where G = (G1, Gy) : Z — W is given by

Gi(x,y,u) 1= —c(,x(),y(),u()),
Ga(x, y,u) 1= —=s(, x()).

Finally, define the set S € Z by

S = W5 (9) x Led (4) x Usg.
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where
Ua := {u € L7 (d) | u(r) € U almost everywhere in 4}

denotes the set of admissible controls. S is closed and convex with non-empty interior,
if U is closed and convex with non-empty interior.
Summarizing, the DAE optimal control problem 2.2.1 is equivalent with

Problem 2.2.7 (Infinite Optimization Problem).
Minimize J(z) with respectto z = (x, y,u) € Z subject to the constraints

G(z)e K, H(z)=0y, zeSs. m|

Finally, we investigate differentiability properties of the mappings J, H, and G.
To this end, our standing smoothness assumptions for the functions in Problem 2.2.1
are given in Assumption 2.2.8, compare [162, Examples 9,11]. Notice that we do not
assume continuity with respect to the time component, but only measurability. This
will be important in Section 7.1.

Assumption 2.2.8. Let the functions ¢, ¥, fo, f, g, ¢, s in Problem 2.2.1 satisfy the
following smoothness conditions:

(a) ¢ and v are continuously differentiable with respect to all arguments.
(b) Let® € WS (4), § € Log(d), @t € Lb%(4) be givenand let M be a sufficiently

,00
large convex compact neighborhood of

{(R(0). $(0).01(1)) € R™FHme | 1 e gy,
(i) The mappings ¢ — s(z, x) and
1> fo(t,x,y,u), 1 f(t.x,y.u),
t—g(t,x,y,u), t—c(t,x,y,u)
are measurable for every (x, y,u) € M.
(if) The mappings x — s(t, x) and
(x,y,u) = folt,x,y.u), (x.y.u) > f(t.x,y.u),
(x,y,u) = g(t, x, y.u), (x.y.u) = c(t.x, y.u)
are continuously differentiable in M uniformly for ¢ € J.

(iii) The derivatives

Soeyan Soyay 8y Clrym

are bounded in d x M. O
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Under Assumption 2.2.8 Fréchet-differentiability can be obtained for J, G, and H
in a similar way as illustrated in the following result for a simplified setting. It also
indicates a possible choice of M.

Theorem 2.2.9. Let X € W"2 (4) begivenand let f : d x R"™ — R, (¢,x) —

,00

f(t, x), be afunction satisfying the conditions in Assumption 2.2.8 with
M = {x € R™ | thereexistst € J with||x —x(@)|| <r}, r >0.

Then the mapping 7 : W;"% (4) —> Lg3 (4) defined by

T(x() = x()— f(.x()
is continuously Fréchet-differentiable in x with
T'(%)(x) = X() = L X)X ().

Proof. (a) Apparently 7/(x)(:) is linear. It remains to show the continuity of the
operator.
For almostevery r € 4 and x € Wl'fgo(d) it holds

IT' @ )OI < IO+ LA EEE) - Ix @)l
< | xlloo + C - ¥l
=1+ 0 x]1,00-
Hence, 7'(X)(-) is continuous. As f} is supposed to be continuous with respect to x
and bounded in M uniformly with respectto ¢ € d, T’(-) is continuous in M.
(b) It remains to show
IT7(E +x) = T(X) = T' (&) (%) lloo

Ix1l1,00—>0 1% 1,00

= 0.

For almost every ¢ € 4 it holds by the mean-value theorem

A1) = (TR +x) =T &) = T'@)(x)) ()
= —(f(t.x(1) +x(1)) — f(t.%(1)) + fi(z,%(0))x(t)

1
= —/0 (fe(@. 2(1) + Tx (1)) — f[7 (. 2(1)) x(1)dt
and thus

A = sup || fe(t. 2() + wx (@) — L@ RO - Ix]100-

7€[0,1]



74 Chapter 2 Infinite Optimization Problems

According to (b), (ii) in Assumption 2.2.8, f/(z,-) is uniformly continuous on the
compact set M. Hence, for every ¢ > 0 there exists § € (0, r] with

[ fot,x1) — fit,x2)|| <e forallx;,x; € M, t €d, ||x;1 —xz2| <38.
Let |x]l1,00 <8 and t € [0, 1]. Then,
2.2+ Tx(t) e M forallt e d
and

1£(@) + 7x(@) = X = tllx@] = [x[1,00 < 8.

The choice of § implies
[AMX)lloo < llx[l1,00  forall [lx][1,00 <6,

and hence
[T+ x)—T(&X) —T'()(¥)]loo

= 0. O
Ix[11.00—>0 llx1l1,00

Similar arguments can be used to prove Fréchet-differentiability of J, G, and H
under Assumption 2.2.8. The derivatives are then given by

J'(X, 9, 0)(x,y,u) = w;ox(to) + ga,’cfx(tf)

t
+ / "R + FL IO + flulu@dr. (211)

and
Hi(®, 5. 0)(x, y,u) =[x + IO + fi[Tu@) —30), (2.12)
Hy(&. 5. 0)(x, y.u) = gL [1x() + g, [y () + gy, [Ju(). (213)
HY(&.§.0)(x. y.u) = =y X (t0) — ¥, (1), (2.14)

and
Gi(&. . ) (x, y.u) = =, [1x () = ¢} [1y () — e [Ju (), (2.15)
Gy (%, 9. )(x, y, u) = —s,[]x (), (2.16)

compare also [171, p. 94-95], where continuity with respect to the argument ¢ was
assumed. For notational convenience, we used the abbreviations

Pro = Oy (R(10). £(t7)). fi[t]:= 1. 2(0). 5(1). i2(0)),

and inasimilarway ¢}, ., fq 111, fg , [t], fo 0] cile], ¢ [e], e [e), s [e], £y e, fale],s
gy lt], g51t), gult], ¥y 1//)@_ , for the respective derivatives.
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2.3 Necessary Conditionsfor Infinite Optimization
Problems

Problem 2.2.7 is a special case of the following general infinite optimization problem:

Problem 2.3.1 (General Optimization Problem). Let Z be a Banach space, ¥ C Z a
non-empty set, and J : Z — R a functional.

Minimize J(z) withrespecttoz € X. O

The following terminology is used:
() J is called objective function.

(b) A vector z is called admissible or feasible for Problem 2.3.1,ifz € . X is
called admissible set or feasible set for Problem 2.3.1.

(c) z € X is called global minimum of Problem 2.3.1, if
J(Z) < J(z) forallz e X. (2.17)

z € Z is called strict global minimum of Problem 2.3.1, if ‘<’ holds in (2.17)
forallz e X,z # 2.

(d) z € X is called local minimum of Problem 2.3.1, if there exists ¢ > 0 such that
J(2) < J(z) forallz e N By(2). (2.18)
z € X is called strict local minimum of Problem 2.3.1, if ‘<’ holds in (2.18) for
allz e XN B(2), z # Z.
(e) Problem 2.3.1 is called unconstrained, if ¥ = Z holds.
(f) Problem 2.3.1 is called convey, if J and X are convex.

Remark 2.3.2. For a convex optimization problem, every local minimum is a global
one. This can be seen as follows. Assume Z is a local minimum, but not a global one.
Then there exists z € X with J(z) < J(Z). The convexity of J yields
Jaz+ 1 —-a)2)<aJ@Z)+ (1 —-a)J(Z) < J(Z) forall0 <o <1,

which contradicts the local minimality of Z. a

As it was shown in Section 2.2, the structure in Problem 2.2.7 is of special interest
for the investigation of optimal control problems in view of necessary conditions and
numerical algorithms. The admissible set for Problem 2.2.7 is given by

T =SnGYK)NH Y (Oy),

where G™1(K) := {z € Z | G(z) € K} denotes the pre-image of K under G and
H™Y(®y) := {z € Z | H(z) = Oy} is the pre-image of ®y under H. Prob-
lem 2.2.7 is referred to as standard infinite optimization problem:
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Problem 2.3.3 (Standard Infinite Optimization Problem). Let Banach spaces
Z, - lz)s (V- lv)s V- llw) be given. Let J : Z — R be a functional,
G:7Z—W,H:Z — V operators, S € Z aclosed convex set,and K € W a
closed convex cone with vertex at Oy .

Minimize J(z) with respect to z € S subject to the constraints
G(Z) ek, H(Z) = Oy. O
Standard nonlinear programs in finite dimensional Euclidean spaces are special
instances of Problem 2.3.3 with the particular Banach spaces
Z:=R" W:=R"G, V :=R"M,

and the closed convex cone K € R"G with vertex at Og»c and non-empty interior
int(K) # @ defined by

K := {k € R"G | k < Ogng ).

The constraint G(z) € K in Problem 2.3.3 is then equivalent with the inequality
constraint G(z) < Ogrrg. Owing to this relation, the cone constraint G(z) € K is
also referred to as inequality constraint.

Direct discretization methods for DAE optimal control problems immediately lead
to finite nonlinear optimization problems. For this reason, we will investigate standard
finite nonlinear optimization problems in detail.

Problem 2.3.4 (Standard Finite Optimization Problem). Let
J :R" — R,

G = (Gy.....Gpg)' : R" — R"G,

H = (Hy.....Hy,)" :R"> — R

be continuously differentiable functions and S € R”z a closed convex set.

Minimize J(z) with respect to z € S subject to the constraints
Gi(z) <0, i=1,...,ng,
Hi(z)=0, i=1,...,ng. 0
The admissible set of Problem 2.3.4 is given by
Y={z€S8|G(z) <Orng, H(z) = Ornpm }.

The active constraints are particularly important.
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Definition 2.3.5 (Index Set of Active Inequality Constraints). Let Z € R"= be admis-
sible for Problem 2.3.4. The index set

AEZ):={i €{l,...,ng} | Gi(¢) = 0}
is called index set of active inequality constraintsat Z . O

In order to derive necessary conditions for a local minimum of Problem 2.3.3, the
set S C Z usually cannot be an arbitrary set, but has to fulfill additional conditions,
e.g. S has to be closed and convex with non-empty interior. Nevertheless, there are
also practically important problems, e.g. optimal control problems or mixed integer
optimization problems, where S is a discrete set. Fortunately, it is possible to derive
necessary conditions for such problems as well, but among other things, additional
convexity or differentiability conditions have to be imposed on the remaining con-
straints and the objective function. Application of these necessary conditions to opti-
mal control problems will result in the famous global minimum principle for optimal
control problems in Chapter 7.

2.3.1 Existenceof a Solution

The existence of a solution for Problem 2.3.1, where ¥ C Z is a compact set and
J is lower semi-continuous, is ensured by the famous Weierstra Theorem. Herein,
3 is called compact, if for every sequence {z, },en in X, there exists a subsequence
{zn, }ken converging to an element z € . In finite dimensional spaces, compactness
is equivalent with closedness and boundedness. In infinite dimensional spaces this is
not true. For instance, it is shown in [208, p. 40], that the unit sphere in general is not
compact.

Definition 2.3.6 (Lower Semi-Continuity, Upper Semi-Continuity). A functional
J : Z — R is called upper semi-continuous at z, if for every sequence {z, }neN
with z, — z as n —> oo it holds

limsup J(z,) < J(2).

n—o0

A functional J : Z — R is called lower semi-continuous at z, if for every sequence
{Zn}nenN With z,, — z asn —> oo it holds

J(z) < I;'ﬂ!;'l”(z")' O

Theorem 2.3.7 (Weierstrall). Let 3 be a compact subset of a normed vector space Z
andlet J : ¥ — R belower semi-continuous. Then J achievesits minimumon X.



78 Chapter 2 Infinite Optimization Problems

Proof. (see [208, p. 40]) Assume J is not bounded from below on X. Then there
is a sequence {z,},eN IN X with J(z,) < —n. Since X is compact, there exists a
convergent subsequence

lim z,, =2
k—o0

with J(z,, ) < —ny forall k € N. Since J is lower semi-continuous, it follows

J() < liminf J(zp,).
k—o00

Hence, {J(zx, )}ken is bounded from below by J(Z) € R. This contradicts
J(zpy) < —ngp — —o0.

Hence, J is bounded from below on X.
This in turn implies that

J = inf J(z)

zZEX

is a real number and for any n € N there exists z, € = with J(z,) < J + % Since
¥ is compact, there exists a convergent subsequence z,, —> Z with

A 1
J(zn,) <J +— forallk e N.
nk
Since J is lower semi-continuous, it follows
J <J@) <liminfJ(z,,) < J.
k—o00
Hence, J assumes its minimum on X. O

A generalization can be found in [6]:

Theorem2.3.8. LetX € Z andlet J : ¥ — R bealower semi-continuous function
on X. Let the set

lev(J,JE)NZ={zeX|J(z) <J(©Z)}
be non-empty and compact for some z € . Then J achievesits minimumon X.

Proof. According to the Theorem of Weierstral3, there exists Z € lev(J, J(Z)) N X
with J(2) < J(z) forall z € lev(J, J(2)) N X. For

z € \(lev(J, J(2)) N X) = X\lev(J, J(2))
it holds
J(z) > J(Z) = J(2).

Hence, Z is a minimum of J on X. O
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Admittedly, the assumptions of the above existence results are difficult to verify for
a given optimization problem like the optimal control problem 2.2.1. More specific
existence results for certain optimal control problems can be found in [250] and the
literature cited therein.

2.3.2 Conic Approximation of Sets

Conic approximations to sets play an important role in the formulation of necessary
conditions for constrained optimization problems. We will summarize some important
cones. To this end, it is convenient to define the arithmetic operations ‘+’, ‘—’, and
*.> for given subsets A and B of a vector space X and a scalar A € R as follows:

AxB:={atxtb|acA be B}, AA:={Aa|ac A}
Note: If 4 and B are convex, then A + B and AA4 are convex as well.

Definition 2.3.9 (Conic Hull). Let A € X be a subset of a vector space X and x € A.
The set

cone(Ad,x) :={a(@a—x)|a>0,aec A} =Ry -(A—{x})
is called conic hull of 4 — {x}. a

The definition of a conic hull immediately implies that the conic hull of A — {x}
can be written as

cone(Ad,x) ={a—ax|a>0,ac A} =A—{ax |a>0} =A4—R4-{x},

if A is a cone with vertex at ®x. Moreover, if A is a convex cone with vertex at Oy,
then it holds

cone(4,x) =A+{ax|aeR}=A4+R-{x}.

To see this, note that cone(4, x) € A4 + R - {x}. Hence, it suffices to show that given
anelementy € A+ R-{x} itcan be writtenasa — ax witha € A and @ > 0. So, let
y=ai+a1x,a1 € A, a1 € R. Ifa; <0, we are done. If @y > 0, then from

1 1
y=a1+a1x+x—x=a1+(l+a1)x—x=2(—a1—|——a2)—x

=:a2€A
€A
it follows y € cone(4, x).
The following cone is motivated by the idea to approximate the admissible set of
an optimization problem by tangential directions, see Figure 2.1.



80 Chapter 2 Infinite Optimization Problems

Definition 2.3.10 (Tangent Cone). Let ¥ be a non-empty subset of the Banach
space Z. The (sequential) tangent coneto T at Z € X is defined by

there exist sequences {og }ren, ok | 0, and
T(Z,f) =3d €Z | {Zk}keN.Zk € 2, withlimg o zx = Z, such ;. (2.19)
that limg_ o0 (zk — 2) /g = d holds. O

OO0 QF

Figure 2.1. Tangent cones to different sets.

The tangent cone is a closed cone with vertex at zero. If Z happens to be an interior
point of X, then T(Z,2) = Z. If X is a convex set, then the tangent cone is convex
and can be written as

T(E2,2)={deZ |3 10, dy —d : Z+ardy € Z}
={deZ|Ia>0:2Z+adecX}

It is easy to show, see [171, p. 31], that the tangent cone can be written as

there exist o > 0 and a mapping r : (0, 0] — Z with
T(S.2)=4d € Z | lim,y "2 = ©7 and a sequence {og Jxen. ok | O with
Z4+ard + r(ag) € Xforallk € N.
The following theorem addresses operator equations as they appear in Prob-
lem 2.3.3.

Theorem 2.3.11 (Ljusternik, see [171,p.40]). Let Z and V' be Banach spaces,
H:Z — Vamapping andz € M :={z € Z | H(z) = Oy}. Let H be con-
tinuous in a neighborhood of Z and continuously Gateaux-differentiable at Z. Let the
Gateaux-derivative §H () be surjective. Let d e Zhbe given with §H (2)(3) = Qy.
Then there exist &9 > 0 and a mapping

r(e) _

r:(0,e0] — Z, lim—= =0y
el0 &

such that

H(: + ed + r(e)) = Oy
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holds for every ¢ € (0, go]. In particular:
{deZ|8H(Z)d) =0y} =T(M,?2). |

The upcoming necessary conditions involve a conic approximation of the set S and
a linearization of the constraints G(z) € K and H(z) = ®y in Problem 2.3.3.

Definition 2.3.12 (Linearizing Cone). Let Z, V, and W be Banach spaces. Let
G:Z — Wand H : Z — V be Fréchet-differentiable. The linearizing cone
of K and S at Z is given by

Tin(K, S, %) := {d € cone(S,2) | G'(3)(d)  cone(K, G(£)), H'(5)(d) = Oy}.0

Example 2.3.13 (Finite Dimensional Case). The linearizing cone for Problem 2.3.4
is given by

Tiin(K,S,2) = {d €cone(S,2) | G/(2)(d) <0, i € A(%),
H/()(d)=0,i=1,...,ng},
where A(Z) denotes the index set of active inequality constraints at Z.

A relation between tangent cone and linearizing cone is given by

Corollary 2.3.14. Let G and H be Fréchet-differentiable. Let cone(S,Z) and
cone(K, G(z)) beclosed. Thenitholds T(Z,2) C Tin(K, S, 2).

Proof. Letd € T (X, z). Then there are sequences «y | 0and zy —> Z with z; € S,
G(zx) € K, H(z;) = Oy and (zx — 2)/ay, —> d. Since (z; — 2) /oy € cone(S, 2)
and cone(S, 2) is closed, it holds d € cone(S, Z). The continuity of H'(Z)(-) implies

Oy = kimw H(Z)((zx — 2) /o) = H(Z)(d).
Furthermore, since G is Fréchet-differentiable, it holds
G(zk) =G(E) + G'(2)(zx — 2) + exllzk — 2l z

with some sequence {& }reny S W, e —> Oy . Hence,
G -G(z -z
073 o7

econe(K,G(2))

A

Zr — 2

a lz

Since cone(K, G(2)) is closed, the term on the left converges to an element in
cone(K, G(2)), while the term on the right converges to G’(2)(d). Thus, G'(2)(d) €
cone(K, G(2)). Together with d € cone(S,2) and H'(2)(d) = ©Oy, this shows
d € Tin(K, S, 2). O
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A geometrically motivated first order necessary condition for Problem 2.3.1 in-
volves the tangent cone.

Theorem 2.3.15. Let J : Z — R be Fréchet-differentiable at z and let Z be a local
minimum of Problem 2.3.1. Then,

J'GE)d)=0 forald e T(Z,2).

Proof. Letd € T(X,Z). Then there are sequences oy | 0, zx —> Z, z € X with
d = iMooz —2)/ay. Since Z is a local minimum and J is Fréchet-differentiable
at Z it follows

0=<J(k)—J(E) =T )z —2) + oz — 2 2).

Division by oy > 0 yields

o (zZr—2 Zy — 2 o(l|lzg — 2
ok o Nz lzx —Zllz
—d —dlz —0 ]

The necessary condition in Theorem 2.3.15 can be expressed as
~J'(¢) eT(Z.2),

where T'(Z, Z)~ denotes the negative dual cone of T'(XZ, Z), compare Figure 2.2.

Figure 2.2. Tangent cone to ¥ and its negative dual cone in Z = R2.
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In practical applications with a complicated admissible set X, the tangent cone
T(X,Z) is not assessable and the necessary condition in Theorem 2.3.15 is of little
practical use. If however X is sufficiently simple, e.g. a box, then the necessary con-
dition can be exploited.

Example 2.3.16. Consider the following optimization problem:
Minimize
1
J(z):= / tz(t)dt
-1

subject to the constraint
z(t) e ¥ :={z € Loo([-1,1]) | z(t) € [-1, 1] for almost every ¢t € [—1, 1]}.

J is Fréchet-differentiable at every Z € Loo([—1, 1]) with

1
td(t)dt.
1

rew- |
We investigate three different candidates Z;, i = 1,2, 3, and check the necessary
condition
J'Gi)(d)y>0 foralld € T(Z,%;).

(@) Letz; €int(X). ThenT(X,21) = Loo([—1, 1]). Letd(¢t) := —t fort € [-1,1].
Then,
1 1 1 1 2
J'¢)(d) = / td(t)dt = —/ 12dt = — [—13] =-2<0.

Hence, the necessary condition in Theorem 2.3.15 is not satisfied and Z; is not
a local minimum.

(b) LetZz, = 1. Then,
T(2,22) ={d € Loo([—1,1]) | d(t) < 0 for almost every t € [—1, 1]}.

Define

_fo, ifte[-1,0]
d(t) == {_1, ifz € (0, 1].

Then,

1 1 1
Ve = | i = [0 dt = — Bﬂ} S

0

Hence, the necessary condition in Theorem 2.3.15 is not satisfied and Z, is not
a local minimum.
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(c) Let

A . 1, ift € [-1,0],
500 = {—1, if 7 € (0, 1].

Then,
T(2,23) ={d € Loo([-1,1]) | d(t)z3(t) < 0 for almostevery t € [—1, 1]},

and
1 0 1
J'(23)(d) :/ td(t)dt :/ td(t) dr + td(t) dt >0
>0 a.e. >0 a.e.

forevery d € T(X,Z3). Hence, the necessary condition in Theorem 2.3.15 is
satisfied at Z3. O
2.3.3 Separation Theorems

The proof of the necessary Fritz John conditions is based on the separability of two
sets by a hyperplane.

Definition 2.3.17 (Hyperplane).
(@) Leth : X — R be a non-zero linear functional and y € R. The set

M:={xeX|hix)=y}
is called a hyperplane. The set

My ={xeX|h(x) =y}
is called positive halfspace of M. Similarly,

M- :={x e X |h(x) <y}

is the negative halfspace of M.
(b) The hyperplane M separatesthe sets A and B, if

h(x) <y, forallxe A,
h(x) >y, forall x € B.

The hyperplane M strictly separates the sets A and B, if

h(x) <y, forallxe A,
h(x) >y, forall x € B.

The hyperplane M properly separates the sets A and B, if not both sets are
contained in M. m|
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Note: If & is continuous, the hyperplane is closed. Figure 2.3 illustrates some
constellations in R2.

>0 W e —

Figure 2.3. Separation of sets by hyperplanes. From left to right the following cases are
illustrated: separation by hyperplanes impossible, strict separation by hyperplanes impossible,
strict separation, no proper separation.

The first result addresses the problem of separating a point from a closed subspace
of a Banach space X.

Theorem 2.3.18 (see [311, Cor. 111.1.8, p.98]). Let X be aBanach space, M aclosed
subspace of X, and X € X, x ¢ M. Thenthere existsh € X™* with h1(x) # 0 and
h(x)=0foral x e M. a

Definition 2.3.19 (Affine Set, Affine Hull, Relative Interior, Codimension, Defect).
Let K C X be a subset of a vector space X .

(d) K iscalled affine set, if
(1-A)x+AyeK forallx,y e K,A eR.
(b) The set

aff(K) := (){M | M is an affine setand K < M}

m m
:{Zlixi meN, Zli =1, X ek, i :1,...,m}.

i=1 i=1

is called affine hull of K.

(c) The set
relint(K) := {x € K | there exists ¢ > 0 with B.(x) N aff(K) C K}

is called relative interior of K. The set cl(K) \ relint(K) is called relative
boundary of K.
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(d) Let L be a linear subspace of X and x € X. The set x + L is called a linear
manifold. Let {e;};c; be a basis of X and {ej};es, J € I, abasis of L. The
dimension of the linear manifold x + L is defined as |/ | and the codimension
or defect of x + L is definedas |1 \ J|.

The codimension of the set K is defined as the codimension of the linear sub-
space parallel to the affine hull of K. m]

The following very general result holds in vector spaces and can be found in [199,
200]. Notice however, that relint and int are to be understood in the purely algebraic
sense and that the functional defining the hyperplane is not necessarily continuous.

Theorem 2.3.20. Let A and B be non-empty convex subsets of a vector space X .
(@) If relint(A4) # @, A hasfinite defect, and relint(4) N B = @, then there exists a
non-zero linear functional & separating A and B.
(b) Letint(4) # @. Then there exists a non-zero linear functional / separating A
and B, ifand only if int(4) N B = @.

(c) Let relint(A) # @ and relint(B) # @. Then there exists a non-zero linear
functional & separating A and B, if and only if either A U B are contained in
one hyperplane or relint(A4) N relint(B) = @. m|

The subsequent separation theorem holds in Banach spaces and can be found in [33].
Herein, the functional defining the hyperplane is continuous and thus an element of the
dual space. The proof exploits the Hahn—Banach theorem, see [311, Th. I11.1.2], [208,
p. 111].

Theorem 2.3.21 (see [33, Theorems 2.13, 2.14, 2.17]). Let A and B be convex sub-
sets of a Banach space X .

(@) Letint(4) # @. Then there exists a non-zero functional & € X* separating A
and B, ifand only if int(4) N B = .

(b) Let A and B beclosed, A compact, and AN B = @. Then there existsa non-zero
functional 7 € X* separating A and B strictly.

(c) Letrelint(A) # @, xo € X, and xo ¢ relint(4). Then there exists a non-zero
functional 7 € X* separating A and {x¢}. ad

The following results are concerned with separation in R” and can be found in [271,
Section 11]. It provides a complete characterization of separability of convex sets in
R”.

Theorem 2.3.22. Let A, B C R” be non-empty convex sets.
(a) There exists a hyperplane separating A and B properly, if and only if

relint(A) N relint(B) = @.
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(b) There exists a hyperplane separating A and B strictly, if and only if
Orr € cl(A— B),
i.e if
inf{lla—b| |a €A, be B} >0. ]

2.3.4 First Order Necessary Optimality Conditions of Fritz John Type

The DAE optimal control problem in Section 2.2 leads to the infinite optimization
problem 2.2.7 respectively Problem 2.3.3. The special structure of the admissible set
3 of Problem 2.3.3, which is defined by cone constraints and equality constraints,
allows to derive first order necessary optimality conditions of Fritz John type. These
necessary optimality conditions provide the basis for the minimum principle for opti-
mal control problems.

The proof of the Fritz John conditions exploits the following well-known result,
see [311, p. 135, Th. 1V.3.3].

Theorem 2.3.23 (Open Mapping Theorem). Let T : Z — V bealinear, continuous,
and surjective operator. Let S € Z beopen. Then T(S) C V isopen. ad

The following result can be found in a slightly more general setting in [201]:

Theorem 2.3.24 (First Order Necessary Optimality Conditions, Fritz John Condi-
tions). Let Banach spaces (Z. || - [lz), (V.| - [lv), (W, - lw) begiven.

(@) Let S € Z beaclosed convex set with int(S) # @ and K € W a closed convex
cone with vertex at @y and int(K) # @.

(b) Let J : Z — Rand G : Z — W be Fréchet-differentiable and let
H : Z — V be continuoudly Fréchet-differentiable.

(c) Let z bealocal minimum of Problem2.3.3.
(d) Lettheimage of H'(%) be not a proper dense subset of V.

Then there exist nontrivial multipliers (€, u*,A*) € R x W* x V*, (Lo, u*,A*) #
(0. O+, Oy+), such that

lo >0, (2.20)
w*e KT, (2.21)
1w (G(2)) =0, (2.22)

LoJ (E)(d) — p*(G'(E)(d)) — \*(H'(2)(d)) = 0, foralld € S —{2}. (2.23)
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Proof. Consider the linearized problem around Z:
Minimize
JE)+J'(E)z-2)
with respect to z € S subject to the constraints
G(2)+G'(()(z—-2) €K,
HE)+ H'(2)(z—2) = Oy.

For the first part of the proof we assume that the mapping H'(2)(-) : Z — V
is surjective and that there exists a feasible z € int(S) for the linearized problem
satisfying

G(2) + G'(3)(z — 2) € int(K), (2.24)
HE) + H'(G)(z - %) = Oy, (2.25)
JE) + J'(G)z—2) < J©3). (2.26)

(i) Since H'(Z) is surjective and H'(2)(z — z) = Oy holds, we may apply
Ljusternik’s theorem 2.3.11. Hence, there exist 7o > 0 and a mapping

t
r:[0,t] — Z, 9:@2, r(0) := O,

lim
40
such that
HEZ+t(z—=2)+r(t)) =0y
holds for every ¢ € [0, t9]. This means that the curve
z@)=Z+1t(z—2)+r()

remains feasible for the nonlinear equality constraints for every ¢ € [0, #9]. Further-
more, we have

z(0) =2, Z(0)=z-2.
The latter holds because

t)—z(0 . t)—2Z A (; A
z/(O)zlimwzllmZ()—Z:Z—Z—l—llmﬂzz—z.
t0 t t0 t tjo t

(if) Now we consider the inequality constraints at Z. Since G is Fréchet-differenti-
able at Z, we conclude

G(z(t)) = G(E) +1G'(3)(z — 2) + o(1)
=t(GE)+G'E)z—-2)+(1—1) GE) +o(r).
——
€int(K) ek
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Since G(2) + G'(2)(z — 2) € int(K), there exists §; > 0 such that
Bs (G(2) + G'(6)(z - 2)) € K.
Furthermore, the convexity of K yields
(I1-0G(E)+tweK

forall w € Bs,(G(2) + G'(2)(z —Z))and all 0 < ¢ < 1. Since for # | 0 it holds
o(t)/t —> Oy, there exists §, > 0 with |lo(¢)/t||lw < 1 forall 0 < ¢ < §,. Hence,

G(z(1)) = 1(G(E) + G'(B)(z — 2) + o(t)/1) + (1 — )G (%) € K.
€Bs, (G(2)+G/(2)(z—2))

Hence, for sufficiently small ¢ > 0 the curve z(¢) stays feasible for the nonlinear
inequality constraints.
(iii) Now the objective function is investigated. We find

d poay AZ a5\ (226)
EJ(Z(Z)) o = J(2)- E(O) =J'@)(z-2) <'0.

Hence, z — Z is a direction of descent of J, i.e. J(z(¢)) < J(2) holds for ¢t > 0
sufficiently small. This will contradict the local minimality of Z for Problem 2.3.3.
(iv) The point z in the linear problem fulfilling (2.24)—(2.26) is assumed to be an
interior point of S, see Figure 2.4.
Then, since S is assumed to be convex, there exists a neighborhood Bg(z) such that
Z4t(z—z)e Sforall0 <t <landall Z € Bg(z). Since

. t
lim Q =0z,
tlo 1
there exists ¢ > 0 with
t
rol _
z

forall 0 < ¢ < &. Hence,

z)=Z24t(z—-2)+r(@) =2+t(z+@—2) esS
N
GBs(Z)
for0 <t <e.
Items (i)—(iv) showed the following: If Z is a local minimum of Problem 2.3.3 and
H’(2) is surjective, then

J'(¢)d) >0 foralld e T(3), (2.27)
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where
G'(2)(d) € int(cone(K, G(2))), }

T(Z):= {d € int(cone(S, 2)) ' H'(¢)(d) = Oy
Consider the non-empty convex set
J'E)d) +r
A= G'(2)(d)—k
H'(Z)(d)

k € int(cone(K, G(2))),

d € int(cone(S, 2)),
r>0

If H'(2) is not surjective and im(H’(2)) is not a proper dense subset of V, the set

’
M:=cl({( w ) re]R,weW,zeZ})
H'(2)(2)

is a proper closed subspace of R x W x V. According to Theorem 2.3.18 there is a
non-zero functional (£g, u*,1*) € (R x W x V)* with £or + pu*(w) + A*(v) =0
forall (r,w,v) € M. Hence, the hyperplane

{(rrw,v) e Rx W x V| Lor + u*(w) + A*(v) = 0}

trivially separates the sets A and the point (0, ®y, ®y), since both are contained
in M.
A can be decomposed into A = A; + A, with

J'(¢)(d)
A= | ¢7¢)d)
H'(2)(d)

()

If H'(Z) is surjective, the projection of A; onto V' contains interior points in V' ac-
cording to the open mapping theorem 2.3.23. Hence, 4; + A, contains interior points
in R x W x V. The considerations in (i)—(iv) showed that (0, Oy, ®y) & int(A).
For, let us assume (0, Oy, ®y) € int(A4). Then there exists d € int(cone(S, 2)) with
J'(2)(d) < 0, G'(2)(d) € int(cone(K, G(2))), and H'(2)(d) = ©y contradicting
(2.27).

According to the separation theorem 2.3.21, there exists a hyperplane separating A
and (0, O, Oy ), i.e. there exist multipliers

d e int(cone(S,%))} .

k € int(cone(K, G(2))), r > 0} .

0,Ow+,Op+) # Lo, W A ) eRXx W xV* =R x W x V)*
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such that
0 < Lo(J' E)d) + 1) —u*(G'(E)d) —w) — A" (H'(2)(d))

forall d € int(cone(S, 2)), w € int(cone(K, G(2))), r > 0. Owing to the continuity
of the functionals £¢(-), ©*(-), A*(-) and the linear operators J'(2)(:), G'(Z)(-), and
H'(2)(+), this inequality also holds for all 4 € cone(S, %), w € cone(K, G(2)), r > 0.

Choosing d = ®z € cone(S,z) and w = Oy € cone(K, G(2)) yields £or > 0
for all » > 0 and thus £o > 0.

The choices d = ©z and r = 0 imply p*(w) > 0 for all w € cone(K, G(2)) =
{k—aG(Z) |k e K, a>0},ie pu*(k—aG(Z)) >0forallk € K, « > 0. This in
turn implies u* € K+ (choose a = 0) and *(G(2)) = 0 (choose k = Oy, a = 1
and observe that G(2) € K). |

NP

Figure 2.4. Fritz John conditions under set constraints z € S. The assumption int(S) # @ is
essential. For sufficiently small ¢ > 0 the curve z(¢) stays feasible.

Definition 2.3.25. Every point (z, £g, u*,A*) € ZXRxXW*xV*, (Lo, u*, 1*) # O,
satisfying the Fritz John conditions (2.20)—(2.23) is called Fritz John point of Prob-
lem 2.3.3.

Every Fritz John point with £y ## 0 is called Karush—Kuhn-Tucker point (KKT
point) of Problem 2.3.3. The conditions (2.20)—(2.23) with £, = 1 are called Karush—
Kuhn—Tucker conditions (KKT conditions).

The multipliers £o, n*, and A* are called Lagrange multipliers or simply multipli-
ers.

The conditions (2.21) and (2.22) are called complementarity conditions. a

Notice that (€g, u*, A*) = © trivially fulfills the Fritz John conditions. The main
statement of the theorem is that there exists a nontrivial vector ({o, u*,1*) # ©.
Unfortunately, the case £o = 0 may occur. In this case, the objective function J does
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not enter into in the Fritz John conditions. In case £o # 0, without loss of generality,
£ can be normalized to one as the multipliers enter linearly.

Remark 2.3.26. First order necessary optimality conditions of Fritz John type for
general cone constrained problems

Minimize J(z) with respect to z € S subject to the constraint G(z) € K

can be found in [188]. Essentially, the existence of non-trivial multipliers defining a
separating hyperplane can be guaranteed, if

im(G’(2)) + cone(K, G(2))
is not a proper dense subset of W. m|
Remark 2.3.27. An alternative way to write condition (2.23) is
(Lo (2) = G'G)*(u*) — H'(2)* (X)) (d) =0 foralld € S — {2},

where G’(2)* and H’(Z)* denote the adjoint operators of the continuous linear oper-
ators G'(Z) and H'(Z), respectively. O

The Fritz John conditions in Theorem 2.3.24 are exploited for the finite optimiza-
tion problem in Problem 2.3.4 and result in a finite dimensional version of the Fritz
John conditions.

Theorem 2.3.28 (First Order Necessary Optimality Conditions for Finite Optimiza-
tion Problems). Let z bealocal minimum of Problem2.3.4 and S € R"= closed and
convex with int(S) # @. Then there exist multipliers €o > 0, it = (i1, ..., fing) | €

R"G and A = (A1,...,An,) | € R™ notall zero such that
LG lo, . ))(z—2)>0 forallzes, (2.28)
10Gi(3) =0, i=1,....ng, (2.29)
wi >0, i=1,...,ng, (2.30)
where

Lz, Lo, . A) :=LoJ(2) + n"G(z) + AT H(z).
denotes the Lagrange function for Problem 2.3.4.
Proof. The assumptions of Theorem 2.3.24 are satisfied because:

(i) The interior of the cone K = {k € R"¢ | k < Ogng } iS non-empty.

(ii) The image of the linear mapping H'(Z) : R"”> — R"# is always closed.
Consequently, im(H’(2)) is never a proper dense subset of V' = R"# ,
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Theorem 2.3.24 yields the existence of non-trivial multipliers 4o, i* € W* =
(R"G)* and A € V* = (R"#)* with (2.20)—(2.23). As R”G and R"# are Hilbert
spaces, they can be identified with its dual spaces according to Theorem 2.1.10. As a
consequence, the multipliers i* and 1* can be expressed as i* = i and A* = AT
with fi € R"G and A € R"# .
The condition (2.21) reads as i " k > 0 for every k < Ogng . Hence, i < Ogng .
Setting i := —jz and A := —A proves the assertion. ]

In infinite spaces, the non-density assumption on im(H’(2)) in Theorem 2.3.24 is
not satisfied automatically as the image of a linear continuous operator is not closed
in general. In the sequel we investigate a special case, which is particularly important
for optimal control problems, and show that the non-density condition holds in this
case. To this end, notice that the linearized operator H’(Z) in Section 2.2 is a map-
ping from the Banach space Z into the Banach space V', which is decomposed into
V := V1 x R™¥ with a Banach space V1. This special structure of the image space V/
is exploited in the following result.

Theorem 2.3.29. Let the linear and continuous operator H'(2) : Z — V in The-
orem 2.3.24 be given by H'(2) := (T1,T2), where Ty : Z —> V; is a linear,
continuous, and surjective operator, 7, : Z —> R” islinear and continuous, and
V=1 xR™.

Thenim(H’(2)) isclosed in V = 1} x R”.

The proof of Theorem 2.3.29 uses factor spaces.

Definition 2.3.30 (Factor space, Quotient space, Codimension). Let Z be a vector
space and M C Z asubspace. The factor space or quotient space Z /M consists of
all sets [z], z € Z, where [z] := z + M. Vectors zy, z, € Z are called M -equivalent,
if z1—z2 € M.

The dimension of Z /M is called codimension of M or defect of M. a

Properties of factor spaces are summarized in
Corollary 2.3.31. Let Z beavector spaceand M C Z a subspace. Then:
() If Z isfinite dimensional, thendim(Z/M) = dim(Z) — dim(M ).
(b) If Z isa Banach space and M a closed subspace of Z, then
Izllz/pe == inf{lly —zllz | y € M}

definesanormon Z/M and (Z/M. || - || z/a) isa Banach space.

(c) The canonical mapping w : Z — Z/M, z +— |[z], is surjective and
ker(w) = M.
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(d Let T : Z —> V bealinear and surjective mapping from the vector space Z
onto the vector space V. Then T can be factorized uniquely as 7 = 7 o w with
alinear, surjective, and injective mapping 7' : Z /ker (T) —> V..

If in addition Z and V are Banach spaces and T is continuous, then 7 is con-
tinuous, 7! exists, and 7! islinear and continuous.

Proof. (a) See [174, p. 214],

(b) see [311, Theorem 1.3.2],

(c) see [174, p. 213],

(d) See [174, p. 214] for the first part. For the second part it remains to show that
T is continuous and that 7! exists and is continuous. The continuity follows from
T([z]) = T(z) and the continuity of 7. Since Z and V are Banach spaces, the
existence of the inverse operator 7! and its continuity follows from Theorem 2.1.15.

m|

Proof of Theorem 2.3.29. Suppose that im(H’(2)) is not closed. Then there exists a
sequence (v;, r;) € iIm(H'(2)) with lim; 500 (vi, 1) = (vo, ro) € IM(H'(Z)). Then
there exists a (algebraic) hyperplane, which contains im(7") but not (vg, ro).

The existence can be shown as follows: Define the linear subspace

M = {t(vo,ro) |t €eR} C V.

Itholds M # @ and M # V,since M ¢ im(H’(Z)). Hence, V can be written as
V = M & S with a subspace S C V. Define the functional £ : V— R by

L(s + t(vo,ro)) :=1t.
Then £(s) = 0 for s € S and £(vg, ro) = 1. Furthermore, £ is linear because
COGs + 1(vo, 7)) = L(_As_+ _At_(v0,70)
es eR
= At
= AM(s + 1(vo, r0)),
£((s1 + t1(vo.70)) + (52 + t2(vo, 70))) = €(s1 + 52 + (1 + 12) (o, 70))
—— = N—— —
€S eR
=10 +1
= {(s1 + t1(vo, ro)) + £(s2 + t2(vo, r0))-
Hence, there exist a linear functional £, : V7 — R and a continuous linear functional
£, € (R™)*, not both zero, with £(v,r) = £, (v) + £,(r) and
Ly(T1(2)) + £ (T2(z)) =0 forallz € Z,
Ly (vo) + €7 (ro) # 0.
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We will show that £, is actually continuous.

Let »; € V; be an arbitrary sequence converging to zero in ;. Unfortunately,
there may be many points in the preimage of »; under the mapping 73, i.e. 7, ! is
in general no mapping. To circumvent this problem, we consider the factor space
Z /ker(T1) endowed with the norm |[|[z]|| z /ker(T;)-

According to (d) in Corollary 2.3.31, T; can be uniquely factorized as 7, = T ow
with 7y : Z /ker(T;) —> V; being linear, continuous, surjective, and injective, and
7! being linear and continuous.

Hence, to each n; € V; there corresponds an element W; of Z /ker(T7). Since the
inverse operator is continuous and #; is a null-sequence, the sequence W; converges
to zero. Furthermore, we can choose a representative & € W; such that

1&illz < 20Will z jker(Ty) -
Ty (&) = n;

hold for every i € N. Since W; is a null-sequence, the same holds for &; by the first
inequality.
This yields

lim £y(n;) = lim £,(T1(8:)) = lim —€-(T2(:)) = 0.

since & —> ®z and T, and £, are continuous. This shows that £,, is actually contin-
uous in ®z and hence on Z.
In particular, we obtain

0= lim (£y(vi) + £ (ri)) = Lu(lim v;) + £, (lim r;) = £, (vo) + £r(ro)
1—>00 1—>00 1—>00
in contradiction to 0 # £, (vo) + £, (o). m]

2.3.5 Congtraint Qualifications and Karush—-Kuhn—-Tucker Conditions

Conditions which ensure that the multiplier £¢ in Theorem 2.3.24 is not zero are called
regularity conditions or constraint qualifications. In this case, without loss of gener-
ality, £o can be normalized to one due to the linearity in the multipliers.

The following regularity condition was postulated by Robinson [269] in the context
of stability analysis for generalized inequalities.

Definition 2.3.32 (Regularity condition of Robinson [269]). The regularity condition
of Robinson is satisfied at Z, if

Ow\ . [(GCE)+GG)z—5)—k
( oy ) ‘ ”“{ ( H'()(~2) )

z €S, keK}. (2.31)
|
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The validity of the regularity condition ensures that the multiplier £¢ is not zero.

Theorem 2.3.33 (Karush—-Kuhn-Tucker (KKT) Conditions). Let the assumptions of
Theorem 2.3.24 be satisfied. In addition, let the regularity condition of Robinson hold
at Z. Then the assertions of Theorem 2.3.24 hold with £y = 1.

Proof. Let us assume that the necessary conditions are valid with £y = 0:
w (k) >0, forallk € K,

1w (G(2)) =0,
w*(G'(2)(d)) + A*(H'(¢)(d)) <0, foralld € § —{z}.

These conditions imply
W (GE)+G'(2)(d)—k)+ A*(H'(2)(d)) <0 foralld € S —{Z}, k € K.
Hence, the functional n*(w, v) := pu*(w) + A*(v) separates (O, Oy ) from the set

GE) +G'(G)z—5)—k
(7o)

zeS, ke K},
since n*(Ow, Oyp) = 0. But (O, ®y) is assumed to be an interior point of this set.
Hence, a separation is impossible and the assumption £o = 0 was wrong. m]

Zowe and Kurcyusz [317] show that the regularity condition of Robinson is stable
under perturbations of the constraints and ensures the boundedness of the multipliers.

A sufficient condition for the regularity condition of Robinson is the surjectivity
constraint qualification or linear independence constraint qualification.

Coroallary 2.3.34 (Surjectivity Constraint Qualification, Linear Independence Con-
straint Qualification). Let Z € int(S) and let the operator

T:Z—WxV, T:=(G2),H?)),
be surjective. Then the regularity condition of Robinson (2.31) holds.

Proof. Since Z € int(S), there exists an open ball B;(®z) € S — {Z}. The operator
T is linear, continuous, surjective, and 7 (®2z) = (Ow, ®y). According to the open
mapping theorem 2.3.23, the set T (B.(®z)) isopen in W x V. Hence,

Ow : G'(2)(z—-2)
(®V)e|nt{(H,(2)(Z_2) zeSy.
Since G(2) € K and thus ®y € K — G(2), it follows the regularity condition of
Robinson (2.31). m|
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The subsequent Mangasarian—Fromowitz condition is sufficient for the regularity
condition of Robinson.

Corollary 2.3.35 (Mangasarian—-Fromowitz Constraint Qualification).

LetG : Z — W and H : Z — V be Fréchet-differentiableat Z € §, S € Z
a closed convex set with int(S) # @, K € W a closed convex cone with vertex at
zero and int(K) # 0, G(zZ) € K, H(z) = ®y. Furthermore, let the following
Mangasarian—Fromowitz constraint qualification hold at Z:

(@) Let H'(Z) besurjective.
(b) Let there exist some d € int(S — {£}) with

H'(¢)(d) = Oy, (2.32)
G'(2)(d) € int(K — {G(2)}). (2.33)
Then the regularity condition of Robinson (2.31) holds.

Proof. Since G(2) + G'(2)(d) e int(K), there exists a ball B, (G(2) + G'(2)(d))
with radius ¢; > 0 and center G(Z) + G’(2)(d), which lies in int(K). Since sub-
traction, viewed as a mapping from W x W into W, is continuous, and observing,
that

G(2) +G'(2)(d) = G() + G'(5)(d) — Ow,
there exist balls B, (G(2) + G’ (2)(d)) and B, (Ow) with
Be,(G(2) + G'(2)(d)) — Bey(Ow) S B, (G(2) + G'(2)(d)).

Since G'(2) is a continuous linear mapping, there exists a ball Bs, (c?) in Z with

G(2) + G'(2)(Bs, (d)) € Bs,(G(2) + G'(2)(d).
Since d € int(S — {z}), eventually after diminishing 6; to 8, > 0, we find

G(2) + G'(2)(Bs,(d)) S Ber (GE) + G'(2)(d))
and

B, (d) C int(S —{£}).
By the open mapping theorem, there exists a ball B,,(®y) in V' with
B, (©y) € H'(2)(Bs,(d)).

since H'(Z) is continuous and surjective.
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Summarizing, we found the following: For every w € B¢, (Ow), U € B, (Oy)
there exists d € By, (d), in particular d € int(S — {Z}), with

H'(E)(d) =5, G(¢)+G'(2)(d) € Be,(G(E) + G'(3)(d)),
and
G(2) + G'(2)(d) —b € Bs, (G(2) + G'(3)(d)) C int(K),
i.e. there exists k& € int(K) with
GE)+G'(¢)d)—w = k.
Thus, we proved
W =GE)+G'(¢)d)—k, ©=H'(¢)d)
with some k € int(K), d € int(S — {2}). o

Remark 2.3.36.
() Condition (b) in Corollary 2.3.35 can be replaced by the following assumption:
Let there exist some d € int(cone(S, 2)) with
H'()(d) = Oy,
G'(2)(d) e int(cone(K,G(2))).

(b) Itis possible to show that the above Mangasarian—Fromowitz condition is equiv-
alent to Robinson’s condition for problems of type 2.3.3. O

Application of the Mangasarian—Fromowitz constraint qualification in Corollary
2.3.35 to the finite optimization problem 2.3.4 translates as follows:

Definition 2.3.37 (Mangasarian—Fromowitz Constraint Qualification for Finite Opti-
mization Problems). The constraint qualification of Mangasarian—Fromowitz is satis-
fied at Z in Problem 2.3.4, if the following conditions are fulfilled:

(@) The derivatives H/(Z),i = 1,...,ng, are linearly independent;
(b) There exists a vector d € int(S — {Z}) with
Gi(¢)(d) <0 for i€ A(Z) and H/(Z)(d)=0 for i=1,....nq.
O

Likewise, application of the linear independence constraint qualification in Corol-
lary 2.3.34 to the finite optimization problem 2.3.4 translates as follows:
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Definition 2.3.38 (Linear Independence Constraint Qualification for Finite Optimiza-
tion Problems). The linear independence constraint qualification is satisfied at Z in
Problem 2.3.4, if the following conditions are fulfilled:
@) z €int(S);
(b) the derivatives G/(2),i € A(Z),and H/(Z),i = 1,...,ng, are linearly inde-
pendent. a

The multipliers turn out to be unique, if the linear independence constraint qualifi-
cation holds:

Corollary 2.3.39 (Unigueness of Multipliers). Let the assumptionsof Theorem2.3.28
be satisfied and let the linear independence constraint qualification hold at .
Then the assertions of Theorem 2.3.28 hold with £o = 1 and in particular

VZl‘(27 607 M? A‘) = OR”Z .
Furthermore, the multipliers .« and A are unique.

Proof. The first assertion follows directly from Corollary 2.3.34 and Theorem 2.3.33.

The uniqueness of the Lagrange multipliers follows from the following consid-
erations. Assume that there are Lagrange multipliers w;, i = 1,...,ng, A,
i =1,....ng,and fi;, i = 1,....ng, Ai, i = 1,....ny, satisfying the KKT
conditions. Z € int(S) implies

ngG ng
Ogn: = J'G) + Y wiG{(2) + > AiH[(2).

i=1 i=1
ngG ny N

Ogn: = J' () + Y LiGj(2) + > LiH](®).
i=1 i=1

Subtracting these equations leads to

ngG ng
Ogn: = » (i — )G{(E) + Y (ki — L) H] ().
i=1 i=1
For inactive inequality constraints we have u; = fi; = 0, i ¢ A(Z). Since the
gradients of the active constraints are assumed to be linearly independent, it follows
0= pi—fii,i € AZ),and0 = A; — A, i = 1,...,ng. Hence, the Lagrange
multipliers are unique. |

Remark 2.3.40. There exist several other constraint qualifications. One of the weak-
est conditions is the constraint qualification of Abadie postulating

Tlin(K» Saé) g T(272)’
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where Tiin(K, S, Z) denotes the linearizing cone at zZ. The idea behind this condition
is to force the linearizing cone and tangent cone to coincide, see Corollary 2.3.14.
The condition of Abadie is weaker as the previously discussed constraint qualifica-
tions, since those imply the condition of Abadie but not vice versa.
It is important to mention that the tangent cone 7'(X, 2) is independent of the repre-
sentation of the set X by inequality and equality constraints, whereas the linearizing
cone Tiin(K, S, 2) depends on the functions G and H describing . ]

The KKT conditions are not only necessary, but also sufficient, if the objective
function is convex and the constraints are affine-linear.

Theorem 2.3.41 (Sufficient Condition). Let J be Fréchet-differentiable and convex
andletG : Z — W and H : Z —> V be affine-linear functions. Moreover, let
. 2% A% € Z x W* x V* bea KKT paint of Problem 2.3.3, that is, Z is feasible
and (z, %, A*) satisfies (2.20)—2.23) in Theorem 2.3.24 with £y = 1.

Then z isa global minimum of Problem 2.3.3.

Proof. Let z be feasible for Problem 2.3.3. The convexity of J, the affine-linearity of
G and H, and the conditions (2.21)—(2.23) yield

J(z) = JE) + T (E)z-2)
> J(Z) +p"(G(E) + G'(2)(z — 2)) + A" (H'(2)(z - 2))
=G(z)eK =0y
> J(2).
As z was an arbitrary feasible point, Z is a global minimum. m|

Second order necessary and sufficient conditions for infinite optimization problem
are discussed in [225, 228]. In [228] also the so-called two norm discrepancy is ad-
dressed. This problem occurs if the sufficient conditions do not hold for the norm
| - ||z, but for an alternate norm | - ||, on the space Z. Unfortunately, the appearing
functions usually are not differentiable anymore in this alternate norm and the proof
techniques are more intricate.

2.4 EXxercises

Exercise 2.4.1. Prove that F : R™" — R™ " with F(X) := X! has the Fréchet-
derivative F/(X)(H) = —X"'HX™.

Hint: The Neumann series (I, — B)™! = Y 22, B¥ (for || B|| < 1) or the identity
X~1'X = I, can be useful.
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Exercise 2.4.2. Compute the tangent cone for the following sets:
@ @' eR? [y =27,
b  {C.y»)T €eR*[x=00ry >0}
© A(x,»)T eR*|x=00ry =0},
(d) {(rCOng),rSinga)Te]R2 |0<r <1, n/d<¢@ <Tr/4}.
Exercise 2.4.3. Determine for the feasible set
T ={zeR?|G(z) <0},

the tangent cone and the linearizing cone at z with

@ G(z)=(z2—2z},-22)T,2=(0,00T;

() Gz)=(1—z1,1-22-22)T, 2 =(1,0)T.
Avre the linear independence constraint qualification and the Mangasarian—Fromowitz
constraint qualification satisfied at Z?

Exercise 2.4.4. Consider the nonlinear optimization problem
Minimize z;
subjectto (z; — 4)? + z3 < 16,
(z1 — 3)2 + (z2 — 2)2 = 13.
Sketch the feasible region and find all KKT points. Which point is optimal?
Exercise 2.4.5. Solve the nonlinear optimization problem
Minimize zi+z3 subjectto 1—z; <0, 1—zf—23 <0

(a) graphically,
(b) using KKT conditions.
Which of the discussed regularity conditions are satisfied in the optimal solution?

Exercise 2.4.6 (Lipschitz Continuity of Projection). Let X be a Hilbert space and
M C X closed and convex. Let Py : X —> M be the projection on M satisfying

lx = Py (0)|lx < |lx —m|x forallme M.
Prove: It holds

| Pr(x) = Puy(y)llx < llx—ylx forallx,yeX,

that is, Py is Lipschitz continuous on X.
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Hint: Use the projection theorem [208, Section 3.12, Theorem 1]: Let X be a
Hilbert space and @ # M < X aclosed and convex set. Then for every vector y € X,
there exists a unique vector xo € M with ||y — xollx < ||y —x||x forall x € M. The
condition (y — xg,x — xo)x < 0 forall x € M is necessary and sufficient for the
optimality of xq.

Exercise 2.4.7 (Equivalence of Variational Inequality and Non-smooth Equation).
Let X be a Hilbert space, M C X aclosed convex set, x € M,and G : X — X a
mapping. Prove:

(G(X),m—Xx)x >0 forallme M
holds, if and only if
X =Py (¥ —aG(x)),
where Py denotes the projection onto M and o > 0 is arbitrary.

Exercise 2.4.8. Consider the minimum energy problem:

1
/ u(t)?de
0

with respect to x, y € W1 2([0, 1]) and u € L([0, 1]) subject to the constraints

x() =y@), x(0)=x(1)=0,
y() =u(t), y0)=—-y()=1.

(a) Show that x(-) and y(-) satisfy the constraints, if and only if

Minimize

1
—1 =/0 (1 —s)u(s)ds,

1
—2:/(; u(s)ds.

(b) Solve the following problem by the Fritz John conditions (check all assumptions
first):

Minimize

1
/ u(r)?dt
0

with respect tou € L5([0, 1]) subject to the constraintsin (a).
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(c) Solve the problem in (b) by the projection theorem mentioned in Exercise 2.4.6.
Hint: The inhomogeneous linear initial value problem
Z(1) = Az(1) + b(1), z(a) = za.
with z(¢),z, € R", A € R™*" and b(¢) € R" has the solution

z(t) = O(t)zq + /t O(1)D L (s)b(s)ds,

a

where @ solves ®(1) = AD(t), ®(a) = I,.

Exercise 2.4.9. Prove the follwowing separation theorem:

(@) Let C < R" be a non-empty convex set and y € R" a point that is not in the
closure C of C. Then there exists a hyperplane H = {x e R” | a'x = y}
withy e Handa Ty < ing a'x.

X€

(b) Let C € R” be a convex setand y € R" a boundary point of C. Then there
exists a hyperplane that contains y and that contains C in one of its closed
halfspaces.

Exercise 2.4.10. Let X be a normed vector space, D € X open,and J : D — R a
mapping.
(a) Necessary Optimality Condition: Let x be a local minimum of J and let J be
Gateaux-differentiable at x. Show that §J(x)(%) = 0 holds forall 1 € X.

(b) Apply (a) to the variational problem
Minimize
b
J(x) := / f(t,x(@),x'(¢))dt
a
with respect to x € € ([a, b]) subject to

x(a) = x4, x(b) = xp.

Show that the Euler—Lagrange equation

d
0= ft.50.3'(1) = - (. 2(0).50)

(under suitable smoothness assumptions) is necessary for a local minimum x.



Chapter 3
L ocal Minimum Principles

Optimal control problems subject to ordinary differential equations have a wide range
of applications in different disciplines like engineering sciences, chemical engineer-
ing, and economics. Necessary conditions known as maximum principles or min-
imum principles have been investigated intensively since the 1950°s. Early proofs
of the maximum principle are given by Pontryagin et al. [261] and Hestenes [156].
Necessary conditions for problems with pure state constraints are discussed in, e.g.,
[133,162,164,173,177,226,227]. Optimal control problems with mixed control-state
constraints are discussed in [244,315]. A survey on maximum principles for ODE op-
timal control problems with state constraints including an extensive list of references
can be found in [153]. Necessary conditions for variational problems, i.e. smooth
optimal control problems, are developed in [39]. Second order necessary conditions
and sufficient conditions are stated in [315]. Sufficient conditions are also presented
in [210,212,224,228]. Necessary conditions for optimal control problems subject to
index-one DAEs without state constraints and without mixed control-state constraints
can be found in [63]. Implicit control systems are discussed in [71]. Necessary con-
ditions for optimal control problems subject to nonlinear quasi-linear DAEs without
control and state constraints are presented in [17]. General DAE optimal control prob-
lems are discussed in [186]. Necessary and sufficient conditions for linear-quadratic
DAE optimal control problems can be found in [17, 184, 189, 235, 236]. Optimal
control problems subject to Hessenberg DAES up to index-three are treated in [273]
with results that are closely related to our results. Their technique for proving the
results was based on an index reduction, a technique that has been mentioned already
in [156, p. 352]. Semi-explicit index-one systems often occur in process system engi-
neering, see [158], but also in vehicle simulation, see [108], and many other fields of
applications. A very important subclass of index-two DAES is the stabilized descriptor
form describing the motion of mechanical multi-body systems.

Necessary conditions are not only interesting from a theoretical point of view, but
also provide the basis of the indirect approach for solving optimal control problems
numerically. In this approach, the minimum principle is exploited and typically leads
to a multi-point boundary value problem, which is solved numerically by, e.g., the
multiple shooting method. Even for the direct approach, which is based on a suitable
discretization of the optimal control problem, the minimum principle is very impor-
tant for the post-optimal approximation of adjoints. In this context, the multipliers
resulting from the formulation of the necessary Fritz John conditions for the finite
dimensional discretized optimal control problem have to be related to the multipliers
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of the original infinite dimensional optimal control problem in an appropriate way.
It is evident that this requires the knowledge of necessary conditions for the optimal
control problem.

In this chapter we favor the statement of necessary optimality conditions in terms
of local minimum principles for optimal control problems subject to index-one and
index-two DAES, pure state constraints, and mixed control-state constraints. The lo-
cal minimum principles are based on necessary optimality conditions for infinite op-
timization problems derived in Theorem 2.3.24. The special structure of the optimal
control problems under consideration is exploited and allows to obtain suitable repre-
sentations for the multipliers involved. An additional Mangasarian—-Fromowitz con-
straint qualification for the optimal control problem ensures the regularity of a local
minimum.

The term local minimum principle is due to the fact, that the necessary optimality
conditions can be interpreted as necessary optimality conditions for a local minimum
of the so-called Hamilton function and the augmented Hamilton function, respectively,
compare (3.26), (3.44), and (3.68) below. Global minimum principles even state that
the optimal control globally minimizes the Hamilton function for arbitrary control
sets. This is a much stronger statement and a global minimum principle is discussed
in Section 7.1. There is a nice relationship however between local minimum princi-
ples for infinite dimensional optimal control problems and their finite dimensional dis-
cretizations. The relationship is outlined in Section 5.4. Similar relations for global
minimum principles only hold under additional (restrictive) assumptions, see [239]
and [162, p. 278].

The main steps in the derivation of local minimum principles can be summarized
as follows:

(a) Rewrite the DAE optimal control problem as an infinite optimization problem,
compare Section 2.2.

(b) Show the closedness of the image of the linearized equality operator by exploita-
tion of solution formulas for linear DAEs.

(c) Apply the first-order necessary optimality conditions of Fritz John.
(d) Derive explicit representations of the Lagrange multipliers involved.

(e) Use variation lemmas to derive a local minimum principle for the DAE optimal
control problem.

() Investigate regularity conditions and constraint qualifications.

Although index-one DAEs are easier to handle, we demonstrate the steps (a) to (f) and
suitable techniques for semi-explicit index-two DAEs. This problem class already ex-
hibits the main difficulties when dealing with DAE optimal control problems. The
proof for the index-one case works similarly with minor adaptions only and for this
reason it is omitted here. Details of the proof can be found in [112]. More general
DAEs can be handled similarly following essentially the same approach, but with
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more technical effort involved, see [17,186]. All of these approaches impose struc-
tural assumptions on the linearized DAE and rely on explicit solution formulas for
these linear DAEs.

3.1 Problemswithout Pure State and Mixed Control-State
Constraints

Consider

Problem 3.1.1 (Index-Two DAE Optimal Control Problem). Let J := [fo.7¢] C R
be a non-empty compact time interval with 7o < ¢ fixed. Let

@ R"™ x R"™ — R,

fo:d xR™ xR"™ x R"™ — R,

[ xR™ x R"™ x R"™ — R"~,

g:Jd xR"™ — R,

Y R™ x R™ — R"™v
be sufficiently smooth functions and U < R a closed convex set with non-empty
interior.

Minimize
ty
o(x(t0). X (1) + /t Folt.x (@) y(0). u(t))d1

with respect to x € W,"s_(d), y € Lad (4), u € L% (J) subject to the constraints

,00

x() = f(t,x(@),y),u(t)) aeind,

Orny = g(t,x(t)) ind,
Ogry = ¥ (x(t0), x(tf)),
u) e U ae ind. m]

Remark 3.1.2. Using the technique in Example 1.1.19, we may assume that the con-
trol u does not appear in the algebraic constraint g in Problem 3.1.1. This assumption
is essential for the subsequent analysis. Without this simplification, additional smooth-
ness assumptions for the control have to be imposed. ]

In applying the first order necessary optimality conditions in Theorem 2.3.24 to
Problem 3.1.1, we make use of the interpretation of Problem 3.1.1 as the infinite
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optimization problem
Minimize J(z) subjecttoz € S and H(z) = Oy
given in Section 2.2 with

Z = WS (4) x L () x L4 (),

,O0

Vo= L (d) x W2 (d) x R"v,

,00

.,
T, yau) = p(x(t0). x(tf)) + / " folt.x (). y(0)u (o)),

Hl(x’ y’u) f(',X('), y()vu()) —X(),
H(X, )’y“) = HZ(X’ y’u) = g(',X(')), ’ (31)
H3(x,y,u) =¥ (x(t0), x (1)),

S = W' (9) x Led (4) x Usg.
Uag = {u € LY (J) | u(t) € U almost everywhere in 4 }.

The assumptions in Theorem 2.3.24 need to be checked for the above problem. To
this end, let Z = (X, y, ) be a local minimum of Problem 3.1.1.

S is closed and convex with non-empty interior since U is closed and convex with
non-empty interior. Continuous Fréchet-differentiability of J and H at Z is guaran-
teed under Assumption 2.2.8 in Section 2.2.

It remains to verify that the image of the linear operator H'(Z) is not a proper
dense subset of V. According to Theorem 2.3.29 it suffices to show that the linear
and continuous operator 77 defined by

R v )
- RACHE ) e

is surjective.

Remark 3.1.3. It is important to point out at this stage that the choice of the image
space of H, (respectively g[-]) with WI"’gO(J) is crucial. If H, was considered as a
mapping into the continuous functions, then the linearized operator (Hy, H;) would
have a proper dense image in the space of continuous functions and the assumptions
of Theorem 2.3.24 are not satisfied. If H, instead is considered as a mapping into
Wl'fgo(dl), which is a dense subset of the space of continuous functions, then the fol-
lowing Lemma 3.1.4 allows to show surjectivity of (H{, H}) and Theorem 2.3.24 can

be applied. m]
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We exploit
Lemma 3.1.4. Consider the linear DAE
x(t) = A@)x(t) + B)y (1) + h1(1), (3.3)
Orrny = C()x(1) + h2(2), (34)
on the compact interval 4 = [to, 7] with time dependent matrix functions
A() € L™ (), B() e L™ (). C() e W2 ().
and time dependent vector functions

hi() € LIz (d),  ha() € W2 (4).

,00

Let M(¢) := C(t) - B(¢) be non-singular almost everywhere in 4 and let M(-)~! be
essentially bounded on 4. Let C(#y) have full rank. Then:

(@) There exists a consistent initial value x(z9) = x¢ satisfying (3.4) and every
consistent xo possesses the representation

xo = Mha(tp) + Tw  with w € R"™*7",

where IT € R satisfies (I + C(to)I1)h2(t9) = Orny and the columns of
' € R™*("x=ny) define an orthonormal basis of ker(C(1o)).

(b) The initial value problem given by (3.3)—(3.4) together with the consistent initial

value x(t9) = I1hy(t9) + T'w has a unique solution x(-) € Wl”,go(!ﬂ) for every

w € R™" every hy(-) € L33 (4), and every ha(-) € Wy (4). The solution
on d is given by

x(t) = ®(1) (th(to) +Tw+ /t <I>_1(r)h(r)dr) , (3.5)
t

y(@) = -M@®) 7" (g(1) + Q(O)x(1)), (36)

where the fundamental system ®(z) € R”~x*"~ is the unique solution of

(1) = AD)®(1), (1) = In,, (37)
with

A(t) == A@t) = BOYM (1)1 Q(1),

h(t) := hi(1) = BOM(1)™'q(0),

Q1) := C(1) + C()A(),

q(1) == ha(t) + C(O1 (1)
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(c) Letavector b € R" and matrices Eo, Er € R™*"~ be given such that
rank((Eo®(t0) + Ef ®(t7))T) = r

holds for the fundamental solution ® from (b) and I" from (a). Then the bound-
ary value problem given by (3.3)—(3.4) together with the boundary condition

Eox(to) + Efx(ty) = b (3.8)

has a solution for every b € R”.

Proof. (a) Consider the linear equation Or»y = C(f9)xo + h2(t9) for x¢. Since C(zp)
has full row rank, there exists an orthonormal decomposition

R

C(to))" =P ( 6

) , P =(M;,T) € R"™*"x,

which can be computed using Householder reflections. Herein, R € R™»*™ is non-
singular, P is orthogonal, TI; € R"™*"» js an orthonormal basis of the image of
C(to)", and I' € R™*(x—1) s an orthonormal basis of the null-space of C(zo).
Every xo € R"x can be expressed uniquely as xo = TTyv + I'w with v € R"» and
w € R™ 7" Introducing this expression into (3.4) yields

Orny = C(to)(IT1v + Tw) + ha(t) = RTv + ha(to).

which is satisfied for v = —R™Th,(ty). Hence, consistent values are characterized
by

xo = Mha(ty) + Tw, TI:=—I;R".
(b) Differentiation of the algebraic equation (3.4) yields

Orny = C()x(t) + C(1)x(1) + ha(r)

= (C(t) + C()A@)) x(t) + C(t)B(t)y(t) + ha () + C()h1 (1)
= Q@)x(t) + M()y(1) + q(1).

The non-singularity of M (¢) yields (3.6). Introducing this expression into (3.3) yields
the linear ODE

x(1) = A(t)x(t) + h(1).

With (a) the assertion follows as in [155, p. 36].
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(c) Part (c) exploits the solution formulas in (a) and (b). The boundary condition
(3.8) is satisfied, if

b = Eox(to) + Efx(ty)

t
= Eo(Hl’lz(Io) + FU)) + Ef(D(Zf) (th([o) +Tw+ / 7 q)_l(f)h('[)df)

to
=(Eog + EfCID(tf))Fw + (Eo + Ef@(tf))nhz(lo)
+ Ef®(tr) v o Y (t)h(r)d.

to

Rearranging terms and exploiting ®(zo) = 1,, yields

(Eo®(tp) + Ede(tf))Fw =b—(Eyg+ Efd>(tf))l'[h2(to)
— Efq)(l‘f) /‘tf CD_I(T)h(‘L')dT.
to

This equation is solvable for every b € R”, if the matrix (Eq®(to) + E¢ ®(t7))T is of
rank r. Then for every b € R” there exists w such that (3.8) is satisfied. Application
of part (b) completes the proof. ad

By Lemma 3.1.4 the linear operator T4 in (3.2) is surjective, if the following as-
sumption holds:

Assumption 3.1.5. Let the matrix
M(t) == g (t,2(1) fy (6, £(2), (1), 4 (1))

be non-singular almost everywhere in 4 and let M(-)~! be essentially bounded in J.
a

Lemma 3.1.4, Assumptions 2.2.8, 3.1.5, and Theorem 2.3.29 guarantee that the
assumptions of Theorem 2.3.24 are satisfied and we proved:

Theorem 3.1.6 (Necessary Conditions for Problem 3.1.1). Let the following assump-
tions be fulfilled for Problem 3.1.1:

(a) Assumptions2.2.8 and 3.1.5 hold.
(b) U < R™ isclosed and convex with non-empty interior.
(¢) (x,y,u)isalocal minimum of Problem3.1.1.

Then there exist non-trivial multipliers£o > 0 and A* € V* with

ZOJ/(),&? yAvﬁ)(xv y’u) _)'*(H,()’e’ _),},LAI)(X, y»u)) > 0 (39)
forall (x,y,u) € S —{(x,y,u)}. ad
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At a first glance, the necessary condition (3.9) seems to be of little practical use,

since the multiplier A* := (1%, A5, 0™) is an element of the dual space
V* = LI ()" x W5 (4)* x (R")*

and as such the components A% and A3 do not have nice representations. But, as we
shall see, exploitation of the variational inequality (3.9) using the derivatives in (2.11)—
(2.14) allows to derive a suitable representation of A% and A3. To this end, three
separate variational equalities and inequalities are deduced from (3.9) by setting two
of the three variations x, y, or u to zero, respectively, and by varying the remaining
variation within S. Then (3.9) implies the following relations that hold for every

x € W' (4), every y € Lg2(4), and every u € Upg — {ii}:

t

,
0= K;COX(lo) + lc;fx(tf) + Kofo’,x [t]x(¢)dt

to

FAFEC) = S 0) = A (glx (), (3.10)
0= /tf Co fo [ty ()dt = A5 (f 1y (), (3.11)

where

K (x0, X1, Lo, ) = Log(xo, X) + 0 T Y (xo, xr).

3.1.1 Representation of Multipliers

The two equations (3.10) and (3.11) are exploited to represent the functionals /\; and
Ag- Tothisend, let h; € L3X(J)and hy € Wlny (4) be arbitrary.

,00

Then by Lemma 3.1.4 (with w = Ognx—ny) the initial value problem
X(1) = filtlx@®) + flt]y @) + hi(0),  x(t0) = Tha(to), (3.13)
Orny = g [t]x(t) + ha(t) (3.14)

possesses the solution

x(1) = ®(r) (th(to) + / t dJ_l(r)h(r)dr) , (3.15)

to

Y0 = M@ (q(0) + Q0)x(0)
t
=m0 () + 000 (M) + [ @7 @nende) ). @19
1

0
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where ® solves (3.7) with
A@r) = [l = KM ©O™ ),
h(t) = hi(t) — £l IM(1) " q (o),
d / / /
Q1) = &l + gx [l /1],
q(t) = ha (1) + g, l11h1 (1)

Adding equations (3.10) and (3.11) and exploiting the linearity of the functionals leads
to

t
0 = Kl x(t0) + K}, x(t7) + Lo / "R @ + £y (0)de
A () + AL (). (3.17)

Introducing the solution formulas (3.15)—(3.16) into equation (3.17) and combining
terms leads to the expression

7 A
0= (K;O + K, @(ty) + / Eofo[z]é(z)dt) [hs(to)

to

r
+K;fc1>(zf)/to O ()h(r)dt

+ /tf o folt] (1) (/t <I>_1(r)h(r)dr) dt

to to

-/ :f to fy M@ g(0)dr
+ )t; (h1(:)) + )Lz,(hz(-)), (3.18)
where
folt] = fg <[] = 5, lIM() ™' Q(0).

Integration by parts yields

/tf folr]@(1) (/l <I>_1(r)h(r)dr) dt

B /tf /tf N .
= Jolz]®(v)dt | @ (¢)h(r)dt
1o t



Section 3.1 Problems without Pure State and Mixed Control-State Constraints 113

and (3.18) becomes
A% (1 () + Ag(h2()

= ~Thatto) -~ |

to

Iy Iy

| Ar() Th(t)dt — / | dg(t) Tq(t)dt (3.19)
with

el = (K;O + Ky, D(tr) + / ' Eof;)[f]q’(f)d[) I,

o

.

07 = (00 + [ tofinemar) oo,
t

dg (D)7 = —o f , [AM (D).
Recall the definitions of z and ¢:
h(t) = hi(t) = flIM@) " q ().
q(1) = ha(t) + gkltlh1 ().
Introducing these expressions into (3.19) and collecting terms yields

A (h1() + Ag(ha() (3.20)

Ly

— T ha(t0) — / "0r 0T + g ()T LD (1)t — / e O Tha(t)di
to

to
with

AT =g = A, ()T flIM@) "

Setting 11 = O or hy = O, respectively, proves the following explicit representations
of the functionals Aj’i and Ag:

Corollary 3.1.7. Let the assumptions of Theorem 3.1.6 be valid. Then there exist
¢ e R™ andfunctions A s € W5 (4), Ag € Lo (4) with

,O00

y
W0n) == [ 00T + e gl e,

t

Aa() = —EThatto) = [ Ag(0)Tha(t)ds

to
for every hy € L33 (4) and every hy € Wy (4). o

Corollary 3.1.7 provides useful representations of the functionals A% and A3 and
shows that these multipliers are more regular than only being elements of the dual
spaces of L3 (4) and W,'2 ().

,O0



114 Chapter 3 Local Minimum Principles

3.1.2 Local Minimum Principle

First order necessary optimality conditions in terms of a local minimum principle are
derived for Problem 3.1.1.

Definition 3.1.8 (Hamilton Function for Problem 3.1.1). Consider Problem 3.1.1.
The Hamilton function # : 4 x R”x x R x R x R"™ x R"™ xR — R is
defined by

H(t, x, y,u,)&f,/\g,ﬁo) = Lo folt,x,y,u) + A}rf(t,x, V,u)
+ Ag (g7(t, %) + g5 (6, %) f(t, %, y, u)). O

We investigate the variational equalities and inequalities (3.10)—(3.12) and use the
representations of the functionals )Lj’i and Az provided by Corollary 3.1.7 with

eR™, Ay € W'E (4),and Ay € Lo ().

,00

I nvestigation of (3.10):

The variational equation (3.10) holds for all x € Wl’fgo(J) and becomes

iy
0= K;O.X(lo) + K;/_x(lf) + / fofol,x [t]x(¢)dt
. o

+ AP0 = fil1x () — A5 (g5 [1x ()

t

= (Ky, + ¢Tg [to])x (to0) + K;Cfx(tf) + / ' Lo foxlt]x(t)dt

to

tr
+ | ArOT + 2g(0) T gDl (0) — %(0))dt

to

ty d

+ [ 207 el

= (Ky, + £ T 4 l10))x (10) + ), x (2
t

v ! Ar() Tx(t)dt

+ H[t]x(t)dt — /

to to

= (Khy + £ Tghlt0] + A7 (10) ) (t0) + (K, — Ap(p) x(ty)

Iy .
+/ Op ()7 + HL[Dx()dt, (3.21)
to

where partial integration was used in the last step. In order to draw further conclusions
from this variational equation we need a variation lemma. The lemma is provided for
a more general setting than actually necessary at this stage, because we shall use it
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again in Section 3.2 in the presence of pure state constraints. For such problems,
functions of bounded variation enter the scene.

Lemma3.1.9 (Variational Lemma). Let f, g € Loo(d),s € €"s(4),and u € BV"s (4).
If

Ly . 172 T
/, FOR@) + g@Oh(n)dt + [ (sOh0)T du(t) = 0

holds for every h € W1 00(4) With h(t9) = h(ty) = 0, then there exists a constant
¢ € Randafunction g € BV(J) such that g(r) = g(¢) almost everywherein 4 and

lr tr T
0=~ [ @i [ s auw -
t t
Moreover, if the Riemann—Stieltjes integral is not present, then
%gr(z) = f(t) aeind.
Proof. Define
ly Iy
F(r) := / f(dt and G(t) := [ s() Tdu(e).
t t
With h(to) = h(ty) = 0 it holds

iy 7 tr iy
/t f@)h(t)dt = —/ h(t)dF(t) = —[F(t)h(t)],{) +/ F(t)dh(t)

140) to

tr .
= / F(t)h(t)dt
144

)

/, " s@h)T dut) = - / " h()dG @) = (GO + / " G@wyan)

tr .
= / G(t)h(t)dr.
to
Moreover, for any constant ¢ and every function 7 € Wy o (d) with h(z9) = h(ty) =
0 it holds
r .
/ ch(t)dt =0
to
and hence

0= /tf(f(t)h(t)nL (g(t) + c)h(1))dr +/lf sOhO)T duo)

t
— [0+ 60 + g+ war.
1

0
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The choices

c =

[ cro-cw—sma

lr
h(t) = / (F(t)+G(r)+ g(r)+c)dr
t
satisfy h(to) = h(tr) = 0 and yield
Iy

0= (F(t) + G(t) + g(t) + ¢)* dt.

to

Hence, the integrand vanishes almost everywhere in 4 and almost everywhere it holds

¢(0) = —F(0)— G(t) —c = — /t " @t - /t " @ Tdu() —c = g(). ©

Application of Lemma 3.1.9 to (3.21) using variations x with x(fg) = x(ty) =
Ogrnx Yields the condition

Ar)T = —H.[1] ae. ind.

Using variations x (z9) # Ornx and x(zy) # Ogrnx, respectively, then yields
dptio)" = = (4, +ETghl00]) . Ar)T =4,

I nvestigation of (3.11):
The variational equation (3.11) becomes

tr tr

0= tofy, ly@)ds + / |

t (O + 20T l) Sy
r
=/t H [ty (1)dt

and it holds for every y € Lgl(J). By Lemma 3.1.9 (with u,g.s = © and
W1 ,00(d) C Loo(d)) this immediately implies

Ogny = J[1]T  ae.ind.

Investigation of (3.12): The variational inequality (3.12) becomes

iy tr
0= /t 1 Eofo’,u[l]u(t)dt =+ /f ()uf(l)T +)Lg(t)Tg;[t]> £l dr

to
7
= / ), [1u(t)dt
o

and it holds for every u € Uyg — {11 }.
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Lemma 3.1.10 (see [171, p. 102]). Let

ty
0= [ - a0)s
1o
hold for every u € Uyqy. Then for almost every ¢ € J it holds
0 < H,[t](u — (1))
for everyu € U.

Proof. Define the absolutely continuous functions

t t
hi(t) = / H[tldt and hy(1) := / H, [cli(r)d.
to o
Let ¢ be the set of points 7 € (t9,7) with

lim hi(t+8) —hi() _

1 t+e
Iim—/t H[tdt = JE[1).

el0 £ el0 &

ha(t — ha(t 1 [rte
lim 120 +8) = ha @) _ o 1 J [Tla(t)dT = J. (i)
el0 € el0 & J;

Since /1 and & are absolutely continuous and differentiable almost everywhere, the
sets 4 and d differ only on a set of measure zero. Now lett € ¢ and u € U be
arbitrary and ¢ > 0 sufficiently small. Define

(1) = u, fort e[t,t + €],
T NG, fore g+ el

Then u, € Uyq and the assertion yields

1 rv 1 [tte
0=+ [ Al —aonde = ¢ [l @) de
to t

&
Taking the limit ¢ | 0 yields the assertion. |

We summarize our findings in

Theorem 3.1.11 (Local Minimum Principle for Problem 3.1.1). Let the following
assumptions hold for Problem 3.1.1:

(i) Assumptions 2.2.8 and 3.1.5 hold. g is twice continuoudly differentiable with
respect to all arguments.

(i) U < R™ isclosed and convex with non-empty interior.
(iii) (x, y,n) isalocal minimum of Problem3.1.1.
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Then there exist multipliers

loeR, ApeW'L(d), AgelF(d), (eR™, oeR™

,00
such that the following conditions are satisfied:
(a) EO > O’ (EO’K’ o, Af’A'g) ?é ®1
(b) Adjoint equations: Almost everywherein 4 it holds
)\f(t) = —Jf)/c(t,)Ac(t),ﬁ(l),ft(l‘),)&f(l),lg(t),ﬁo)—r, (3.22)
Ormy = (. (1) §(1).0(0). Ap (). Ag (1). Lo) T (3.23)

(c) Transversality conditions:

Ap(t0)T = —(Lowy, (R(10), R(tr)) + 0 Yy, (R(t0), R(2r))

+ 57 gl (0. % (10))), (3.24)
Api) T = o), (R(10). £(tr)) + 0 T ¥%, (R(t0). £(tr)). (3.25)
(d) Stationarity of Hamilton function: Almost everywherein J it holds
H (6. %(1), 5(@). (1), Ap (1), Ag (1), Lo) (u — 1 (t)) = 0. (3.26)
forallu € U. |

The adjoint equations (3.22) and (3.23) form a DAE of index one for Ar and Ag,
where A, is the differential variable and A, denotes the algebraic variable. This fol-
lows from (3.23), which is given by

Orny = Lo(fo DT + (SID TAr () + (511 - /1D T Ag ().

Since gx[¢] - f;[¢] is non-singular, by Assumption 3.1.5 we obtain

A (1) = =((g[r]- SN T o fo DT + (SN T A£ (1))

Notice that the original DAE was index-two according to Assumption 3.1.5.

3.1.3 Constraint Qualifications and Regularity

The linear independence constraint qualification in Corollary 2.3.34 is translated into
the context of Problem 3.1.1. Please note that the linear independence constraint qual-
ification and the Mangasarian—Fromowitz condition in Corollary 2.3.35 coincide for
Problem 3.1.1, since no cone constraints are present. The constraint qualifications
ensure that the multiplier £¢ in Theorem 3.1.11 is not zero and, without loss of gen-
erality, can be normalized to one. Surjectivity of the linear operator H'(x, y,u) is
guaranteed by
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Lemma 3.1.12. Let Assumption 3.1.5 be valid and let
rank((Y, ®(to) + vy, @t )T) = ny,
where @ is the fundamental solution of the homogeneous linear differential equation
d(t) = A1)D(1), P(tg) =1, ted
and the columns of I'' constitute an orthonormal basis of the null-space of g’ [to] and

M(t) = gl £l
A@) = £l = M@ 0@,

d
o) = Eg;[l] + gLl 1.
Then H'(x, y, %) with H in (3.1) issurjective.

Proof. Let hy € L3 (J), hy € Wl'fgo(,ﬂ), and 23 € R™v be arbitrary. Consider the
boundary value problem

H{(&.§.0)(x. y,u)(t) = h1(t) ae.ind,
H(R, 9. 0)(x, y,u)(1) = ha(t) ind,
H3(X,9,1)(x,y,u) = hs.

Evaluation of the derivatives leads to the boundary value problem

—X(1) + filtlx(@®) + f[t]y (@) + fltlu(®) = hi(2) ae.ind,
g [tlx(@) = ha(r) ae.ind,
VX (t0) + Yy, x(tr) = —hs.

By the rank assumption and Assumption 3.1.5 all assumptions of Lemma 3.1.4 are
satisfied and the boundary value problem is solvable. This shows the surjectivity of
the mapping H'(X, y,1). O

In control theory the assumptions in Lemma 3.1.12 guarantee complete controlla-
bility of the linearized dynamics.

For a specific problem, rather than checking the conditions in Lemma 3.1.12, it is
often easier to either find a solution of the necessary optimality conditions in Theo-
rem 3.1.11 with £9 = 1 or to assume £, = 0 and lead this assumption to a contradic-
tion.

We investigate some examples.
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Example 3.1.13. Consider the following index-two DAE optimal control problem (it
is equivalent with the minimum energy problem in Example 1.0.1):

Minimize
1
%[ u(t)?de
0
subject to the constraints
x1) =u@)—y@), x1(0)=x1(1) =0,
Xa(t) = u(1), x2(0) = —x2(1) =1,
x3(1) = —x2(1), x3(0) =0,

0= x1(t) + x3(2).

Differentiation of the algebraic constraint yields
0=u(t)—y(t) —x2(1) <= y(1) = u(r) — x2(0).

Let (£, $,#) be a local minimum. With x = (x1,x2,x3) T, A = (Ar1, g2, Ar3) 7,
and the Hamilton function

14
H(x,y.u,Ar,Ag,Lo) = ?Ouz +Ar1(u =)+ Apou—Agzxa + Ag(u —y — x2),

the necessary conditions in Theorem 3.1.11 read as follows:

Ari(t) =0, Ar1(0) = =01 — & Api(1) = oa,
Ara() = As(t) + Ag (1), Apa(0) = —02, Agpo(1) = 05,
Ara(t) =0, Ar3(0) = —03 — ¢, Apa(l) =0,

0= Loti(t) + Ar1(t) + Apa(t) + Ag(2).
The adjoint system has the solution
Ara() =0, Agi(t) =—01—=0 Ag() =01+ App(t) =(01+ 0t —o02
forall ¢ € [0, 1]. We investigate the case £o = 1. Then:
u(t) = =Ap1(t) = Apalt) —Ag(t) = —(o1 + Ot + 02

and hence

£2(0) = 3 (01 + i+ ot 3 = 0) ~ (1)

N 1 1 N
£1(0) = _6(01 + O3 + Eaztz + 3t + ¢4 = —X3(1).
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With ¢ := 0 and the boundary conditions for X1, X», and x3 we obtaincz = 1, ¢4 = 0,
01 = 03 = 04 = 0, 0p = —05 = —2. Summarizing, the following functions satisfy
the necessary optimality conditions in Theorem 3.1.11:

ut) = —Apa(t) = =2,
£1(0) = —%3(1) = =12 +1,
$a(t) = =2t + 11,
y(t) = -3 + 2t,
Apa(t) = Ag3(t) = Ag(r) =0,
o =(0,-2,0,0,2)T, ¢=0.

According to Theorem 2.3.41 this solution is opimal. |

Example 3.1.14 (Discretized 2D Stokes Equation). Consider Example 1.1.12 without
control constraints:

Minimize

1 T ) a T )
5 [ 1O —vanorar+ 5 [ uPar
0 0

subject to

Up(t) = Apvp(t) + By pp(t) + up(t), v (0) = O,
® = B, v, (1).

The Hamilton function for the problem is given by
H (v, ppoups Ay, Ag,Lo)
= %Zollvh — vl + %ﬁolluhll2 + (Ar + Bidg) T (Apvy + Bpn + up) -
Stationarity of the Hamilton function with respect to uy, yields
O = aloup + (Ay + Bphg). (3.27)
The adjoint DAE computes to

Ar=—Lo(vp —vap) — Af (Ar + Bphg),
® = B/ Ay + B By,.
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with the transversality condition
Ar(T) = 0.
Let us assume £y = 0. Stationarity of the Hamilton function then yields
© = Ar + Bpig
and the adjoint DAE and transversality condition reduce to
Ar =0, Ap(T) = 6.

Consequently, A = ® and since B;Bh is non-singular, also A, = ©. Hence, all
multipliers are zero, which contradicts the Fritz John conditions. Hence, £ can be set
to one. The relation in (3.27) then yields

1
up = —&()kf + Bh)Lg).

Introducing this into the Stokes equation yields a linear two-point DAE boundary
value problem that needs to be solved:

. 1
Vp = Apvp + Bppp — E()tf + BpAg),

Ar = —@n—van) — AL Ay + Brrg),
0= Bthh,

® = B, Ar + B, ByA,
with boundary conditions
vp(0) =0, Ap(T) =0,

Figures 3.1-3.2 show the numerical solution for 7 = 2, « = 107>, and the desired
flow

va(t,x,y) = (_qq(f’y);zy(?xy))) 4(t,2) = (1= 2)2(1 — cos(2rz1)).
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Figure 3.2. Optimal control of Stokes equations. Pressure at ¢ = 0.6 (top left), 7 = 1.0 (top
right), r = 1.4 (bottom left), and + = 1.967 (bottom right).
m|
The following example shows that the case £, = 0 actually may occur:

Example 3.1.15 (Degenerated Problem).

/01 u(t)dt

x() =u(@)?® x(0)=x()=0.

Minimize

subject to the constraints

Obviously, only u = 0 satisfies the constraints and it is optimal.
With the Hamilton function # (x,u, A, £o) = Lou + Au? it follows

0= J¢, = Lo+ 2u,

A =0=— A = const.

Assume £y # 0. Thenu = —£/(21) = const # 0. But with this control, we obtain
x(1) > 0 and u is not feasible. This contradiction shows £¢ = 0. m|

Remark 3.1.16. Intuitively, one would expect that the necessary conditions hold with
the function # := £o fo + /\}'_f + )Lng instead of the Hamilton function J¢. The
following example in [17, Example 3.16] shows that this is not true:

Minimize

1 5 L 2 2
Exl(tf) + 5/ y(@) +u(r)“dt
0
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subject to
X1(1) = u(), x1(0) = a,
X2(t) = —y() +u(r), x2(0) =0,
0= x2(2),
wherea # 0.

This problem has the solution

’

x1<z)=a(1—;), () =0, y() =u(t) =—

a
2+1tf 2+t

but the optimality system with J# instead of the true Hamilton function turns out to
be not solvable. O

3.2 Problemswith Pure State Constraints

Many applications involve pure state constraints, which we now add to Problem 3.1.1:

Problem 3.2.1 (Index-Two DAE Optimal Control Problem with Pure State Con-
straints). Let J := [fo.2r] C R be a non-empty compact time interval with 7o < 1
fixed. Let

¢ R"™ xR"™ — R,
fo:d x R™ x R"™ x R"™ — R,
fid xR™ x R"™ x R"™ — R"~,
g I xR"™ — R,

s d x R — R”"s,

¥ R™ x R — RV

be sufficiently smooth functions and U € R™* a closed convex set with non-empty
interior.

Minimize

ir
o(x(to). x(t7)) + /t ot x(0). y(0).u(t))dt
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with respect to x € W, (d), y € Lod (4), u € L% (J) subject to the constraints

,00

x(@) = f(t,x(@),y(),ut)) aeind,

Orny = g(t, x(1)) ind,
Orry = Y (x(10), x(tf)).
s(t,x(t)) < ORns ind,
u) e U ae ind. m]

Similarly as in Section 3.1 we interpret Problem 3.2.1 as the infinite optimization
problem

Minimize J(z) subjecttoz € S, G(z) € K,and H(z) = Oy
given in Section 2.2 with

Z = W () x Lg3 (4) x LIk (9),

,00
V= L) x W5 (4) x R"v,
W =€" (),

TG yo) = p(elto)xi) + [ folt.x (@), y(@)u(@)dr,

to

Hi(x,y,u) SEx()y(aul) —x(),
H(x,y,u) = | Ha(x,y,u) | = g x(), :
H3(x,y,u) ¥ (x(to). x (1))
G(X, Y, u) = _S(" X(')),
K =1{k €€ ()| k(t) > Orns ind},
S = W', () x Lg3 (4) X Usg,
Uag = {u € L2 (J) | u(r) € U almost everywhere in J}.
Please note that K is a closed convex cone with non-empty interior. With the same

reasoning as in Section 3.1 the assumptions in Theorem 2.3.24 are satisfied at a local
minimum Z = (X, y, @) of Problem 3.2.1 and it holds

Theorem 3.2.2 (Necessary Conditions for Problem 3.2.1). Let the following assump-
tions be fulfilled for Problem 3.2.1:

(i) Assumptions2.2.8 and 3.1.5 hold.
(i) U < R™ isclosed and convex with non-empty interior.
(iii) (x, y,n) isalocal minimum of Problem 3.2.1.



Section 3.2 Problems with Pure State Constraints 127

Then there exist non-trivial multipliers £ > 0, A* € V*, and u* € W* with

w*e KT and p*(G(X,y,1)) =0, (3.28)
and
0 < LoJ (X, 3, )(x, y,u) — n*(G'(X, y, ) (x, y, u))
— AY(H'(%. 9. 0)(x, y,u)) (3.29)
forall (x,y,u) € S —{(x,y,1n)}. a

Again, the multiplier A* := (A%, A3, ™) is an element of the dual space

V* = L ()" x W2 (4)* x (R")*
and explicit representations are required. The multiplier ©* is in the dual space
W* = €"s(4)*. According to Riesz’ Representation Theorem 2.1.23 the functional
w* possesses the explicit representation

t s oty
priy = [ 0 =3 [ hoduo (330)
o i=1710
for every continuous vector function 7 € €"s(4). Herein, u;, i = 1,...,ng, are

functions of bounded variation. To make the representations unique, we choose
u € NBV "™ (), compare Definition 2.1.24. With the explicit representation (3.30)
the variational inequality (3.29) yields the following three separate variational equali-
ties and inequalities

tr tr
0= ey x(10) + 1 x(t7) + [ b0 lx(0dt + [ L0 det)

to

ARG = AR = A (gL (), (3:31)

0= / "o £4, Iy (0dt = XA, (3.32)
ty

0< / Cof§ ultlu®)dt = NECFILE), (3.33)

which hold for every x € Wl’fgo(d), every y € L2 (4), and every u € Uy — {i1).

3.21 Representation of Multipliers

Explicit representations of the functionals Aj’i and Ay are obtained similarly as in
Subsection 3.1.1. Let by € L3 (J) and /5 € Wlny (4) be arbitrary.

,00
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Consider the initial value problem (3.13)-(3.14) and its solution (3.15)—(3.16).
Adding equations (3.31) and (3.32), exploiting the linearity of the functionals, intro-

ducing the solution formulas (3.15)—(3.16), and using integration by parts as in (3.18)
yields

tr ~
0= (K;O + K;Cfcb(tf) + / Lo folt]®(¢)dt
to

t T
+ ( | Giea)” du(t)) )it
1

)

+/;f (K;‘/q)(ff) +/t. eoﬁ)[‘t]ql'(f)dr) q)_l(t)h(l‘)dt

0

Iy

¢ . ; T
_ / Co g, M) gyt + / (s;[z1d>(z) / <1>—1<r)h(r>dr) du(o)

+ A7 (h1() + Ag(h2(), (3.34)
where

folt] := f3.[11 = S5, (1M Q).

The Riemann-Stieltjes integral is to be transformed using integration by parts. We
exploit

Lemma3.2.3. Leta : 4 —> R” be continuous, b : 4 — R” absolutely continuous
and 1 : 4 — R of bounded variation. Then:

/ Y a0 dn)
1

ty T ty
=(f a(f)du(r)) by - f (
to 11

0
Proof. Using integration by parts for Riemann-Stieltjes integrals leads to

tf
/, a()Th(t)du(r)

n tr
; /t ai (0)bi (1) (1)
n tf t
= bi(t)d ( ai(r)dﬂ(f))
;/;0 ‘/t.()

n t iy tr
-2 ([(faomo)no] [

to

t T
/ a(t)d,u(t)) b(t)dt.
1

0

t
[t ai(r)du(r)) db,-(r))
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! T Iy t t T
| ([ awauw) so] - ["([ ewane) b
e T tr /ot T
= (/ / a(r)dﬂ(r)) b(tf)_/ / (/ a(r)du(r)) b(t)dt.
fo to 10 -

Component wise application of Lemma 3.2.3 with

a)" =ai(t)" =5 [1]®(0). i =1...., ng, and b(r) = /l o ()h(r)dT

o

yields

tr t T
/ (s;[z]cp(t) / CD_I(‘[)h(I)dT) du(r)
1o to
-

=/t,. (/tf (s;[f]cp(f))TdM(r)) O~ L(t)h(t)dr.
to t

Introducing this relation into (3.34), using the definitions of 2 and ¢, and collecting
terms yields

A7 (1 () + A5 (h2())

ty
= —gThz(to) —/ ' (/lf(t)T + Ag(t)Tg;[z])hl(t)dt
to

iy .
— / Ag (1) Thy(2)dt (3.35)
to

with

(T i (it + s, 000+ [ " to fol1o0)dr

‘ T
+ (/t ’ (s;[z]op(z))Tdu(z)) )n,

/\f(z)T = (K;/_Cb(tf) + /f Eofo[r]cb(t)dt
: ¢

t T
n ( [ Guttem) du(r)) )cb—l(n,

hg )= —(ofo 111+ Ar ()T SIDM@) ™"

Setting 77, = © or h, = O, respectively, proves the following explicit representa-
tions of the functionals )&J*: and Ag:
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Corollary 3.2.4. Let the assumptions of Theorem 3.2.2 be valid. Then there exist
¢ € R™ andfunctions A s € BV ™+ (), A, € Lo (4) with

Iy
W00 == [ 00T + e gl e,
ty .
3 (h2) = ~¢Thatto) = [ dg0) a0
to
for every hy € L33 () and every hy € W[5 (4). o

3.2.2 Local Minimum Principle

We investigate the variational equalities and inequalities (3.31)—(3.33) and use the
representations of the functionals )L;'; and Az provided by Corollary 3.2.4 with

¢ eR™, Ay € BV (), and Ay € LoJ ().

I nvestigation of (3.31):

The variational equation (3.31) holds for all x € Wl'fgo(J) and becomes

"o fy Jdx(@ydi + / " (sl @) T dpr)

to

0= K;OX(IO) + K)'Cfx(tf) + /
+ AP (X() = fil1x () = A (g5 lIx ()
= (K;O + é‘Tg; [to])x (2o) + K;Cfx(lf) + ! Zofo/,x [t]x(2)dt

to

+ /t ! ()Lf(t)T + )Lg(t)Tg;[t]) (f2lt]x(t) — x(1)) dt

] tr

tr d
+ [T a0 Lo + [

0 to

(55 11x (@) " dpao)
= (ky, + ¢ gkloD)x(t0) + i, x (1)

” . o
+/t0/ J€,’C[t]x(t)dt+/t0/ (s;[z]x(z))Tdu(z)—/tj Ar)Tx(@t)de. (3.36)

0

Let x € Wl'fgo(J) be an arbitrary variation with x(z9) = x(tf) = Ognx. Then

Lemma 3.1.9 applied to (3.36) yields

C=Ar(t)— /ttf Hi[)Tdt — /ttf si[t] T du(r)
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with some constant vector C € R"~. Evaluation atz = ¢ yields C = A¢(tr) and

MO =+ [T [T @)

fort e d.
Application of a computation rule for Riemann-Stieltjes integrals to Equation
(3.36) yields

0 = (ky, + ¢ T gx[to))x (t0) + ., x (1)

t tr tr
+ [t ’ FL[t]x (t)dt + /t ’ (L [t]x () Tdpu(e) — /t ! Ar()Tdx(t)

0

and integration by parts of the last term yields

0= (K, + ¢ gxlto] + A7 (10) Nx (o) + (5, — Ar () T)x(t5)

t iy ‘
[ Cagprwar+ [ ao)Tduo + [T rwTao.

to

Introducing (3.37) into the last integral leads to

0 = (b, + ¢ grlto] + Ar (t0) )x(t0) + (i, — Ap(tp) Dx(tp),

which holds for every variation x. It follows
Ap(io)" = =Gk, + T gl Ar()T =«

Investigation of (3.32) and (3.33):

The variational equation (3.32) and the variational inequality (3.33) can be analyzed
literally as in Subsection 3.1.2.

Investigation of the complementarity condition (3.28):

The complementarity condition (3.28) reads as

Iy
p*e Kt / k() Tdu(r) = 0fork € €™ (d), k(t) > Ogns in d,

to
ty

WG 5 =0 = [ sie.k0)Tdu) =0,
o

Lemma3.25. Let u € BV({). If

iy
/t FOdp(t) = 0

holds for every non-negative f € €(d), then w isnon-decreasingin 4.
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Proof. According to the assumption of the lemma, for every non-negative continuous
function f it holds

.
S = /m/ FO)du) = 0.

Hence, for every non-negative continuous function and every ¢ > 0 there exists § > 0
such that for every partition Gy = {to <11 <--- <ty = ty} With

max {t —ti—1} <$
N

i=1,..,
it holds
N
—e < —e+Sp < Y f(&) (ut) — ptiz1) <e+ Sy, (338)
i=1
where &; is an arbitrary pointin [t;_1,%],i = 1,..., N.

Assume  is not non-decreasing. Then there are points ¢ < # with w(z) = u(@) +y
and y > 0. Lete := y/2 and 6 > 0 be arbitrary and

GN:Z{ZO<Z‘1<...<tp::L<-"<tq:=?<"'<tNztf}
with

max {t —ti—1} <8$.
i=1,..,N

Then there exists a continuous non-negative function f* with f(z) = 1in [t,,14-1],
f(ti)=0fori &{p,....q—1},and f linearin [t,—1,?p] and [t4—1,4]. Then

N
D F o) () = plti-1)) = p@) — p(@) = =y < —e.

i=1
This contradicts (3.38). m|

Lemma 3.2.6. Let u € BV(J) be non-decreasing and let f* € €(4) be non-positive.
If

Iy
S@)du(r) =0

to

holds, then . is constant on every interval [a,b] € d witha < b and f(¢) < 0in
[a,b].
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Proof. Since Sy = 0 by assumption, we find that for every e > 0 there exists § > 0
such that for every partition Gy = {to <11 <--- <ty = ty} With

i=1,...,
it holds
N
—e <y f(&) () = ulti-1) <, (3.39)
i=1
where &; is an arbitrary pointin [t;—1,%],i = 1,..., N.

Assume p is not constant in intervals [a, b] of the above type.

Then there exist points ¢ < 7 with f(r) < —a < Oforallr € [z,7] and u(t) =
u(t)—y,y > 0 (because u is non-decreasing). Choose ¢ := «ay/2. Let§ > 0 be
arbitrary and

Gyn=1{to<ti < <lp=t<-<lg=1<--<Iy=1If}

withmax; =1 n{ti —ti—1} < 6. Then,

.....

al p
l_:Zlf@,-_l) ((ts) = plti-1) = 3 fEimn) (lti) = pi-1))

i=1 <0 >0

q
+ > S () — o))

i=p+1

N
+ ) &/__@ (i) — plti-1))

i=q+1 <0 >0

q
< > fGE-) ) = plii-1)

i=p+1

q
<—a Y () —plti-1)
i=p+1
= —a (u(@) — ()
= -y < —¢.

This contradicts (3.39). m|

Application of Lemma 3.2.5 and 3.2.6 to the complementarity system together with
our previous findings yields
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Theorem 3.2.7 (Local Minimum Principle for Problem 3.2.1). Let the following as-
sumptions hold for Problem 3.2.1:

(i) Assumptions 2.2.8 and 3.1.5 hold. g is twice continuously differentiable with
respect to all arguments.

(i) U € R™ isclosed and convex with non-empty interior.
(iii) (x, y,n) isalocal minimum of Problem 3.2.1.
Then there exist multipliers

loeR, Ar e BV (J), Ag € Loy (), weNBV"s(f), ¢ eR™, o eR"

such that the following conditions are satisfied:

(a) EO > 0’ (ZO’;G’Af’/\g?/L) # @,
(b) Adjoint equations: Almost everywherein d it holds

tr
Ar(t) = Ag(ty) +/l J(’)’C(r,)%(r),yA(r),ﬁ(r),kf(r),)ug(r),ﬁo)Tdr,

t
+ / ! st (z, %(2)) Tdu(r) (3.40)
t

Orny = (1. 2(0), §(1). 4(1), Ap (1), Ag (1), Lo) T (3.41)
(c) Transversality conditions:

Ap(t0)T = —(Lowy, (R(t0), R(t5)) + 0T ¥y, (R(t0), £(2r))

+ ¢ T8 (10, £ (10))), (3.42)
AT = Lol (R(0). %(tp) + 0Ty ((00). £(1p)).  (343)

(d) Stationarity of Hamilton function: Almost everywherein d it holds
Hy, (6. 5(t), (), 0(t), Ap(t), Ag (1), Lo)(u —1i(2)) = 0. (3.44)

forall u € U.

(e) Complementarity condition: i, i € {1,...,ns}, is non-decreasing on 4 and
constant on every interval (¢1,7) with 11 < 1, and s; (¢, x(¢)) < 0 for all
1 e (11,1‘2). O

The constraint qualification of Mangasarian—Fromowitz in Corollary 2.3.35 togeth-
er with Lemma 3.1.12 translates as follows for Problem 3.2.1, since the interior of

K =1k €€ )| k() > Orns ind}
is given by

int(K) = {k € € (J) | k(t) > Ogns in d} .
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Lemma 3.2.8. Let the assumptions of Theorem 3.2.7 and Lemma 3.1.12 hold. Let
thereexist x € W2 (4), y € Lgd(4), and u € int(Usg — {11}) with

s[t] + si[t]x (1) < Ogns  ind,
feltlx @) + [ty () + fltlu(t) — %(t) = Orne @& ind,
g [t]x () = Ogny  ind,
Yo X (to) + ¥y, x(tr) = Ogry .

Then the Mangasarian—Fromowitz constraint qualification holds for Problem 3.2.1
and £y = 1 can be chosen in Theorem 3.2.7. O

3.2.3 Finding Controlson Active State Constraint Arcs

We outline how the control can be computed on an active state constraint arc and need
some terminology, which is illustrated in Figure 3.3.

Definition 3.2.9 (Active and Inactive Arcs, Boundary Arc, Junction Points, Contact
Point, Touch Point). Let (x(¢), y(¢), u(z)) be feasible for Problem 3.2.1.

(@) The constraint s;, j € {I,...,ng}, is called active for t € [t1,5,] C J, if
sj(t,x(t)) = 0holdsfor¢ € [t1,12]. If s; (¢, x(t)) < Oatt € J, then s; is called
inactive at ¢.

(b) Ifs; isactive on [t1, 2] < 4 with #; < 12, then [z, £5] is called boundary arc of
Sj.

If s; is inactive on [t1, 1] € 4 with 11 < 1, then [¢q, 22] is called freearc of s;.

The point ¢; is called junction point of the boundary arc [¢1, 2] of s;, if there is
d > 0such that s; is inactive forall ¢ € [t; —6,17).

Likewise 1, is called junction point, if a similar condition holds at z,.

(c) Apointz; € 4 is called contact point of s, if s; is active at #; and there is§ > 0
such that s; is inactive forall ¢ € [t; — 8,1 — 8] \ {t1}.

(d) A contact point #; of s; is called touch point, if %SJ‘ is continuous at #;. m|
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s;ile]

to 51 15) 13 4 I

Figure 3.3. Boundary arc [z1, 3], touch point ¢3, and contact point 7.

Applying the idea of the differentiation index for DAEs to boundary arcs of state
constraints yields the order of a state constraint. The order counts how often the
active constraint needs to be differentiated with respect to time until the respective
derivative can be solved for the control. In this respect, a boundary arc of a state
constraint can be interpreted as a DAE itself with the control playing the role of an
algebraic variable.

To simplify notation, we restrict the discussion to scalar controls (rz,, = 1) and a
single state constraint (n; = 1). The multi-dimensional case essentially inherits the
same structural difficulties as for general DAEs.

Let [11,12] € 4 be a boundary arc of the state constraint s(z, £(¢)) < 0, that is

s(t,x(@)) =0 foralls € [t1,12].
We exploit that the algebraic variable y = Y(z, x, 1) under Assumption 3.1.5 can

be expressed by the implicit function theorem as a function of ¢, X and #, which is
determined by the first derivative of the algebraic constraint

Orry = g7 (1, £(1)) + g5 (1, X)) f(t, %(1), (1), 0 (1)).
Define the functions S ®) (7, x,u), 0 < k < oo, recursively by
SO, x,u) == s(t, x)
and
S(k+1)(t,x,u) = VtS(k)(t,x, u) + VxS(k)(t,x, w) " f(t,x, Y(t, x.u), u)

fork =0,1,....
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Until u appears explicitly for the first time, S®) evaluated at £(¢) and 7i(¢) is just
the k-th time derivative of s on the boundary arc and it holds

S® ¢, 2(1).0(1)) =0 foralls € [r1.t0], k =0,1,2,....

Two cases may occur:
(a) There exists k < oo with

9 ..
8—S(J)(t,x,u)zo forall0 < j <k —1, (3.45)
u
and
I (k)
a—S (t,x,u) #0. (3.46)
u

In this case, the equation
S® @, x,uy=0 fort € [t1,1] (3.47)

can be solved for u by the implicit function theorem. The boundary control is
thus given implicitly by u = upoundary(?, x) as a function of 7 and x.

(b) Forevery 0 < k < oo it holds

3
—S® @, x,u)=0.
ou

In this case, @ cannot be determined on the boundary arc.

Definition 3.2.10 (Order of a State Constraint). Let there exist k < oo with (3.45)
and (3.46). Then k is called order of the state constraint. The special case k = 0
corresponds to a mixed control-state constraint. a

We find

Corollary 3.2.11. Let there exist k < oo with (3.45) and (3.46). Then the boundary
control in [t1, t2] isimplicitly defined by (3.47) with

u(t) = ”boundary(f,ff(l‘))ﬁ t €1, 2] O

3.24 Jump Conditionsfor the Adjoint

The integral equation (3.40) involves a Riemann-Stieltjes integral, which makes the
evaluation of the necessary optimality conditions in Theorem 3.2.7 difficult. Since
A is a function of bounded variation, it is differentiable almost everywhere and this
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allows to derive a piecewise defined differential equation for A, with additional jump
conditions.

To this end, recall that the multiplier w is of bounded variation. Hence, it has at most
countably many jump points and p can be expressed as i = g + g + s, Where
Wq is absolutely continuous, w, is a jump function, and s is singular (continuous,
non-constant, /ts(¢) = 0 almost everywhere in 4). Hence, the adjoint equation (3.40)
can be written as

ty tr
Ar(t) = As(ty) + / Hilr]Tdr + / st 7] Tdua(v)
t t

ty

4 /t L T dpa (o) + /t L T dus ()

forall z € 4. Notice that A, is continuous from the right in the open interval (zo, 27),
since p is normalized. Let {#;}, j € ¢, be the set of jump points of . Then at every
jump point z; it holds

t t
lim (/t. ’ s;[r]—rd,ud(r) - / ' S;[T]Td,ud(f)) = —S;[fj]—r(#d(fj) — pa (tj-)),

SJrO j tj—&‘

according to (2.3), where 4 (z;—) denotes the left-sided limit of g atz;. Since 1,
is absolutely continuous and p is continuous, we obtain the jump-condition

Ar(ty) = Ap(ti—) = —siltj]T (n(t)) — nt;-)) . j € g

Since every function of bounded variation is differentiable almost everywhere, 1 and
Ay are differentiable almost everywhere. Exploitation of Lemma 2.1.26 proves

Corollary 3.2.12. Let the assumptions of Theorem 3.2.7 hold. Then A, is differen-
tiable almost everywherein 4 with

Ay (6) = =He (6, 2(0), D). 00), Ap (1), Ag (1), Lo) T = 531, (1) Tu(r).  (3.48)
Furthermore, the jump conditions

Ap () = Ap(tj=) = =317, 2(6;) T (1(ty) — () (3.49)

hold at every point ¢; € (to.5) of discontinuity of the multiplier .. O

Notice that w in (3.48) can be replaced by the absolutely continuous component
Ia, Since the derivatives of the jump component 1tz and the singular component pg
are zero almost everywhere. It should be noted that (3.48) and (3.49) are implications
from the integral equation (3.40), but singular components get lost in the former and
both systems are not necessarily equivalent. Notice further that the jump points of
are located on boundary arcs of active state constraints.
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Example 3.2.13. We add a pure state constraint to Example 3.1.13 and obtain:
Minimize
1t
- u(t)*dt
2 Jo

subject to the constraints

X1() =u(@) —y@),  x1(0) = x1(1) =0,

X2 (1) = u(?), x2(0) = —x2(1) =1,
x3(1) = —x2(2), x3(0) =0,
0 = x1(2) + x3(2),
x1(t)—£ <0.

For £ > 1/4 the state constraint does not get active and the optimal solution is
provided in Example 3.1.13. Hence, let0 < £ < 1/4.
Differentiation of the algebraic constraint yields

O=u—y—x2 = y=u—x2=:YU,x2).

Suppose the optimal solution possesses exactly one boundary arc [¢1, z2] < [0, 1] with
X1(t) = L fort € [t1,t2]. We obtain

SO(x,u) =x; — ¢,
SO u)y=u—y=u—@—x2) = xa,

S®(x,u) = u.

Hence, the order of the state constraint is k = 2 and the boundary control is given by
U = Upoundary = 0. In particular, it holds x{(¢) = £ and X»(z) = 0 on the boundary
arc [y, t2].

Owing to the boundary conditions x1(0) = x;(1) = 0, the state constraint is
not active in neighborhoods of 1 = 0 and r = 1. Hence, u(¢) is constant in these
neighborhoods, () = 0, and the integral adjoint equation reduces to an adjoint
differential equation, which has been analyzed in Example 3.1.13 already. Together
with the initial conditions we obtain

ci1t + ¢, ifr e [O, 11),
a() =10, ift € (t1,12),
Cci1t + ¢a, ift € (t1,1],
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Le1t3 + Set? +1, ift €[0.11).
X1(t) = —x3(t) =4 £, ift € [t1,12],
113 + 1eat? + T3t + ¢4, ift € (11, 1],

1eit? + et + 1, ifr €[0.1),
%2(1) =10, ifz €[, 1],
%5112 + cat 4¢3, ift € (11, 1]

with suitable constants ¢1, ¢, ¢1, ¢2, C3,C4 € R.
The boundary conditions yield

R 1_ 1_ _ _
0=x:1(1) = 6C1+562+C3+C4,

- 1_ _ _
—1=Xx(1) = ECI + c2 + C3.
Continuity conditions at ¢, and ¢, yield

. 1 1
L=5%1(1) = gcltf + 562112 + 11,

. 1_ 1_ _ _
=Xx1(t2) = 86’1[5’ + §C2t22 + c3tr + ¢4,
. 1
0=2x2(t1) = 561112 + ety + 1,
N | _
0= X2(t2) = €1z + Gtz + Ca.

The stationarity condition for the Hamilton function (3.44) with £y = 1 and the alge-
braic adjoint equation (3.41) yield

Ara(t) = —u(t).
As Ay, is continuous from the right it follows
Apa(tr) = Apa(ta—) = 0, Agar(t1—) = —(c1t1 + ¢2), Aga(t2) = —(C112 + C2).
Moreover, the jump condition (3.49) yields
0=2Aga(t1) — Aga(t1—) = c1t1 + c2,
0= Asa(t2) = Agalta—) = —(C1t2 + C2),

and hence u is continuous at #; and . The boundary conditions, continuity condi-
tions, and jump conditions provide eight conditions for the eight unknowns ¢y, ¢3, ¢1,
C2, C3, C4, 11, 2.
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A solution is given by r; = 3¢, 1, = 1 — 3¢, and

(c1,¢2,C1,C2,C3,Ca)

_(2 2 2 2(34—1) 1—6L+9¢? —9€+27£2+1)

902" 307 92T 92 922 2762
This solution holds for 0 < t; <, < 1, which implies0 < £ < 1/6.
For 1/6 < £ < 1/4 the solution possesses a contact point at # = 1/2 and it can be
computed in a similar way. We leave the details to the reader. a

A further example with pure state constraints working directly with the multiplier
w is discussed in full detail in Subsection 5.4.1.

3.3 Problemswith Mixed Control-State Constraints

Many applications involve mixed control-state constraints, which we now add to Prob-
lem 3.1.1:

Problem 3.3.1 (Index-Two DAE Optimal Control Problem with Mixed Control-State
Constraints). Let J := [to.7r] C R be a non-empty compact time interval with
to <ty fixed. Let

¢ R™ xR"™ — R,
Jfo:d x R™ x R"™ x R"™ — R,
f o d xR x R™ x R"™ — R™~,
g d xR"™ — R™,
c:d x R™ x R™ x R™ — R"¢,
Yo R™ x R — R

be sufficiently smooth functions.

Minimize

ty
o(x(t0). x(t7)) + / Folt.x(0). y(0).u(t))dt

with respect to x € W% (4), y € L3 (4), u € L3 (d) subject to the constraints
x(@) = f(t,x(),y(@),u(t)) aeind,
Orny = g(t, x(t)) ind,

Ogrny = ¥ (x(to), x(tr)),
c(t,x(t), y(t),u(t)) < Ogne ae ind. O
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Similarly as in Section 3.1 we interpret Problem 3.3.1 as the infinite optimization
problem

Minimize J(z) subjecttoz € S, G(z) € K,and H(z) = Oy

given in Section 2.2 with S = Z and

Z = WS (4) x Leg () x L (),

,00
V= L) x W5 (4) x R"V,
W = L"(d),

ir
T y.u) = p(x(t0), x(t7)) + / folt.x(0). y(6). u(t))dt.

Hi(x,y,u) SExE)y O ul) —x(),
H(X,%u): HZ(-xvyvu) = g(-,X(-)), )
H3(xry’u) _W(X(ZO)’x(tf))’
G()C, Vs M) = _C('7 X('), y()’ M()),
K ={k € L%(d) | k(t) = Ornc a.e. ind}.
Please note that K is a closed convex cone with non-empty interior. With the same
reasoning as in Section 3.1 the assumptions in Theorem 2.3.24 are satisfied at a local

minimum z = (X, y, u) of Problem 3.3.1. Taking into account S = Z, the variational
inequality in Theorem 2.3.24 becomes an equation and it holds

Theorem 3.3.2 (Necessary Conditions for Problem 3.3.1). Let the following assump-
tions be fulfilled for Problem 3.3.1:

(i) Assumptions2.2.8 and 3.1.5 hold.
(i) (x,y,n)isalocal minimum of Problem 3.3.1.

Then there exist non-trivial multipliers£o > 0, A* € V*, and n* € W* with

n* e KT and n*(G(%,$.,4)) =0, (3.50)

and

0= ZOJ,()%v yAvﬁ)(xv Y, Ll) - n*(G/()ev yArﬁ)(x7 yvu))
- A'*(I—I,(je’ yA’ 2:2)(Xv Y, M)) (351)

for all (x,y,u) e Z. O
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The multipliers A* := (A%, A3, 0™) and n* are elements of the dual spaces

V= L) X W) x (R™)T and - W* = LE5(4)”

and explicit representations are required. The variational equation (3.51) yields

t

" o fy @y

+ A5 (O = [ O) = Ag (@5 llx () + 1™ (X [1x (), (3.52)

0= K;Ox(t()) + K;fx(tf) + /

to

t
0= /t ' lo fo 1y (Odt = X5 (f[1y () + 0™ (c) [y (). (353)

o=’ Co fo[tTu()dt — AL (flTu()) + n*(cy [Tu (), (3.54)

to

which hold for every x € W, (4), every y € Log (4), and every u € L5k ().

,00

3.3.1 Representation of Multipliers

Explicit representations of the functionals A%, A7, and n* are obtained similarly as in

Subsection 3.1.1. Let hy € L3 (f), ha € Wl'fgo(J), and h3 € L3s(4) be arbitrary.
Consider the initial value problem

X() = fix@) + fly@) + fultlu@) + 7 (@), x(t0) = Tha(t0).  (3.55)
Orny = gLlr]x () + ha (), (3.56)
and the equation
ha(t) = cilt]x (@) 4 ¢ [t]y (@) + ¢ [tlu(r). (3.57)
We aim at solving (3.55)—(3.57) for x, y, and u and need regularity assumptions.

Assumption 3.3.3 (Pseudo-Inverse). It holds rank(c;,[t]) = n. almost everywhere in
4 and the pseudo-inverse of ¢}, [1],

(cultD™ = 11T (e [r)eg (11,
is essentially bounded in d. ]

Assumption 3.3.3 allows to solve (3.57) for u and almost everywhere it holds

u(t) = (e[t (h3(1) — e, [r]x (1) — ¢} 1]y (1)).
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Introducing this into (3.55) yields

2(t) = faltlx(@) + Ky @) + ki), x(t0) = Tha(to), (3.58)
Orny = gLlt]x(t) + ha(t) (3.59)

with
fult] i= £l — il (e, el e,

Fyltl == £l = filae D e,
hi() = Il ) Tha() + hi ().

Differentiation of (3.59) yields
Ormy = 0(0)x(t) + g ltl(fle]y(©) + hi (1)) + ha(t)

with
R d |, L n
Q) = | 8=l ) + &x 11 /1]
and the DAE (3.58)- (3.59) has index two under

Assumption 3.3.4 (Compatibility). The matrix
M (1) == g,[r]- /] = gkle] - (£l = fledel D ey [1]) (3.60)
is non-singular with essentially bounded inverse A ~! almost everywhere in J. a
Now we are in the same setting as in Subsection 3.1.1. Using the solution formulas
in Lemma 3.1.4 for (3.58)—(3.59), adding equations (3.52)—(3.54), exploiting the lin-

earity of the functionals, introducing the solution formulas, and using integration by
parts as in (3.18) finally yields

A% (h1 () + Ag(h2() + 0™ (h3())

= —tThy(ty) — / ! (Ar )" + Ag(t)Tg; [tDh1(t)dt

- Y e Tha(tydt + / YO Ths(0)dr
to 11

0
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with

e
4

tr
= (K;O + /c;f@(zf) +/ €0fo[t]d>(t)dt) 11,
to

kf(t)T = (K;fQD(tf) + /tf Koﬁ)[t]QD(f)dr) o 1(r),

Mg = —LovoOM ()™ = A ()T AIIM (1),
N7 = —Lo fo [N = AT + Ae ()T LD 1 ep D
vo(t) = fg 1] = £ [)el ) F ey i)
Jolt] = f5 11 = voM @) O(6) = £, [)cL [Tl Ie).

Setting i1 = ©, hy, = O, or h3 = O, respectively, proves

Corollary 3.3.5. Let Assumptions 3.3.3, 3.3.4, and the assumptions of Theorem 3.3.2
hold.

Then there exist { € R"™> and functions 1y € Wl’fgo(J), Ag € L2 (d), and
n € Las(d) with

z
Ar(hi() = _/tof()tf(z)T + Ag ()Tl ltDh1 (t)dt, (3.61)
Ly .
M (ha() = —CThato) = | Ag()Tha(n)dt, (3.62)
to
.
7"a0) = [ 0@ hawyar (3.69)

for every hy € L3 (J), every hy € W2 (4), and every hy € L55(J).

,00

3.3.2 Local Minimum Principle

The variational equations (3.52)—(3.54) can be analyzed as in Subsection 3.1.2 using
the representations of the functionals Aj’i, Ag, and n* provided by Corollary 3.3.5, if
the augmented Hamilton function is used instead of the Hamilton function.

Definition 3.3.6 (Augmented Hamilton Function for Problem 3.3.1). Consider Prob-
lem 3.3.1. The augmented Hamilton function # : 4 x R”x x R™» x R"# x R"~ x
R™ x R" x R — R is defined by

JZ’(z,x, youAp,Ag. . Lo) = H(t,x,y,u, A, Ag, o) + n'e(t,x,y,u). 0O
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I nvestigation of the complementarity condition (3.50):

The complementarity condition (3.50) reads as

ty
e Kt «— / n(t) Tk(t)dt > 0 for k € L (),
to

k(t) > Ogrns a.e.in J,
ty
n*(G(%, §,1)) = 0 < / n() Te(r, £@t), $(1). 1(1))dt = 0.
to
Lemma3.3.7. Let f € Li(d). If

ty
/ FOh)dt = 0
to

holds for every h € Loo(d) with h(z) > 0 almost everywhere in 4, then f(z) > 0
almost everywherein J.

Proof. Assume the contrary, i.e. there is a set N C J with positive measure and
f(t) <0fort € N. Choose & to be one on N and zero otherwise. Then

Ly
/ FOh0)di = / Fydi <0
to N

in contradiction to the assumption. m|

Application of Lemma 3.3.7 to the complementarity system together with our pre-
vious findings yields

Theorem 3.3.8 (Local Minimum Principle for Problem 3.3.1). Let the following as-
sumptions hold for Problem 3.3.1:

(i) Assumptions?2.2.8, 3.1.5, 3.3.3, and 3.3.4 hold. g istwice continuously differen-
tiable with respect to all arguments.

(ii) (x, y,n) isalocal minimum of Problem 3.3.1.
Then there exist multipliers

LoeR, Ar e WS .(J), Ag € Lo3(d), ne L’(d), {eR™, oeR"™

,00
such that the following conditions are satisfied:
(a) 60 >0, (60’ ;, 0, Af’/\g’ ’7) 7é 0,
(b) Adjoint equations: Almost everywherein 4 it holds
hp(t) = =F (6. 2(0). (). 0(t), Ay (1) Ag (). n(1). L) T (3.64)
Opny = J?y’(t,fc(t),ﬁ(z),ﬁ(r),xf(t),kg(t),n(t),EO)T. (3.65)
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(c) Transversality conditions:

Ar(to)" = —(Logl, (X(t0). X(t7)) + UTw;()(f(lo),f(ff))
+ ¢ gk (t0. 2(10))), (3.66)

Ap ()T = Logl,, (R(t0). £(tp)) + 0Ty, (R(10). £(1p)). (367)
(d) Stationarity of Hamilton function: Almost everywherein 4 it holds
Fe (., %(2), 5(t), 4(2), A (£), Ag (1), n(2), £o) = Oy - (3.68)
(e) Complementarity condition: Almost everywherein d it holds

n(t) = Ogne and (1) c(t, £(1). $(t). () = 0. O

Remark 3.3.9.

(&) The necessary optimality conditions of Theorems 3.3.8 and 3.2.7 can be com-
bined, if additional pure state constraints are added to Problem 3.3.1, see [115].

(b) The rank assumption on ¢;, in Assumption 3.3.3 is often too strong — it even does
not hold for simple box constraints — but it can be weakened. It is sufficient to
assume that there exist @ > 0 and 8 > 0 with

|4a ()T d| = Blld| foralld,

where
In(t) ;=i €{l,....,nc} | ci(t,x(t), y(),u(t)) > —a},
Aa (1) = (¢, (0. 2. 5. 0(0));cp 1y
compare [211]. a

The constraint qualification of Mangasarian—Fromowitz in Corollary 2.3.35 togeth-
er with Lemma 3.1.12 translates as follows for Problem 3.3.1, since the interior of

K ={k € L%(J) | k(t) > Ornc a.e. in 4}
is given by

int(K) = {k € L%:(J) | there exists e > 0 with Bg(k) € K}
= {k € L(d) | thereexists e > Owith k; (1) > eae. ind,i =1,...,n.}.
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Lemma 3.3.10. Let the assumptions of Theorem 3.3.8 and Lemma 3.1.12 hold. Let
thereexist x € W2 (4), y € Lo (4), and u € LZE(4) with

c[t] + cilt]x @) + e [t]y (@) + ¢ [tlu(t) < —e-e  aeind,
feltlx @) + fltly (@) + fultlu(t) = %(t) = Ognx @& ind,
g lt]x(t) = Ogny ind,
VX (o) + Vi x(ty) = Oy .

wheree = (1,...,1)T € R%.
Then the Mangasarian—Fromowitz constraint qualification holds for Problem 3.3.1
and £y = 1 can be chosen in Theorem 3.3.8. O

34 Summary of Local Minimum Principlesfor Index-One
Problems

We summarize local minimum principles for optimal control problems subject to
index-one DAEs.

Problem 3.4.1 (Index-One DAE Optimal Control Problem). Let d := [t9,77] C R
be a compact interval with 7o < ¢ fixed.

Minimize
ty
o(x(to). x(t7)) + /t Folt.x(0). y(e).u(t))dt

with respect to x € W' (4), y € Lad (4), u € L5 (J) subject to the constraints

,00

x(@) = f(t.x(@),y(@),u(®)) ae ind,
Orny = g(t, x (1), y(t),u(t)) ae ind,

Y (x(t0), x(1r)) = Ogny, (3.69)

c(t,x(t), y(t),u(t)) < Ogne aeind, (3.70)
s(t,x(t)) < Opns ind,

u)eUu aeind. O

Let (x, y,u) be a local minimum of Problem 3.4.1. We assume:

Assumption 3.4.2 (Index-One Assumption). Almost everywhere in 4 the matrix
M(1) := g5 (t, X (1), $(1). 0 (1))

is non-singular and M~ is essentially bounded. ad
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Since the proof of the local minimum principles for Problem 3.4.1 works basically
the same way as in the index-two case, we leave the details to the reader.

The Hamilton function and the augmented Hamilton function for Problem 3.4.1
read as

H(t, x,y.u,Ar,Ag. o) := Lo fo(t.x,y, u) + /\}rf(t,x, y.u) + l:grg(t,x,y,u),
J?(t,x,y,u,)kf,)tg, n.Lo) :=H(t,x,y,u,Ar, Ag, Lo) + nTc(t,x,y,u).

Theorem 3.4.3 (Local Minimum Principle for Index-One Optimal Control Problems
without Mixed Control-State Constraints). Let the following assumptions hold for
Problem 3.4.1:

(i) Assumptions2.2.8 and 3.4.2 hold.
(if) U € R™ isaclosed and convex set with non-empty interior.
(iii) (x, y,n) isalocal minimum of Problem 3.4.1.
(iv) There are no mixed control-state constraints (3.70) in Problem 3.4.1.
Then there exist multipliers

loeR, o e R™, dp e BV"™(f), Ag € Lod(4), o € NBV™s(J),

such that the following conditions are satisfied:
(a) ZO 2 Ol (€Oa o, A'fy A‘gﬂ //l/) 7é ®1
(b) Adjoint equations: Almost everywherein 4 it holds

i
Ar(t) = Agp(ty) + /l ' :%;C(‘L’,)AC(‘L'),yA(‘L'),LAl(T),)Lf(T),/\g(f),EQ)Td‘L’

ty
+ [ s @) o) (3.71)
t
Orny = J (£, 2(1), (). 0(1). A (), Ag (1), Lo) " (3.72)
(c) Transversality conditions:

Ap(to) T = =(Logl, (R(10), (1) + 0 Y5 (R(10). (tp)),  (3.73)
A (tr)T = Loy, (R(t0). R(t15)) + 0 ' ¥y, (R(00), X(t5)). (3.74)

(d) Stationarity of Hamilton function: Almost everywherein 4 it holds
H (8, 5(1), § (), (1), Ay (1), Ag (1), Lo) (u — (1)) = O 3.75)

for all u € U.
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(e) Complementarity condition: wu;, i € {1,...,ns}, is monotonically increasing
on 4 and constant on every interval (¢1, 1) with 1y < t, and s; (z, X (¢)) < 0 for
alt e (t1,12). O

In the presence of mixed control-state constraints the following result holds:

Theorem 3.4.4 (Local Minimum Principle for Index-One Optimal Control Problems
with Mixed Control-State Constraints). Let the following assumptions hold for Prob-
lem3.4.1:

(i) Assumptions2.2.8 and 3.4.2 hold.

(i) U = R™.
(iii) (x, y,n) isalocal minimum of Problem 3.4.1.
(iv) Almost everywherein 4 it holds

rank(e, (1. £(1), $(t). (1)) = ne.
(v) The pseudo-inverse of ¢;,[1],
(cultDt = e[ (eplrley [T~
is essentially bounded and the matrix
gylt] = gyl (e, 1) Teylr]

is non-singular almost everywhere with essentially bounded inversein 4.
Then there exist multipliers

loeR, o eR"™, AreBV"™(), Ag e L (), ne L), neNBV™(),

such that the following conditions are satisfied:
@) Lo =0, (fo.0.Ap.Ag. 1. 1) # O,
(b) Adjoint equations: Almost everywherein 4 it holds

tr R
A1) = Ap(iy) + / " (2 50, 5 (). (0). Ap (2). Ag (1), (D). L) T T

iy
+ [ sk i@ o)
t
Oy = 3 (1. 2(0). 5 (). 4(0). Ay (1), Ag (1), 1(0). Lo)
(c) Transversality conditions:

A (t0) T = —(Logl, (R(10), R(t15)) + 0 T ¥y, (R(20), X(25))),
Aptp) T = Logy, (R(10), £(tp)) + 0 'Yy, (R(10), £(17)).
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(d) Stationarity of augmented Hamilton function: Almost everywherein J it holds
H (2, 5(0), $(), 00, Ap (1), Ag (1), 1(1), Lo) = Oy
(e) Complementarity conditions: Almost everywherein d it holds

n(t) et 2(t), $(1),4(t)) =0 and 1(r) > Ogne.

wi, i € {l,...,ng}, ismonotonically increasing on 4 and constant on every
interval (1,1;) withty < tp and s; (z, x(t)) < Ofor all ¢ € (11, 12). |

Remark 3.4.5. Ar in Theorem 3.4.3 is differentiable almost everywhere in 4 with

Ap(6) = =F0 (6, 5(0), (), 00, hp (1), g (£), £0) T = 556, 2(0) T u(0).

Furthermore, the jump conditions

Mp(ty) = dp (=) = =51, 2)) T (1(t) — (=) (3.76)
hold at every point z; € (t9. ) of discontinuity of the multiplier .. An analog result
holds for Theorem 3.4.4. m|

Finally, we state a regularity condition that allows to set £y = 1.
Theorem 3.4.6. Let the assumptions of Theorems 3.4.3 or 3.4.4 hold and let
rank(yry, ®(to) + ¥y, P(tr)) = ny,
where @ is the fundamental solution of the homogeneous linear differential equation
d(t) = A(t)®d(t), P(to) = In,, ted,
with
A) == £l = £yl D) gk le].
Furthermore, let thereexiste > 0, x € WS (4), y € Lo (4), andu € int(Uag —{11})
satisfying
c[t] + cilelx @) + ¢ [tly (@) + ¢ [tlu(t) < —e-e  aeind,
s[t] + s%[t]x (1) < Ogns N,
feltlx @) + flely (@) + fltlu(t) — %(1) = Ogrnx @& ind,
g llx (@) + &[]y (1) + g, [1lu(@) = Orny  aeind,
Vi x(t0) + Yy, x (1) = O,

wheree = (1,...,1)T € R". Thenit holds £y = 1 in Theorems 3.4.3 or 3.4.4,
respectively. m|
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Remark 3.4.7. The necessary conditions in Theorem 3.1.11 are identical with the
necessary conditions in Theorem 3.4.3, if the latter are applied in the index-two DAE

optimal control problem 3.1.1 to the mathematically equivalent index reduced index-
one DAE

X(1) = [, x @), y(1), u()).
Oy = g (1. x(1)) + g (t. x () f(t, x (1), (), u(t))

together with the additional boundary condition g(zo, x(t9)) = Orny . m]

3.5 Exercises

Exercise 3.5.1. Solve the following optimal control problem:

Minimize
1/2 (1)%dt
2 ), "
subject to

x1(1) = x2(1), x1(0) =0, x1(2) =1,
$2(1) = =4+ 0.8 x2(t) + u(t), x2(0) =0, x2(2) = 0.

Exercise 3.5.2. Solve the following optimal control problem with free final time 7
and control 8:

Minimize
lf = /tf 1dt
0
subject to
x(t) = u(p), x(0) =1, x(tr) =0,
u(t) = cos(f(r)), u(0) =1,
y(1) = v(), y(0)=-1, y(yr) =0,

(1) = sin(B()), v(0) = 1.

Exercise 3.5.3. Solve the following optimal control problem:

r
tf:/ 1dt
0

Minimize
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subject to

£(1) =v@), x(0)=1, x(15) =0,
0(t) = u(r), v(0) =0, v(ty) =0,

and
—1<u@) <1

Exercise 3.5.4. Solve the following optimal control problem:

Minimize
ir
= 1d
tf /(-) t
subject to
h(t) = v(1), h(0) =0, h(tr) = hy,
() = —g +u(), v() =0,
x(t) = u(r), x(0) =0, x(tr) = xr,

u(t) € [0, umax],

where g denotes acceleration due to gravity.

Exercise 3.5.5 (Rolling Disc by H. Gruschinski). Write down and evaluate necessary
optimality conditions for the following optimal control problem:

Minimize
1
%fo u(r)?de
subject to the constraints
x1(t) = x3(1) — 1 (@)r, x1(0) =0, x1(1) =4,
Xo(t) = x4(t) + y1(2), x2(0) =0, x3(1) =1,
Jx3(t) = u(t) —rys(t), x3(0) =0, x3(1) =0,

mx4(t) = —cpxa(t) —csxa(t) + y2(t), x4(0) =0, x4(1) =0,
0 =rx1(t) — x2(2),
0 =rxs(t) — x4(2).

Parameters: r = 0.25, J = 0.05, m = 0.05, cp = 0.05, cs = 2.5.
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Exercise 3.5.6. Solve Example 3.2.13 with 1/6 < £ < 1/4.

Exercise 3.5.7. Write down and evaluate necessary optimality conditions for the fol-
lowing optimal control problem:

Minimize
! / lu(t)zdt
2 Jo
subject to the constraints
X1(2) = x2(1), x1(0) = x1(1) =0,
X2(t) = y(1),  x2(0) = —x2(1) = 1,
0= y(1) —u(),
u(t) < 10(t —0.5)%> —2.5.
Exercise 35.8. Let 4 := [to,1r] be a compact interval with 7o < tr. Let
X e W5 (), i € Leg(4), and s € Lgs(4), s non-negative, be functions with

ci(x(t),u(t)) <0, i=1,...,nc,
ci (R(0), 0(r)) + %s,-(z)2 =0, i=1,...,n.
Fora > 0and ¢ € 4 define

Io(t) :={i €{l,....nc} [ ci(X(2),0(1)) = —a},
A(t) 1= ¢ (X(1), (1)),

Ag(t) 1= (¢, (), 4(1)))ier, (1)
S@t):=diag(s;(z), i =1,...,n¢),

Se(t) :=diag (s; (1), i € I4(1)).

Prove that the following statements are equivalent:
(a) There exists B > 0 such that

ICA@) S@)Td] = Bld]

holds for every d € R for almost every ¢ € J.
(b) There exists @ > 0 and 5 > 0 such that

14a()Td| = Blid|

holds for every d of appropriate dimension for almost every ¢ € d.
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Exercise 3.5.9. The mixed control-state inequality constraints
ci(x(®),u) <0, i=1,...,nc,

can be equivalently replaced by the equality constraints

0 = i (x(0). u(t). (1)) 1= ¢ (x(0). u(t)) + ési(nz, P=1.....n.

where s;,i = 1,...,n., denote slack variables.

Apply and evaluate the Fritz John conditions in Theorem 2.3.24 under the usual
Assumption 2.2.8 to the following equality constrained optimal control problem on
J := [0, 1] with xo € R™~ given. To this end, use the linear independence constraint
qualification, compare Exercise 3.5.8.

Minimize
1
o (x(t0). x (7)) + /0 Folx () u(t))dt

with respect tox € W3 (), u € Lo&(d), s € LoS(d) subject to the constraints

,00

x() = fx(@).u(),  x(0) = xo,
0=2q¢i(x@),u),s)), i=1,...,nc.

Exercise 3.5.10. Consider the variational problem

b
/f(l,X(t),x’(t))dt —>  min.

(a) Restate the variational problem as an optimal control problem.
(b) Evaluate the local minimum principle for the optimal control problem in (a).
(c) Solve the following problems:

@  fxx)=1-(")>
(b)  flxx) ==
©  fxx)=(x)-x%
(d) f(t,x,x") = sin(tx’).
Exercise 3.5.11. Consider the following optimal control problem with interior point
conditions:
Minimize

(p(tva(IO)’ X([s),X(Zf))
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with respect to z; € [to, 7], x € Wy' 3, ([to, 1)), u € Lg& ([to. 1r]) subject to

x(t) = { i) u(0). 1t1 € [to. 1),
fa(x (@), u(2)), ift € [t5.17],

Orry = Y (s, x(t0), x(t5), x(1£)).

Herein, 5 € [to.17] is free and ¢, ¥, f;, i = 1,2, are sufficiently smooth functions.

(@) Use the transformation techniques of Section 1.2 to transform the problem into
an equivalent optimal control problem on the time interval [0, 1].

(b) Apply the minimum principle to the transformed problem in (a) and formulate
the resulting two-point boundary value problem.

(c) Transform the conditions in (b) back to the original formulation.

Exercise 3.5.12. Prove Theorems 3.4.3 and 3.4.4 by repeating the steps in Sections
3.1, 3.2, and 3.3. To this end, formulate and prove a similar result as in Lemma 3.1.4
for the index-one case.

Exercise 3.5.13. Consider the linear operator 7 : Wl’fg [t0.t¢]) —> L3 ([t0. t7]) x
R™x defined by
oo [(FO—A0)x()
T = (10740,

where A € L6 ™"~ ([to. 17]) is a given matrix function.
Compute the adjoint operator 7 : L5 ([to, 17])* xR — W{'3 ([t0, t¢])*, which
is defined in part (g) of Definition 2.1.9.



Chapter 4
Discretization M ethods for ODEs and DAES

Discretization methods for ODEs and DAEs are a key tool for the numerical simula-
tion of dynamic systems, but they are also the basis of most numerical algorithms in
optimal control. For instance, the indirect method requires to solve boundary value
problems by, e.g., a multiple shooting technique, the direct discretization method for
optimal control problems in Chapter 5 and the function space approaches in Chap-
ter 8 require to solve the dynamic equations (and adjoint equations) repeatedly for
given control inputs. Moreover, gradient information is often provided by a sensitiv-
ity analysis of the dynamic system with respect to input parameters.

Many discretization methods originally designed for ODEs, e.g. Runge—Kutta
methods, multi-step methods, or extrapolation methods, can be adapted in a fairly
straight forward way to solve DAEs as well. Naturally, the resulting methods are im-
plicit methods due to the inherently implicit character of DAEs and it is necessary to
solve nonlinear systems of equations in each integration step. The nonlinear systems
typically are solved by Newton’s method or well-known variants thereof, e.g. global-
ized or simplified Newton’s method or quasi-Newton methods. To reduce the com-
putational effort of Newton’s method for nonlinear equations, methods based on a
suitable linearization are considered, e.g. linearized implicit Runge—Kutta methods.

For notational convenience, we will write down the methods for general DAE initial
value problems of the following type:

Problem 4.0.1 (DAE Initial Value Problem). Letd := [to.7¢] C R be a compact time
interval with 7o < 77, F : J x R"? x R"> — R"= a sufficiently smooth function,
and zg a consistent initial value.

Find a solution z of the DAE initial value problem

F(t,z(t),2(t)) = Ornz, z(to) = zo. (4.1)
|

Although most methods can be conveniently motivated for (4.1), it is important
to point out, that this does not imply automatically that the resulting discretizations
actually converge to a solution. In contrast to the ODE case, where a quite general
convergence theory exists, for DAEs convergence depends on the structure of the
system in general. Convergence results assume a certain index or a special structure
of (4.1), for instance Hessenberg structure.

The discretization methods can be classified as one-step and multi-step methods.
In the sequel we will discuss Runge—Kutta methods (one-step) and BDF methods
(multi-step), both being well investigated in the literature, see [12, 14, 36, 37, 55, 98,
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99, 102, 103, 145, 149, 165, 166, 183, 207, 221, 222, 257, 259, 289, 292, 309] and the
monographs [34,148,185]. As we will use integration methods merely as a tool within
optimal control algorithms it is not our intention to provide a detailed convergence
analysis. We rather motivate the construction of methods and provide some general
concepts for a possible convergence analysis. A general discretization theory can be
found in [296].

All subsequent discretization methods for the approximate solution of Problem
4.0.1 have in common a discretization of the time interval 4 by a grid

Gy:i={to<ti <tr < <iy—1 <IN =If} (42)

with grid points#;, i = 0,1,...,N, N € N, and step-sizes h; = ti+1 — t;,
i =0,1,..., N — 1. Often equidistant grids with step-sizes h; := h := (ty —to)/N
fori =0,..., N — 1 are considered for optimal control problems. Equidistant grids,
however, are not efficient in many practical applications and instead adaptive grids
are chosen, which are designed automatically depending on the solution by suitable
step-size selection algorithms. The working principle of such step-size selection algo-
rithms is illustrated in Section 4.4.

A discretization method constructs a grid function zy : Gy — R"z with
t — zy(t) fort € Gy, which approximates the solution z of the initial value prob-
lem (4.1) at least on the grid Gy, that is

ZN(ti)’&:f(l‘j), i=0,...,N.

As the grid function is only defined on the grid G by its N + 1 values, the abbrevi-
ation

zi .= zn (), i=0,...,N,

is used.

The interpretation of the values z;, i = 0,..., N, as a grid function is nevertheless
useful, since for the approximation error a grid function z has to be related to a solu-
tion Z of the initial value problem defined on 4. This relation can be done in two ways:
Either a grid function z is extended to the whole interval 4 by suitable interpolation
schemes, or the solution of the initial value problem is restricted to the grid Gy . We
follow the latter approach. From a mathematical point of view it is particularly inter-
esting, whether the sequence {zxy} yen Of grid functions for N — oo converges to
a solution Zz of the initial value problem 4.1. This requires that the grid size

h:= max h;
i=0,..,N—1
tends to zero such that the whole of the interval d is actually covered by grid points.
But before we analyze the convergence of discretization methods, we have a look at
common one-step methods.
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4.1 Discretization by One-Step Methods

We discuss so-called one-step methods and in particular Runge—Kutta methods for the
numerical solution of ODEs and DAEs.

411 TheEuler Method

The working principle of a one-step method is illustrated using the simplest one-step
method — the explicit Euler method — for the ODE initial value problem

z(t) = f(t.z(1)), z(t0) = zo, (4.3)

which is a special case of (4.1).

The explicit Euler method works step-by-step through the grid points in Gy start-
ing at 7o with the given initial value Z(z9) = zo, which defines the value of the
grid function zy (o) := zo. In ty the derivative of the solution is known, it is
%2(10) = f(to,z0). Att; = ty + ho the solution can be approximated by Tay-
lor expansion (sufficient smoothness is assumed) by

. . d .,
Z(n) = Z(10) + EZ(IO)(Il —to) = zo + ho f (0. 20)-
This value is used as an approximation at #:
zZ1 = ZN(ll) =zo+ h()f(l(),Z()).

In the approximation z; one can evaluate f again in order to obtain an approximation
zo at 1. This procedure is repeated until the end point 7y = ¢, is reached, compare
Figure 4.1.

z(1)

Figure 4.1. Idea of the explicit Euler method: Approximation by local linearization.
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Summarizing, the explicit Euler method works as follows:

Algorithm 4.1.1 (Explicit Euler Method).

(0) Let the initial value problem (4.3) be given. Choose a grid Gy according to
(4.2).

(1) Setzy(to) = zo.
(2) Compute fori =0,1,...,N —1:

zn(tiv1) = zn (&) + hi f(ti, zN (8)). o

The computation of z (z;+1) in Algorithm 4.1.1 only depends on the value zy (¢;)
at the previous grid point. Hence, the method is a one-step method. In contrast, multi-
step methods not only use zx (z;), but also zy (t;—1), zn (ti=2), . . ..

Remark 4.1.2 (Alternative Motivations).

(a) The Euler method can be motivated alternatively by approximating the deriva-
tive Z(¢;) by the finite difference scheme

Z(Zi-i-l)_z(ti)‘

i, z(6)) = 2(ti) = "

(b) A further motivation is based on the expression

tit1
2=z = [ 0z

for the solution z of (4.3). The explicit Euler method appears, if the integral is
approximated by (¢ +1 — ;) f (ti, 2 (1:)). m

Instead of using Taylor expansion at #;4; around z;, we could have used Taylor
expansion in a backward sense as follows:

. . d .
zo = Z(to) =~ Z(11) + EZ(H)(ZO —t1) =z1 —ho f(t1,21),
and
z1 = zo + ho f(t1,21),

respectively. This rule yields the implicit Euler method:
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Algorithm 4.1.3 (Implicit Euler Method).

(0) Let the initial value problem (4.3) be given. Choose a grid Gy according to
4.2).

(1) Setzy(tp) = zo.
(2) Compute fori =0,1,...,N —1:

N (ti+1) = 2N (&) + i f(tiv1. 28 (tit1))- (4.4)
o

The difficulty for the implicit Euler method is that (4.4) is a nonlinear equation
for the unknown value zy (¢;+1). This nonlinear equation can be solved by fixed-
point iteration or by Newton’s method. Since this has to be done in every step, the
computational effort for the implicit Euler method is much higher than for the explicit
Euler method.

The implicit Euler method however has better stability properties (A-stability) as
the explicit Euler method. Moreover, the explicit Euler method is useful for ODEs,
but its application to DAEs is crucial. For instance, consider the semi-explicit DAE

X(1) = f(r.x@), y(@)).
O]R"y = g([,X([))

with a consistent initial value (xo, yo) ". Application of the explicit Euler method to
the differential equation yields

Xit1 =xi +hi f(ti,xi,yi), i=0,1,...,N—1.

But no indication is given on how y; should be chosen, and for an insufficient choice

of y;, the approximations x;+q, i = 0,1,..., N — 1, in general do not satisfy the

algebraic constraints g(fj+1, xi+1) = Ogrny,i = 0,1,..., N — 1, anymore.
Application of the implicit Euler method yields

Xig1 = Xi + 0 f(tig1, Xit1.Yit1),

Orny = g(li+1,Xi+1),

fori = 0,1,...,N — 1. This is a nonlinear equation for x;4+; and y;4; and its
solution satisfies the algebraic constraint. Hence, the implicit Euler method can be
extended to the general DAE in Problem 4.0.1 in a straightforward way by exploiting
the relation

Z(ti+1)_Z(ti).

Z(ti+1) & "
12
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Algorithm 4.1.4 (Implicit Euler Method for Problem 4.0.1).

(0) Let the initial value problem 4.0.1 be given. Choose a grid Gy according to
(4.2).

(1) Setzy(tp) = zo.

(2) Solve the nonlinear equation

zZn (& —zn (G
F (ti+1,ZN(ti+1), (ZH;V (l)) = Og»: (4.5)
1
with respectto zy (tj41) fori =0,1,..., N — 1. O

The implicit Euler method is a one-step method, since the computation of zx (¢, 1)
only depends on the previous value zy (¢;), but the dependence is given implicitly.

4.1.2 Runge-Kutta Methods

Already the first approximation z; in the Euler method is subject to an approxima-
tion error with respect to the true solution z(#1). This approximation error is further
propagated in every step. Runge-Kutta methods aim at reducing the approximation
error by using higher order approximations in each step. We motivate the construction
principle of Runge—Kutta methods at first for the ODE (4.3) and extend it later to the
DAE in Problem 4.0.1.

To this end, consider the integral representation

t;

+1
Z(tr41) — 2(1) = [ £tz @)

t:

for a solution of the ODE (4.3).
Approximation of the integral by the trapezoidal rule yields

tit1 hi
Z(tiv1) —z(t;) = /t St z(@)dt =~ ) (f @i, z(@)) + fUit1,2(Ei+1))) -

As z(t;4+1) is determined implicitly by this equation, z(z;+1) in the latter term is
approximated by an explicit Euler step and we obtain

hi
Z(tiy1) —z(ti) ~ > (f(ti.z(ti) + fUitr1.2(8) + hi f(ti, 2(5:)))) -

This is an explicit method — Heun's method.
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Algorithm 4.1.5 (Method of Heun).

(0) Let the initial value problem (4.3) be given. Choose a grid Gy according to
(4.2).

(1) Setzn(to) = zo.
(2) Compute fori =0,1,...,N —1:
ki:= f(ti, zn(1)),
ky := f(ti + hi,zn (&) + hiky),

h.
zN(tiv1) == zn(6) + é(kl + ko). O

As the trapezoidal rule is a better approximation compared to the Riemann sum
approximation used in Euler’s method, one can expect that Heun’s method possesses
better approximation properties as the explicit Euler method. The method of Heun and
both of the Euler methods are particular examples of Runge—Kutta methods defined in

Definition 4.1.6 (Runge—Kutta Method for ODESs). Consider (4.3). Let Gy be a grid
as in (4.2). For s € N and coefficients b, c;.aij, i, j =1,...,s, the s-stage Runge-
Kutta method is defined by

zN(tiv1) == zn(ti) + hy ijkj(chN(ti);hi) (4.6)

j=1
with the stage derivatives

N
kj(ti,zn (ti); hi) = f(fi + ¢jhi,zn (i) + hi Zajzke(ti,ZN(ti);hi)>

(=1
forj=1,...,s.
The s-stage Runge—Kutta method is called explicit, if a;; = 0 for j > i. Otherwise
itis called implicit. m|
The stage derivative k; in an explicit Runge-Kutta method depends only on
k1,...,kj— and thus the stage derivatives can be computed one after the other start-
ing with k1.

Implicit Runge—Kutta methods require the solution of a system of n, - s nonlinear
equations in each integration step.
Runge—Kutta methods are defined by the so-called Butcher array:

C1|d11 di12 -+ dis
Cald21 d22 -+ d2g
c|l A
= pT
Cs|ds1 dg2 -+ dgs

\bl by -+ by
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For explicit methods only the left lower triangular part of the matrix A without the
diagonal is non-zero and the Butcher array reduces to

C1

Czld21

C3|d31 A32

Cs|ds1 g2 *°* g s—1
bl b2 bs—l bs

Example 4.1.7 (Classic 4-stage Runge—Kutta Method). The classic explicit 4-stage
Runge—Kutta method has the Butcher array

0
1/2]1/2

12| 0 1/2

110 o0 1

1/6 1/3 1/3 1/6

and the method is given by

1 1 1 1
ZN(tit1) = zn (&) + hi (gkl + §k2 + §k3 + gk4)
ki = f(ti,zn (1)),

h; h;
ko = f (zi F v+ E’kl) ,

k3= f (li + EL’ZN(ti) + ?lkz) ,
ks = f(ti +hi,zn(t;) + hiks). ]

Example 4.1.8 (RADAUIIA Method). A commonly used implicit 2-stage Runge—
Kutta method is the RADAUIIA method with the Butcher array

1/3
1

5/12 —1/12
3/4 1/4
13/4 1/4
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and

3 1
zn(tiv1) = zn (&) + hi (Zkl + Zkz)

hi 5 1
ki=7f (Ii + ?l»ZN(fi) + hi (Ekl - ﬁkz)) ,
3 1
k2=f(fi+hi,ZN(fi)+hi (Zkl—f-zkz)) 0o
Example 4.1.9. The initial value problem

z1(t) = z2(1), z1(0) =0,
Zo(t) = —4z1(t) + 3cos(2t), 22(0) =0,

possesses the solution
. 3 .
zZ1(t) = Ztsm(2t),

3 3
Z(t) = 1 sin(2¢) + Et cos(2t).

State 1 vs time State 2 vs time
1 5
05 N\ 4
/ \ .
0 \ /
p \ [ | s /
% 0.5 \ % 1 /
17} / 172] 0 l
-1
\ / ; /
15 2 \ /
N\ N,
-2 -3
0 0.5 1 15 2 25 3 3.5 0 0.5 1 15 2 25 3 35

t t

Approximations z are computed for the explicit Euler method, the method of Heun,
and the classic Runge—Kutta method for 4 = [0, 7] on grids G with N = 5, 10, 20,
40, 80, 160, 320, 640, 1280.

We compare the errors

lzn = Zlloo = max Iz () — 2(t) |2,
t;ieGy

estimate the approximation order p with the ansatz ||zy — Z|looc = C(1/N)? by

lzy — Zlloo )

“ZZN - 2”oo

lov —2leo _ /NP
lz2n — 2o 1/@N)?

and obtain the following values:

=2/ = p:logz(
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N EULER HEUN RK
ERR P ERR P ERR P

5 0.1892E+02  0.0000E+00 0.6117E+01 0.0000E+00  0.3301E+00  0.0000E+00
10  0.6456E+01 0.1551E+01 0.1024E+01 0.2578E+01 0.2184E-01 0.3918E+01
20  0.2808E+01 0.1201E+01 0.2453E+00  0.2062E+01 0.1327E-02 0.4040E+01
40  0.1374E+01 0.1031E+01 0.6058E-01 0.2018E+01 0.8146E-04  0.4026E+01
80 0.6604E+00  0.1057E+01 0.1506E-01 0.2008E+01 0.5041E-05 0.4014E+01
160  0.3219E+00 0.1037E+01 0.3753E-02  0.2005E+01 0.3136E-06 0.4007E+01
320 0.1587E+00  0.1020E+01 0.9364E-03  0.2003E+01 0.1955E-07  0.4004E+01
640 0.7879E-01 0.1010E+01 0.2339E-03  0.2001E+01 0.1221E-08  0.4002E+01
1280  0.3925E-01 0.1005E+01 0.5845E-04  0.2001E+01 0.7624E-10  0.4001E+01

It can be observed nicely that Euler’s method has approximation order one, Heun’s
method has order 2, and the classic Runge—Kutta method has order four. Euler’s
method reaches an accuracy of approximately 4 - 1072 for N = 1280 and requires
1280 function evaluations of the right hand-side f. Heun’s method reaches this ac-
curacy already with N = 80 and needs only 160 function evaluations. The classic
Runge—Kutta method reaches the same accuracy already with N = 10 with only 40
function evaluations and hence, it is the most efficient method of the three methods.Oo

Implicit Runge—Kutta methods are suitable for the general DAE in Problem 4.0.1, if
the stage derivatives k;, j = 1,...,s, in Definition 4.1.6 are interpreted as derivatives
of the solution at intermediate points ¢; + c;h;:

Definition 4.1.10 (Runge—Kutta Method for DAEs). Consider Problem 4.0.1. Let
Gy beagrid as in (4.2). For s € N and coefficients b;,cj,a;j,i,j = 1,...,s, the
s-stage Runge—Kutta method is defined by

S
zn (tiv1) = zn (i) + h; ijkj(li,ZN(ti):hi), (4.7)
j=1
where the stage derivatives k; = k;(t;,zn(ti); hi), j = 1,...,s, are implicitly de-

fined by the nonlinear system of equations
F (1 +eihi 2y )
G(k,li,ZN(l‘i),hi) = = ORsnz (4.8)
F (ti + cshi, Zl-(j_)l’ ks)
fork = (ki1,....ks)T € R$"z and the stage approximations

S
Zi(?l =z (ti) + hi Zazj kj(ti,zn(ti):hi). €=1,....s.
j=1

%)

(4.9)
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Equation (4.8) is solved numerically by the (globalized) Newton method defined
by

GrkD, 11,2y (1), hi) AY = =G(D, 11, 2y (1), o),

Z (4.10)
KD = kO 4L 3, AO p=0,1,...,

with a suitable step-size 0 < A, < 1, provided that the Jacobian matrix G, is non-
singular. The Jacobian matrix Gy, at (k9. 7;, zy (t;), h;) is given by

/4 4 4
Fl(EY) an FLED) v ar FLED)
G, = E + h; : '

. ; 5 . . (4.11)
FL(EY) ag FLED) - ag FLED)

where

s
,gg) = |t +cvhi,zn () + hi Zavjkj(-e),k\(,z) , v=1,...,s.
j=1

A Runge-Kutta method is called stiffly accurate, if it satisfies
cs=1landas; =b; forj=1,...5s,

see [149, 300]. For instance, the RADAUIIA method is stiffly accurate. These meth-

ods are particularly well-suited for DAEs, since the stage zl(i) , and the new approxi-

mation z y (¢; +1) coincide. Since Zi(s+)1 satisfies the DAE at t; + h, so does zy (i +1)-

Given a Runge—Kutta method that is not stiffly accurate, the approximation (4.7)
usually will not satisfy the DAE (4.1), although the stages Zi(?v L=1,...,s, satisfy
it. A projected Runge—Kutta methods for semi-explicit DAEs is used in [14] to cir-
cumvent this problem. Herein, z (¢;+1) is projected onto the algebraic equations and
the projected value is used as approximation at #; + 1.

The dimension of the equation (4.10) can be reduced for half-explicit Runge—Kutta
methods, see [11,12]. Implicit Runge—Kutta method in connection with implicit index-
one DAEs of type F(x, x, y) = 0 are considered in [263]. Convergence of implicit
Runge—Kutta methods for index-one DAEs (4.1) was shown in [34], for semi-explicit
index-two DAEs in [37], and for semi-explicit Hessenberg index-three DAES in [165,
166]. Consistent initial values and certain regularity and stability conditions of the
Runge—Kutta methods are assumed in the proofs, compare [149].
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4.1.3 General One-Step Method

The Euler methods and Runge—Kutta methods are one-step methods:

Definition 4.1.11 (One-Step Method). Let ® : R x R?z x R — R"= be a given
continuous function and Gy a grid according to 4.2. The method

zn (fo) = zo, (4.12)
zn(tiz1) = zn (@) + hi®(ti, zn (), hi), i =0,...,N —1, (4.13)

for the approximate solution of Problem 4.0.1 is called one-step method and @ is
called increment function. ad

The notion ‘one-step method” refers to the fact that @ only depends on the previous
approximation zy (z;) and not on zy (ti—1), zn (ti—2), . . ..

Example 4.1.12 (Increment Functions). The increment function of the explicit Euler
method applied to (4.3) is

&(t,z,h) = f(t,z2),

that of Heun’s method is

O(t,z,h) = %(f(t,z) + f(t+hz+hf(t.2))).

The increment function of the implicit Euler method for (4.3) is formally defined
implicitly by

O(t,z,h) = f(t +h,z+hd(,z,h)).
The increment function of a Runge—Kutta method is given by
N
O(t.z.h) = Y bjkj(t.z.h)
Jj=1

where the stage derivatives for implicit methods are defined implicitly. m|

4.1.4 Consistency, Stability, and Convergence of One-Step M ethods

In the sequel, the discussion is restricted to equidistant grids Gy with step-sizes
h = (tf —t9)/N, N € N, for the one-step method (4.12)—(4.13).

Let Z denote the exact solution of Problem 4.0.1. Define the restriction operator
onto the grid Gy by

Ay :{z:d —R"”} — {zy : Gy — R*}, An(2)@) = z(¢t) fort € Gy.
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On the space of all grid functions a norm is defined by

[znlloo = max [zn (%) ]2
t;eGy

l

With this norm the global error and the term convergence can be defined:

Definition 4.1.13 (Global Error, Convergence). The global error ey : Gy —> R”=
is defined by

eéN ‘= ZIN — AN(f).
The one-step method (4.12)—(4.13) is called convergent, if
Jim Jlenlloo = 0.

The one-step method (4.12)—(4.13) has order of convergence p, if

1
”eNHoo:@(m) as N — oo. 0

Next to the global error, the local discretization error is important.

Definition 4.1.14 (Local Discretization Error, Consistency). Let Z € R”z be a consis-
tent initial value for the DAE in (4.1) and 7 € J. Consider the one-step method (4.12)—
(4.13). Let y denote the solution of the initial value problem

F(t’y(t)’)}(t))ZOR”Zv y(i‘):2
The local discretization error at (7, 2) is defined by

y(E+h)—:2

Ut 3) = ;

— ®(t,2,h).
The one-step method is called consistent in a solution z of Problem 4.0.1, if

lim ( max ||£h(t,z(t))||) —0.

h—0 tG[t(),tf—

The one-step method has order of consistency p in a solution z of Problem 4.0.1, if
there exist constants C > 0 and ¢ > 0 independent of & with

max |4yt z(@))|| < Ch? forall0 < h < hy. O
t€fto,ty—h]
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The local discretization error indicates how good the true solution y of the initial
value problem with consistent initial value (7, ) satisfies the one-step method, com-
pare Figure 4.2. Notice that it is not enough for consistency, if merely the local error
|ly(f + h) —zn (¢ + h)| tends to zero as h —> 0.

y(@+-)
7 -7 2n (E+h)—2
h

ZN(ZA-f— 2)

¢ f+h

Figure 4.2. Local discretization error and consistency: zy (f + -) denotes the solution of the
one-step method as a function of the step-size /. The slopes need to converge towards each
other as 4 tends to zero in order to have a consistent one-step method.

Remark 4.1.15.
(a) Since

_ Y+~ CE+heEER) _ y(E+h) —znGE+h)

0,7, 2 ,
n(.2) h ,

the local discretization error can be regarded as local error per unit step. Note
that the local error in the numerator is of order p + 1, if the method has order
of consistency p.

(b) Consistency can be defined independently of the solution z of Problem 4.0.1.
To this end, it needs to hold a condition like

lim (sup 6@ 2)]) =0
h—=0 X (7 5)edxD

for a suitable set D € R”=,

(c) Inthe ODE case (4.3), consistency is equivalent with

lim ®(t,z(¢), h) = f(¢t,z(t))
h—0
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that has to hold uniformly in ¢, since

lim w = :(0) = £(1.2(1)). O

h—0

Example 4.1.16. Let z denote the solution of the initial value problem (4.3). It satis-
fies

lim 20+ =20 _ 2(t) = f(t,z(1)).

h—0 h
Consider the explicit Euler method
zN(ti+1) = zN () + hf(ti, zN (&)
with f being continuous. It holds

. . h) —
tim 046,20 = Jim | ZCF=Z0

- f(t,Z(t))H =0

uniformly in ¢, since Z is continuous in the compact set 4. Hence, the explicit Euler
method is consistent in the ODE case.

If f is continuously differentiable (and z twice continuously differentiable), then
Taylor expansion of z at ¢ € [to, 1y — h] with & > 0 yields

2t +h)—z()

1en(t. 2D = | ————— f(t,Z(t))H

2(Oh+ L [ 2t + shyh?ds

= - ~ f(t.20) H

fe.za)h + % [} 2 + shyh?ds

- ; - [.20)

<Ch
with C = maXx;cyq ||Z(¢)]|. Hence, it holds

max |[Lp(t,z(t)|| < Ch
t€(to,tr—h]

and the explicit Euler method is consistent of order one in the ODE case. A higher
order cannot be achieved by the explicit Euler method in general. O

Taylor expansion is used to prove order of consistency for Runge—Kutta methods.
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Example 4.1.17. Consider again (4.3). Let f be twice continuously differentiable
(and z three times continuously differentiable). Taylor expansionof z at ¢ € [to, 1 —h]
with & > 0 yields

2
za+hy:4n+hﬂn+%duy+@m%

2
W i o )+ O,

where f and its derivatives are evaluated at (¢,z(¢)). The increment function of
Heun’s method is given by

1
D(t,z,h) = > (ft.2)+ ft+h,z+hf(t, 2)).
Taylor expansion of the right-hand side yields

S +hz@) +hf,2() = f+h(fe + fz- )+ OHh),

where £ and its derivatives are evaluated at (¢, z(z)). The local discretization error
computes to

—D(t,z(t), h) H

et 2] = HW

h
= |4 Gt S Y= U T RS )+ 00

= O(h?).

Hence, Heun’s method has consistency order two, if f is twice continuously differen-
tiable. m|

Example4.1.18. Given a sufficient smoothness of f in (4.3) by Taylor expansion the

following order conditions for Runge—Kutta methods can be obtained, compare [300,
p. 50]:

S
p=122bi:1,

i=1

z 1
P=21;bici=§,

S S
1 1
. 2
p=3: l-:ElbiCi = 3 Ez biajjcj = e

i,j=1
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N N s
1 1 1
p=4:) bicj = T > biciaijc; = 3 > biajjc} = Bk

i=1 i,j=1 i,j=1
u 1

. Z biajjajicy = 2

i,j,k=1

Herein, the node conditions

s
ci = E aij, =1,...,s
Jj=1

are supposed to hold and for order p all conditions for order 1, ..., p—1 are supposed
to be satisfied as well. |

Consistency alone is not sufficient for convergence of a one-step method. Stability
is required on top of it.

Definition 4.1.19 (Stability). Let {zy}yen be a sequence of grid functions with
(4.12)~(4.13) and h = (ty —t9)/N, N € N. Moreover, let {yy}yen be grid func-
tions yy : Gy —> R”™ with

8N (t0) := yn(t0) — zo,

i) — ti— .
(1) 1= 20 hyN(’ D (i r )y, i =1, N.
The function 6 : Gy —> R”= is called defect of yy .
The one-step method is called stable at {zx } v e, if there exist constants S, R > 0
independent of N such that for almost all 2 = (1r —t9)/N, N € N, it holds:
Given

18w lloo < R,
it holds
[ynN = zNlloo = STI6n l|oo-
The constant R is called stability threshold and S is called stability bound. m|

Consistency and stability ensure convergence of the one-step method.

Theorem 4.1.20 (Convergence). Let the one-step method be consistent in a solution
z of Problem 4.0.1 and stable in the sequence {zy } yen generated by the one-step
method.

Then the one-step method is convergent.

If the one-step method is consistent of order p in Z, then it is convergent of order p.
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Proof. A solution Z of the initial value problem does not satisfy the computation rule
of the one-step method with step-size i exactly and yields a defect

8N (to) = Z(to) —z0 = 0,
2(ti) — Z(ti—1)

Sy (ti) = A

—Cp(l‘i_l,f(ti_l),h), i=1,...,N.

For sufficiently small step-sizes h = (ty —t9)/N it is always possible to guarantee
I6n oo < R as the method is consistent and with §x (t;+1) = €5 (i, 2(;)) it follows

0=lim (_max 16y 2@)]) = fim (.

max SN (t )
h—>0 \ i=0,....N— Jmax  [1n (ti+ 1)

Since the method is stable, it follows (with yxy = A (2) in Definition 4.1.19)
lenlloo = llzv = AN(Z)lloo = SN loo-
Sincedy (o) = 0anddn (t;) = En(ti—1,2(ti—1)),i = 1,..., N, consistency implies
li =
Jim_ 18y floo = 0

and consistency of order p yields

1
[6n oo = O (W) as N — oo.
This proves convergence and convergence of order p, respectively. |

The stability definition is somewhat abstract. In order to find a sufficient condition
for stability we exploit the following auxiliary result.

Lemma 4.1.21 (Discrete Gronwall Lemma). For figuresh > 0, L > 0, a; > 0,
dy >0,k =1,...,N,related by

ar < (1 +hl)agx_q1 +hdy, k=1,...,N,
it holds

akfexp(khL)(ao—lrkh.max d,-), k=0,...N.
i

=1,...,
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Proof. We use the induction principle to proof the assertion.
For k = 0 the assertion is true. Let the assertion hold for k € Ny. Then

a1 < (L +hL)ag + hdy1q
1+hL
=

.....
.....

.....

.....

The following result provides a sufficient condition for stability.

Lemma 4.1.22. Let constants 79 > 0 and L > 0 be given such that the increment
function @ of the one-step method satisfies the Lipschitz condition

@, y. h) = @@, z. )| < Ly — 2|

forall y,z e R"2,al 0 <h < hg,andall t € 4.
Then the one-step method is stable.

Proof. Let Gy be a grid with 0 < & = 5 < hg. Moreover, let yy be a grid
function with defect §y and

I8N 1loo < R.
Thenforall j = 1,..., N itholds

lywn (to) — zn (t0) | = llzo + 8w (t0) — zoll = [I6n (20) .
lyn () —zn @)l = [lyn Ej—1) + h -1, yN (tj—1). h) + hdn ()
—zZN(tj—1) —h®(tj—1. 28 (1j-1). h)|
< |lyn(tj—1) —zn (-1 ||
+ hl|®(tj—1. yn (tj—1), h) — P(tj—1. 28 (tj—1). h) |
+ hllén ()]
<A +hD)yn@j—1) —zn (G-Il + 28 @)
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Application of the discrete Gronwall Lemma 4.1.21 with ay := ||yn (tx) — zn () ||
dy = [6n (%) | yields

lyn @) = 23 @)l < expGihL) (v (1) = 2w (10) | + jh max 8n el )

.....

withC; =1+ jhfor j =0,....N. Witht; —t9 = jh < Nh =ty — 19 it follows
[ynN —zNlloo = SlIdn oo
with S := Cy exp((tr —to)L). |

For (explicit) Runge—Kutta methods Lipschitz continuity of & follows from Lips-
chitz continuity of f in (4.3).

Remark 4.1.23.

(a) The assumptions in Lemma 4.1.22 can be weakened. It is sufficient that ®
satisfies the Lipschitz condition only locally around the true solution Z of the
initial value problem.

(b) The definition of stability implicitly assumes that z satisfies (4.12)—(4.13) ex-
actly, but in practice rounding errors occur. The above convergence concept can
be extended such that perturbations are taken into account, see [64,296]. A very
general discretization theory has been developed in [296].

(c) In addition to the stability definition used here, further (and different) stability
definitions play an important role for the numerical solution. For stiff ODEs and
DAEs A-stable or A(x)-stable methods are required a

4.2 Backward Differentiation Formulas (BDF)

The Backward Differentiation Formulas (BDF) were introduced in [62] and [99] and
belong to the class of implicit linear multi-step methods.
We consider the integration step from #; 1 5, to #; 1%. Given approximations

zN(ti), zn(tiv1), ... zZN(titk—1)
for

2(t), Z(tix1). ... Z(tiyk—1)
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and the approximation z (t; 1) for Z(¢; 1), which has to be determined, we compute
the interpolating polynomial Q(¢) of degree k with

O(ti+j) = zn(tit+;). J=0,....k.

The unknown value zy (¢; 1) is determined by the postulation that the interpolating
polynomial Q satisfies the DAE (4.1) at the time point #; 1, i.e. zy (¢; %) satisfies

F(tisk Q(ti42). Oti41)) = O (4.14)

The derivative O (7;4x) can be expressed as

k
. 1
Olti k) = 7—— > &N (tix)), (4.15)
i+k=1 ;25
where the coefficients o; depend on the step sizes h;jj—1 = tit; — titj—1,
j =1,...,k. Equation (4.14) together with (4.15) yields
| k
F(li+k,21v(ti+k), ; ZajZN(fH-j)) = Ope:, (4.16)
i+k=1 ;25

which is a nonlinear equation for z = zy (t;+%). Equation (4.16) is solved numeri-
cally by the (globalized) Newton method given by

(F; - h“—"FZ.’) A® = _F,

i+k—1 (4.17)

D =0 4 2,A0 p=0,1,..

L]

where 0 < A, < 1 is a suitable step-size and the functions are evaluated at

k-1
(t,-+k,z(e), : <akz(£)+zajZN(ti+j)>>'
j=0

hi vk

BDF methods are appealing, since they only require to solve an n,-dimensional
nonlinear system instead of an (1, -s)-dimensional system that arises for Runge—Kutta
methods.

Brenan et al. [34] develop in their code DASSL an efficient algorithm to set up
the interpolating polynomial by use of a modified version of Newton’s divided differ-
ences. In addition, an automatic step size and order control algorithm based on the
estimation of the local discretization error is implemented. A further improvement
of the numerical performance is achieved by using some sort of simplified Newton’s
method, where the iteration matrix

Ok

F] + - F;

hi—!—k—l
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is held constant as long as possible, even for several integration steps. For higher index
systems the estimation procedure for the local discretization error has to be modified,
see [258]. In practice, the higher index algebraic components are assigned very large
error tolerances or are simply neglected in the error estimator. BDF methods are
applied to overdetermined DAEs in [96,97]. The implementation is called ODASSL
and is an extension of DASSL.

Convergence of BDF methods up to order 6 for index-one DAEs (4.1) assuming
constant step-sizes was proven in [103,259]. Convergence results up to order 6 assum-
ing constant step-sizes for DAES arising in electric circuit simulation, fluid mechanics,
and mechanics can be found in [207]. Convergence of Hessenberg DAEs (1.39) with
index two and three and constant step-sizes is shown in [36]. Convergence results
using non-constant step-sizes and non-constant order for index-two DAEs (1.39) and
index-one DAEs (1.37)—(1.38) are obtained in [102]. Herein, it is also shown that
BDF with non-constant step-sizes applied to index-three Hessenberg DAEs may yield
wrong results in certain components of z. All these results assume consistent initial
values.

4.3 Linearized Implicit Runge-Kutta Methods

The nonlinear system (4.8) has to be solved in each integration step of an implicit
Runge—Kutta method. On top of that, the DAE (4.1) itself has to be solved many times
during the iterative solution of discretized optimal control problems. Since large step
sizes h may cause Newton’s method to fail, the implicit Runge—Kutta method typ-
ically is extended by an algorithm for automatic step size selection. The resulting
method may be quite time consuming in practical computations. To reduce the com-
putational cost for integration of (4.1), we introduce linearized implicit Runge—Kutta
(LRK) methods, which only require to solve linear equations in each integration step
and allow to use fixed step-sizes during integration. A related idea is used for the
construction of Rosenbrock—Wanner (ROW) methods, compare [147, 266, 270].

Numerical experiments show that these methods often lead to a speed-up in the
numerical solution (with a reasonable accuracy) when compared to nonlinear implicit
Runge—Kutta methods or BDF methods with step-size and order selection discussed
in Section 4.2.

Consider the implicit Runge—Kutta method (4.6) with stage derivatives defined im-
plicitly by (4.8). The linearized implicit Runge—Kutta method is based on the idea to
perform only one iteration of Newton’s method for (4.8). This leads to

Gy (k@ 1, 28 (1), hi) - (k — k@) = —G(K©Q . 13, zy (1), hy), (4.18)

which is a linear equation for the stage derivatives k = (kq, ..., ks). The derivative
G is given by (4.11) and the new approximation z (;+1) by (4.6).
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The vector k(@ = (k§°), s ks(o)) denotes an initial guess for k and will be speci-
fied in the sequel. It turns out that the choice of k(%) is important in view of the order
of convergence.

To gain more insights into the convergence properties of the linearized Runge—
Kutta method, the discussion is restricted to the ODE (4.3). Later on, an extension to
DAEs is suggested, which yields promising numerical results although a convergence
proof could not be obtained yet.

For the explicit ODE in (4.3) the derivative G, becomes

1 an fi(v1) -+ ais f](v1)
Gk tiznt) by = . | —h S
1 aslle(‘)s) aSsz/(vS)

’

(4.19)

where

s
vy = (l‘i + cohi, zn (t) + hi X;aejk](O))’ L=1,...,s.
J:

Writing down the linear equation (4.18) in its components, we obtain

N

ke = fo) +hi Y ag fLook — kD), €=1,...s. (4.20)

J=1

It turns out that depending on the choice of the initial guess k(©) different methods
with different approximation properties arise.

The simplest idea is to use k® := Ogs=-, i.e. z; is used as predictor for Zi(ﬁ—)l’
£=1,...,s,in (4.9). It turns out that the resulting method has a maximum order of
consistency equal to two. But the method is not invariant under autonomization, i.e. it
will not produce the same results for (4.3) and the equivalent autonomous system

@)\ _ ( f(T(0).z()) z(0) \ _ ( zo
(7)) =(""V) (o) =(5). e
see [110]. Hence, we do not follow this choice.

Instead, we use the initial guess k@ = (k¥ ... k{?) with kéo) = f(t;,zi) for
all£ =1,...,s, which means, that we use

N
zZithi Y ag (. z)

J=1
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as predictor for zi(f?l, £=1,...,s,in (4.9). Equation (4.20) reduces to

S
ko= fo) +hi Y ag i)k — ft,z:), £=1,....s, (4.22)
j=1
where
S
vy = (Ii + cehi, zi + h; Zagjf(ti,zi)>, L=1,...,s.
j=1

It turns out that the method (4.22) is invariant under autonomization under appro-
priate assumptions, which are identical to those in [68, Lemma 4.16, p. 138]:

Lemma 4.3.1. Let the coefficients fulfill the conditions

N
> bi=1 (4.23)
j=1
and
N
ce=Y ag. L=1...s. (4.24)
j=1

Then the LRK method (4.22) isinvariant under autonomization.

Proof. Application of the LRK method to (4.3) and (4.21) yields (4.22) and

kI j=1
1

for £ = 1,...,s, respectively, where
ol s
Vg = (Ti + h; Zazj Lz + by Zaej'f(Ti,Zi)), L=1,...,s.
j=1 j=1

kj isequal to kg in (4.22), if vy = vy and T; = ¢; hold for all £ and all i. The latter is
fulfilled if (4.23) holds, since then

S S
Tiv1=T; +hizbjk]T =T +hizbj =T +h =tit1.
=1 =1
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The first condition requires that

S
Ti+hi Yy ag =t +cohi,
j=1

which is satisfied if (4.24) holds. m|
Equation (4.22) in matrix notation is given by
(Isn. —hiBa(ti, zi, hi)) k = r(ti, zi, hi), (4.25)
where
a' ® fiti + crhi,zi + hicl f(ti, zi))
Ba(ti, zi, hi) := : ,
a’ ® fZ,(li + cshi, zi + hics f(ti,zi))

r(ti, Zj, hz) = _hi Bz(l‘i7 Zi, hl) . (e R f(tiv Zi)) (426)

f(ti + c1hi,zi + hic1 f(ti, zi))
n )

’

fti + cshi,zi + hics f(ti, zi))

a* denotes the ¢-th row of A = (ag;)¢ j=1..5o¢ = (1,...,1)T € RS, (4.24) is
exploited, and ® is the Kronecker product defined in

Definition 4.3.2 (Kronecker Product). Let A € R™*" and B € R?*4. The Kronecker
product ® is defined as follows:

allB alzB almB
de B az.lB az'zB aZr.nB c RP)x(ma)
amB an2B -+ apmB O

A detailed investigation of the local discretization error reveals that the maximal
attainable order of consistency is 4:

Theorem 4.3.3 (see [110]). Let f possess continuous and bounded partial deriva-
tives up to order four and let (4.24) be valid. The LRK method (4.22) is consistent of
order 1, if

N
> obi=1

J=1
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holds. It is consistent of order 2, if in addition

1

s
ijCj = E
j=1

holds. It is consistent of order 3, if in addition

- 1 - 1
Z biajjc; = 5 Zbiciz = 3

i,j=1 i=1

hold. It is consistent of order 4, if in addition

S S N S

1 1 1 1

E biaijajc; = TR E bia,-jcj2 =15 E biciaijcj = g E bici3 =7
i,j,1=1 i,j=1 i,j=1 i=1

hold. p = 4 isthe maximal attainable order of consistency. m|

The above consistency conditions are the usual conditions known for general im-
plicit Runge-Kutta (IRK) methods. It has to be mentioned that the LRK method is
A-stable, if the nonlinear IRK method (4.6) is A-stable, since A-stability is defined for
linear differential equations. For linear differential equations the LRK method coin-
cides with the IRK method. Notice that the LRK method (4.22) is an one-step method.
Moreover, it can be shown that the increment function is locally Lipschitz continuous
and hence, the method is stable and convergent.

The method can be extended to the DAE in (4.1). To this end, consider the integra-
tion step from #; to t; 1. The choice kEO) = f(ti,zn(t)), £ = 1,...,s,in the ODE
case cannot be applied directly to DAESs as the right hand-side f defining the deriva-
tive of z is not explicitly available. Numerical experiments suggest that for stiffly
accurate Runge—Kutta methods the choice

e = ks(timr, 2N (o) himy), £= 1,0, (427)

seems to be reasonable. Recall that stiffly accurate methods, for instance the
RADAUIIA method, satisfy

cs=1 and a5 =b;, j=1,...,s.

The quantity kg(¢t;—1,zn (ti—1); hi—1) is calculated in the previous integration step
from#;—1 to ¢; and can be interpreted as a derivative at the time point #;—; + ¢shi—1 =
t; and hence plays at least approximately the role of f in the ODE case. For Runge—
Kutta methods, which are not stiffly accurate, an initial guess of type

zn(ti) —zn(ti-1)
hi—1 '

seems to be reasonable, since the right side is an approximation of the derivative at ¢;.

©._
kO =
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A formal proof of convergence has not been established by now for these DAE
extensions. In numerical computations, however, the method has performed well as
the following example indicates.

Example 4.3.4 (Pendulum Problem). Computational results for the mathematical
pendulum problem with m = 1 [kg], £ = 1 [m] are to be presented, compare [110].
The equations of motion of the pendulum are given by the index-three Hessenberg
DAE

0= x1() — x3(0),

0 = X2(t) — x4(2),

0 = x3(1) — (=2~ x1(2) - (1)),

0 =x4(t) — (—g —2-x2(2) - y(¥)),
0=x1(6)* + x2(0)* — 1.

The index reduced index-two DAE arises, if the last equation is replaced by its time
derivative

0 =2(x1(1)x3(1) + x2(1)x4(1)).
For the following numerical tests we used the initial value
(x1(0), x2(0), x3(0), x4(0), y(0)) = (1,0,0,0,0).

Table 4.1 shows computational results for the linearized 2-stage RADAUIIA method
with Butcher array

1/3]5/12 —1/12
1 |3/4 1/4
| 3/4 1/4

applied to the index reduced index-two pendulum example with initial guess given by
(4.27) and fixed step-sizes ~ = 1/N on the time interval [0, 1]. The estimated order
of convergence is in agreement with the order for the nonlinear RADAUIIA method
derived in [149] for Hessenberg systems, i.e. order three for the differential variables
X1, X2, x3, x4 and order two for the algebraic variable y.

Table 4.2 shows computational results for the linearized 2-stage RADAUIIA
method applied to the index-three pendulum example with initial guess given by (4.27)
and fixed step-sizes & = 1/N on the time interval [0, 1]. The computed order of con-
vergence is in agreement with the order for the nonlinear RADAUIIA method in [149]
for Hessenberg systems, i.e. order three for the positions xp, x5, order two for the ve-
locities x3, x4, and order one for the algebraic variable y.
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N max. ERR max. ERR Order Order
XlyenesXq y XlyenesrXq y

10 0.48083E—01 | 0.72142E+00 | 0.29990E+01 | 0.19993E+01
20 0.60145E—02 | 0.18044E+00 | 0.29999E+01 | 0.20000E+01
40 0.75184E—03 | 0.45111E-01 0.30000E+01 | 0.20000E+01
80 0.93981E—04 0.11278E—-01 0.30000E+01 0.20000E+01
160 0.11748E—04 | 0.28194E—02 | 0.30000E+01 | 0.20000E+01
320 0.14684E—05 | 0.70485E—03 | 0.30000E+01 | 0.20000E+01
640 0.18356E—06 | 0.17621E—03 | 0.30000E+01 | 0.20000E+01
1280 | 0.22944E—07 0.44053E—-04 0.30000E+01 0.20000E+01
2560 | 0.28681E—08 0.11013E—04 0.30000E4-01 0.20000E+01

Table 4.1. Order of convergence for the linearized 2-stage RADAUIIA method applied to the
index reduced index-two pendulum test example.

N

max. ERR

X1sX2

max. ERR

X3,X4

max ERR
y

Order

X1, X2

Order

X3,X4

Order
y

10
20
40
80
160
320
640
1280
2560

0.63312E—01
0.75389E—02
0.82474E—03
0.97231E—04
0.11863E—04
0.14672E—05
0.18251E—06
0.22762E—07
0.28556E—08

0.35222E+00
0.35195E—01
0.60181E—02
0.12835E—02
0.31110E—-03
0.76676E—04
0.19041E—04
0.47451E—-05
0.11847E—05

0.18016E+02
0.23766E+01
0.87504E+00
0.38465E+00
0.18022E+00
0.87158E—01
0.42850E—-01
0.21243E—-01
0.10577E—01

0.30701E+01
0.31923E+01
0.30845E+01
0.30349E+01
0.30153E+01
0.30071E+01
0.30033E+01
0.29948E+01
0.28912E+01

0.33231E+01
0.25480E+01
0.22292E+01
0.20446E+01
0.20205E+01
0.20097E+01
0.20046E+01
0.20019E+01
0.19995E+01

0.29223E+01
0.14415E401
0.11858E+01
0.10938E+01
0.10480E+01
0.10243E+01
0.10123E401
0.10061E+01
0.10028E+01

Table 4.2. Order of convergence for the linearized 2-stage RADAUIIA method applied to the
index-three pendulum test example.

Similar computations for the linearized implicit Euler method always yield order
one for all components. Similar computations for the linearized 3-stage RADAUIIA
method for the index reduced index-two pendulum example yield only order three
for the differential components x1, x and xs, x4, and order two for y. According
to [149] the nonlinear method has orders 5 and 3, respectively.

In each case the reference solution was obtained by RADAUS5 with absolute and
relative integration tolerance atol = rtol = 10~'? and GGL-stabilization. ad

The use of the linearized implicit Runge—Kutta method for the discretization of op-
timal control problems often allows to speed up the solution process significantly. An
illustration of this statement can be found in [113], where an optimal control problem
resulting from automobile test-driving is solved numerically. Table 4.3 summarizes
the CPU times for the numerical solution of the latter optimal control problem ob-
tained by the third order linearized 2-stage RADAUIIA method with constant step
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size h and a standard BDF method (DASSL) with automatic step size and order selec-
tion. The relative error in Table 4.3 denotes the relative error in the respective optimal
objective function values of the discretized optimal control problem. The number
N denotes the number of discretization points used to discretize the optimal control
problem. The speedup is the ratio of columns 4 and 2. Table 4.3 shows that the LRK
method in average is 10 times faster than the BDF method. A comparison of the ac-
curacies of the respective solutions reveals that the quality of the LRK solution is as
good as the BDF solution in this example.

N | CPULRK | OBJLRK | CPUBDF | OBJBDF RELERR | SPEEDUP
(in [s]) (in [sec]) oBJ FACTOR

26 2,50 | 7.718303 26.63 | 7.718305 | 0.00000026 10.7
51 8.15 | 7.787998 120.99 | 7.787981 | 0.00000218 14.8
101 18.02 | 7.806801 208.40 | 7.806798 | 0.00000038 11.6
201 21.24 | 7.819053 171.31 | 7.819052 | 0.00000013 8.1
251 198.34 | 7.817618 1691.15 | 7.817618 | 0.00000000 8.5
401 615.31 | 7.828956 4800.09 | 7.828956 | 0.00000000 7.8

Table 4.3. CPU times for the numerical solution of a discretized optimal control problem by
the linearized 2-stage RADAUIIA method and the BDF method, respectively, for different
numbers N of control grid points.

4.4 Automatic Step-size Selection

Owing to efficiency reasons, it is often not advisable to use a fixed step-size 4. Instead,
algorithms for automatic and adapted step-size selection are required. WWe demonstrate
the benefit of such a strategy with the following example.

Example 4.4.1. The following initial value problem is a model for the motion of a
satellite in the earth-moon system and yields a periodic orbit, the so-called Ahrenstorf-
Orbit:

x(M+p ux(t) — [
D, D,

§(0) = y(0) — 24(0) - ﬂ%’l) —u%?,

with o = 0.012277471, i = 1 — p,

Dy = \J((x(0) + w2 + y©2)3. Dy = \J(x(0) = D)2 + y(D))3,

X(1) = x(1) +2y@1) —

and
x(0) = 0.994, y(0) =0,
x(0) =0, y(0) = —2.001585106379.
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The second order ODE can be transformed into an equivalent first order ODE letting
X1 I=X,X2:=Yy,x3:=X =X1,and x4 := y = X3:

X1(1) = x3(2),
X2(1) = x4(1),

() = x(0) + 20400 - p O MO 2R,

falt) = xa(t) — 2x3(t) — /:exj)(f) - u’“j)(:),

where

D1 = (@) + % + 22023, Da = \J((x1(0) — )2 + x2(0)2)%,
and

x1(0) = 0.994, x2(0) =0,
x3(0) = 0, x4(0) = —2.001585106379.

Figure 4.3 shows the components (x1(z), x2(z)) of the numerical solution, which
was obtained by the classic Runge-Kutta method on the interval [0,77] with
tr = 17.065216560158 and fixed step-size & = ty/N. Only for N = 10000 (or
larger values of N) the numerical solution coincides with the reference solution be-
low. For N = 10000 about 40000 evaluations of the right hand-side of the ODE
are necessary. The reference solution in Figure 4.4 has been obtained by a Runge—
Kutta method of order two that uses an automatic step-size selection strategy and only
requires 6368 function evaluations.

The example shows that a fairly small step-size is needed to obtain a sufficiently
good approximation, if a fixed step-size is used. The algorithm with automatic step-
size selection is much more efficient as it chooses appropriate step-sizes whose size
can be estimated by the distance of the points in the figure. m|

Common step-size selection strategies are based on numerical estimates of the lo-
cal discretization error with the aim to keep this error below a given tolerance. In
those regions, where the solution does not change dramatically, a comparatively large
step-size can be used. In those regions, where the solution changes substantially, a
comparatively small step-size has to be chosen in order to achieve a certain accuracy.

What ought an automatic step-size selection strategy be able to achieve? To answer
this, assume that a single step method has reached grid point z;. Furthermore, let &
be a suggested step-size for the next integration step. Then an automatic step-size
selection strategy should be able to achieve the following items:
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Figure 4.4. Reference solution with step-size selection.
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(1) With regard to the step from ¢; to t;+1 = t; + h with step-size 4 it has to be
decided whether # is acceptable. If so, then the integration step will be performed
with the underlying single-step method and step-size 4.

(2) If hisaccepted, then a new step-size hney for the next step from ;1 t0 t; 1 +/hnew
has to be suggested.

(3) If & is not accepted, then a new step-size hnew has to be suggested and the step
from #; to t; + hnew has to be repeated.

So-called embedded Runge—Kutta methods are used to achieve the above require-
ments. Two Runge-Kutta methods are called embedded, if they possess neighboring
order pandg = p+1or pandg = p—1 and if they differ only in the weight vector
b, but otherwise use the same vector ¢ and matrix A4 in the Butcher array.

An example is given by the following embedded method of order p(g) = 2(3):

0
1/4| 1/4

27/40| —189/800 729/800

214/891  1/33  650/891

—

RK

—

214/891 1/33  650/891 0O

RK2(533/2106 0  800/1053 —1/78

The computation of approximations n; 1 with RK1 and #;+; with RK2 for the same
step-size & is not expensive as the node vector ¢ and the matrix A coincide for both
methods and thus the stage approximations have to be computed only once.
Now let two Runge—Kutta methods of neighboring orders p and p + 1 and incre-
ment functions ® and @, respectively, be given.
Assume, the one-step method has reached ¢; with approximation z;.
Applying both methods in (¢;, z;) with step-size % yields approximations
nn=zi + h®(t, zi, h),
n = zi +h®(t,zi, h).
The local errors satisfy

y(ti +h) —np = C)h?* + O(hP*?),
y(ti +h) =iy = C@)h? > + O(P+3),
where y denotes the true solution of the IVP

F(l,y(l),_)}(l))ZO]an, )’([i)=Zi-
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Subtracting the second equation from the first yields

1
C(ti) = Pl (n — nn) + O(h).
This yields an estimate of the local error for the first method with lower order p:
y(ti +h) —np = (i — np) + ORPT2).

I's h acceptable?
If

err := ||, — nyll < tol

is satisfied for a user defined tolerance tol > 0, then the step-size / is considered to
be acceptable and the step is accepted.
If not, then £ needs to be adapted. With the above considerations we obtain

Y(ti + hnew) = iy = C(t)MEET + O (W2

- Nnew p+1 p+1 P42
= (Mp — nn) 7 + (D(hhnew )+ O(hnew )

for the step from ¢; t0 ¢; + hpew USING Step-size hneyw. Neglecting higher order terms
and forcing the local error to be less than or equal to a user-defined tolerance tol yields

- hnew p+1
175 — nall < tol

h

and finally, the new step-size has to satisfy

1
tol\ »+1

How to choose ke after a successful step?

For the step from ¢; 1 with approximation z; 1 t0 #;+1 + hnew it holds
y(ti+1 + hnew) - 7,]hnew = C(ti+1)hnpe_v|\—/1 + G(hnpej/_vz)

If C is differentiable, i.e. if ® is sufficiently smooth, then C(ti+1) = C(t; + h) =
C(t;) + O(h) and thus

Y(tit1 + hnew) = Ny = CE)MESY + O(hhEEY) + O (hEE?).
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Using a similar reasoning as above, we obtain again the step-size suggestion /ey ac-
cording to (4.28) .

Together with some additional technical details regarding scaling and security fac-
tors to prevent frequent step-size changes, we obtain the following step-size selection
algorithm that is specifically designed for the ODE initial value problem (4.3), com-
pare [300, p. 62].

Algorithm 4.4.2 (Automatic Step-Size Selection).

(0)
(1)
(@)

3)

(4)
®)

Initialization: t = 19, z = z¢. Choose initial step-size 4.
Ift +h>tp,seth =1 —1.

Starting with z, compute with RK; and RKj, respectively, approximations 7
andpats + h.

Compute err and ey according to

err = max u
i=1,...,nz Sk,'

with scaling factors sk; = atol + max(|»;|, |zi|) - rtol, absolute error tolerance
atol = 10~7, and relative error tolerance rtol = 10~7 (»;, #;, and z; denote the
components of 7, 7, and z, respectively), as well as

Binew = MiN(ctmax, MaX(emin, o - (1/ern) /APy p

With omax = 1.5, amin = 0.2, and « = 0.8.
If Zinew < hmin := 1078, STOP with error message.
If err < 1 (step is accepted):
(i) Setz =n,t =t + h.
(i) 1f |# — 5| < 1078, STOP with success.
(iii) Set h = hpew and go to (1).
If err > 1 (step is repeated): Set i = hpew and go to (2). m]

Specific automatic step-size selection algorithms for DAEs often require additional
safeguards taking into account different approximation orders of the differential and
algebraic state components, see [34,148,149,257]. Owing to the different approxima-
tion orders of differential and algebraic states, the error estimator needs to be scaled
by suitable powers of 4 for the different state components.
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4.5 Computation of Consistent Initial Values

The computation of consistent initial values for a given DAE is a pre-requisite for
solving boundary value problems and optimal control problems.

Several attempts have been made for consistent initialization of general DAEs,
see [9,38,54,84,106,118,136,151,197,249]. The main difficulty in the context of gen-
eral unstructured DAEs is to identify differential equations and algebraic constraints.
Once this has been achieved, most methods typically use projection methods.

We restrict the discussion to Hessenberg DAEs of order £ > 1 as in (1.39) in Def-
inition 1.1.15. Furthermore, in view of the subsequent Chapter 5 on discretization
methods for DAE optimal control problems, we assume that the control u in (1.39)
is parameterized (respectively discretized) by a finite dimensional vector w € R"»
leading to a functional relation of type u = u(z; w). Moreover, the control parameter-
ization u(¢; w) is supposed to be k — 1 times continuously differentiable with respect
to time r and w is supposed to be a fixed vector in the sequel:

x1(t) = fe, y@), x1(0), x2(0), ... xg2(0), Xk (1), u(t;W)),

XZ(Z) = fZ(t’ X1([), XZ(I)’ ERR) xk—Z([)v xk—l(t)’ u(t;u_J)),
(4.29)

X—1(t) = fe—1 (1, Xe—2(1), xg—1(1), u(t;w)),

Orny = g(t, Xg—1(1), u(t;w)).

Herein, the differential variable is x(¢) 1= (x1(¢),...,xk—1(t))" € R™ and the
algebraic variable is y(z) € R™».

According to Definition 1.1.18, a consistent initial value (x, y) := (x(t), y(f0))
for the Hessenberg DAE at 1 = ¢¢ has to satisfy not only the algebraic constraint but
also the hidden constraints

Orry = Gj(x,w)
= gD (tg, X1+ Rpy ulto: B). it(to: ). ....uD (t9:0))  (4.30)
forj =0,1,...,k—2,and
OR"y = Gk—l(.)j’ X, U_))
= g® D (10, 5. % ulto: ). 11 (to; ), . ... u®* D (to: 1)), (4.31)
compare (1.43)—(1.44).

Notice that only G_; depends on the algebraic variable y, while G;, j =0,...,
k — 2, do not depend on y. The matrix

d
5y Gl 08D = € O g O SO S0, (43)

compare (1.40), is supposed to be non-singular.
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45.1 Projection Method for Consistent Initial Values

A projection technique is used to compute a consistent initial value for a given (incon-
sistent) vector, compare [106, 107, 118]. To this end, consider the Hessenberg DAE
(4.29) and let (x, y) be an arbitrary (inconsistent) vector.

The computation of a consistent pair x := x(z) and y := y(fp) att = t¢ is
performed consecutively. Firstly, x is computed such that the hidden algebraic con-
straints (4.30) are satisfied. Secondly, y is computed such that (4.31) is satisfied for a
given x:

Algorithm 4.5.1 (Projection Algorithm for Consistent Initial Values).
(0) Consider the DAE (4.29). Let (x, y) be given.
(1) Solve the constrained least-squares problem LSQ(x, w):
Minimize
1 =12
51 =%l
with respect to x € R”~ subject to the constraints
Gji(x,w) =0rny, j=0,....k—2.
Let Xo(x, w) denote the solution of the least-squares problem LSQ(x, w).
(2) Solve the nonlinear equation
Gr—1(y, Xo(x, w), w) = Ogny
with respect to y. Let Yo (x, w) denote the solution.
(iv) Use x = Xo(x,w) and y = Yo(X,w) as consistent initial value for (4.29) at
to. O
The least-squares problem LSQ(x, w) in step (1) is a parametric nonlinear opti-
mization problem with parameters x and w entering the problem. Under certain reg-
ularity assumptions, see Theorem 6.1.4 in Section 6.1.1, it can be shown that the so-
lution X (x, w) depends continuously differentiable on the parameters x and w and
the sensitivities X()’x()‘c, w) and X, (X, w) can be computed by solving the linear
system (6.3) in Theorem 6.1.4.
As the Jacobian matrix in (4.32) is supposed to be non-singular, by the implicit
function theorem there exists a function ¥ : R”x x R"» — R"» with
Gk—l(Y(xv w)7 X, w) = O]Rﬂy
for all (x, w) in some neighborhood of (X, (x, w), w). Differentiation with respect to
x and w and exploitation of the non-singularity of G, _, y yields

Y)é(x7 U)) = _G]/(_l,y(y7x’ w)_lG]/(—l,x(y’ X, U)),

Y, (x,w) = —G,’c_lyy(y,x, w)_lG,'C_Lw (v, x,w)
at y = Y(x, w) in this neighborhood.
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Differentiation of Yy (x, w) := Y(Xo(x, w), w) with respect to x and w yields
Yg. (X, W) = Y (Xo(X, ), D) - Xg (¥, ),
Y50 (¥, 0) = Yi(Xo(¥, W), 0) - Xg 4, (¥, 0) + ¥y, (Xo (¥, @), 0).

Hence, Algorithm 4.5.1 not only provides the consistent initial value (Xo(x, w),
Yo(x,w)) for the Hessenberg DAE (4.29), but, by the sensitivity analysis outlined
above, it also provides the derivatives

’ I / ’
XO,x’ XO,w’ YO,x? YO,w'

The projection algorithm 4.5.1 can be extended to general DAEs (4.1), provided
it is possible to identify the algebraic constraints and the hidden constraints. Hence,
from now on it is tacitly assumed that there exists a method to compute a consistent
initial value Zy(z, w) for the general DAE (4.1) for given initial guess z and control
parameterization w. The function Zy is assumed to be at least continuously differen-
tiable.

452 Consistent Initial Valuesvia Relaxation

A relaxation approach was suggested in [289] for DAE boundary value problems.
Instead of projecting inconsistent initial values onto algebraic constraints, the idea is
to modify the algebraic constraints in such a way that the modified constraints become
consistent for given initial values. Hence, not the initial value is changed, but the DAE
itself is changed.

Theorem 45.2. Let X = (X1....,%Xk—1) ' € R” and y € R™ bearbitrary vectors.
Then x(tp) := x and y(¢p) := y are consistent with the relaxed Hessenberg DAE
of order k defined by

XI(Z) = fl(tv y(l), X](Z), XZ(Z)’ B xk—Z([)’ Xk_l(l), U(Z,II))),

XZ(Z) = f2(t» xl(t)’ XZ(I), e xk—2([)v )Ck_l(t), M(I,II))),
: (4.33)
Xk—1() = fr—1(, Xg—2(1), Xp—1(1), u(t; w)),
Orny = grel(t, Xp—1(2), u(t;w)).
with
& —10)
gt 1 (0.1t D)) = gt vy (. u(: D) — Y 0 (3. )
j=0 7
_ k—1
— &Gk_l(y‘,i,u‘)). (4.34)

k —1)!
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Proof. The hidden constraints of the relaxed algebraic constraint (4.34) evaluated at
t = to, X, and y compute to

d’ _ o o :
Wgrg(t,xk_l(t),u(t; w)) = Gj(x,w) —Gj(x,w) =0rry, j=0,...,k—=2,
dk—l

—per gl Xie—1 (1), u(t:10)) = Gpe—y (7, %, 0) = G (3, ¥, ) = Ogey.

Hence, (x, y) is consistent. a

Typically, the relaxation approach is used within some superordinate iterative algo-
rithm like the multiple shooting method, which requires to solve many initial value
problems. The advantage of the relaxation approach is that time consuming projec-
tion onto algebraic constraints in order to achieve consistency is not necessary in each
iteration of the superordinate algorithm. There is a downside, though.

Apparently solutions of (4.29) and (4.33) do not coincide, if (x, y) is not consistent,
since different DAEs are solved. Hence, consistency of (x, y) has to be enforced by
adding the equality constraints

G;(%.0) =Omny, j =0.....k =2, Gp_y(J.%. W) = Ogny (4.35)

to the superordinate algorithm in order to ensure consistency at least in a solution of
the algorithm, but not necessarily at intermediate steps. So, the difficulty of comput-
ing consistent initial values is not solved by the relaxation, but it is shifted to another
level. It depends on the superordinate algorithm how it deals with these constraints.
For instance, if the superordinate algorithm is an optimization algorithm, then the
constraints (4.35) can be added simply to the problem formulation. If the superordi-
nate algorithm is a multiple shooting algorithm, then the constraint violation can be
minimized using a Gauss—Newton algorithm, see [289] for details.

Remark 4.5.3.

(@) The term Gi_1(y, X, w) in (4.34) can be omitted, if a consistent algebraic vari-
able y for a given x is computed by solving equation (4.31) for y.

(b) Consistent initial values for the differential components of the so-called sensi-
tivity DAE associated with the relaxed DAE (4.33), see Subsections 4.6.1 and
5.3.1, are given by

ox(t;x, w
S*(tp) := ﬁ = (In, On,xny)- o
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4.6 Shooting Techniquesfor Boundary Value Problems

The knowledge of necessary conditions in terms of a minimum principle for optimal
control problems subject to state and/or control constraints gives rise to the indirect
approach. The indirect approach attempts to exploit the minimum principle and usu-
ally results in a boundary value problem for the state and adjoint variables.

Example 4.6.1. Evaluation of the local minimum principle in Theorem 3.1.11 with
U = R™ yields the two-point DAE boundary value problem

X(1) = f(t.x(0), y(0).u()),

Ay (6) = =5 (1, x (1), y (1), u(t), Ay (1), g (1), L) T

Oy = g(t,x(1)),

Omny = Hy (1, x(0), y (1), u(t), A (1), Ag (1), £0) T,

O = Hy (1, x (1), (), u(0), Ap(t), Ag (1), Lo) T,

Ognw = Y (x(t0). x(ty)).
Ap(to) T = —(Logly, (x(10). x(t5)) + 0 Yy (x(t0). X (1)) + ¢ &% (t0. £(10))).
Mip)T = Logl, (x(t0). x(tp)) + 0 Ty, (x(t0). x(if)).

Herein, y, A¢, and u are algebraic variables and x, A, are differential variables. A
particular example for the pendulum is given in Example 4.6.5. |

We consider

Problem 4.6.2 (Two-Point DAE Boundary Value Problem). Let J := [fg.77] C R be
acompact interval with 7o < 77, f : d X R"* xR — R"¥, g : f x R"* xR"™ —
R™,and r : R"x x R"* — R pe sufficiently smooth functions. Find a solution
(x, y) of the boundary value problem

X(t) = f(t,x(1),y(@)),
Orny = g(t,x(2), y(1)),
ORnx = r(X(f()), )C([f))
in the interval J. o

If state or control constraints are present in the optimal control problem, then addi-
tional interior point conditions at unknown switching points occur and the necessary
optimality conditions lead to a multi-point point boundary value problem. By the
same transformation techniques as in Section 1.2, multi-point boundary value prob-
lems can be transformed to equivalent two-point boundary value problems.
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4.6.1 Single Shooting Method using Projections

Consider the two-point boundary value problem 4.6.2. The single shooting method
is based on the repeated solution of initial value problems for different initial values.
The initial values are iteratively updated until the boundary conditions are satisfied,
see Figure 4.5.

x(tp; @)

y(trin®)

to lf

Figure 4.5. Idea of the single shooting method: Repeated solution of initial value problems
with different initial values n®). The solution of the boundary value problem is colored red.

In the sequel, we assume that a procedure for the computation of a consistent initial
value for the DAE in Problem 4.6.2 is available. More specifically, the method needs
to be able to provide a consistent initial value x(z9) = Xo(n) and y(to) = Yo(n)
for a given estimate n € R”~ of the differential component x(z9). The mappings
Xo and Yy are supposed to be continuously differentiable. The projection method in
Section 4.5.1 can be used to realize X and Y, for Hessenberg DAEs.

For a given estimate n € R~ let x(z; Xo(n)) and y(¢; Yo(n)) denote the solution

of the initial value problem
X(t) = f(t,x(1). y(@)), x(t0) = Xo(n),
Orny = g(1,x(1), y(1)),  y(t0) = Yo(n)
ond.
In order to satisfy the boundary condition, »n has to be chosen such that
T(n) := r(x(t0; Xo(n), x(tr; Xo(n))
= r(Xo(n), x(tr: Xo(n)))
= Opnx. (4.36)
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Equation (4.36) is a nonlinear equation for n and application of Newton’s method
yields

Algorithm 4.6.3 (Single Shooting Method using Projections).
(0) Choose n® e R~ and set i := 0.
(1) Compute the projections Xo(7®) and Yo (7n®) and solve the initial value prob-
lem

X() = f(t,x(0),y@),  x(to) = Xo(n®),
Orny = g(t.x(1).y(1)),  y(to) = Yo(n®)

on dJ.
Compute 7'(n?) and the Jacobian matrix

T'(n®) = ri, 191 Xo0@) + i, nD] - S¥ (1),
where
rron®1 = i Xo®). x(t7: Xo (1)),
ri 1= 1, (Xo (). x(ty: Xo (),
ax :
S¥(ty) 1= 5 Xo ().
2) 1f T(n®) = Ognx, STOP.
(3) Compute the Newton direction 4 @) from the linear equation
' )d = -1(n®).
(4) Set pt+D =@ 4 4@ ; =i 4+ 1,and go to (1). o
The derivative 77(n®) in step (1) of Algorithm 4.6.3 can be computed as follows:
(i) Finite difference approximation:
oT

LINNOIN T(n® + hej) = T(nV)
n; h

El

with the j-th unity vector e; € R"~x.
(ii) Sensitivity DAE: Formal differentiation of the DAE in 4 with respect to n yields
the linear matrix DAE

S*() = fLS¥ (1) + £I1SY (). S*(t0) = XH(nD),
Ogny>xnx = g;c[t]Sx(t) + g;[l‘]Sy(t), Sy(lo) = Y(;(r’(i))
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for the sensitivities
ox : 9 .
S*(@) == —(t; XO(U(I))), V(1) = _y([; YO(TI(I))),
an an

where the derivatives of f and g are evaluated at x(r; Xo(n®)) and
y(t: Yo(n®)).

The finite difference approach in (i) requires to solve n, + 1 nonlinear DAE initial
value problems, while the sensitivity DAE in (ii) requires to solve one nonlinear DAE
initial value problem and n, linear DAE initial value problems. Hence, the sensitivity
DAE approach can be considered to be more efficient.

Since the single shooting method in Algorithm 4.6.3 essentially is Newton’s method
applied to the nonlinear equation 7'(n) = Ognx, the well-known convergence results
of Newton’s method hold and one can expect a locally superlinear convergence rate,
if T'(#) is non-singular in a zero # of T, and a locally quadratic convergence rate, if
in addition 7"’ is locally Lipschitz continuous in 7.

The Jacobian 7”(n®) in step (1) is non-singular, if the matrix

ro 1+ 8% (t0) + i, 1 V] - S¥ (1)

is non-singular. The non-singularity of this matrix is closely related to the regularity
condition of Mangasarian—Fromowitz for optimal control problems in Lemma 3.1.12!
We consider a simple example with an ODE.

Example 4.6.4. Consider the following optimal control problem:
Minimize
5 2 1 ! 2 3
~(x(1)—=1)"+ = u(t)” + x(t)°dt
2 2 Jo
subject to
x@)=u()—r(t), x@0)=4

with r(z) = 15exp(—21).

The minimum principle leads to the boundary value problem
x(@) =—-A@)—r(), x(0) —4 =0,
: 3
At) = —Ex(t)z, A1) =5(x(1)—1) =0.

The single shooting method in Algorithm 4.6.3 is applied with initial guess
n© := (4,—5)T and yields the output in Figure 4.6.
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ITER
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.1365880904004445E+03
.4463547394101207E+02
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.7013694189715319E+01
.1805812051907271E+01
.2290634287968683E+00
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.4796163466380676E-13
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0 0.2 0.4 0.6 0.8

FINAL L2 NORM OF THE RESIDUALS
0.4796163466380676E-13

FINAL APPROXIMATE SOLUTION
0.4000000000000000E+01
-0.1260067289470856E+00

Figure 4.6. Output of Newton method in single shooting method: State x (top left), adjoint
A = —u (top right), and norm ||7 () || for iterations i = 0, ..., 10 of the method (bottom).

O

Example 4.6.5. We apply the local minimum principle in Theorem 3.1.11 to the fol-
lowing index-two DAE optimal control problem:

3
/ u(r)?de
0

Minimize

subject to the constraints

and

x1(1) = x3(2) — 2x1(2) y2(1),

X2(1) = x4(t) — 2x2(1) y2(2),

X3(1) = —2x1 (1) y1(2) + u(t)x2(7),

X4(t) = —g — 2x2(0) y1 (1) —u(t)x1 (1),
0 = x1(1)x3(r) + x2(1)xa(2),
0=x1()> + x2(1)* — 1.

¥ (x(0), x(3)) := (x1(0) — 1, x2(0), x3(0), x4(0), x1(3), x3(3)) " = Ope.

(4.37)
(4.38)
(4.39)
(4.40)
(4.41)
(4.42)

(4.43)



200 Chapter 4 Discretization Methods for ODEs and DAES

Herein ¢ = 9.81 denotes acceleration due to gravity. The control u is not restricted
and U = R. With x = (x1,x2,x3,x4) T, y = (y1.y2) T, fo(u) = u?, and

F(x,p u) = (x3 — 2X1y2, X4 — 2X22, —2X1 V1 + Uxa, —g — 2X2y1 — UX1) |,
g(x) = (x1x3 + x2x4,x% + X§ — 1)T

the problem has the structure of Problem 3.1.1. The matrix

0 —2)61

’ / _ X3 X4 X1 X2 0 —2x2
&@)ﬁw”m_(mlmzoo) 2x; 0
—ZXZ 0

_ —2(x% + x%) —2(x1x3 + X2X4)
- 0 —4(x? 4 x2)

(-2 0
“\ o —4
is non-singular in a local minimum, hence, the DAE has index two and Assump-

tion 3.1.5 is satisfied. The remaining assumptions of Theorem 3.1.11 are satisfied as
well and necessarily there exist functions

Af = (A’f,lka,27kf,3ka,4)T € W14;oo([0, 3])7 Ag = (Ag,l»kg,Z)T € Lgo([ov 3])7

and vectors ¢ = (¢1,&)" and 0 = (01,....06) " such that the adjoint equations
(3.22)—(3.23), the transversality conditions (3.24)—(3.25), and the optimality condition
(3.26) are satisfied. The Hamilton function is given by

H(x,y.u,Ar,Ag, Lo)
= Lou” + A1 (X3 —2x1Y2) + Asa (X4 — 2x2)2)
+ Ag3 (=2x1y1 +ux2) + Agg (—g — 2x2y1 —ux1)
+ Ag1(—gx2 = 2y1(x] 4 X3) + x5 + x7 — 2y2(x1x3 + x2x4))
+ Ag2(2(x1X3 + X2x4) — 4y2(xT + x3)).
In the sequel we assume £¢ = 1. Then the stationarity condition (3.26) yields

_ Agax1i—Agzxp

5 (4.44)

0=2u+Ag3xo—Arax1y = u
The transversality conditions (3.24)—(3.25) are given by

Af(O) = (_01 - 2(25 —02,—03 — é‘lﬂ _04)T ) A'f(3) = (GS,O,Gé,O)T .
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The adjoint equations (3.22)—(3.23) yield

Ari=2(Ar1y2 + Arayi) + Apqu

—Ag1 (—4y1x1 —2y2x3) — Ag 2 (2x3 — 8y2x1), (4.45)

Apa =2(Apay2 + Arayi) — Agsu
—Ag1 (=g —4y1x2 —2y2x4) — Ag 2 (2x4 — 8y2x2), (4.46)
Aps = —dp1— Ag1 (263 — 2x1y2) — 2Ag 21, (4.47)
Arg=—Apy—Ag1 (2xs — 2x2y2) — 2Ag 22, (4.48)
0=—-2(Ar3x1 + Araxz + Ag1(x] +x3)). (4.49)

0=-2 (Aﬁlxl + Xf,ZXQ + Ag,l(x1x3 + X2)C4) + Z)ngz(x% + X% ) . (4.50)

Notice that consistent initial values for A4 1(0) and A4 »(0) could be calculated from
(4.49)-(4.50) and (4.41)—(4.42) by

—)Lﬁlxl — )LﬁZX2
) .

The differential equations (4.37)—(4.42) and (4.45)—(4.50) with u replaced by (4.44)

together with the boundary conditions (4.43) and A7>(3) = 0, Az4(3) = 0 form a

two point boundary value problem (BVP). Notice that the DAE system has index-one

constraints (4.49)—(4.50) for A, as well as index-two constraints (4.41)—(4.42) for y.
The BVP is solved numerically by the single shooting method.

Ag,l = —)tf,3X1 —/\f,4X2, /\g,z =

1 ‘ 0 3

08 | :

\ 0.2 2

06 | :

04 | 0.4 1 // \\
s % \ g 06 \ ~ ERREAN / \
X oal \\ / | X \ /\ R \ /

AN/ R R VA :
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Figure 4.7. Numerical solution of BVP resulting from the minimum principle: Differential
state x(¢) and algebraic state y(¢) for ¢ € [0, 3].
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Figure 4.8. Numerical solution of BVP resulting from the minimum principle: Adjoint vari-
ables A7 (¢) and Ag(¢) for ¢ € [0, 3].
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Figure 4.9. Numerical solution of BVP resulting from the minimum principle: Control u(z)

fort €0, 3].

The sensitivity DAE is used to compute the Jacobian. Figures 4.7-4.9 show the
numerical solution obtained from Newton’s method. Notice that the initial conditions
in (4.43) and the algebraic equations (4.41) and (4.42) contain redundant information.
Hence, the multipliers o and ¢ are not unique, e.g. one may set { = Or2. In order to
obtain unique multipliers, one could dispense with the first and third initial condition

in (4.43), since these are determined by (4.41) and (4.42).

Finally, the output of Newton’s method is depicted.

ITER

L2 NORM OF RESIDUALS

W N - O

0.4328974468004262E+01
0.4240642504525387E+01
0.4193829901526831E+01
0.4144234257066851E+01

FINAL L2 NORM OF THE RESIDUALS
0.3975362397848623E-10

FINAL APPROXIMATE SOLUTION (SIGMA1-4)
0.1520606630397864E+02
-0.1310630040572912E+02
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4 0.4112295471233999E+01 0.1962000001208976E+02
5 0.4044231539950495E+01 -0.2769958914561794E+00
29 0.1478490489094870E-06
30 0.4656214333457540E-08
31 0.3079526214273727E-09
32 0.1222130887100730E-09
33 0.1222130887100730E-09
34 0.4512679350279913E-10
35 0.4512679350279913E-10
36 0.3975362397848623E-10

4.6.2 Single Shooting Method using Relaxations

If it is not possible or too expensive to use projections onto consistent initial values,
then alternatively the relaxation approach in Section 4.5.2 can be exploited to solve
the boundary value problem 4.6.2, compare [289].

To this end, we assume that a relaxation procedure is available that relaxes the
algebraic constraint in Problem 4.6.2 in such a way that arbitrary pu, € R”~ and
wy € R™ become consistent for the relaxed DAE

Orny = grei(t, x(1), y(t)), te€d.

For Hessenberg DAES the relaxation in (4.33) can be used.
For a given estimate u := (uyx, ity) | € R let x(¢; 1) and y(¢; i) denote the
solution of the initial value problem

X(1) = f(t.x(@), y(1)).  x(t0) = pux,
OR”»" = grel(t’x(t)a y(t))v y(to) = MKy

ond.
In order to satisfy the boundary condition, w has to fulfill the nonlinear equation

T (1) = r(px. x(tr; 1)) = Ognx.

But solving this equation is not sufficient to solve the boundary value problem 4.6.2,
because a solution /& with 7'(ft) = O is in general not consistent with the original
DAE. Hence, consistency has to be enforced by additional measures. For the Hessen-
berg DAE (4.29) with hidden algebraic constraints (4.30) and (4.31) and its relaxation
(4.33) enforcing consistency can be approached by solving the following constrained
optimization problem:

Minimize
k—2

J() =D NG () 1> + Gty )11
J=0
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with respect to . € R~ 17> subject to the constraint
T (1) = Ogox.

This optimization problem can be solved by, e.g., the SQP method in Section 5.2.2.
But recall that a solution /i of the above optimization problem solves the boundary
value problem 4.6.2 only if J(&i) = 0, otherwise /& is not consistent. Hence, a global
minimum is sought, but SQP methods — depending on the initial guess — are likely to
end in a local minimum only.

4.6.3 Multiple Shooting Method

The single shooting method in Section 4.6.1 occasionally suffers from instability prob-
lems. In the worst case, it might even not be possible to solve the initial value problem
for a given initial guess »¥) on the whole interval J.

The multiple shooting method tries to circumvent this difficulty by introducing in-
termediate shooting nodes

fo<Il1 <+ <IN-1<IN=If

and solving initial value problems on each subinterval [¢;,7;+4], j =0,1,...,N —1,
with initial values n;, j = 0,1,...,N — 1, given at each time point ¢;,
j=0,1,...,N—1.

The number and position of required shooting nodes depend on the problem.

xa(t:m2)
x1(t:m1) ya(t;m) |
|

yi(tini)

xo(7:n0)
yo(t:no)

Y

Figure 4.10. Idea of the multiple shooting method: Subsequent solution of initial value prob-
lems on subintervals.
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As in Section 4.6.1 we make use of the procedure for the computation of a consis-
tent initial value for the DAE in Problem 4.6.2 by means of the functions X¢(-) and
Yo(-). In the multiple shooting approach each of the values n;, j = 0,1,...,N — 1,
needs to be projected onto a consistent initial value before integration can take place.

As indicated in Figure 4.10, the initial value problem

X(1) = f@t,x@), y(), x(t) = Xo(n;),
Orny = g(t,x(2), y(1)),  y(t;) = Yo(n;)

has to be solved in each subinterval d; := [¢;.¢;+1), j =0,...,N — .
Let x;(t; Xo(n;)) and y; (¢; Yo(n;)) denote the solution in d;. The composite func-
tions

x(t: Xo(no). - .., Xo(nn-1))
. xj(t: Xo(n))), ifredj, j=0,....,N—1,
B {XN—l(lN;Xo(UN—l)), ift =1y,
y(:Yo(mo). ... Yo(nn-1))
yi(t:Yo(n))), ifred;, j=0,...,N—1,
{yN—l(tN§Y0(77N—1)): ifr =1

have to satisfy the boundary conditions and continuity conditions for the differential
states at the shooting nodes:

xo(t1; Xo(n0)) —m
x1(t2; Xo(n1)) — n2
T(o,....nN-1) = : = Ognay.  (4.51)
xN—2(tN—1; Xo(nN—-2)) — N1
r(Xo(n0), xN—1(tn; Xo(NN-1)))
Equation (4.51) is again a nonlinear equation for the function 7' in the variable
n = (Mo,....nnN—1)| € R¥"x_ The single shooting method arises as a special
case for N = 1. Note that ;, j = 1,..., N — 1, are consistent in a zero  of T
because of the continuity conditions.
The dimension of the nonlinear equation (4.51) grows with the number of shooting
nodes. The Jacobian 7’(n), however, exhibits a sparse structure, which should be
exploited in numerical computations:

S())C(tl) _Inx

Sf (t2) _Inx
T'(n) = : . (4.52)
, S]{l_z(lN—l) —1In,
A-Xy(10) B-S{_y(tw)
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with
x an .
Si(tj+1) := —an.(lj+1§X0('7j))7 j=01,...,N—1,
J

A=y (Xo(n0), xn—1(tn: Xo(n-1))).
B :=r; (Xo(o), xn-1(tn: Xo(nn—1)))-

Application of Newton’s method to the nonlinear equation (4.51) yields

Algorithm 4.6.6 (Multiple Shooting Method).
(0) Choose an initial guess @ = (7%, ..., n® )T € RN~ and set i := 0.
(1) For j =0,..., N — 1 solve the initial value problems
B =[x 0.0 xi) = Xo(n)
Opmy = g(t.x;(0).y;(0).  yj(t) = Yo(n'")
and the sensitivity DAEs
SF(0) = fUNSF@) + £ (). SF¥(t7) = X,
Oy ny = gL [11ST (1) + g3 1187 (0). 2() = Yo'

in 4;, where the derivatives of f and g are evaluated at x; and y,.
Compute T'(n?) and 7' (n®) according to (4.51) and (4.52), respectively.

() f T(nY) = Ogn-ny, STOP.

(3) Compute the Newton direction 4@ from the linear equation
T'n")d = -T(®).
(4) Set pU+D .= @ 4 4@ ;.= 41, and goto (1). O
Example 4.6.7. Consider again Example 4.6.4 and the boundary value problem
x(t) = =A(@) —r(1), x(0)—4=0,
A@t) = —%x([)z, A1) =5(x(1)=1) = 0.

The multiple shooting method in Algorithm 4.6.6 is applied with N = 5 and initial
guess n}(p) = (4,-5)T,j =0,...,4. Ityields the output in Figure 4.11.
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State 1 vs time State 2 vs time
4 0
35 \\ -0.5 \
S\ I\
_ s A
o 5 \ o \
5] N T
2 \ 52
15 \
. \\ 25 \
05 S -3 \
0 \‘h-——_—-—“' a5
0 0.2 0.4 0.6 0.8 1 o 0.2 0.4 0.6 0.8 1
t t
ITER L2 NORM OF T(ETA)
FINAL L2 NORM OF THE RESIDUALS
0 0.3106E+02 0.1044053732357497E-11
1 0.1099E+02
2 0.2869E+01
3 0.3732E+00 FINAL APPROXIMATE SOLUTION
4 0.7544E-02 0.4000000000000000E+01
5 0.3530E-05 -0.1260066114013076E+00
6 0.1044E-11 0.1861143297606159E+01

-0.2605573076115534E+01
0.7891680325046858E+00
-0.3111928004046596E+01
0.3114814172994038E+00
-0.3196300177167728E+01
0.2079390985650282E+00
-0.3213118469008610E+01

Figure 4.11. Output of Newton method in multiple shooting method: State x (top left), adjoint
A = —u (top right), and norm ||7'(y®)]| for iterations i = 0, ..., 6 of the method (bottom).
m|

Various other numerical solution approaches for boundary value problems are avail-
able, e.g. finite difference methods, collocation methods, and finite element methods.
Details can be found in [13,298]. Detailed descriptions on boundary value solvers for
DAEs can be found in [15, 181,182,187, 191,192, 299]. Multiple shooting methods
and particularly the implementations MUMUS, see [157], and BNDSCO, see [246],
have shown their capability in several practical applications from optimal control.

Remark 4.6.8.

(&) The damped Newton method can be used to extend the radius of convergence of
the Newton method. To this end, a step-size «; > 0 is introduced in

pttD =@ 4 4,d®D i =01,2,....

The step-size can be obtained by one-dimensional (approximate) minimization
of the function

1 . .
¢@) = ZIT® +ad D)3,
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(b) Instead of using the true Jacobian matrix 7”(n®)), whose computation is costly
as the sensitivity DAE has to be solved, one can replace it in iteration i by a
matrix J;, which is updated by a Broyden rank-1 update:

(z—Jid)d T
dvd

(c) A substantial problem in solving the boundary value problem resulting from
an optimal control problem should not be underestimated: A sufficiently good
initial guess of the switching structure (sequence of active, inactive, and singular
arcs) and the state and adjoint variables at the shooting nodes is required.

There is no general rule on how to obtain such an initial guess. Often, homo-
topy methods are used, for which a sequence of neighboring problems is solved
depending on a homotopy parameter.

The direct discretization methods in Chapter 5 can be used alternatively to com-
pute a sufficiently good approximation, which is then refined by indirect meth-
ods. m|

Jiq1:=Ji + , d = n(iH) — r](i), z = T(r](H'l)) — T(n(i)).

4.7 EXxercises

Exercise4.7.1. Verify that z;(t) = t> —t cost + sint, z5(t) = —t + cost solve the

linear DAE
1t z1(1) n 00 z1(1) . t -0
00 )\ 2() 11 )\ 20 sing ) ~ R*
What happens if the implicit Euler method is applied to the DAE?

Exercise4.7.2 (compare [34]). Letc € R, ¢ # —1, be aconstant and 1 (-) and u5(-)
sufficiently smooth functions. Consider the DAE

et (2100) 01+c) (20 _(m®)_,
(o 0)(2'2([))+(1 ct )(zz(l))_(uz(t))_ R2:

(a) Compute the solution of the DAE for given ¢, u(-), and us(-).

(b) Find the perturbation index and the differentiation index on a compact interval
[fo. tr] With 79 < 1.

(c) Letuq(r) = exp(—t) and u,(¢) = 0. Investigate the limit of the solution z; (¢)
and z,(t) in () as t — oo.
Apply the implicit Euler method with step-size & > 0 for the grid points; = ik,

i € Ny, and investigate the limit of the numerical solution z;; ~ z;(#;) and
Z2,; &~ z2(t;) asi — oo depending on the constant c.
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Exercise4.7.3 (Solvability of Implicit Runge—Kutta Methods for Explicit ODEs). Let
f i lto.tr] x R"*> — Rz, (t,z) — f(t, z), be Lipschitz continuous with respect to
z with Lipschitz constant L.

(a) Show that there exists /¢ > 0 such that the equation
z=x+hf(t, z)

possesses a unique solution for all x € R", all 7o <7 < ty,andall 0 < i < hyo.

(b) Letconstantsc; € Randa;; e Rforl <i,j <sands e N be given. Show
that there exists 4o > 0 such that the nonlinear equations

s
kiZf(l—f-Cih,X—f-hZaijkj), i=1,...,s,
j=1

possess a unique solution k = (k1,...,ks) forall x € R", all to <t < t¢, and
all 0 < h < hy.

Exercise4.7.4. Consider the initial value problem (4.3), where f : RxR"z — R"=
is continuous and has continuous and bounded partial derivatives up to order three.

Use Taylor expansion of the local discretization error to show that the Runge—Kutta
method

h
Zi4+1 =2z + g (k1 + 4ky + k3),
kl = f(tivzi)»
h h
ko= f (ti +oazit Ekl) :
ks = f (ti +h,zi — hky + 2hk3)
has order of consistency three.

Exercise 4.7.5 (Collocation and Implicit Runge—Kutta Method). The idea of the col-
location method for the solution of the initial value problem (4.3) is to construct for
the integration step ; — t;+1 a polynomial p : [t;,ti+1] — R"™ of maximum
degree s, which satisfies the following conditions:

p(ti) = zi,
p(tx) = f(te, p(ti)), k=1,....s,

wheret; <11 < 1 <---75 < tj41 are given collocation points. As an approximation
of z(¢;4+1) at z;+1 one uses the value z; +1 := p(ti+1).

Show that the collocation method with s = 2, 1y = ¢;, and tp = t; 41 actually is
an implicit Runge—Kutta method (the implicit trapezoidal rule).
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Exercise 4.7.6. Let d = [to.17], to < 17, A € LE"*(), B € Loz ™ (4), C €
L2277 (d), and D e L22™" () with D non-singular and D~ € L™ () be
given.
Consider the linear index-one DAE
X(1) = A()x(t) + B(1)y (1),
OR"y = C([)X(l) + D(t)y([)
(a) Apply the implicit Euler method to the DAE and find the increment function.
(b) Show that the implicit Euler method is consistent of order one.
(c) Show that the implicit Euler method is convergent of order one.
Exercise4.7.7. Implement Algorithm 4.4.2 and test it for the initial value problem in
Example 4.4.1. Use the embedded Runge—-Kutta method of order p(g) = 2(3) given
by the following Butcher array:
0
1/4 1/4
27/40|—189/800 729/800
214/891  1/33  650/891

—

RK

—

214/891  1/33  650/891 0

RK2533/2106 0 800/1053 —1/78
Exercise 4.7.8. Consider the parametric initial value problem
(1) = f(t.z(t), p),  z(to) = Zo(p).

Let Zy : R"» — R"= be continuous and let f : [tg,27] x R"> x R"» — R"z
satisfy the Lipschitz condition

£z, 21, p1) = f(t, 22, p2)Il < L ([lz1 — 22/l + | p1 — p2ID)

forallr e [l(),lf], z1,29 € R"z, P1, P2 € R”»,
Prove that the solution z(z; p) depends continuously on p forall z € [t t¢], that is

lim z(t: p) = z(¢t; p) forallt € [tg.t7], p € R"7.
p—>p

If Z is even Lipschitz continuous, then there is a constant S with

lz(t; p1) —z(t: p2)| < Slip1 — p2ll forallz € [to,t7], p1.p2 € R"”.
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Exercise4.7.9. Prove an analog statement as in Exercise 4.7.8 for Hessenberg DAEs
(1.39) in Definition 1.1.15.
Hint: Use the implicit function theorem and Gronwall’s lemma.

Exercise 4.7.10. Consider the parametric initial value problem

z(t) = f(t.2(1), p).  z(to) = Zo(p).

Let Zp : R" — R"z and f : [fo.1r] x R"z x R"» — R"= be continuous with
continuous partial derivatives with respect to z and p. Let z(¢; p) denote the solution
for a given parameter p.
Prove that the sensitivity S(¢) := azg_;;p) exists and satisfies the sensitivity differen-
tial equation
S(to) = Zy(p).
S'(t) = f;(t.z(t: p). p) - S(t) + fp(t.2(t: p), p).
Exercise 4.7.11 (Sensitivity Analysis using Sensitivity Equation). Let f : [to, 7] X
R"z x R"? — R"z and Z, : R”» — Rz be sufficiently smooth functions and
z(to) = Zo(p),
z(t) = f@t,z(1), p). 1€ to.1r],
a parametric initial value problem with solution z (z; p).
(a) Write a program that solves the initial value problem and the sensitivity ODE

S(to) = Zo(p),
S(t) = fl(t.2(t; p). p) - S(t) + fo(t.2(t: p). p). 1 € [to.17],

simultaneously for the classic 4-stage Runge—Kutta method with Butcher array

0
1/2]1/2

1/2| 0 1/2
1o o 1

[1/6 1/3 1/3 1/6
(b) Use (a) to compute the derivative
d
E‘P(Z(tf’]?)ap)-

of the function ¢ : R"?2 x R"? — R, (z, p) > ¢(z, p).
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Test the program for [z, 1¢] = [0, 10], step-size h = 0.1, ¢(z1,z2) := 72 — 13,
and

z1(0) = p1,
22(0) = pa,
z1(t) = z2(2),

2(1) = =L sinz (1)
Da
with p; = %,pz =0,p3 =981,p4 = 1.

Exercise 4.7.12. The class of the so-called s-stage SDIRK methods (singly diago-
nally implicit Runge-Kutta method) for the DAE

F(t,z(¢),2(t)) = Ogrnz

is defined by the Butcher array

Yiv

calaz1 Y

Csldgl "+ s s—1 YV
bl bs—l bs

Starting from z; ~ z(#;) € R”z, the integration step t; —> t; + & requires to solve
the n, - s-dimensional nonlinear equation

F(t,‘ —}—th,Zi(ﬁ_)l,kg) = ORnz, L=1,...,s,

where

-1

9 =z +h(ykg + Zazjk,-), C=1,....5
j=1

Formulate an algorithm using Newton’s method, which only requires to solve n -
dimensional nonlinear equations. Why is the algorithm particularly efficient for the
simplified Newton method, which works with a fixed Jacobian matrix?

Exercise4.7.13. The motion of a ball subject to a linear spring force, linear damping,
and an external force F(¢) obeys the second order differential equation

mx(t) +dx(t) 4+ cx(t) = F(1),

where ¢ > 0, d > 0, and m > 0 are constants, compare figure. Boundary values are
given by x(0) = x¢ and x(b) = xp.
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(a) Discuss the solvability of the boundary value problem form = d = ¢ = 1 and
F(t) = 0 with respect to b, x¢, xp.

(b) Consider the initial value problem
X@)+x@)+x@) =0, x(0)=1, x(0)=8.

Formulate an equation r(8) = 0, such that the solution of the initial value
problem (as a function of 8) solves the boundary value problem for b = 1,
xo = xp = L.

(c) Apply Newton’s method to solve the equation r(8) = 0 in (b).

Exercise 4.7.14 (Finite Difference Approximation). Consider the boundary value
problem

i) =0+ x@)+1 forallr e [—-1,1],
x(—1) = x(1) = 0.

(a) Derive a formula for the approximation of ¥(#;),i = 1,..., N —1, using central
finite differences on the grid Gy = {t; ;= —1+ih |i =0,..., N} with step-
size h :=2/N. Use the boundary valuesatt = —land ¢ = 1.

(b) Introduce the formulas into the differential equation and formulate the result-
ing system of linear equations for the approximations x1,...,xy—; € R of

x(t1),...,x(tN=1).

(c) Solve the linear equation for N = 5, 10, 20, 40, 80, 160, 320 and estimate the
order of convergence numerically.
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Exercise 4.7.15. Consider Example 3.1.13 in Subsection 3.1.3. Solve the boundary
value problem

x1(t) = u(t) — y(), x1(0) = x1(1) =0,
Xo(t) = u(t), x2(0) = —x2(1) = 1,
x3(1) = —x2(1), x3(0) =0,

if,l(t) =0,

Apa(t) = Ags(t) + g (D),

Apa(t) =0, Ara(1) =0,

0= x1(1) + x3(0).
0= —Ap1() — Ag(0).
0= u(t) + Ap (1) + A7a(t) + Ag (1)

by the single shooting method.



Chapter 5
Discretization of Optimal Control Problems

The indirect approach, which is based on solving boundary value problems resulting
from a minimum principle, see Section 4.6, usually leads to highly accurate numer-
ical solutions, provided that the multiple shooting method (or any other method for
boundary value problems) converges. It occasionally suffers from two major draw-
backs, though. The first drawback is that a very good initial guess for the approximate
solution is needed in order to achieve convergence. The construction of a good initial
guess is complicated, since this requires among other things a good estimate of the
switching structure of the problem. The second drawback lies in the fact that for high
dimensional systems, it is often cumbersome and it requires sophisticated knowledge
of necessary or sufficient conditions to set up the optimality system, even if algebra
packages like Maple are used.

In contrast to indirect methods, the direct methods, see [35,87,107,142], are based
on a suitable discretization of the infinite dimensional optimal control problem. The
resulting finite dimensional optimization problem can be solved by suitable methods
from nonlinear programming, for instance sequential quadratic programming (SQP).
This approach is particularly advantageous for large scale problems and for users that
do not have deep insights in optimal control theory. Moreover, numerical experiences
show that direct methods are robust and sufficiently accurate as well. Furthermore,
by comparing the necessary conditions for the discretized problem with those of the
original problem it is possible to derive approximations for adjoint variables based
on the multipliers of the discretized problem. Consequently, direct and indirect ap-
proaches can often be combined by using the direct approach for finding an accurate
initial guess (including switching structure and adjoints) for the indirect approach.

In the sequel we will focus on the direct discretization approach for DAE optimal
control problems. The aim of this section is to develop a general framework for the
numerical solution of such problems. Therefore, the statement of the optimal con-
trol problem is kept as general as possible without assuming a special structure of
the DAE in advance. Hence, as in Chapter 4, most of the time we will deal with
general DAEs. This has the notational advantage that we do not have to distinguish
between differential and algebraic variables as far as it is not essential. For numerical
computations, however, there are certain restrictions. First of all, from Chapter 3 we
can draw the conclusion that control and algebraic variables have the same properties
(both are Lo-functions). Hence, it makes no sense—at least theoretically—to allow
that ¢ and v in the following Problem 5.0.1 depend on pointwise evaluations of the
algebraic variables. Secondly, the numerical computation of consistent initial values
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only works efficiently for certain subclasses of the DAE (5.1) like Hessenberg DAES
in Definition 1.1.15. Thirdly, as it has been mentioned already in Chapter 4, numerical
methods again only work well for certain subclasses of (5.1), for instance Hessenberg
DAEs up to index three. Keeping these restrictions in mind, we consider

Problem 5.0.1 (General DAE Optimal Control Problem). Let d := [fo.z7] C R be a
compact interval with fixed time points 7o < 77 and let

@ R" xR" — R,

F:d xR" xR" x R™ — R"z,
c:d xR" x R"™ — R,

s d xR" — R"s,

¥ R" x R" — R
be sufficiently smooth functions.
Minimize
p(z(to), z(tf))

with respecttoz : 4 — R”z andu : 4 — R™ subject to the constraints

F(t,z(t),z(t),u(t)) = Ognz a.eind, (5.1)
Y (z(10), z (1)) = Ogny, (5.2)
c(t,z(t),u(t)) <Ornc aeind, (5.3)

s(t,z(t)) <Ogrns ind. (5.4)
O

5.1 Direct Discretization M ethods

Direct discretization methods are based on a discretization of the infinite dimensional
optimal control problem. The resulting discretized problem will be a finite dimen-
sional optimization problem. All subsequently discussed methods work on the (not
necessarily equidistant) grid

Gy :={to<ti <--- <ty =1y} (5.5)
with step sizes hj =tj1—t;, j = 0,..., N—I,and mesh-size 1 := max;—o,... . N—1h;.

Often, Gy will be an equidistant partition of the interval 1o, 7] with constant step size
h = (ty —to)/N and grid points ; = 1o +ih,i =0,...,N.
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A direct discretization method is essentially defined by the following operations:
(a) Control discretization:

The control space L3 (4) is replaced by some M -dimensional subspace
M u
U™ c L% (),

where M € N is finite. The dimension M usually depends on the number N of
intervals in Gy, i.e. M = O(N).
Let B := {Bi,..., By} be abasis of UM Then every up; € UM is defined

by
M
up () = ) wiBi() (5.6)
i=1
with coefficients w := (wq,...,wa)' € RM. The dependence on the vector

w is indicated by the notation

up () ;= up(t;w) = up(t;wy, ..., war). (5.7)

Furthermore, we may identify u, and w.

(b) Sate discretization:
The DAE is discretized by a suitable discretization scheme, for instance a one-
step method in Definition 4.1.11 or a multi-step method (4.16).

(c) Constraint discretization:
The control and state constraints are only evaluated on the grid Gy .

(d) Optimizer:
The resulting discretized optimal control problem has to be solved numerically,
for instance by the SQP method in Section 5.2.2.

(e) Calculation of derivatives:
Gradient based optimizers need the gradient of the objective function and the
Jacobian of the constraints. Derivatives can be obtained in different ways, for
instance through finite difference approximations, by solving sensitivity or ad-
joint equations, or by algorithmic differentiation.

In the sequel we illustrate the direct discretization method with the generic one-step
method in Definition 4.1.11, which is supposed to be appropriate for the DAE (5.1).

For a given consistent initial value zx (z9) and a given control approximation u s
as in (5.6) and (5.7) the one-step method generates values

ZN(l‘j_H) = ZN(tj) +/’qu>(l‘j,ZN(l‘j),w,hj), j=0,1,....,N—1.

Notice that ® depends on the control parameterization w.
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We distinguish two approaches for the discretization of Problem 5.0.1: the full
discretization approach and the reduced discretization approach. Both approaches
use a procedure for the calculation of a consistent initial value

Zo R xRM — R™ ., (z9,w) > Zo(20, w),

that maps a given control parameterization w and some guess zq of a consistent initial
value into the set of consistent initial values. It is assumed throughout that such a
method is available, for instance the projection method in Section 4.5.1 can be used
for Hessenberg DAES.

5.1.1 Full Discretization Approach

We obtain a full discretization of the optimal control problem 5.0.1 by replacing the
DAE by the one-step method and discretizing the constraints on the grid G y:

Problem 5.1.1 (Full Discretization).
Minimize
®(20,2N)

withrespecttozy : Gy —> R”2,¢; — zn(t;) =: z;, and w € RM subject to the
constraints

Z()(Z(), w) —Zp = Oan s

zj +hj®(tj,zj,w,hj) —zj41 = Ogn:, j=0,1,...,N—1,
V(z0,zn) = Ogru,
c(tj,zj,upm(tj;w)) < Ognc, j=0,1,...,N,
s(tj,zj) < Ogns, j=0,1,...,N. O

Remark 5.1.2. Alternative full discretization methods, which do not use the consis-
tency map Zy, arise by imposing additional constraints, which restrict initial values
to the set of consistent initial values. To this end, for Hessenberg DAESs the constraint
Zo(z9, w) = zo can be replaced by the hidden algebraic constraints (4.30)—(4.31) in
order to guarantee consistency. For higher index DAES it might be necessary to per-
form an index reduction before the full discretization takes place. Otherwise numer-
ical tests suggest that, depending on the discretization, solutions do not obey hidden
constraints. a

Problem 5.1.1 is a finite dimensional optimization problem of type
Minimize J(z) with respect to z € R"Z subject to
G(Z) <Orng, H(Z)=Orru (5.8)
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with
Z:= (20,21, .. .,ZN,lU)T e RP=N+D+M
J(Z) := ¢(z0.2N),

c(to. zo. up (to; w))

G() = cn.zN, upm(ty; w)) e R(rctn)(N+1)
: s(to. zo) ’

s(IN.ZN)
Zo(zo,w) — 2o
20 + ho®(to. 2o, w, ho) — 21
H(Z) = . e an(N-i-l)'H’lw‘

IN-1 +hn 1 PUN—1.2N-1. W, hy—1) — ZN

V(z0.2N)

The size of Problem (5.8) depends on n;, ng, n¢, ny, N, and M and can become
very large. In practice dimensions up to a million of optimization variables and con-
straints, or even more, are not unrealistic. On the other hand, it is easy to compute
derivatives with respect to the optimization variable z:

J'(Z) = (@5 | Oz | -+ | Oz | @2, | Ogar), (5.9)
czlo] cyulto] - Uy, (t03 W)
c4fin] CLlin] -y (1 0)
G'(2) = , (5.10)
sz [to]
)
sztn]
Zjso = In. Zh
My In, ho @, [to]
H'(Z) = : , (5.11)
My_y =1, |hy-1 D), [tn-1]

where M =1, —I—hjq)/z(lj,Zj,w,hj), j=0,...,N -1
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The optimization problem in (5.8) is large-scale, but the gradient and the Jaco-
bians in (5.9)—(5.11) exhibit a sparse structure, which has to be exploited in numerical
optimization algorithms using appropriate techniques from numerical linear algebra,
see [26,27] and the comments in Section 5.2.2.

5.1.2 Reduced Discretization Approach

The reduced discretization approach is based on the full discretization 5.1.1, but the
equations resulting from the one-step method are not explicitly imposed as equality
constraints in the discretized optimization problem. Instead it is exploited that z; +1 is
completely defined by (¢;, z;, w) and the one-step equations can be solved recursively:

Z() = Z()(Z(),w),
z1 = Zo + ho®(to, Zo, w, ho)
= Zo(z0, w) + ho®(t0, Zo(z0. w), w, ho)

=: Z1(zo, w),

72 =z1+ @1, 21, w, 1)
= Z1(zo,w) + 1 ®(t1, Z1(z0, w), w, h1) (5.12)
=:Z2(z0, w),

ZN = zZN-1 +hn 1 P(N-1.Z2N-1, W, AN —1)
=ZN-1(zo,w) + hn—1P(UN-1, ZN-1(20, W), W, hN—1)
=:ZN-1(20, w).

Of course, (5.12) is just the formal procedure of solving the DAE for given consistent
initial value and control parameterization w. Herein, the procedure for computing a
consistent initial value Zy(z¢, w) for zo and w is used again. We obtain:

Problem 5.1.3 (Reduced Discretization). Minimize

o(Zo(z0. w), ZN (20, w))
with respect to zo € R”z and w € RM subject to the constraints

W(ZQ(Z(), w)y ZN(ZO, LU)) = Oan, s
c(tj, Zj(z0, w), up (tj: w)) < Ogre, j=0,1,....N,
s(tj, Zj(zo0, w)) < Ogns, j=0,1,....N. o



Section 5.1 Direct Discretization Methods 221

Remark 5.1.4. An alternative reduced discretization method, which does not use the
consistency map Z, is obtained by using the relaxation method in Section 4.5.2.
Herein, consistency is ensured by modifying the DAE and by imposing additional
constraints as described in Section 4.5.2. ]

Problem 5.1.3 is again a finite dimensional nonlinear optimization problem of type
(5.8) with

Z:=(zo,w)' eR"TM
J(2) = ¢(Zo(z0, w), ZN (20, w)), (5.13)

c(to, Zo(zo. w), up (to; w))

.| ctN,ZNn(z0, w), um (in; W) (ne+ns)(N+1)
6@ s(to, Zo(zo, w)) <R ’ 14)

(i Zyy (zo.w)
H(Z) := Y (Zo(zo,w), Zn (29, w)) € R, (5.15)

The size of Problem 5.1.3 is small compared to Problem 5.1.1, since most of the
equality constraints as well as the variables zq, ..., zy are eliminated. Just the ini-
tial value zo remains an optimization variable. Unfortunately, the derivatives are not
sparse anymore and it is more involved to compute them by the chain rule:

J'(@) = ((péo ) Z(/),Zo + 90;_/ ’ Z;V,zo | (/7;0 ’ Z(/),w + q);f ’ Z;V,w)’ (5.16)
czlto] - Zg 5, | czlto] - Zg o, + cylto] - upy o, (f03 w)

C;[tl]'zll,zo c;[tl]-Zi,w +c;[t1]-u;u’w(ll;w)

N Ziy o | liNT - Ziy oy, + eulin] - ulyy o, (I w)

G'(z) = . (5.17)
szltol - Zg 4, szlto] - Zg
szl Z3 4, stltl- 24,
sLlin] - Zy SLINT - Ziy
H'(Z) = Wiy Zozg + V2, ZNzg | V2o Zow + V2, ZNw)- (5.18)
The sensitivities
Z{’Zo(zo,w), Zl{’w(zo,w), i=0,...,N, (5.19)

will be computed in Section 5.3.
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Remark 5.1.5. Based on the same ideas it is possible and often necessary to extend
the reduced discretization method to a reduced multiple shooting method by intro-
ducing multiple shooting nodes. Details can be found in [106, 107]. Related meth-
ods based on the multiple shooting idea are discussed in [28, 66, 158, 198, 246, 289,
298]. |

5.1.3 Control Discretization

Control parameterizations can be obtained in various ways. Some authors use in-
terpolating cubic splines, see [175], Hermite polynomials, see [19], or polynomials,
see [167,272]. These parameterizations have in common that the components of the
control parameter w influence the parameterized control function on the whole time
interval, that is, changing one component w; of w usually affects wu s (z; w) for all
t € 4. This may lead to numerical instabilities, especially if the optimal control is not
smooth, and in addition sparsity of the derivative “Eu,w (-; w) is destroyed.

Owing to these potential drawbacks, a control parameterization with basis functions
having local support is preferred in the sequel. To this end, B-spline representations
are found to be particularly useful.

Definition 5.1.6 (B-Spline). Let k € N and Gy as in (5.5). Define the auxiliary grid
Gk i={n|i=1,....N+2k—1) (5.20)
with auxiliary grid points

to, Iifl1<i <k,
=tk ifk+1<i<N+k-—1,
ty, N+k<i<N+2k-1.

The elementary B-splines Bl.k(~) oforder k,i = 1,..., N + k — 1, are defined by the
recursion

1, ifgy <t<ti1,
Bl =14, o
0, otherwise, (5.21)
I —T1 _ T'+k—t _
BE(@) = ————Bf T 0 + ——— B 0).
Ti+k—1 — T Ti+k — Ti+1

Herein, the convention 0/0 = 0 is used whenever auxiliary grid points coincide in the
recursion (5.21). =]

The evaluation of the recursion (5.21) is well-conditioned, see [69]. The elemen-
tary B-splines Bl.k(-), i =1,....,N + k — 1, restricted to the intervals [t;,¢; 1],
j =0,..., N — 1, are polynomials of degree at most k — 1, i.e.

k
Bi (')|[tj,

111 € Pr=10: 1i41]),
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and they form a basis of the space of splines
{S() € Cr_o(d) | s(')|[tj,tj+1] € Pr—1([tj, tjq1]) for j =0,...,N — 1}.

Obviously, the elementary B-splines are essentially bounded, i.e. Bik (1) € Loo(d).
For k > 2 it holds Bi"(-) € Cr_»(4) and for k > 3 the derivative obeys the
recursion

d ok k=1 k-1 k — k-1

—_BX(t) = B! 1) — B 1 ().

B0 = ———— BT ()~ ——— B0
Furthermore, the elementary B-splines possess local support supp(Bik) C [w, Titrl
with

0, ifs i T ,
BF (1) ~ < (_t' Fitk) fork > 1.
=0, otherwise,

The cases k = 1 or k = 2 frequently occur in numerical computations. For k = 1
the elementary B-splines are piecewise constant functions, while for k& = 2 we obtain
the continuous and piecewise linear functions

t—1; : . .
P if; <t <71y,
2(1) = Tit2—t if 7 .
Bi(t) = m, iftip1 <t <7tiq2,
0, otherwise.

In some situations it might be necessary to have a continuously differentiable function,
e.g.

(=) . o
(tit2—t) @iy 1-1)° ift €[z, tit1),
(t—7i)(ri42—1) (Ti43—)(E—Ti41) . _ _
B() = { GG —me) T Gsmue )@’ ifr € [tit1.7i42).
i - 2
(ti43—1) . _ _
(Ti43—Ti+1)Ti+3—Ti+2)’ ift € [tit2,Ti+3),
0, otherwise.

Figure 5.1 visualizes B-splines of orders k = 2, 3, 4.
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Figure 5.1. B-splines of order k = 2 (left), k = 3 (middle), and k = 4 (right) with [ty, 7] =
[0,1]and N = 5 on an equidistant grid.

A control parameterization is obtained by choosing u s (-) for some fixed k € N
and a given grid Gy with N € N from the set

N+k—1
UM:={ 3 w,-B,-k(-)‘w,-eR””,i=1,...,N—|—k—1}. (5.22)
i=1
The number k£ € N controls the smoothness of the control parameterization. Each
up () € UM is determined by M := n,(N + k — 1) control parameters
w = (Wi,....wWx4ke1) € RO FTE=D and hence UM s a finite dimensional
subspace of L3¥(4). The dependence on the vector w is indicated by the notation

upy (@) =upy(t;w) i=upy (W, WL —1)-

The coefficients w;, i = 1,..., N +k—1, are known as de Boor points. Most authors
prefer k = 1 (piecewise constant approximation) or k = 2 (continuous and piecewise
linear approximation), in which cases the de Boor points w; satisfy w; 11 = uas (i),
i=0,...,N—1,and in addition wy +1 = up (ty) ifk = 2.

The choice of B-splines has two major advantages from the numerical point of view.
Firstly, it is easy to create approximations with prescribed smoothness properties. Sec-
ondly, the de Boor point w; influences the function value u s (¢) only for ¢ € [, 7; %]
due to the local support of B{‘. This property leads to sparsity patterns in the Jacobian
of the constraints. The exploitation of this sparsity reduces the computational effort
for the numerical solution of the discretized problems considerably, see [106, 107].

Of course, alternative control parameterizations can be constructed as well. But the
following example shows that the choice of a control parameterization may lead into
pitfalls. Suppose we would like to use the modified Euler scheme with Butcher array

00 0
1/2/1/2 0 (5.23)
0 1
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for the discretization of an ODE. This method requires function evaluations at the time
points ¢; and ¢; + h/2. In particular, the method uses the control values u; := ups(#;)
and u; 1,2 1= up(t; + h/2). Instead of choosing a piecewise constant control ap-
proximation on Gy we might have the idea of treating u; and u;;/, as independent
optimization variables in the discretized optimal control problem. Although this strat-
egy seems to be reasonable as it provides more degrees of freedom than a piecewise
constant control approximation, the following example shows that this strategy may
fail.

Example5.1.7 ([146, p. 272]). Consider the following optimal control problem:
Minimize
1 1
—/ u(t)? +2z(t)%dt
2 Jo

subject to the constraints

A1) = %z(t) Tu(r), z(0)=1.

The optimal solution is

5(1) = 2exp(3t) + exp(3)

L 2(expG) — exp(3)
= oG +epd) 10

~exp(3t/2)(2 +exp(3))’

We consider the modified Euler method (5.23) and Heun’s method defined by

Table 5.1 shows the error in z in the norm || - || for Heun’s method. The order of
convergence is two.

N Errorin z Order
10 | 0.2960507253983891F — 02 -
20 | 0.7225108094129906FE — 03 | 2.0347533
40 | 0.1783364646560370EF — 03 | 2.0184174
80 | 0.4342336372986644F — 04 | 2.0380583
160 | 0.9861920395981549F — 05 | 2.138531
320 | 0.2417855093361787E — 05 | 2.0281408

Table 5.1. Error for Heun’s method.
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Table 5.2 shows the error in z in the norm || - || for modified Euler’s method, if
the control is discretized at #; and #; + 1 /2 with independent optimization variables

Ui and Uit1/2-

N Errorin z Order
10 | 0.4254224673693650E + 00 -
20 | 0.4258159920666613E + 00 | —0.0013339
40 | 0.4260329453139864FE + 00 | —0.0007349
80 | 0.4260267362368171E + 00 0.0000210
160 | 0.4261445411996390F + 00 | —0.0003989
320 | 0.4260148465889140E + 00 0.0004391

Table 5.2. Error for modified Euler method with independent optimization variables at ¢; and

lit1/2-

There is no convergence at all. Figure 5.2 shows the numerical solution for N = 40.
The control u oscillates strongly between 0 at #; + 4/2 and approximately —1/(2k)

at ;.

-20

-30

-40

-50

-60

70 |

80 L

-90

0

Figure 5.2. Oscillating control for modified Euler method and N = 40.
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Now we use a piecewise constant control approximation in the modified Euler
method and obtain the error in Table 5.3. For this control approximation the modi-
fied Euler method converges of second order!

N

Errorin z

Order

10
20
40
80
160
320

0.3358800781952942F — 03
0.8930396513584515E — 04
0.2273822819465199F — 04
0.5366500129055929E — 05
0.1250729642299220EF — 05
0.7884779272826492F — 06

1.9111501
1.9736044
2.0830664
2.1012115
0.6656277

Table 5.3. Error for modified Euler method with piecewise constant control approximation.

O
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5.2 A Brief Introduction to Sequential Quadratic
Programming

The full discretization method in Problem 5.1.1 and the reduced discretization method
in Problem 5.1.3 both lead to constrained nonlinear optimization problems that have
to be solved numerically. In essence, any method for constrained nonlinear optimiza-
tion problems can be applied. The most popular methods are sequential quadratic
programming (SQP), interior-point methods, and multiplier-penalty methods, which
exist in different versions and are described in most textbooks on nonlinear optimiza-
tion methods, see [6,21,61,90,92,105, 132, 245,294].

Typically, these main algorithmic frameworks are enriched by globalization tech-
niques to achieve convergence from arbitrary starting points, such as line-search meth-
ods using merit functions, trust-region methods, or filter methods. All of these ap-
proaches are well investigated in view of their mathematical convergence properties.
Most of them show at least global convergence to first-order stationary points and
locally superlinear convergence under appropriate assumptions.

It is important to distinguish between the mathematical method and the implementa-
tion of the method. From a purely mathematical point of view, none of the approaches
can be considered superior to the remaining ones on a sufficiently large test-set. So,
the practical performance of a method depends to a large extend on the specific im-
plementation and its strategies to deal with ill-conditioning, rank deficiencies, bad
scaling, remote starting points, inaccurate derivatives, and large-scale and sparse prob-
lems.

Problems 5.1.1 and 5.1.3 require different implementations of methods owing to
their structural differences. While Problem 5.1.1 is large-scale, but sparse with poten-
tially millions of variables and constraints, Problem 5.1.3 is medium-scale, but dense
with at most 5000 variables and constraints in most applications.

Among the many different approaches we focus on the Lagrange—Newton method
and the SQP method. The SQP method has shown its capability in many applications
and is discussed in, e.g., [6, 85, 105, 132, 150, 262, 285, 286, 297]. The SQP-Method
exists in several implementations, e.g. [130,131, 175, 287]. Special adaptations of the
SQP method to discretized optimal control problems are described in [27,86,129, 288,
295].

A recent implementation of an SQP method for large-scale and sparse nonlinear
optimization problems called WORHP can be obtained under www.worhp. de.

5.2.1 Lagrange-Newton Method
Consider the equality constrained nonlinear optimization problem:

Problem 52.1. Let J,H; : R"”> — R, j = 1,...,npy, be twice continuously
differentiable and H := (Hy, ..., Hy,) .
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Minimize J(Z) with respect to Z € R”z subject to the constraints
Hi(z)=0, j=1,....nH. O

Let Z be a local minimum of Problem 5.2.1 and let the gradients VH;(Z),
J = 1,....ng, be linearly independent, compare Definition 2.3.38. Then accordlng
to Corollary 2.3.39 there exist multipliers £o = 1 and A= (/\1, .. )LnH)T R"H
such that

V,L(. Lo, h) = Oz,

H(Z) = Ogou

where L(Z,09,1) = LoJ(Z) + ATH(Z) denotes the Lagrange function of Prob-
lem 5.2.1. This is a nonlinear equation for z and A and we can rewrite it as

T(%, /:\\‘) - ORI1§+nH ) (524)
where T : R"Z x R"# — R"2+7H (with £y = 1) is defined by

TG ) = (VfLS(’f)"’A)) .

Application of Newton’s method to (5.24) yields

Algorithm 5.2.2 (Lagrange—Newton Method).
(0) Choose 2 e R”z and A9 € R”# and set k := 0.

L) B TEX A®)) = 0gnztnyy , STOP.

(2) Solve the linear equation (with £o = 1)

L,E,E(E(k)’eo’k(k)) H/(Z(k))T d\ _ B VEL(E(k)’EO,/\(k))
H’(Z(k)) ® v ] H(E(k))
(5.25)
and set

D) 200 g kD) ) (5.26)

(3) Setk :=k + 1 and go to (1). m]
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The well-known convergence results for Newton’s method yield

Theorem 5.2.3 (Local Convergence of Lagrange—Newton Method). Assumptions:
(a) Let (£, 1) beaKKT point.

(b) LetJ, Hj, j = 1,...,npy, betwice continuously differentiable with Lipschitz
continuous second derivatives J” and H]f/,j =1,....,ng.

(c) Letthe KKT matrix (with £y = 1)
" (2 2 1(3\T
ng(ZJ;o, A) H (Z) (527)
H'(Z) ®
be non-singular.
Then there exists ¢ > 0 such that the Lagrange-Newton method converges for all

(G®,1©@) ¢ B, (%, ). Furthermore, there exists a constant C > 0 such that
IEEHDAED) — E D < P, 20) - E D)2
for all sufficiently large k, i.e. the convergence is quadratic. a
Remark 5.2.4. The so-called KKT matrix in (5.27) is non-singular, if the following
conditions are satisfied:
(a) The gradients VH; (%), j = 1,....ngy, are linearly independent.
(b) It holds

v LY. (2. 4o, M)v >0 forallv e R™, v # Ogn-, with H'(Z)v = Ogn .

These conditions are actually sufficient for local minimality of Z, compare Theo-
rem 6.1.3 in Section 6.1.1. m|

5.2.2 Sequential Quadratic Programming (SQP)

The SQP method can be considered an extension of the Lagrange—Newton method
for optimization problems with inequality constraints. We start with an observation
regarding the linear equation (5.25) in step (2) of Algorithm 5.2.2. This equation
can be obtained in a different way. To this end, consider the equality constrained
optimization problem 5.2.1 and approximate it locally at (%), (%)) by the following
guadratic optimization problem with £y = 1:

Minimize

1
5dTL;’Z(zU‘), Lo. A ®Nd + vz Ty
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with respect to d € R”Z subject to the constraint
HE®) + H'(EZ®)d = Ogons .

Evaluation of necessary KKT conditions for the quadratic optimization problem
yields

LLGE® 09, A®) HEOYT\ ra\ _ (VIER)
( H'(z®) © )(n) - _( H(@E®) )

Subtracting H'(z® )T 1% on both sides of the first equation yields

LEGE® . 0. 2®) HERTY (d Y (VLE, 6,30
H'(z®)) ® n—a® )= H(E®) '

A comparison with (5.25) reveals that these two linear equations are identical for
v := 71— A®) The new iterates in (5.26) are then given by

sl 20 gy kD ) gy =y

where 1 denotes the multiplier of the quadratic optimization problem.
We permit inequality constraints and consider

Problem5.25. LetJ,G;, H; : R"? — R,i =1,...,ng,j =1,...,ng, betwice
continuously differentiable and G := (Gy,...,Gu.) ", H := (Hy, ..., Hy,)'.

Minimize J(Z) with respect to z € R”Z subject to the constraints
Gi(2) <0, i=1,....ng,
Hi(2)=0, j=1,....ny. o
At (0 &) 1K)y 3 Jocal approximation (with £o = 1) is given by
Problem 5.2.6 (Quadratic Optimization Problem).
Minimize
1 _ _
EdTL’Z-’Z E® Lo, u® A ®Yg 4 vyE*HYTa
with respect to d € R”z subject to the constraints

GE®) + G'E%)d < Ogne,
HE®) + H' GE®)d = Ogny . O
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Sequential quadratic approximation yields

Algorithm 5.2.7 (Local SQP Method).
(0) Choose (2@, 1@ 1) ¢ Rz x R"G x R"# and set k := 0.
1) 1f %R, 1® 1)y jsa KKT point of Problem 5.2.5, STOP.

(2) Compute a KKT point (d®, pk+D pk+D)y ¢ Rz x R726 x R™# of the
quadratic optimization problem 5.2.6.

(3) Setz*k+D .= ;&) 4 ) k.= k + 1,and go to (1). O

Remark 5.2.8.

(a) It is not necessary to know the index set A(Z) of active inequality constraints at
a local minimum z in advance.

(b) The iterates z) are not necessarily admissible for Problem 5.2.5.

(c) There are powerful algorithms for the numerical solution of quadratic optimiza-
tion problems using primal or dual active set methods, see [127, 128,134, 294],
or interior-point methods, see [126, 306]. The method in [126] is designed for
large-scale and sparse problems. m]

The local convergence of the SQP method is established in the following theorem,
see [125, Theorem 7.5.4].

Theorem 5.2.9 (Local Convergence of SQP Method). Assumptions:
(2) Let Z bealocal minimum of Problem5.2.5.

(b) LetJ,G;,i =1,...,ng,and H;, j = 1,...,ng, betwice continuously differ-
entiable with Lipschitz continuous second derivatives J”, G/, i = 1,...,ng,
andef’,j =1,...,ng.

(c) Let thelinear independence constraint qualification 2.3.38 hold at Z.

(d) Let the strict complementarity condition /i; — G;(z) > 0 hold for i € A(Z),
where u; denotes the Lagrange multiplier for the i-th inequality constraint.

() Let (with o = 1)
v LY (2, Lo, . D)o > 0
hold for all v € R"Z, v # Ogn:z, with

G/ =0,i€A@), H/Ev=0 j=1...ng.
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Then there exist neighborhoods U of (Z, ,a,i) and V of (Ognz, /fc,i) such that all
quadratic optimization problems 5.2.6 have a unique local solution ¢ ) with unique
multipliers u®+1 and A*+1D in v for every 2@, n©@ 1) inU.

Moreover, the sequence {(zX, 1™, 1¥))}; o, converges locally quadratically to
G ). 0

The convergence result shows that the SQP method converges for starting values
within some neighborhood of a local minimum of Problem 5.2.5. Unfortunately, in
practice this neighborhood is not known and it cannot be guaranteed, that the starting
values are within this neighborhood. Fortunately, the SQP method can be globalized
in the sense that it converges for arbitrary starting values (under suitable conditions).
The idea is to introduce a step-length parameter (or damping parameter) ¢z > 0 in
step (3) of Algorithm 5.2.7 and to use

sk _ ) |y g

as new iterate. The step length z; is obtained by performing a so-called line-search
in direction 4 ) for a suitable merit function (or penalty function). The merit func-
tion allows to decide whether the new iterate z(k+1) is in some sense better than the
old iterate Z®). The new iterate is considered to be better than the old one, if ei-
ther a sufficient decrease in the objective function J or an improvement of the total
constraint violation is achieved, while the respective other value is not substantially
declined. Improvement of the iterates is typically measured by one of the following
merit functions, which depend on a penalty parameter o > 0:

(@) The non-differentiable £1-merit function

G(Z0) = JE) +a ) max{0.Gi(2)} +a ) |H; ()]

i=1 j=1
was used in [262].

(b) A differentiable merit function is the augmented Lagrange function

Lo p.2i0) = JE) +ATHE) + SIHE)|?

nG

1
+ 55 2 ((Max{0. i +aGi (D)) — ).

i=1

Both functions are exact under suitable assumptions, i.e. there exists a finite param-
eter @ > 0, such that every local minimum z of Problem 5.2.5 is also a local minimum
of the merit function for all @ > @&.
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Without specifying all details, a globalized prototype version of the SQP method
employing the £;-merit function and an Armijo rule for step-length determination is
summarized in the following algorithm. The algorithm uses symmetric and positive
definite matrices Bx, k = 0.1,..., instead of the Hessian matrix L7, since the

true Hessian matrix may be indefinite leading to a non-convex quadratic optimization
problem, which is considerably more difficult to handle than a convex one.

Algorithm 5.2.10 (Globalized SQP Method).

(0) Choose (2@, (@ A(©) ¢ R"z x R"G x R™#, By € R"Z*"z symmetric and
positive definite, « > 0, 8 € (0, 1), 0 € (0, 1), and set k := 0.

(1) 1f 2R, 1 1)y isa KKT point of Problem 5.2.5, STOP.

(2) Compute a KKT point (d®, p&+D yk+1)y ¢ Rz x R"G x R"# of the
quadratic programming problem 5.2.6 with L7 replaced by By.

(3) Adapt « appropriately.

(4) Armijo line-search:
Determine a step size

t c— maX ﬂj j 6{031,2,:..} and .
. GER 1 p1a®:a) < (2P a) + 0p ¢4 (0 dPsa) |1

(5) Matrix update:
Compute a suitable symmetric and positive definite matrix By 1.

(6) Setzk+1D .= z(0) 4 1, @) k.= k + 1,and go to (1). o

Remark 5.2.11.

(@) In practical applications a suitable value for the penalty parameter « is not
known a priori. Strategies for adapting « in step (3) of Algorithm 5.2.10 it-
eratively and individually for each constraint can be found in [262, 286].

(b) The quadratic subproblem 5.2.6 may become infeasible owing to the lineariza-
tion of the nonlinear constraints. In this case, the constraints are typically
relaxed using artificial slack variables, see [41, 262]. A convergence analy-
sis for an SQP method using the augmented Lagrange function can be found
in [285, 286].

(c) The line-search procedure using a merit function can be replaced by a filtering
technique, see [93,94]. Herein, objective function and constraint violation are
decoupled and progress is measured in a multi-criteria fashion for these criteria.

O
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Depending on the structure of the nonlinear optimization problem 5.2.5, the matri-
ces Bi, k = 0,1,..., in step (5) of Algorithm 5.2.10 are subject to further require-
ments.

Dense problems

If Problem 5.2.5 is small to medium-scale and dense, where dense refers to the fraction
of non-zero elements in the Jacobian and Hessian matrices, then Bj can be updated
by the modified BFGS update rule

g® (g*nHT B Bis® (sENT B
(g®)Tstk) (s®)T Bsk) ~

Bk+1 = Bk + (528)

where
s® = zk+D _ 20

9% = ™ + (1 - 6) Brs®,

n® = VaLEE 0o, n® 20 — vz LE® 4o, u® 2D,

0.8(s )T By s
(sENT By s® —(s®))Tpk)>

; 1, if (s%N)Tp®) > 0.2(s®)T Brs®),
k= otherwise,

see [262]. This update formula guarantees that By, remains symmetric and positive
definite, if By was symmetric and positive definite. For 6, = 1 the well known BFGS
update formula arises, which is used in variable metric methods (or quasi Newton
methods) for unconstrained optimization.

L arge-scale and spar se problems

If Problem 5.2.5 is large-scale and sparse, then the modified BFGS update is not
suitable as it tends to produce dense matrices. One of the following strategies can be
applied instead:

(@) Set By := I,. for k = 0,1,.... The resulting method is a sequential linear
programming (SLP) method. Only a linear convergence rate can be achieved with
this choice.

(b) Use the regularized exact Hessian
By = L% 4o, 1 ® 2B w1,

with v > 0 sufficiently large, such that positive definiteness of By is guaranteed.
This requires efficient techniques to estimate the sparse Hessian matrix, see [25, 60],
and a procedure to choose vy appropriately. More precisely, v, has to be larger than
the modulus of the smallest negative eigenvalue of the Hessian matrix. An estimate
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of the smallest eigenvalue, which often is not very accurate, though, can be obtained
from Gerschgorin circles. Alternatively, v, can be adapted iteratively in a trial-and-
error fashion until By turns out to be positive definite. Notice that modern sparse
decomposition methods like MA57 provide information on the inertia of a matrix,
i.e. the number of negative, zero and positive eigenvalues, and thus allow to check
positive definiteness without computing eigenvalues explicitely.

(c) Use a sparse positive definite update formula, see [91, 95]. Such methods are
expensive to realize, though.

(d) Use limited memory BFGS (L-BFGS) in combination with iterative solution
methods, see [245, Section 7.2].

Sparsity also requires tailored methods to solve linear equations that arise during the
solution of the quadratic subproblem 5.2.6. Common iterative techniques like interior-
point methods and active set-methods lead to linear equations with indefinite saddle-

point matrices of type
B AT
A -D )’

where A and B are large-scale and sparse matrices and D is a positive definite di-
agonal matrix. Linear equations with such matrices can be solved either iteratively,
see [274,284], or directly using sparse decomposition methods like MA57, PARDISO,
or SuperLU, see [65, 81, 281-283]. Sparse decomposition methods avoid a fill-in in
the LU-factors by suitable re-ordering strategies, which use permutations of columns
and rows for the matrix to be decomposed. Figure 5.3 illustrates the effect using
the so-called minimium-degree heuristic. If the standard Gaussian LU-decomposition
method is applied directly to a sparse matrix, then the LU-factors tend to be dense
matrices. If re-ordering strategies are applied to the matrix first, then the resulting
LU-factors still tend to be sparse allowing for an efficient solution of sparse linear
equations.

The following example illustrates the application of an SQP method to a discretized
opimal control problem subject to a partial differential equation.

N
N

Figure 5.3. From left to right: Matrix A to be decomposed into 4 = LU, factors L (lower
triangular part in matrix) and U (upper triangular part in matrix), re-ordered matrix A to be
decomposed into A = LU, factors L (lower triangular part in matrix) and U (upper triangular
part in matrix), see [123].

N=m
N=9
N =99
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Example 5.2.12 (Boundary Control of the 1D Wave Equation, see [120]). Consider
the one-dimensional wave equation

Ui (x,1) = Cuxe(x,t)  INQ=(0,L)x(0,7), (5.29)
u(x,0) = ug(x) on [0, L], (5.30)
ur(x,0) = up(x) on [0, L], (5.31)
u(0,1) = yr(t) on [0, 7], (5.32)
u(L,t) = yr(t) on [0, T] (5.33)

with constants ¢, T > 0, L > 0 and given functions u¢ and u;. The time dependent
functions yz, and yx are supposed to be control functions that are applied on the left
and right boundary of the domain at x = 0 and x = L, respectively, and allow to
influence the wave equation. The wave equation is a hyperbolic partial differential
equation, which models for instance a vibrating string.

The task of controlling the wave equation with minimal effort such that the string
is at rest at time 7' leads to the following optimal control problem:

Minimize
T
| e+ yrera
0
subject to the wave equation (5.29)—(5.33) and the terminal constraints
ux,T)=u;(x,T)=0 on(0,L).

The problem is discretized using equidistant grids in time and space given by x; := ih,
i=0,....M,h=L/M,andt; = jk,j =0,...,N,k =T/N with M, N € N.

The second derivatives in (5.29) are approximated by the second order finite difference
schemes

1 ) ) 1 i . 1
Uxx(Xi, 1) ~ ﬁ(u‘i’Jrl —2u{ + u{_l), Upr (X3, 1) ~ k_z(uzJ —ZM{ + ulJ )

with u/ ~ u(x;, ;) fori=1,....M —1,j =1,...,N — 1.
Introducing these approximations into (5.29) leads to

- ; ; ' —1
w! Tl =2(1 — P! + ol +ul_ ) —ul (5.34)

fori=1,....M—1,j=1,...,N —1,where a := ck/h.
Condition (5.31) is approximated by second order central finite differences

1 — .
ui(x;) = us(xi, to) ~ ﬁ(u} —u; h, i=1,....M—1,
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which involves the approximation ui_l at an artificial time point 7—;. Combining this
with (5.34) and elimination of ul._l using the combined relation leads to the conditions

2
o .

I,....M—1.

With these approximations we obtain the following fully discretized problem:

Minimize

with r%pectmu{,i =0,....M,j =0,...,N, andyi, y{e, j =0,...
subject to the constraints (5.34), (5.35), and

N-1

kD) + (vp)?

J=0

ud = uo(x;),
J J
Uy =V
Jj o ]
Upy = Vgr»
ulN =0,
1 N N—-1
_(ui - ui ) = 09

k

We choose the particular data T =

i=1,
j=0,.
j=0,.
i =1,

LM -1,
.., N,
.., N,
e M —1,
oo, M — 1.

(5.35)

27, L = 7, ¢ = 1, up(x) = sin(x),

u1(x) = cos(x), compare [120, Example 2]. Figure 5.4 shows the numerical so-
= /140, which coincides with the
exact solution of this problem except at initial and final time and at the point of non-

lution of the discretized problem for 4 = k

differentiability of y; and yg.

Figure 5.5 shows the controls y; and yg.

The SQP method with modified BFGS update, which has been used to solve the
discretized problem, generates the following output:

0 5.620000e+002
1 5.824771e+002
2 2.088953e+001
3 2.087705e+001
4 2.087705e+001
5 2.087705e+001

feasibility

.328e+001
.107e-004
.561e-005
.536e-013
.299e-013
.373e-013

step size optimality

4.756e+001
1.000e+000 2.342e+000
1.000e+000 3.190e-001
1.000e+000 1.051e-005
7.000e-001 4.182e-006
1.000e+000 4.143e-007
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numerical solution u(x,t) - c=1, T=2"pi, h=k=pi/140

u(x,t)

Figure 5.4. Controlling the wave equation to rest using boundary controls.

control Yo T=2*pi,h=k=pi/140 control Yer T=2*pi,h=k=pi/140
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Figure 5.5. Comparison of exact and approximate boundary controls.

5.3 Calculation of Derivativesfor Reduced Discretization

The application of the SQP method to the discretized optimal control problems 5.1.1
and 5.1.3, respectively, is straightforward provided the derivatives J/, G’, H’, and
L7 are available. Efficient procedures for the calculation of the Hessian matrix L7
for a large-scale and sparse problem such as Problem 5.1.1 are beyond the scope of
this book and can be found in [25,60]. For dense problems such as Problem 5.1.3 it is
assumed that the Hessian is replaced by the modified BFGS update formula in (5.28).

Hence, we focus on the calculation of J/, G’, H'. In case of the full discretization
approach 5.1.1, the derivatives J’, G’, H' are easily computed according to (5.9)-
(5.11), but for the reduced discretization approach 5.1.3 it is more involved to compute
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these derivatives, since sensitivity information of the numerical solution with respect
to parameters is required, compare [56,57,88,111,169,217].
Different approaches exist:

(@) The sensitivity differential equation approach is advantageous if the number of
constraints is (much) larger than the number of variables in the discretized problem.

(b) The adjoint equation approach is preferable if the number of constraints is less
than the number of variables in the discretized problem.

(c) A powerful tool for the evaluation of derivatives is algorithmic differentiation.
This approach assumes that the evaluation of a function is performed by a Fortran or
C procedure (or any other supported programming language). Algorithmic differenti-
ation means that the complete procedure is differentiated step by step using, roughly
speaking, chain and product rules. The result is again a Fortran or C procedure that
provides the derivative of the function. Essentially, the so-called forward mode in al-
gorithmic differentiation corresponds to the sensitivity equation approach, while the
backward mode corresponds to the adjoint approach. Further details can be found on
the web page www.autodiff.org and in [140, 141].

(d) The approximation by finite differences is straightforward, but has the drawback
of being computationally expensive and often suffers from low accuracy. Neverthe-
less, this approach is often used, if some solver depending on optimization variables
is used as a black box inside an algorithm.

The first two approaches for calculating derivatives in the reduced discretization
approach are discussed in detail subsequently. For both approaches there is a discrete
version dealing with the discretized dynamics only and a continuous version dealing
with the dynamics as a function of time directly. The continuous version eventually
requires to solve a sensitivity DAE or an adjoint DAE, respectively. The discrete ver-
sion in turn can be viewed as a discretization of the continuous sensitivity or adjoint
equation.

5.3.1 Sensitivity Equation Approach
Consider the one-step method
Ziv1(2)=Zi(2) 4+ hi®(t;, Zi (2),w,h;i)), i=0,1,...,N—1. (5.36)

Recall that Z = (z9. w)" € R”:TM denotes the variables in the optimization prob-
lem 5.1.3. We intend to compute the sensitivities

Si:=Z/(2), i=0,1,...,N.
Fori = 0 it holds

So = Z}(Z) € RM=>*=HM) (5.37)
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where Z(Z) is supposed to be a continuously differentiable function that provides a
consistent initial value, compare Section 4.5.1. Differentiation of (5.36) with respect
to Z yields the relationship

a
Siv1=S8i + h; ((I)/Z(li, Zi(Z),w, hi)-S; + CD:U(Z‘,', Zi(z),w, hj) - %) (5.38)

fori = 0,1,....,N — 1 with 22 := (Ogwmn-|Ip ). This approach is known as
internal numerical differentiation (IND), see [29]. The IND-approach is based on
the differentiation of the discretization scheme (the one-step method) with respect
to z. Computing the derivatives for the reduced problem 5.1.3 essentially amounts to
solving one initial value problem of size n;(1 + n; + M). It is worth pointing out
that the size of the sensitivity equation in (5.38) depends on the number of unknowns
in the optimization problem, but it does not depend on the number of constraints.

The computation of the derivatives @/, and @/, can be non-trivial and will be ex-
plained in detail at the end of Subsection 5.3.2.

In the sequel we point out the relation of the IND approach to the continuous sen-
sitivity DAE, which has been used in Section 4.6 already for shooting techniques.
To this end, we use the implicit Euler method and consider the integration step
ti — tiy+1 = t; + h;. Discretization of (5.1) with Z; ~ z(t;), Zi+1 =~ z(ti+1)
leads to the nonlinear equation

Ziv1—Z;

F (li—l—l’zi—{—l, "
4

,uM(tH_l; w)) = ORnz. (5.39)
Provided that this nonlinear equation possesses a solution and that we may apply the
implicit function theorem, this solution will dependon z, i.e. Z;+1 = Z;+1(Z). Now,
we need the derivative of the numerical solution Z; 1 (Z) with respect to z, i.e. Si+1.
Differentiation of (5.39) with respect to z yields the linear equation

F) + LF-’
z hl z

This formula can be obtained in a different way. Let z(¢; Z) denote the solution of
the DAE (5.1) for given z. If F is sufficiently smooth, z is continuously differentiable
with respect to 7 and z, and if

Siv1=—F/ !
i+1 — hi

/
u Fz'
Zit1

- S;. (5.40)
Zi+1

“Upg s (tip1sw) +
Zit1

0 dz(t;2) _ d 0z(1;2)

0z dt  dt 3z
then differentiation of (5.1) with respect to z results in a linear matrix DAE—the
sensitivity DAE

FJ[t]- S@) + FL[t]- S(t) + Fylt] - ufy 5 (t: w) = Ognzxnz (5.41)
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for the sensitivity matrix S(¢) := 0z(¢;z)/dz. Discretization of the sensitivity DAE
with the same method as in (5.39) and for the same time step leads again to the linear
equation (5.40). Hence, both approaches coincide, provided that Z; 1 solves (5.39)
exactly. Equation (5.39) is solved numerically by Newton’s method

1
(FZ T Fz) 'zm AZivy = —Flzm,
i+1

zEWW =z® 1 az®, k=01.2.....
Notice that the iteration matrix F, + %Fz’ at the last iterate can be re-used for com-
puting S; 41 in (5.40).

In practice, deviations in the sensitivites in (5.38), which are obtained by the IND
approach, and the sensitivities obtained by solving the sensitivity DAE (5.41) directly
using a state-of-the-art DAE integrator may occur, because state-of-the-art DAE in-
tegrators use automatic step-size and order selection algorithms, only perform few
Newton steps, and keep the iteration matrix within the Newton method constant for
several Newton steps or even several integration steps to speed up the procedure. The
overall integration procedure then typically becomes non-differentiable with respect
to parameters. Hence, the so computed sensitivity S;+1 is only an approximation of
the correct derivative Z;__, () from the IND approach. Numerical experiments show
that the accuracy of this sensitivity matrix approximation is often too low to use it in
a gradient based optimization procedure.

In order to increase accuracy, it is important to re-evaluate the iteration matrix in
the Newton method in each integration step prior to the calculation of the sensitivity
matrix S; +1.

Remark 5.3.1.
(@) The IND approach is applicable for multi-step method such as BDF as well.
(b) Similar strategies using sensitivity equations are discussed in [34,57, 154, 169,

217]. A comparison of different strategies can be found in [88]. m]
5.3.2 Adjoint Equation Approach: The Discrete Case

The adjoint method avoids the calculation of the sensitivities S;. We demonstrate the
method for a prototype function of type

I'(Z) :=y(Zo(2). ZN(2).2).

Obviously, ¢ and vy in (5.13) and (5.15) are of this type. The components of G in
(5.14) are of this type as well, if Zo(Z) is neglected and Z;(Z) is used instead of

Zn ().
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We intend to derive a procedure for calculating I''(Z) subject to the difference equa-
tions

Zi41(2) = Zi(2) = hi ®(ti, Zi(Z), w, hj) = Ognz, i =0,...,N—1. (542)

The initial state Zy(z) € R”= is assumed to be sufficiently smooth as a function of z
and consistent with the underlying DAE for all Z.
Consider the auxiliary functional

N-1
[(2):=TZ) + Z My (Zig1(G) = Zi(G) — hi (i, Zi(Z). w. hy))
i=0

with multipliers A;, i = 1,..., N. Differentiating ', with respect to z yields the
expression

T0(Z) =Vl So+ Vi, SN+ 7%
— T / / Jw
=+ ZAH-I Si+1_Si_hicbz[ti]'Si_hiq)w[ti]'E
i=0

=V;0-So+V;N-SN+V§
l ow
+ Z)JS Z AL (S,- + b ®L[4] - Si + hi ) [t] - 8_2)
(ym —Af - ho/\T‘D/ [t0]) - So + (V2 + A%) - SN + 7}
N—-1
ow

+ Z(AT Mg = hid LD - Si = Y hidf, @ [li]'g-
i=0

The terms S; = 0Z;(z)/0z are just the sensitivities in the sensitivity equation ap-
proach which we do not (!) want to compute here. Hence, we have to ensure that the
expressions involving S; are eliminated. This leads to the discrete adjoint equation

A = = ki PL] = O, i =0, N —1, (5.43)
and the transversality condition
Ay = =Viy (Zo(2). ZN(2), 2). (5.44)

Notice that the adjoint equation is solved backwards in time. With these expressions
the derivative of I, reduces to

ow
TL(z) = (vl —Ag) - So + Vi — Z hi Ay @[] e (5.45)



Section 5.3 Calculation of Derivatives for Reduced Discretization 243

Herein, the sensitivity matrix Sy is given by

So = Zy(2). (5.46)
It remains to show that I', (Z) = I''(2):
Theorem 5.3.2. It holds

Jw

o (641

I'(2) = T,(Z) = (v}, — Ag) - So + v% — Z il @[] -

Proof. Multiplication of the sensitivity equation (5.38) by kz—i—l from the left yields

Jw
_hik;r_’_lq);l) [t;] - E = /\1+1Sl+1 + kl—l—ISl + h; Az+1q>lz[ti]Si
fori =0,...,N —1 and hence

r,z) = (y;O —Ag) - So + v}

+ Z AL Si + Al @LI61S: — A i

N-1
(5.43)
=y —A0) - So+ v+ Y (AT Si — Al Siv)
i=0
= (¥} —*g) " So+ V5 +AJ So— Ay Sw
(5.44)
="V250 + V5 + Vi, SN
=T'(2). O

With I'"(z) = I',,(z) we finally found a formula for the gradient of I". T itself is
a placeholder for the functions J, G = (Gy, ..., GnG)T, H = (Hq,..., H,LH)T in
(5.13)-(5.15).

In order to compute J’, G’, H' of (5.13)—(5.15) for each(!) component of J, G, H an
adjoint equation with appropriate transversality condition has to be solved. This essen-
tially corresponds to solving an initial value problem of dimension n,(2 + ng + ng).
The trajectory Z;(z), i = 0,..., N, has to be stored. It is important to mention
that the effort for solving the adjoint equations does not depend on the number M of
control parameters! The method is particularly efficient if no or very few constraints
are present.
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Symplecticity

The combined integration scheme consisting of adjoint equation (5.43) and one-step
method (5.42) has a nice additional property—symplecticity, see also [193] for ODE
optimal control problems. The combined integration scheme reads as

Aig1=Ai —hi L, Zisw, hi) i1,
Ziv1=2Z;+h; o, Z;, w, h;)
or in Hamiltonian form as
Aiv1 = Ai —hi H.(ti, Zi, digr,w, hi) T,
Ziv1 = Zi + hi Hj(t;, Zi, digr w. hi) T
with the auxiliary function
H(t,z, A, w,h) := AT ®(@t,z, w, h).
Solving this equation leads to
(A,-H ) _ ((Inz + h,-cp/z(t,-,Zi,w,hi)T)—l ki) . (\Pl(ki,Zi))
Zit1 Zi +hi®(t;, Zi, w, hy) "\ Y2(4i, Zi)
=: VA, Zj).
Hence, we obtain the integration scheme
Wi(hi, Zi) + hi HY (1, Zi, W1 O, Zi),w hi) T = A,
Wo(hi, Zi) = hi Hi (61, Zi, Wi (A, Zi), w, hi) ' = Z;.
Differentiation with respect to (1;, Z;) leads to

L. +hi(H!)T © \ (Vi Yiz \_ (In.  —hiH]
—hi H), I J\ Wy, Yo, ]\ © L +hi(H)T )

v4

Exploiting H}', = © yields the Jacobian of ¥ to be

—1 —1
v ‘Ifjl,xi ‘I’:l,zi (e + B CHZDTY ™ =y (L + R (HZ)T) ™ HE Y
\IJZ,AI' WZ,Z,' @ Inz +th;/A

It is straightforward to show (W) T AW = A, where
_ 0 I,
A= (_,nz " ) |

Theorem 5.3.3. W issymplectic, i.e. it holds (W) TAW = A. o

Thus, we proved
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Application to Runge-Kutta M ethods

The increment function ® and its derivatives ®, and @/, in the preceding sections are
to be specified for implicit Runge—Kutta methods and the DAE

F(t,z(t),z(t),up(t; w)) = Orn-=.

One step of the s-stage implicit Runge—Kutta method in Definition 4.1.10 from #; to
t; + h starting at Z; is given by

Ziy1=Zi +h®(t;, Zi, w, h)
with the increment function
S
(1. z,w. h) =Y bikj(t.z,w.h) (5.48)
j=1

and the stage derivatives k = (kq, ..., ks), which are implicitly defined by the non-
linear equation

F(t1,z —}—th:laljkj,kl,uM(tl;w))

F(ra,z +h Y5y azjkj ko um (v2iw
Gk,t,z,w,h) := (2 Z1—1 .211 2, Uy (12;W))

== ORsnz N (5.49)
F(tg,z+h Zj‘=1 asjkj, ks, up(ts;w))

where the abbreviations t; :=¢ +c¢;h,i = 1,...,s, are used.
The nonlinear equation (5.49) is solved numerically by Newton’s method:

G (kD t,z,w, M) AKY) = —G(kYV) 1,2, w, h),

KUTD = kD 4 AkD) j=0,1,2,....

Under the assumptions that a solution k for (z,z,w, h) exists and that the derivative
G, is non-singular at k, the implicit function theorem yields the existence of the
function k = k(¢, z, w, h) satisfying

G(k(t,z,w,h),t,z,w, h) = Ogsn:

in appropriate neighborhoods. Differentiation of this identity with respect to z and w
yields

k,(t,z,w.h) = =G (k.t,z,w. h) ' GL(k.t,z, w. h),
ky(t.z,w h) = =G (k.1 z, w, h)"'Gl (k. t,z,w, h),
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where
hannMi+T1  haiaM; hais My
hay1 M, ha, M + T,

Gk, t,z,w h) =
has—l,sMs—l

hasl M; has,s—lMs hassMs + Ty

s
M; = FZ,(T]',Z +hZajlkg,kj,uM(Ij;w)), J=1,...,s,
=1

S
T, := Fé’(rj,z +h2ajgkg,kj,uM(rj;w)>, j=1,...,s,
=1

N
Fi(vnz+h 3 ayhy ko (miw))
j=1
Go(k,t,z,w,h) =

s
FZ/(TS7Z +h Zasjkjyks’ up (ts; w))
j=1

S
F,’,(rl,z +h Y aijkj ki, up(tr; w)) -uﬁw,w(rl;w)
j=1

G,y (k,t,z,w,h) =

N
F, (‘ES,Z +h Y asikj, ks, up(s; w)) -uju,w(rs; w)
j=1

Notice that (5.43) and (5.45) require the partial derivatives ®/(z,z, w, k) and
(1, z,w, h). According to (5.48), these values are given by
S
O (t.z.w.h) =Y bikj (t.z,w.h),
j=1

s
@, (t.z.w. h) =Y bk}, (t.z,w. h).
j=1

Example 5.3.4 (Implicit Euler Method). For the implicit Euler method we find

Gk,t,z,w,h) = F ({t + h,z + hk,k,up (t + h;w))
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and

O (t,z,w,h) =k,(t,z,w, h)
= —(hF[t + h] + Filt + )™ - Fl[t + h],
O, (t,z,w,h) = ki, (t,z,w, h)
= —(hFL[t+ ]+ Flt+ B~ Flt 4+ h] -ty o (¢t + hw). O

Example 5.3.5 (Explicit Runge-Kutta Methods). We briefly discuss the important
subclass of ODEs

F(t,z(), 2(0). up (1:w)) := 2(1) — f(t. 2(0), up (:w))

in combination with an s-stage explicit Runge—Kutta method

s
Zit1=Zi+h ijkj(ti,Z,-,w,h),

j=1
where the stage derivatives k; = k;(¢,z,w,h) for j = 1,...,s are recursively de-
fined by
j—1
kj(t,zow. h) = f(t terhz+h Y ajekeup (@ + el w)). (5.50)
(=1

Differentiation with respect to z and w yields

J—1 J—1

Ko = f2(t+ ez +h Y agekeun @+ cshiw) ) (1 + Ry ajeky )
(=1 {=1
j—1 Jj—1
K = f2(t+ cihoz + b Y apekeun(+ i) (Y ek, )
(=1 t=1
j-1
+ fu’([ + th,Z +h Zajekg, up(t + th; w)) ‘“ﬁl,w(’ + th; w)
=1

forj=1,...,s,and

S
O (t,z,w,h) = Z b~k},z(t, z,w,h),
j=1

s
@, (t.z.w h) = Y bk, (6.2, w. h). O
j=1
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5.3.3 Adjoint Equation Approach : The Continuous Case

If the DAE is solved by a state-of-the-art integrator with automatic step-size and or-
der selection, then the adjoint equation approach as described in Subsection 5.3.2
becomes costly in terms of storage requirements as the approximation Z; at every
time point ¢; generated by the step-size selection algorithm has to be stored. This is a
potentially large number. In this case, it is more convenient to consider the DAE (5.1)
with the discretized control u s (¢; w) as an infinite DAE constraint for every ¢ € J:

Ft,z(t:2),2(;2), upm(t;w)) = Ornz,  z(to;2) = Zo(2). (5.51)

This leads to a state approximation z(¢; z) for every ¢+ € 4 that depends on z. The
initial state Zo(z) € R"= is assumed to be sufficiently smooth as a function of z and
consistent with the DAE for all z.

As in the discrete case in Subsection 5.3.2 we aim at computing the gradient of the
function

['(2) := y(z(t0:2), 2(1f: 2), 2) (5.52)

with respect to Z € R”z. Consider the auxiliary functional

Iy

TL(G) = r(z)+/ AOTF( 2(6:2), 262 2 upg (63 w))dt

to

where A is a function to be defined later. Differentiating I'; with respect to z yields

t
r,z) =r'c) + /t ! A(r)T(FZ/[t] -S(1) + Fi[r] - S(t) + F[t] - ugw(z; w))dt

t

4
= Yz, S(to) + vz, - S(ty) + vz + / A" Folt] w5 w)dt

to
+ /t‘f AT FU-S@0) +A@) T - Flle]- S(0)dt.
to

Integration by parts of the latter term yields

To(2) = (v, + Ap) T - Filiy]) - S(p) + (vh, — Ato) T - Filto]) - S(to) + 73

+ /tf ATl w5 w)dt

to

v T / d T /
+/t (A(z) -FZ[t]—E(A(t) -FZ-[t]))-S(t)dt.

0

A is chosen such that the adjoint DAE

MO F 00T FlrD) = 0. (5.53)
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is satisfied, provided that such a function A exists. Then the derivative of I, reduces
to

To(2) = (v, + M) T - Filig]) - S(tp) + (vh, — Ato) T - Flto]) - S(to) + 7%
+ /tf AT Fylt] -y 5 (5 w)dt.
to

A connection with the sensitivity DAE (5.41) arises as follows. With (5.53) and (5.41)
almost everywhere it holds

d T I
i GOIAURNO)

- %uof CFD) - S + A0 - Fi() - S@)
= MO - S + A0 (< FLi) - @) = Flr) -y (5 w))
= —A(0) T F[t] - upy 5 (1:w).

Using the fundamental theorem of calculus we obtain

: Iy
BT F-SOL = - [ 20T R e wd. (659
to
The gradient then becomes

T,(2) = (v, + Atp) " - Filig]) - S(ip)
+ (v — AMt0) T - Fllto]) - S(to) + ¥%

Iy
+ / AT Fle) - uly s ( w)dt
11

0

(5.54)
="y;, - S(tr) + i, - S(to) + v}

=T'(3).

Hence, T/ (2) and I'’(Z) coincide provided that A satisfies (5.53).
While it is cheap to compute the sensitivity matrix

S(to) = Zy(2). (5.55)

the sensitivity S(z¢) in the expression for T';(Z) has to be eliminated by a proper
choice of A(zr) as we intend to avoid the explicit computation of S(z¢). Moreover,
A(ty) has to be chosen consistently with the adjoint DAE (5.53). We discuss the pro-
cedure of defining appropriate conditions for A(z5) for some common cases, see [56]:
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Theindex-zero case;

Let F; be non-singular almost everywhere in 4. Then the DAE has index zero and
A(ty) is defined by the linear equation

v, + M) - Filty] = Ogo (5.56)
and we find
Mip)T ==yl Flli]™
and thus
T,(Z) = (v}, — Alto) " - Filto]) - S(to) + v%

iy
+ / NOEEMGE Uy (L w)dt. (5.57)
11

0

Example5.3.6. In the special case of an explicit ODE
F(t,z,z,u) = f(t,z,u) — z,
equations (5.53) and (5.56) reduce to
AT =207 [l AT =L, O
Semi-explicit DAEs:

Consider a semi-explicit DAE with z := (x, y)T € R"x" and

F(t,z,2,u) == (f(t,x,y,u)—x) € R"xFny,
g(t,x,y,u)

The corresponding adjoint equation (5.53) for A := (A, Ag)T € R™ 7 reads as
Ar T I+ g ()T gl + A ()T = O (5.58)
Ar) T T+ g (1) T g} lt] = O,y - (5.59)
With S := (S*, §¥)T we find
L, + Mep) T FiltD) - S(ep)
= vy, — Ar ) S*(tr) + vy, 87 (tp). (5.60)

A consistent value A(1y) = (A7 (tr), )kg(tf))T is sought for (5.58)—(5.59), such that
the expression in (5.60) does not depend explicitly on S(z¢).
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(i) Let g;, be non-singular almost everywhere in 4. Then the DAE has index one and

Ag(tr) T = =Ap(tr) " £ltr1g)ltr] 7!
is consistent with the algebraic constraint (5.59) of the adjoint system for any A7 (¢7).
The expression (5.60) vanishes if

Artp)T =y, and y, = Ogu,.
With these settings I';,(Z) is given by (5.57).
The latter assumption is not as restrictive as it seems as it fits well into the theoretical
investigations in Chapter 3. For, the algebraic component y is an L.-function and
thus it makes no sense to allow a pointwise evaluation of y at 7o or ¢. Consequently,
it is natural to prohibit y depending explicitly on y(z7) (and y(to)).
(ii) Let g, = 0and let g, f; be non-singular almost everywhere in 4. Then the DAE
has index two and

d _

hgltp)T ==Ar ()T (f;[rflf;[rfl - Efy’[rf]) (&4l 1 Al ) ™
is consistent with the derivative of the algebraic constraint (5.59) for any A1 (¢y), pro-
vided that the time derivative of fy’ at 1y exists. Notany A ¢ (zr), however, is consistent
with the constraint (5.59). We choose the ansatz

Ve, —Ar(tr)T = &gk lr]
with £ € R™> to be determined such that A (¢¢) is consistent with (5.59), i.e.
Ogny = Ar(tn) T £ltr] = vi, £ltr) — €7 glltf) fler).
and thus
£ =yl K&l D™
Moreover, the sensitivity matrix S* satisfies almost everywhere the algebraic equation
2 [t]S™ (1) + g;[l]uﬁu,z(l; w) = Ogny
and thus the first term of the right hand-side in (5.60) computes to
(rx, = A tp) )S*(tp) = ET gkltp1S% (tp) = €T g ltrulyy 5 (153 w).

Notice that the expression on the right does not depend on S(z5) anymore. Finally, if,

as above, we assume y;, ;= Oﬁny, then T/ (z) can be computed without computing
S(tr) according to

L) = =y, £l (gl )™ ultr Ty 2 (i w)

+ (Vb — Ato) " - Fllto]) - S(to) + ¥%
t

S
+ AT Flt] - uhy s w)dt.

to
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Stability results for the forward and the adjoint system are derived in [56]. It
is shown for explicit ODEs and semi-explicit index-one and index-two Hessenberg
DAEs that stability is preserved for the adjoint DAE.

Numerical Adjoint Approximation by BDF

We discuss the application of the BDF method to the adjoint DAE (5.53). Firstly, the
implicit DAE

F(t,z(1),2(1), upm (t; w)) = Ogn= (5.61)
is transformed formally to semi-explicit form:

Oan = Z([) — U([),
Ornz = F(t,z(t),v(t), up (t; w)).

Using the function

H(t.z, 2,00 A0, 2) == (AT, A)) ( F(ZZZ_;’ u))
=Xy G—v) + A F(t,z,v,u),
the adjoint DAE (5.53) for y = (z,v) " is given by
~ d -~
Hy[t] - EHW] = Ogon. -

Transposition yields

AR ]
( P20~ 30 )z (‘)R"Z). (5.62)
() + FL) T2z (0) ORe:

This is a linear DAE in A = (1,, ;). Employing the BDF discretization method
for the integration step #,,, 4 x—1 —> tm-+% and using the approximation

k

. 1

Av(l‘m—}—k) ~ Z E Olilv([m+i)
i=0

yields the linear equation

( Fz,[tm—i—k]-r/\z(tm—l—k) - % Zf:o ai/\v(zm-f—i) ) — (OR"Z )

Ao (tmtk) + Flltmar] " Az (tmtic) Oy
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for Az (¢, +%) and Ay (t,,4-1). The size of the equation can be reduced by introducing
the second equation

Ay (k) = Fz'/[tm+k]TAz(tm+k)a

into the first equation. Herein, the relations

Ao(tm4i) = Filtmri] Az(tmsi), 0 =0,1,....k,

are exploited. It remains to solve the linear equation

k—1

(07 1

(Ffltmei) T = = Fhltmaid DAz i) = 5 D 0 FLlmes ] Az (i),
i=0

h

Recall that A, is the desired adjoint A of the original system in (5.61), whose Hamilton
function is given by

H(t,z,2,u,X) = AT F(t,2,2,u).

For this, the adjoint DAE is given by
11T d AN
Flt] A@) — E(Fj[t] A(t)) = Ogn=

Notice that this equation arises, if the second equation in (5.62) is introduced into the
first one.

For fully implicit index-zero and index-one DAEs the augmented adjoint system in
(5.62) is stable, if the original DAE was stable, see [56, Theorem 4.3].

Example 5.3.7 (see Example 1.1.11). We revisit Example 1.1.11 without dynamic
pressure constraint and compare the sensitivity equation approach and the adjoint
equation approach in view of CPU time. We used the fourth order classic Runge—
Kutta method with fixed step-size for time-integration of the ODE. The control is
approximated by a continuous and piecewise linear function.

Figure 5.6 summarizes computational results obtained for the sensitivity equation
approach and the adjoint equation approach. While the sensitivity approach grows
nonlinearly with the number N of equidistant time intervals in the control grid, the
adjoint approach grows at a linear rate. Hence, in this case the adjoint approach
is more efficient than the sensitivity approach. This is the expected behavior since
the number of constraints is significantly smaller than the number of optimization
variables.
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Figure 5.6. Computational results for the emergency landing maneuver without dynamic pres-
sure constraint: Performance of the sensitivity equation approach compared to the adjoint

equation approach with NPSOL.
O

5.4 Discrete Minimum Principle and Approximation of
Adjoints

The aim of this section is to state a local minimum principle for the full discretiza-

tion of Problem 3.4.1 using the implicit Euler method. It turns out that this discrete

local minimum principle can be interpreted as discretization of the local minimum

principles 3.4.3 and 3.4.4, respectively. This observation allows to construct approx-

imations of the multipliers A¢, Ag, n, u, and o of Section 3.4 to which we refer to

as continuous multipliers for brevity (which does not mean that these multipliers are
actually continuous). We consider Problem 3.4.1 with fo = 0:

Problem 5.4.1 (DAE optimal control problem). Letd := [to.7r] C R be anon-empty
compact time interval with 7o < ¢ fixed. Let
@ R"™ xR"™ — R,
fid xR*™ x R"™ x R"™ — R"~,
g d xR"™ xR"™ x R"™ — R™,
c:d x R™ x R"™ x R" — R,
s d x R*™ — R,
Y R™ x R™ — R
be sufficiently smooth functions and U < R« a set.
Minimize
@(x(to), x(1r)) (5.63)
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with respect to x € W, (d), y € Lod (4), u € L% (J) subject to the constraints

X(t) = f(t,x(1), y (1), u(?)), (5.64)

Orny = g(t,x(2), y(2), u(?)), (5.65)

Y (x(10), x(1r)) = Ogrv, (5.66)
c(t,x(t), y(1), u(r)) < Ogne, (5.67)
s(t,x(t)) < Ogns (5.68)

u(?) € U. (5.69)

O

The Hamilton function and the augmented Hamilton function are defined as usual
(with fo = 0):
H(t.x, y.udp hg) = AL ft.x, y.u) + Ag gt.x. y.u).
J@(l,x,y,u,/’kf,kg, 7]) = Je([vxs y5ua)kf»kg) + rITC(l’x’ y’u)‘

Let (Xn,yn.upn) be a local minimum of Problem 5.4.1. Similar as in Theo-
rem 3.4.4 we assume:

Assumption 5.4.2.
(@) gy (t, XN (1), In (1), 1N (2)) is non-singular for every 1 € Gy .
(b) Foreveryr € Gy letrank(c, (t,Xn (1), yN(2),1in (1)) = nc.
(c) The matrix g;,[¢] — g,,[t](c,, [t])+c; [¢] is non-singular for every r € G, where
(/)T denotes the pseudo-inverse of c/,. |

Problem 5.4.1 is discretized using the implicit Euler method on the not necessarily
equidistant grid G in (5.5). The resulting finite dimensional nonlinear program reads
as follows:

Problem 5.4.3 (Discretized DAE optimal control problem).
Minimize
@(x0,XN) (5.70)
with respect to grid functions
xy Gy — R™,  x;:=xn(t),

yN Gy — R"™, y =y (),
uy Gy — R™, u; == un(t),
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subject to the constraints
f(zi,xi,yi,ui)—)”;ﬁzoRnx, i=1,....N (5.71)
i—1
g(ti, xi, yi,ui) = Ogny, i=1,...,N, (5.72)
Y(x0,xyN) = Ogny, (5.73)
c(ti, xi, yi,uj) < Ognc, i=1,...,N, (5.74)
s(ti, xi) < Opas, i=0,...,N, (5.75)
u; € U, i=1,...,N. O

Equations (5.71)—(5.72) result from the implicit Euler method applied to the DAE
(5.64)—(5.65). Notice that we can dispense with the algebraic constraint (5.65) and the
mixed control-state constraint (5.67) at t = ¢ in the discretized problem, if Assump-
tion 5.4.2 is valid. This is because Assumption 5.4.2 guarantees that the equations
g(to, x0, yo,uo) = Orny and c(to, xo, Yo, uo) = Ornc Can be solved for yo and ug
given xo by the implicit function theorem, provided a solution exists at all. As ug
and yo do not enter the objective function, it would be superfluous to impose the
constraints g(fo, xo, yo, #o) = Orny and c (g, Xo, o, ug) < Orne in Problem 5.4.3.

Evaluation of the Fritz John conditions in Theorem 2.3.28 yields the following
necessary optimality conditions.

Theorem 5.4.4 (Discrete Local Minimum Principle). Let the following Assumptions
hold:

(i) Thefunctionsg, f, g, c, s, ¥ are continuously differentiable with respect to x,
v, and u.

(if) U € R™ isaclosed and convex set with non-empty interior.
(iii) (Xxn,yn,uy) isalocal minimum of Problem5.4.3.

Then there exist multipliersxg € R, k € R"v,

AN Gy — R™, Api = Arn (1),
Ag.N Gy — R"™, Agi 1= Ag n(ti),
{n Gy — R, &=y ),
vy Gy — R™, v = vy (1),

such that the following conditions are satisfied:

@) ko =0, (Ko,K,Xf,N,)Lg,N,é'N,vN) #+ 0,
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(b) Discrete adjoint equations: Fori =1,..., N we have

~ o 4 .
A}:i—l = A’}:l + hi—l‘}(),c (tivxi7yi7ui’kﬂi—1’)"g,i_1’ = + UiTS;C(ti’xi)

hi—
N :
= A}:N + Zh]—lﬂ)/c (t]’)%]’ ij, ﬁj’kﬂj—l’kg,j—l, ﬁ)
Jj=i J—
N
+ vl st %), (5.76)
j=i
778 PR Y
Orny = ny livxi»yisui»kf,i—ls)tg,i—l,ﬁ . (5.77)
i
(c) Discrete transversality conditions:
Ao = —(kogly (Ro. &) + kTl (Go. £n) + vg 4(t0. 20).  (5.78)
AN = Koy (Ro. Xn) + kYL (Ro, £w). (5.79)

(d) Discrete optimality conditions: Foralli = 1,..., N andall u € U we have

7, (zi,fi, Bifit Aot Agio, }f—l) (u— i) = 0. (5.80)
-

(e) Discrete complementarity conditions: It holds

i > Ogne, i=1,...,N, (5.81)

Vi > ORns, i=0,....N, (5.82)
¢leti, %, 9i,0:) =0, i=1,...,N, (5.83)
v s(ti, %) = 0, i=0,...,N. (5.84)

Proof. Letkg € R, k € R"*v,
x = (Ro,....5n) " e REx@+D)
y=01....08)" eR™V,
u=1,....0n8)" € RN,
A= g0 hpy—1)! € RN
;\g = (ig,o, .. .,ig,N_l)T e RN,
{= (1. bn) T e RN,

V= (vo,...,vp) " € RBW+D,
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The Lagrange function of Problem 5.4.3 is given by
L(x, y,u,/co,)lf,;\g, £,v, k)
= Ko¢(x0. XN) + kT ¥ (x0. XN)

Xi—1 — Xi

N N
+ Z H(t, xi, yiui, Afi—1,Agi—1,8i) + Zl}fi_l i

i=1 i=1
N

+ Z vi—rs(ti,x,').
i=0

Application of Theorem 2.3.28 results in the following equations:
1. L;’,(u—ﬁi) >0forallu e U:Fori =1,...,N itholdsforallu € U

FL (i, i, Dis iy Mgy, Agio1, &) — 17) > 0.

2. L, =0f,,:Fori =1,.... N itholds

J%J/,(li,;ci, Vi, ﬁhif,i—l,;\g,i—ly ¢i) = Ogay
3. L}, =O0g,,: Fori =0itholds

A A A A N I =
(ko@, (R0, £n) + k T¥k, (Ro. £n) + vg Sk (t0. 0)) + %)“Zo = Ogns-

Fori =1,...,N —1itholds

J%),c(tlv)%l’ _),}15 ﬁl7iﬁl—1’j’g,l—l7 é‘l)
|- 1
__A'f,i—l +E

1T T a T
i—

Fori = N it holds
Ko@ly (R0, XN) + kY, (Ro. Rn) + vy si(in. £N)
A n " " ~ ~ 1 -
+ H (N XN INAN A N—1. Ag N—1.CN) — m/\}:N—l = Oy -

With the definitions
1
hi

i =

s

1
/\f’ =

51 hi ;\f,i’ )tg

j’g,l‘9 iZO,-..,N—l,
and
A}:N = KO(p)/cN(),(\fO, JGN) + KTW;N ()’(\f(),)’(\fN)

we obtain the discrete optimality conditions, the discrete adjoint equations, and the
discrete transversality conditions. m]
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Remark 5.4.5. The local minimum principle for DAE optimal control problems can
be extended to a global minimum principle, see Section 7.1. The question arises,
whether a similar result holds for the discretized optimal control problem 5.4.3. This
is not the case in general, but an approximate minimum principle holds, see [239].
With additional convexity-like conditions a discrete minimum principle holds as well,
see [162, Section 6.4, p. 277]. a

We compare the necessary optimality conditions in Theorem 5.4.4 with those in
Theorems 3.4.3 and 3.4.4. Our intention is to provide an interpretation of the dis-
crete multipliers in Theorem 5.4.4 and to put them into relation to the continuous
multipliers in Theorem 3.4.3. Following this interpretation it becomes possible to
construct estimates of the continuous multipliers by use of the discrete multipliers
only. Of course, the discrete multipliers can be computed numerically by solving the
discretized optimal control problem 5.4.3 by SQP.

In line with the situation of Theorem 3.4.3 we discuss Problem 5.4.1 without mixed
control-state constraints, i.e. n, = 0 and ¢ = Ogne.

The discrete optimality conditions (5.80) and the discrete adjoint equations (5.77)
are easily being recognized as pointwise discretizations of the optimality condition
(3.75) and the algebraic equation in (3.72), respectively, provided we assume for all i:

X~ X(t), Vim ), Ui ~u), A~ Ap(t),  Agi ~ Ag(ti).

Actually, there will be an exceptional interpretation for A4, later on.
Comparing the discrete transversality condition (5.79),

AN = Kowyy (R0, &N) + kYL (Ro, An),
and the transversality condition (3.74),
i) T = Lowl, (R(t0). 2(15)) + 0 Y}, (R(t0). £(21)),
it is natural to presume
ko ~ Ly, Kk =~ o0.

The adjoint equation (3.71) for ¢ € 4 reads as

‘
Ar(t) = Ar(ty) + /; ’ Jf)’c(r,)?(r),yA(r),ﬁ(r),)tf(r),/\g(r))Tdr

+f Y S 2 (o).
t
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The discrete adjoint equation (5.76) fori = 1, ..., N is given by

N
Mict =Apn + D i1 K. 8. 9. 0. Ag 1. Ag j—1) T
j=i
N
+ s &) T
j=i

The first sum is easily being recognized to be a Riemann sum on G » and thus

N
D i H (b, 8y, $i iy Ap o Ag i) T
j=i
ty
~ / Hy (7, £(1), $(1), (1), 27 (), ¢ (1)) Td T (5.85)
ti—1
fori = 1,..., N. This observation encourages us to expect thatfori = 1,..., N,
Y T i T
Zs;(tj,xj) vj %/ st (t,X(v)) ' du(r). (5.86)
i =i ti—1
J=i

In order to interpret the approximation in (5.86), we have to recall the definition of a
Riemann-Stieltjes integral, see Definition 2.1.25. The Riemann-Stieltjes integral in
(5.86) is defined to be the limit of the sum

3 k& 2 EN) T () — wlti—1)),

J=i

where ;1 < t; < -+ < b = ty is an arbitrary partition of [£;—1,77] and
& € [tj—1.t;] are arbitrary points. If we choose the particular grid Gy and the
points §; := t; we obtain the approximation

ty N
[t SR () & . 7)) T (1) = ulti)-

j=i

Together with (5.86) we draw the conclusion that the relationship of the discrete mul-
tipliers v; and the continuous counterpart .« must be given by

vi & u(ty) —pn(ti—=y), i=1,...,N.
Now, we address the remaining transversality condition (3.73):

Ar(to) T = —(Logl, (R(t0). X(tr)) + 0 Ty, (R(t0). £(t5)))
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and the discrete counterpart (5.78)
Afo = —(ko@y, (R0, £n) + k Ty (Ro, £) + vg 85 (10, %0)).

These two conditions can be brought into accordance as follows. Recall that the mul-
tiplier w is normalized, i.e. i(t9) = Orns and p is continuous from the right in the
open interval (fo, 7). Hence, u may jump at zo with 0 < u(to+) — u(to) = p(to+),
where j1(to+) denotes the right-sided limit of . at zo. Similarly, A may jump at 7o,
too. Similar to the derivation of the jump conditions (3.76) it follows

Ay (t0+) = Ay (t0) = lim 2 (to + &) = Ay (t0) = —s%(to. X (t0)) T (1(to+) — 11(t0))
and thus

Ar(toH)T = Ap(to) T — (u(to+) — plto)) " sk (to. (t0))
= —(Logl, (% (t0). £(t7)) + 0 "Wl ((t0). £(17))
+ ((to+) — p(t0)) sk (t0. 2 (10)))-

A comparison with (5.78) shows that both are in accordance, if vg is interpreted as the
jump height of w at ¢ = ¢, i.e.

vo ~ p(fo+) — p(to)
and if A is interpreted as the right-sided limit of 1, at 7o, i.e.
Aro & Ag(to+).
As an approximation of the value A ¢ (z9) we then use the value
— (ko (Fo. En) + 1 T, (Ro. 3))-

The above interpretations cope well with the complementarity conditions, if we
recall that v; denotes the multiplier for the constraint s(z;, x;) < Orns. Then the
complementarity conditions yield

Orns < vj &~ u(t;) — p(ti—1),
which reflects the fact that 1 is non-decreasing. The condition viTs(t,',xi) = 0 implies
s(tixi) <Opns == Orns = v; &~ u(t;) — plti-1),

which reflects that w is constant on inactive arcs.
The above interpretations remain valid for problems with additional mixed control-
state constraints and U = R™«, see Theorem 3.4.4. A comparison of the respective
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necessary conditions in Theorem 3.4.4 and Theorem 5.4.4 yields the additional rela-
tionship

Gi
hi—1

~nt), i=1,...,N,

for the multiplier n. The complementarity conditions for ¢; are discrete versions of
the complementarity condition in Theorem 3.4.4.

54.1 Example

The subsequent example shows that the above interpretations are meaningful. Since
the problem is an ODE optimal control problem, we use the explicit Euler method for
discretization instead of the implicit Euler method. The above interpretations can be
adapted accordingly. Though the example at a first glance is very simple, it has the
nice feature that one of the two state constraints becomes active only at the final time
point. This causes the corresponding multiplier to jump only at the final time point.
Correspondingly, the adjoint also jumps. It turns out that the above interpretations
allow to construct approximations for the multipliers that reflect this behavior for the
numerical solution.

x(1)

u(t)

y(1)

v(t)
Figure 5.7. System of two water boxes with controllable outflow rates.
Consider a system of two water boxes, where x(¢) and y(¢) denote the volume of

water in the two boxes and u(z) and v(z) denote the outflow rate of water for the
respective boxes at time ¢, see Figure 5.7.
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An optimal control problem is given by

Problem 5.4.6. Letd := [0, 10].
Minimize
10
~ ), (10 —t)u(t) + tv(t)dt
subject to the constraints
X(1) = —u(n), x(0) =4,
y() = u()—v@). y0) =4,
x(1) =0,
y() =0,
u(t) € [0, 1],
v(t) € [0, 1]. ad
Evaluation of the local minimum principle 3.4.3 or 3.2.7, respectively, yields the
optimal solution in

Theorem 5.4.7. The following functions satisfy the local minimum principle 3.4.3
(and 3.2.7) with £9 = 1 for the linear optimal control problem 5.4.6 and hence are
optimal according to Theorem 2.3.41.

The optimal control variables are given by

A1) = 1, ifo=<t<4, 5(1) = 0, ifo=<r<2,
=0, ifa<e<t10,0 "WT\ 1L if2<r <10
The optimal state variables are given by
4+¢, ifOo<t <2,
=4d 6, if2 <t <4,
10—1¢, ifd4 <t <10.

t, ifo<t <4,

) 4- )
x(t)_{o ifta<r<10,° O

3

The adjoints are given by

. N =2, if0 <t < 10,
Ax(t) = px (1) — pux(10), Ay(f)=ﬂy(f)—/*y(10)={ 0, ifr =10

where the multiplier u, isnon-decreasing and satisfies ux(z) = 0 for ¢ € [0, 4) and
10

dpx(t) = px(10) — ux(4) =8, pux(10) — px(t) > 12 —1, 1 € (4,10).
The multiplier u,, isgiven by

0 (t) = 0, ifo<r <10,
Ky =12, ifr = 10.
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Proof. We apply Theorem 3.4.3. The Hamilton function for Problem 5.4.6 is given
by

H(t,x,y,u,v,Ax, Ay, Lo) = —Lo (10 — t)u + tv) — Axu + Ay (u —v).

Let (x, y,u, 0) be a local minimum of Problem 5.4.6. Then by Theorem 3.4.3 there
exist multipliers o > 0, 0 = (0x,0y)" € R?, A = (Ayx,Ay)" € BVZ({), and
= (px. pty) " € NBVZ(4) with (€9, 0,4, p) # © and

Ax(10) = 4,(10) = 0,

Ax(0) = —oy,
Ay(0) = —oy.
10 10
Ae(@) = Ax(10) + [ J[rldr — | dpx(r) = px (1) — px(10),
t t
10 10

Ay (1) = A, (10) + t ) [tldT — t ity (v) = iy (1) — py(10).

Notice that the case £, = 0 can be excluded, since the Mangasarian—Fromowitz condi-
tions are easily being checked to be satisfied for this problem. Hence, we set o = 1.
Almost everywhere in d it holds for every u, v € [0, 1]:

0 < H, (1) — (1)) = (=(10 = 1) = A (1) + Ay (1)) (u — 11(1))
= (=(10 = 1) = pux (1) + 2 (10) + py (1) = 11y (10)) (u — (D)),
0 < H}[(w = (1) = (=1 — Ay ()) (v = D))
= (1 — py (1) + sy (10)) (v = 5(1)).

Finally, x, ity are non-decreasing functions with 11, (0) = 1y (0) = 0. px and py,
are constant on intervals with measure greater than zero and x(¢) > 0 and y(z) > 0,
respectively.

From the optimality conditions we conclude

Lo O, 0FA () = Ax() > 101,
wr) = { LAt A1) — () < 101

a1 if =40 < 8,
”(’)_{o, it —a(1) > 1

The monotonicity properties of 1, and p,, imply that A () = pux(t) — pnx(10) <0
and A, (t) = uy(t) — 1y (10) < 0 are non-decreasing functions. Since the function ¢
is strictly increasing and —A,,(¢) > 0 is monotonically decreasing, there exists at most
one point 7 € [0, 10] with —1,(7) = 7. Hence, the control 9 is a bang-bang control
with at most one switching point 7. This defines the structure of the control 9.
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The first differential equation yields
t

x(@) = 4—/ u(t)dr, 0<t <10.
0

Let us assume for a moment that x(z) > 0 holds for all € [0, 10], i.e. the state
constraint x(z) > 0 is inactive. Then, ux () = 0and Ax(¢) = ux(t) — ux(10) = 0.
The optimality condition yields i (z) = 1, because A, (¢) — Ax(f) = A,(t) < 0 <
10 — ¢. But this contradicts x(¢) > 0 for all # € [0, 10]. Hence, there exists a first
point 7 € (0, 10] with £(7) = 0. Once £(7) = 0 is fulfilled, it holds %(z) = 0 and
i(t) = 0 forall ¢ € [7, 10] because of

0 < x(t) =)E(t~)—/;ﬁ(r)dr = —/;tﬁ(t)dr <0.

Due to the optimality conditions this implies A, (z) — Ax(z) > 10 — ¢ in (7, 10].

Since 7 is the first point satisfying £(7) = 0, it holds £(z) > 0 in [0,7) and thus
ux(t) = 0 respectively A(t) = —ux(10) in [0,7). Hence, Ay (t) — Ax(¢) is non-
decreasing in [0, 7). Since 10 — ¢ is strictly decreasing, there is at most one point
11 € [0,7) with A, (t1) — Ax(711) = 10 —#;. Assume 7; < 7. Then, necessarily,
i(t) = 0in (¢1.7) and thus 7i(1) = 0 in (z1,10] and £(z) = £(¢1) in [t1. 10]. Then,
either X(¢1) > 0, which contradicts the existence of 7, or £(z;) = 0, which contradicts
the minimality of 7. Consequently, there is no point z; in [0,7) with X, (1) —Ax(t1) =
10 — 1. Therefore, either Ay, () — Ax(¢) > 10 — 7 in [0,7 ), which implies () = 0
and contradicts the existence of 7, or A, (1) — Ax(¢) < 10 —¢ in [0,7 ), which implies
i(t) = 1in[0,7). Summarizing, these considerations yield

o4,
(1, ifrelo,4),
”(t)_{o, if 7 €[4, 10],
ain _ JA—1, ifre]0,4),
o) = {0, if 1 € [4,10],

ux() =0, te€]0,4),
Ax(t) = px (1) — px(10) = —ux(10), 1 €[0,4),
Ay(f) = Ax(t) =10—17 = 6.
Now we have to determine the switching point 7 of . It turns out that / = 2 is the

only possible choice. All other cases (f does not occur in [0, 10], 7 # 2) will lead to
contradictions. Hence, we have

. A0, ifte]0,2),
P=2, ”(”—{1, if£ € [2,10].
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Using these controls, it is easy to check that y becomes active exactly at r = 10.
Hence,

o, in [0, 10),
wo (1) = {My(lo) >0, ift =10,

Ay(6) = py (1) — 1y (10) = { o 1o :? S

On the other hand, we know already 7 = —A,,(7) and hence y,, (10) = 2.
Moreover, 1. () = 01in [0, 4) and hence

—ux(10), if0 <t < 4,
Ax(t) = ux(t) — ux(10) = ¢ <0, if4 <t <10,
0, ift = 10.

On the other hand, we know already 6 = A, (1) — Ax(7) = —2 — A(7) and hence

N N 10
) = ) = 1010) = = [ duae) = 8.
t
Finally, since 7(z) = 0 in [4, 10] it follows
Ay(t) —Ax(t) = =2 —Ax(t) > 10—t

in (4,10), i.e. ux(10) — ux(t) > 12 —1in (0, 4). |

In the sequel the discretization of Problem 5.4.6 by the explicit Euler method is
investigated in detail. Application of the explicit Euler method with constant step
size h = (tf — t9)/ N and equidistant grid points #; = to +ih,i = 0,...,N, to
Problem 5.4.6 leads to

Problem 5.4.8 (Discretized Problem).

Minimize

N—-1
—h Z (10 — t))u; + tjv;
i=0
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subject to the constraints
X0 =4,
Xi+1 = Xj — hu;, i=0,1,...,N — 1,
Yo =4,
Yit1 =Yi +hu; —hv;, i =0,1,...,N —1,
x;i >0, i=0,1,...,N,
yi =0, i=0,1,...,N,
eo,1], i=01,...,N—1,
eo,1], i=01,...,N—1. O

The Lagrange function of Problem 5.4.8 with

x=(x1,....x8)", y=01.....yN) .
u=(o.....un—1)" . v=(vo.....oN_1) .
=LA =g AT,

=Wi....om)T =yt

is given by
N-1
L,y v, A% 07 1% ) = —h Y [(10 = t)u; + 0]

i=0
N-1

+ A;-H(xi — hui — Xit+1)
i=0
N-1

+ ,-y+1(J/i + hui — hvi — yit1)
=0
N

+ Y ui (= szZ/«L,( Vi)
= i=0

1=0

Notice that xo = 4 and yo = 4 are not considered as constraints in Problem 5.4.8.
We intend to evaluate the Fritz John conditions in Theorem 2.3.28 for Problem 5.4.8.
Notice that we can choose £ = 1, since Problem 5.4.8 is linear. Theorem 2.3.28 with
Lo = 1 yields the following necessary (and in this case also sufficient) optimality
conditions for an optimal solution x, 7, 1, 0 with multipliers A*, AV, u*, u”:
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() Fori =1,... N itholds 0 = L. (%, §. 4,9, A%, AY, u*, %), ..
Xi

0=AY, —AF—puf, i=1,...,N—1,
0=Ay— 1y

Recursive evaluation leads to

(ii) Fori = 1,...,Nitholds 0 = L), (%, 7.4, 8, A%, A%, u*, u?), i.e.

0=A, —A —pl, i=1...N—-1,
— Y y
0=Ay —uy-

Recursive evaluation leads to
M==Y . i=1...N

(iii) Fori = 0,..., N itholds L; (%, 5,4, 0, A%, A7, u*, u”)(u — ;) > 0 for all
u €0, 1], i.e.

(—h(10 — ;) — hAF,y + hAY )(u —1;) > 0.

i+1
This implies
I i — (10— 1) + 370 11 (1 — 1)) <0,
i =10, if — (10— 4;) + >0 (uf — 1) > 0, (5.87)

undefined, otherwise.

iv) Fori = 0,...,N itholds L) (x,y,u,0, A%, A7, u*, u”)(v — 0;) > 0 for all
Vi -
v e [0,1],i.e.

(—ht; — hkl.y+1)(v —10;) > 0.
This implies

1, it —t+ Y0 w <0,
b =140, it —t+ >0 1) >0, (5.88)
undefined, otherwise.
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(v) Itholds u¥x; =0, u¥ =0,i =0,....N,and ) y; =0, 4] >0,i =0,...,N.

We verify that
1, fori =0,....m—1,
O =3 4/h—m, fori =m, (5.89)
0, fori=m+1,...,N —1,
0, fori =0,...,q—1,
Ui =3qg+1—-2/h, fori=gq, (5.90)
1, fori=q+1,...,N —1,
with

|4 ]2
m = h ’ q - h )
is an optimal control for the discretized problem 5.4.8. To this end, by application of
these controls we find

i—1
Ri=4-hYy @j=4—ih>0. i=0...m,
j=0
Xm+1 = Xm —htly, =4—mh —h(4/h—m) =0,
£ =0, i=m+2,...,N.

Similarly we have

i—1
Ji=4+h)y (@ —0)=4+ih i=0.....q,
Jj=0
Vg+1 =Yg+ hlig —0g) =4+ qgh+h(1—-(¢+1-2/h)) =6,
yi=6, i=q+2,....,m,
J;m—H:);m'i'h(ﬁm_ﬁm):6+h(4/h_m_l):lo_h(m'i'l)’
i—1
$i=Pmrr+h Y @ —19)
j=m+1
=10—hm+1)—h(i—1-m)=10—ih, i=m+2,...,N.
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Notice that y; > 0 fori = 0,...,N — 1 and yn5 = 0. Hence, according to
the complementarity conditions (v), the multipliers /Lly must satisfy uly = 0 for
i=1,...,N —1. With (5.88) and (5.90) necessarily it holds

/LX/ € (tg—1.1g)-

Taking the limith — Owe find t;, = gh = |2/h|h — 2 and t,—; —> 2 and thus
//,J];, — 2.

According to the complementarity conditions (v), the multipliers 1 must satisfy
wy =0fori =1,...,m. With (5.87) and (5.89) necessarily it holds

N
~(10 = tm1) + D (uf = ) <0,

J=m

N
~(10=tm) + D (1] =) >0,
j=m+1

and thus

N
Wy + (10 —1tm) < Y pf < ply + (10— tm1).

j=m

Taking the limit 7 — O vields t,, = mh = |4/h|h — 4 and

Summarizing, the above considerations showed that (5.89), (5.90), and the resulting
discrete state variables are optimal solutions of the discretized problem provided the
multipliers p* and p” are chosen accordingly. Furthermore, the switching points ¢,
and t,,, converge at a linear rate to the switching points of the continuous problem 5.4.6.
The discrete states (viewed as continuous, piecewise linear functions) converge for the
norm || - ||1,00, Whereas the discrete controls (viewed as piecewise constant functions)
do not converge to the continuous controls for the norm || - ||oo. The discrete controls,
however, do converge for the norm ||-||;. Due to the non-uniqueness of the continuous
and discrete multipliers it is hard to observe convergence for these quantities.

Figures 5.8-5.12 show the numerical solution for N = 999 and piecewise con-
stant control approximation. The numerical solution was computed by the software
package OC-ODE [117].
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Figure 5.8. Optimal approximate state and control for N = 999 grid points and piecewise
constant control approximation.
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Figure 5.9. Lagrange multiplier .~ for the discretized state constraint x; > 0 in Problem 5.4.8
for N =9,19,39,999.
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Figure 5.10. Lagrange multiplier > for the discretized state constraint y; > 0 in Prob-
lem5.4.8for N = 9,19, 39, 999.
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Figure 5.11. Adjoint estimation A* for the discretized differential equation in Problem 5.4.8
for N =9,19,39,999.
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Figure 5.12. Adjoint estimation A for the discretized differential equation in Problem 5.4.8
for N =9,19,39,999.

5.5 An Overview on Convergence Results

The convergence of discretized optimal control problems is a current field of research.
Only few results are available for ODE optimal control problems. We summarize the
existing results without proving them. All results assume that the optimal control is
at least continuous. A convergence result for linear optimal control problems with
discontinuous controls can be found in [2].

5.5.1 Convergence of the Euler Discretization

The proof of convergence for the full Euler discretization can be found in [216].
More specifically, the authors investigate the following optimal control problem on
d = [0, 7] with § € R"~ given:

Minimize

tr
o(x(ty)) + [O folx(e) u(t))dr
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subject to the constraints

X() — f(x (1), u(r)) = Ornx,
x(0) —§ = Omnx,

Y (x(tr)) = Ogry
c(x(t),u(t)) < Opne.

Its discretization by the explicit Euler method looks as follows:
Minimize
N-1

o(xn) +h Y folxi,ui)
i=0

subject to the constraints

%_f(xi,ui)=0wx, i=0,....N—1,

X0 _E = O]R"x,
V(xn) = Ogny,
c(xj,uj) <Opne, 1 =0,...,N—1.

We only summarize the assumptions needed to prove a convergence result. F
denotes the augmented Hamilton function as usual.

Assumption 5.5.1.
@) fo, f.c, e,y are differentiable with locally Lipschitz continuous derivatives.

(b) There exists a local solution (%,1) € €]*(d) x €"(4) of the optimal control
problem.

(c) Uniformrank condition for ¢: Let
F(@):={ €{l,....nc} | ci(2(t),1(t)) > —a} forsomea >0

denote the index set of «-active mixed control-state constraints at # and c g ;) [¢]
the «-active constraints at z. There exists a constant 8 > 0 with

eyt Tdl = Blid]| forall d e RI7®T almost everywhere in J.
(d) Surjectivity of the linearized equality constraints: The boundary value problem

Y(0) = A@0)y@) = B()o(t) = Ornx,  y(0) = Opnx, Yy (R(t)y(ty) = h
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possesses a solution for any 2 € R"v, where
A@t) = felt] = fu/[t]c(,;z(t),u [I]T(C:;z(;),u[Z]Cig(t),u[Z]T)_lcéz(t),x[f]’
B(t) = flt1(In,, — ey [I]T(C;g(;),u[t]c;z(t),u [I]T)_lcg(t),x[f])
(e) Coercivity: Define g (¢t) := {i € 4(t) | n;(t) > 8} for some § > 0, where 7

denotes the multiplier for the mixed control-state constraint c.
There exists 8 > 0 such that

d' ), 0d = pld|?
holds for all d € R”« with

C_/]+(t),u[t]d = O]R\g"'(r)\'
(f) Riccati equation: Let the Riccati equation

0(t) = —0(@t) fLlt] — £ll1T O(1) — R [t]

~ T T D1 ’ T
Hopelt] (f,{[l]T) Honlll il Y
’ [(C/Jﬂt),x[’]) e e } (C/Jw),u[’] ©

fT H 1]
X |:( ® ) o) + (C,J+(t),x[t])j|

possess a bounded solution Q on 4 that satisfies the rank condition
dT (T —Q(y))d =0 foralld e R™ with y}, (£(17))d = O,
where
T = (p((tr) + 0] Y (&) ey
All function evaluations are at the optimal solution (x, ). a
The following convergence result was obtained in [216]:

Theorem 5.5.2. Let Assumption 5.5.1 hold. Then for sufficiently small step-sizes
h > 0 there exists a locally unique KKT point (xp,up, Ap, np. ko, kr) of the dis-
cretized problem satisfying
max{[|xp — X100 ttn — itlloos [An — All1,00,
ko —ooll. Ky — ozl lnn = nllec} = O(h),
where 4, denotes the discrete adjoint, n;, the discrete multiplier for the mixed control-

State constraint, «o the discrete multiplier for theinitial condition, and « the discrete
multiplier for the final condition. ad

Remark 5.5.3.
(a) The assumptions (e) and (f) together are sufficient for local optimality of (X, #).
(b) Similar convergence results can be found in [76,77]. a
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5.5.2 Higher Order of Convergence for Runge-Kutta Discretizations

Hager [146] investigates optimal control problems on 4 := [0, 1] with & € R"~ given:
Minimize ¢(1) subject to the constraints

X(1) = f(x(@),u(), x(0)=§.

Its discretization by an s-stage Runge—Kutta method with fixed step-size h = 1/N
looks as follows:

Minimize ¢(x ) subject to the constraints

s
Xk — Xk
SELZIE S b f ) k=0, N-1,
i=1
s
ni = Xk +hZaijf(nj,ukj), i=1,...,s,
j=1
X():E.

Notice that for each function evaluation of f* an independent optimization variable
uy; is introduced, compare Example 5.1.7. Hence, there is no coupling through, e.g.,
piecewise constant interpolation or linear interpolation.

Assumption 5.5.4.
(a) Smoothness: The optimal control problem possesses a solution
(X,4) € Wy () x anlﬁ,oo(J) with p > 2.

The first p derivatives of " and ¢ are supposed to be locally Lipschitz continu-
ous in some neighborhood of (x, ).

(b) Coercivity: There exists some o > 0 with
B(x,u) > alul5 forall (x,u) € M,

where

Bx,u) = %(x(l)TVx(l)

+ /1 x(O)TO0)x () +2x@) T SEu(r) + u(t)TR(t)u(t)dz)
0

and
A() i= (X (), 04(2)), B(t) := f,(R(1), 0(1)),
V=" (x(1)). O(t) := Hy (X(0), (1), A1),

R(t) := J,(R(0).0(1), M), S(t) := H, (R(2). 10(1), A (1)),
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and
M= {(x,u) € Wl’fg(J) x L3*(J) | x = Ax + Bu, x(0) = Ognx}. O

The smoothness property in (a) implies that the optimal control 1 is at least contin-
uous.

It turns out that the well-known order conditions for Runge—Kutta methods for ini-
tial value problems are not enough to ensure higher order convergence for discretized
optimal control problems. To ensure the latter, the Runge—Kutta method has to satisfy
the stronger conditions in Table 5.4. To distinguish these conditions from the ordinary
conditions for initial value problems we refer to the conditions in Table 5.4 as optimal

control order conditions. A closer investigation yields that they are identical with the
initial value problem conditions only up to order p = 2.

Order | Conditions (c; = )_a;j, dj = Y_bja;j)

p=1]|>b =1

p=2|>d =

1 2 _ 1 d? 1

p=3 ZCidiZE,ZbiCiZE,Zb—I_Zg

p=4|Xbic} = 3. Chiciaijej = 3. 3 dic] = 15, Y diaije; = 54,
cid? 1 d? 1 biciaijd; 5 diaijd; 1

B el DI Rk DD Tt P Ve T

Table 5.4. Optimal control order conditions for Runge—Kutta methods up to order 4 (higher
order conditions require the validity of all conditions of lower order)

(SIE

The following convergence result holds, see [146]:

Theorem 5.5.5. Let Assumption 5.5.4 hold. Letb; > 0,i = 1,...,s, hold for the
coefficients of the Runge—Kutta method. Let the Runge—Kutta method be of optimal
control order p, see Table 5.4.

Then, for any sufficiently small step-size 2 > 0, there exists a strict local minimum
of the discretized optimal control problem.

If dP~ 14 /dtP~" isof bounded variation, then

OLT}gN{HXk = Xt + 1Ak =A@ + ™ (X, Ag) — 0 (@) |} = O(h?).
If dP~141/dtP~! is Riemann-integrable, then
02}2(]\,{”xk — 2l + 1Ak =A@ + 1w (e Ad) — (1) [} = o(hP7H).

Herein, u*(xg,A;) denotes a local minimum of the Hamilton function
H (xp, u, L) with respect to u. m]
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Remark 5.5.6. The assumption b; > 0,i = 1,...,s, is essential as Example 5.1.7
shows. O

5.6 Numerical Examples
The reduced discretization approach is illustrated for some examples.

Example 5.6.1 (Ski driver). A ski driver of mass m moves in a plane with elevation
angle y. The plane is given by the equation 0 = z — x tan(y), see Figure 5.13.

Figure 5.13. Motion in a plane.

The ski driver can control its motion by the steering angle velocity S(Z) = u(t)
and its downhill force F(¢). The equations of motion for the ski driver with center of
gravity S = (x,y,z)" e R3 without air resistance and friction read as follows:

X(1) = vx (1),

y(1) = vy(2),

z(r) = vz (1),
mVx(t) = tan(y)A(r) + F(t) cos(8(t)) cos(y),
mvy(t) = F(t)sin(8(z)), 9D
mvz(t) = —mg — A(t) + F(t)cos(8(z)) sin(y),

3(t) = u().

0=z(@)— x()tan(y).
Equation (5.91) is a DAE of index three. Initial conditions are given by
x(0) = y(0) = z(0) = §(0) = 0,
(5.92)

vx(0) = =5, v,(0) =5, v;(0) = vy (0) tan(y).
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The aim of the skier is to reach a given final position in minimal time:
Minimizet, subject to (5.91), (5.92), and
x(tr) +100 = 0,
y(tr) +20=0,
vy (tr) = 0,
u(t) € [—10,10],
F(t) € [-200, 200].

The control appears linearly in the optimal control problem. The solution of the
reduced discretization approach with 7 = 8.426448607129171 [s], m = 80 [kg],
Y = 10°, and 401 equidistant discretization points is depicted in Figure 5.14. The
control u(¢) has two so-called singular arcs, where the control is in between the con-
trol bounds, and two boundary arcs, where u(¢) is at the boundary of the control

-8
z[m
-16

-24

10 210

8 180

150

6 120

4 90

T o _. 60
S Z 30
= 0 = 0
= . o -30
s 2 60
-4 -90
-120

-6 -150

-8 -180
210

-10 -240

0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
normalized time t normalized time t

Figure 5.14. Downhill drive of a ski driver: Track and controls (normalized time)
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constraints. One can observe oscillations at the entry and leaving points of the sin-
gular arcs, which is typical for direct discretization methods. The control F(¢) stays
at the lower boundary of the control constraints with exception of a small interval at
normalized time 0.6, i.e. the ski driver basically accelerates in downhill direction at
all time. a

Example 5.6.2. We revisit Example 1.1.19 with an additional smoothing of the con-
trol u,:

Minimize
3 1
/ 2x1(t) + =y(t)*dt
0 2
subject to the DAE
X1(t) = x2(1), x1(0) =1,
. 2
Xa(t) = y(t) +ur(r), x2(0) = 3
X3(t) = x4(1), x3(0) =1,
. 2
Xq(1) = uz(2), x4(0) = 3
0 = xp(t) — x4(2),
the control constraint
—1<u;(t) <1,
and the state constraint
0 < x3(z) < 200.
Control 1 vs time Control 2 vs time
15 15
1 T
! 05 f
j ’ v ? 1; ,/
-0.5 2 /
4 25 /
-3
-1.5 -35
0 0.5 1 15 2 25 3 0.5 1 15 2 25 3

Figure 5.15. Control variables: Numerical solution with N = 400, linearized Runge-Kutta
method and continuous, piecewise linear control approximation.
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State 1 vs time State 2 vs time
1.2 0.8
0.6
1 \ 0.4 \
0.2
0.8 \
= = 0 \
S & 02
! ! \ /
-0.4 \
0.4 0.6 \
\ -0.8
02 \ ; N/
0 AN 1.2 AV4
0 0.5 1 1.5 2 2.5 3 0 0.5 1 1.5 2 2.5 3
t t
State 3 vs time State 6 vs time
1.2 0.5
1 \ 0
0.8
= © 05 /
06 2 /
x ® R
0.4 \ /
0.2 \, -15
0 \ -
0 0.5 1 1.5 2 2.5 3 0 0.5 1 1.5 2 2.5 3

Figure 5.16. State variables: Numerical solution with N = 400, linearized Runge—Kutta
method and continuous, piecewise linear control approximation.

Figures 5.15 and 5.16 depict the numerical solution of the problem obtained by the
reduced discretization approach. The numerical solution shows small oscillations in
the controls beyond the time point 1 = 2. |

Example 5.6.3 (Robot Control). We consider an optimal control problem for a ma-
nipulator robot in three space dimensions, see Figure 5.17. Herein, ¢ = (¢1.¢2.43) "
denotes the vector of joint angles at the joints of the robot and ¢ = (§1.¢2.43)"
denotes the vector of joint angle velocities.

Let the rotation matrices be defined as

cosa —sina 0 1 0 0
Si(@):=| sine cosa O |, S2(8):=S53(8):=[ 0cosp —sing |,
0 0 1 0 sing cosp

and

Si2(a, B) := S1(@)S2(B),  S123(@, B.y) == S1(a)S2(B)S3(y).
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Figure 5.17. Configuration of the manipulator robot.

Then the mount points of the first and second link, respectively, are given by

—bl b2
Pr:=S81(q)| 0 |. Pa:=P1+S12(q1.92) | &1
hy 0

The centers of gravity of the three links of the manipulator in the reference system are
given by

0
R1 = 0 y
h

1

2
—by cosq1 — 4 sing; cosga
Pi+Si2(q1.q2) | & | = | —bising: + %lcos(]l cosqsz |,

hy + %SiHQQ

=)

R> :

o)
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and
0
R3 := P> + S123(q1.92.93) %2
0
(b — by) cos gy —sing; (€1 cos gz + 2 cos(qz + ¢3))
= | (b2 —b1)sing; + cosqi(£1€0Sq2 + 5 COS(q2 + q3))
h1 + €1singz + 4 sin(g2 + ¢3)
The center of gravity of the load is given by
(by — by)cosqy —singy (£1¢coSqa + €5 COS(q2 + q3))
Ry := | (ba —by)sing; +cosqy (L1 cosga + €2 c0s(q2 + q3)) |- (5.93)
hi + €1singz + £2sin(q2 + ¢3)

The angular velocities of the respective body coordinate systems with respect to the

reference coordinate system expressed in the body reference coordinate system are
given by

0 42 42 + 43
wor=| 0], w=| q18ing2 |, w3 =ws=| q15in(g2 + ¢3)
q1 d1C0S g2 41C08(q2 + q3)
The Kinetic energy of the manipulator robot is
1 &
T(¢.4) =5 D millRill3 + o] Jiw),

i=1

where m; and J; = diag(Jy,i, Jy,;.Jz,i), i = 1,2,3,4, denote the masses of the
robot links and the load and the moments of inertia, respectively.

Application of the torques u1, u,, and u3 at the centers of gravity of the robot links
allow to control the robot. The equations of motion are then given by

§=M(q) " (G(q.9) + F(q)).

(5.94)
where M(q) = Tq”q.(q,q) denotes the symmetric and positive definite mass matrix,

G(g.¢)" = T,(.9) — Tq{iq(‘b q)q denotes the generalized Coriolis forces and

ui
F(q) = | ua — gl1c0sqa ("2 + m3 + my) — gl2c0s(q2 + q3) (5> + ma)
uz — gl c0s(q2 + q3) ("5 + ma)

denotes the vector of applied joint torques and gravity forces.

283
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An optimal control problem is obtained by the task to move the robot from some
initial configuration to some terminal configuration minimizing a linear combination
of final time and control effort:

Minimize
ty
wity s [0 4 + a2 di
0
subject to the equations of motion (5.94), theinitial position
q(0) = qo0, q(0) = Ogs,
the terminal condition
q(tr) =qr. q(ty) = Ogs,
and the control constraints
—Uimax < Ui < Uimax, =123
Herein, the terminal time 7 > 0 is free, wy,w> > 0 are user-defined weights,
qo.qf € R3 are given vectors, and Uimax > 0,1 = 1,2,3, are given control bounds.
Instead of using the terminal condition g(r) = ¢r, which defines the terminal
angles, and thus the terminal position in a unique way, it might be better to allow
additional degrees of freedom in the final position of the robot. This can be achieved
by replacing the terminal condition ¢(z¢) = ¢ by the nonlinear boundary condition
R4(lf) — Rf = O3, (5.95)
where Ry = (xr, yf,Zf)T e R3 is a user defined target position of the load and
Ry(ty) is given by (5.93) with g = ¢(ty).

The moments of inertia for the cylindric links of radius r and the spherical load of
radius r4 are computed as follows:

1, 2,
Jz1 = Fmre, Jxa=Jya=Jza= 5Mary
1 2 1 1 2
Jx,2 = Jz,2 = Zmzr + Emzel, Jyjz = §m2r s
1 2 1 1 2
Jx,3 = Jz,3 = str + Em_?,gz, Jy,3 == 51113}’ .

The parameters in Table 5.5 were used for numerical computations.
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Parameter ‘ Value ‘ Description

my 10 [kq] mass of socket

my 2 [kq] mass of link 1

ms 2 [kq] mass of link 2

My 1 [kg] mass of load

hy 1 [m] height of socket

ha 0.5 [m] height of 2nd socket
hs3 0.1 [m] height of platform
ri 0 [m] radius of socket

r 0.3 [m] radius of 2nd socket
3 0.5 [m] radius of platform
Ly 1[m] length link 1

{3 1 [m] length link 2

T4 0.1 [m] radius of load

r 0.1 [m] radius of cylindric links
Uimax, i = 1,2,3 | 100 [N] control bound

g 9.81 [m/s?] | earth acceleration

Table 5.5. Parameters for manipulator robot.

Figures 5.18-5.21 show numerical results for the above optimal control problem
with w; = 1 and w, = 0 (minimum time problem), terminal condition (5.95) with

Ry =

(by —b1)cosa —sina (£1 €08 B + €2 cos(B + y))

hy +4L1sinB + £asin(B + y)

anda = —n/4, 8 =n/4,y = /b

Control 1 vs time
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0.5
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L
-0.5

control 2

L

0 0.2

04 06 08 1
t

Control 2 vs time

1

(ba — by)sina + cosa (£1¢os B + £ cos(B + ¥))

Control 3 vs time

0.5

0

1

0.5

-0.5

0

control 3

-1

-0.5

0 0.2
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t
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Figure 5.18. Control variables (11, 12, u3)T for the manipulator robot (scaled to [—1, 1], nor-

malized time).
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State 1 vs time State 2 vs time State 3 vs time
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Figure 5.19. State variables (1, ¢2, g3, d1.42,¢3)" for the manipulator robot (normalized
time).
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Figure 5.20. Adjoint variables associated to (¢1, g2, q3, g1, §2.§3) " for the manipulator robot
(normalized time).

The numerical results were obtained with the software OC-ODE [117] using N =51
grid points, piecewise linear control approximations, and classic Runge—Kutta integra-
tor for the equations of motion. The final time computes to 75 ~ 0.475104. ]
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Figure 5.21. Snapshots of the motion of the manipulator robot.
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5.7 Exercises

Exercise 5.7.1. Consider the nonlinear optimization problem
Minimize J(z1,z2) =z1+ 22
subjectto Gi(z1,2z2) = Z% —zp =0.

Solve the problem by hand using the Lagrange—Newton method with z(® = 0 and
2© £ 0. How does the initial guess of 1) influence the algorithm?

Exercise 5.7.2. Let J : R?> — R and H : R": — R"# be twice continuously
differentiable.

(a) Implement the Lagrange—Newton method in Algorithm 5.2.2 to solve the non-
linear optimization problem

Minimize J(z) subjectto H(z) = Ogrn:.
(b) Test the program for the following example:
Minimize 2z{ + z§ + 422 — zyz, + 6232
subjectto 2z; —zp, = —4, z1,z5 € R.

Exercise5.7.3. Implement the full discretization approach in Problem 5.1.1 using the
implicit Euler method.

The resulting nonlinear optimization problem can be solved for instance by the
MATLAB routine fmincon or by the code WORHP, which is available at

www.worhp.de.
Test the program for the constrained minimum energy problem 3.2.13.
Exercise 5.7.4 (Sensitivity Analysis by Adjoint Equation). Let f : [fo. 7] x R"Z x
R" — R"z and Z, : R"» — R"= be sufficiently smooth functions and
z(t0) = Zo(p).
Z(t) = f(t.z(t), p), 1 € [to, 5],

a parametric initial value problem with solution z (z; p).

(a) Implement the adjoint equation approach in Subsection 5.3.2 for the classic
4-stage Runge—Kutta method with Butcher array

0
1/2]1/2

1/2] 0 1/2
110 0 1

11/6 1/3 1/3 1/6
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to compute the derivative

d
%‘P(Z(ZfJ P):Dp)

of the function ¢ : R”z x R"» — R, (z, p) > ¢(z, p).
(b) Test the program for [zo. z,] = [0, 10], step-size h = 0.1, ¢(z1,22) 1= z} — 22,
and
z1(0) = pa,
22(0) = p2,
21(1) = 22(1),

22(1) = 22 sin(z1 (1)
P4
with p1 = %,pz =0, p3 = 9.81,])4 = 1.

Exercise 5.7.5. Implement the reduced discretization method in Subsection 5.1.2 us-
ing the classic 4-stage Runge—Kutta method in Exercises 4.7.11 and 5.7.4 with a fixed
step-size h = (ty —10)/N, N € N, and a piecewise constant control approximation
to solve the following optimal control problem:

Minimize
4.5
/ u(t)? + x1(1)dt
0
subject to

x1(2) = x2(2),
%2(t) = —x1(t) + x2(0)(1.4 — 0.14x2()?) + 4u(t),
x1(0) = x2(0) = =5,
X1(4.5) = x2(4.5) =0.
You may use the Lagrange-Newton method in Exercise 5.7.2 to solve the nonlinear
optimization problem and either the sensitivity equation approach in Exercise 4.7.11
or the adjoint equation approach in Exercise 5.7.4 to compute the first derivatives

of the objective function and the constraints. Replace the Hessian of the Lagrange
function in the Lagrange—Newton method by the modified BFGS update in (5.28).

Exercise5.7.6. Solve the following discrete dynamic optimization problem fork = 1,
¢=1,b=0.6,and N = 5 using the discrete minimum principle:
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Minimize —x, (N) subject to the constraints

x1(j + 1) = x1(j)(0.9 + bu(j)). j=0,1,....,N —1,
x2(j + 1) =x20j) + el —u(j)x1(j), j=01....N—1,
x1(0) =k,
x2(0) =0,
u(j) €[0,1], j=0.1,....N—1.

Exercise5.7.7. Solve the following discrete dynamic optimization problem for N = 5
using the discrete minimum principle:

Minimize
N-1
> u(j)?
j=0
subject to the constraints

x1(j + 1) =x1(j) +2x2(j), j=0.1,....N—1,
x( + 1) =2u(j)=x2(), j=01L....N—1,

x1(0) =0,
x1(N) =4,
x2(0) =0,
x2(N) = 0.

Exercise5.7.8. Let the following optimal control problem be given:
Minimize
l[uloo

with respect to x € W ([0, 27]) and u € Lo ([0, 2¢]) subject to the constraints

X(t) =u(),

x(0) = x(tp) = x(ty) = 0,
x(0) =1,

lu()] = 1.

Discretize the problem for N = 10 and 7 = 3 on the grid
l‘i:ih, iZO,...,N,hCZlf/N.

Formulate the discretized problem as a linear optimization problem and solve it.
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Exercise 5.7.9. Investigate numerically the order of convergence of the state x and
the control u with respect to the norms |- ||oo, ||-|l1, @nd || - || 2 for the following optimal
control problems. To this end use a full discretization method with the explicit Euler
method and an equidistant grid with step-size » =ty /N and N = 5, 10, 20, 40, 80,
160, 320, 640, 1280.

(a) (compare [2, Example 2.8])
Minimize

2
/ —2x(t) 4+ 3u(t)dt
0

subject to

X(t) = x(t) +u(t), x(0) =5,
u(t) € 0,2].

True solution (¢ = 2):
f(t) = 7exp(t) — 2, if0 <t <2—1In(5/2),
= Texp(t) —5exp(t —2), if2—In(5/2) <t <1y,

i = 12 ifo<t<2—1In5/2),
=10, if2—1In(5/2) <t <t.

(b) Minimize
l/3x(z)2dz
2 Jo
subject to
x(t) =u(t), x(0)=1,
u(t) € [-1,1].
True solution (17 = 3):
N 1—t¢, ifO<t<l, N -1, ifo<t<l,
x(t):{(), if1<t<t, u(t):{o, if1 <1<t

Exercise 5.7.10. How can the Lagrange multipliers in the discrete local minimum
principle in Theorem 5.4.4 be related to the adjoints and the multipliers in Theo-
rems 3.1.6, 3.2.2, and 3.3.2 for the special case that g in Problem 5.4.1 does not
depend on y and u (this is the higher index case)?



Chapter 6
Real-Time Control

The direct method in Chapter 5, the indirect method in Chapters 3 and 4, and the
function space methods in Chapter 8 allow to solve a given optimal control problem.
The outcome of all of these methods is an (approximate) optimal control # as a func-
tion of time in some interval 4 — a so-called open loop control. Implementing the
open loop control directly into the underlying real-world process often does not yield
the desired outcome owing to simplifying assumptions in the mathematical process
model, deviations in parameters, or other perturbations. As an open loop control does
not take into account deviations between desired and actual state of the process, con-
trol techniques are required that are able to provide such a feedback. For time crucial
processes real-time capability of such feedback control laws is essential.

In this chapter we will discuss different approaches. Section 6.1 addresses paramet-
ric (discretized) optimal control problems and online update techniques for approxi-
mate solutions of perturbed problems. If enough time is available, then the simplest
approach is to re-solve the perturbed problem using suitable solution techniques. For
time critical processes however, the re-computation of an optimal solution for the per-
turbed problem may not be fast enough to provide an optimal solution in real-time.
Therefore, alternative methods are needed that are capable of providing at least an
approximation of the optimal solution for the perturbed problem in real-time. Such
techniques have been developed in [47-49] for ODE optimal control problems and
in [45] optimal control problems subject to index-one DAEs. The idea is to perform
a sensitivity analysis of the optimal solution with respect to parameters entering the
optimization problem. Under suitable assumptions it is possible to prove solution dif-
ferentiability with respect to these parameters. A simple update rule for perturbed
solutions is then obtained locally by a Taylor expansion. This approach is particularly
effective, if only small perturbations in parameters occur. The parametric sensitiv-
ity analysis is illustrated for the emergency landing maneuver and a problem from
test-driving.

The construction of feedback control laws, which provide the control as a linear
or nonlinear function of the deviation measured in the state trajectory, is subject of
Sections 6.2 and 6.3. Section 6.2 briefly summarizes the basic construction principles
of linear-quadratic regulators (LQR). Such an LQR controller exploits the first order
necessary optimality conditions for linear-quadratic optimal control problems and re-
quires to solve a Riccati differential equation offline. It is, however, not capable of
taking into account control or state constraints.
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The model-predictive control paradigm in Section 6.3 has the capability of over-
coming the shortcomings of the LQR controller, since control or state constraints can
be incorporated at the cost of a higher computational effort. It is not possible to
cover all aspects of controller design and model-predictive control such as stability,
observability, controllability in this book, so the presentation is restricted to the ba-
sic working principles only. For a detailed discussion of nonlinear model-predictive
control theory and algorithms please refer to [72-74,144].

6.1 Parametric Senditivity Analysisand Open-L oop
Real-Time Control

In the sequel, a method based on parametric sensitivity analysis of the underlying dis-
cretized optimal control problem is suggested to calculate real-time approximations
of optimal solutions. The discussion is restricted to general finite dimensional non-
linear optimization problems. Discretized optimal control problems define a subclass
with a special structure. Extensions to general infinite optimization problems can be
found in [33,203] and the literature cited therein. The solution differentiability of opti-
mal control problems subject to ODEs in appropriate Banach spaces is investigated in
detail in [16, 33,213-215, 229-232]. Numerical approaches based on a linearization
of the necessary optimality conditions of the optimal control problem are discussed
in [252-255].

6.1.1 Parametric Sensitivity Analysis of Nonlinear Optimization
Problems

Consider the following parametric optimization problem:

Problem 6.1.1 (Parametric Nonlinear Optimization Problem NLP(p)). Let p € R"»
be a given parameter and J,G;, H; : R"* x R — R, i = 1,...,ng,
j =1,...,ng, sufficiently smooth functions.

Minimize J(z, p) with respect to z € R”= subject to the constraints

Gi(z,p) <0, i=1,...,ng,
Hj(zsp)zoy jzl,...,f’lH. O

Let p denote a fixed nominal parameter. Let us assume that Problem 6.1.1 pos-
sesses an optimal solution z = z(p) for the nominal parameter p. We are interested
in the following questions:

(a) Does Problem 6.1.1 possess a solution for perturbed parameters p in some
neighborhood of the nominal parameter p?
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(b) Which properties has the solution mapping p +— z(p) that assigns to each
parameter p in some neighborhood of p an optimal solution of NLP(p)?

The admissible set of NLP(p) is defined by
2(p):={z€R"™|Gi(z,p) <0,i =1,....ng, Hi(z,p) =0, j =1,...,ng}.
The index set of active inequality constraints is given by

A(z,p):={i €{l,...,ng} | Gi(z, p) = 0}.

Definition 6.1.2 (Strongly Regular Local Solution). A local minimum z of NLP(p)
is called strongly regular, if the following properties hold:

(@) z isadmissible: Z € Z(p).
(b) z fulfills the linear independence constraint qualification: The gradients

VZGj(f,ﬁ), i€ A(f,ﬁ), VZHj(f,ﬁ), ] = 1,...,nH,

are linearly independent.

(c) The KKT conditions hold at (Z, /i, 1), where i and A denote the Lagrange mul-
tipliers for the inequality and equality constraints, respectively.

(d) The strict complementarity condition holds:
i —Gi(zZ,p)>0 foralli =1,...,ng.
(e) Let
LY, (2, Lo, t. A, p)(d.d) >0
foralld € Tc(Z, p) with d # Ogrs- and £y = 1, where
L(z,Lo, . X, p) :=LoJ(z, p) + 11  G(z, p) + AT H(z, p)
denotes the Lagrange function of NLP(p) and

Gl ,(z.p)(d) < 0,i € Az, p).pui =0,
Te(z, p)i={d €R™ | GI.(z p)d) = 0, i € Az, p). i >0,
H;’Z(Z,p)(d) = 0, ] = 1,...,nH

denotes the critical cone of NLP(p). O

In fact, condition (e) in Definition 6.1.2 turns out to be sufficient for optimality of a
KKT point z for a fixed parameter p. To see this, we have a closer look at the critical
cone.
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The term critical coneis due to the following reasoning. Directions d with
Gi,(2.p)(d)>0 forsomei € A(Z, p)
or
Hi (2, p)(d) #0 forsomej e{l,....ng}
are infeasible directions. So, consider only feasible directions d with
G| (2, p)(d) <0 fori e A2, p)
and
Hi,(2,p)(d)=0 forj=1,....,nx.
For such directions the KKT conditions yield
nH
TED+ Y wiGl G p)d)+ Y Aj H] (2. p)(d) =0,
P

. n A\ N——— N—
i€A(Z,p)

—
<0 J =0

and thus J/(z, p)(d) > 0. If even J/(Z, p)(d) > 0 holds, then d is a direction of as-
cent and the direction d is not interesting for the investigation of sufficient conditions.
So, let J.(Z, p)(d) = 0. This is the critical case. In this critical case it holds

Yo wGlLEpd) = Y Gl ¢ p)d) =0,
i€A(Z,p) i€A(Z,p),u; >0

and thus Glf’z(é,ﬁ)(d) = 0foralli € A(z, p) with u; > 0. Hence, d € T¢(Z, p)
and for such directions we need additional assumptions about the curvature (2nd
derivative!). The following theorem can be found in [105, Theorem 2.55, p. 67],
[6, Theorem 7.3.1, p. 281], [21, Theorem 4.4.2, p. 169]:

Theorem 6.1.3 (Second Order Sufficient Optimality Condition). Let J, Gi,
i =1,....,ng,and Hj, j = 1,...,ng, in Problem 6.1.1 be twice continuously

differentiable with respect to the argument z with p fixed. Let (Z, ;1,)1) be a KKT
point of Problem 6.1.1 with

LY (2,00, fi. A, p)(d.d) >0

for everyd € Tc (2, p) withd # Ornz and £y = 1.
Then there exists a neighborhood B, (Z) of Z and some « > 0 such that

J(z.p) = JE, p) +alz—2|?

for every z € Z(p) N B:(2).
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Proof. (a) Letd € T(Z(p),z) withd # Ornz. T(X(p), Z) denotes the tangent cone
of X(p) atz.
Then there exist sequences z; € X(p), zx —> z, and ay |, 0 with

Iy — Z

lim =d.
k—oco O

Fori € A(z, p) we have

A

Gi(zk, p) — Gi(Z, p) N A
0> — ” ’ = Gj , (. p) — G (2, p)(d)
by the mean-value theorem. Similarly, we show H;,Z(é, p)d)=0forj=1,...,ng.

Since (Z, ft, )1) is a KKT point with i; = 0, if G;(Z, p) < 0, we obtain

nG nHp
TIE p)d) == Gl (5. p)(d) =Y AjH] (2, p)(d) = 0.

i=1 j=1

Hence, Z fulfills the first order necessary condition J.(Z, p)(d) > 0 for all
d e T(Z(p),2).

(b) Assume the statement of the theorem is wrong. Then for any ball around Z with
radius 1/ there exists a point z; € X (p) with z; # Z and

1 1
J@i, p)—JE.p) < <llzi 2|, |z —Z| <+ foralli e N. (6.1)
1 1

Since the unit ball with respect to || - || is compact in R”=, there exists a convergent
subsequence {z;, } with

A

. Zj, —Z . ~
lim % "_ =4, lim ||z, —2|| = 0.
k—o00

k—o00 ”Zik — Z||
Hence, d € T(2(p),z) \ {Ogrn: }. Taking the limit in (6.1) yields
JGig D)= JE. D) _

JI(Z, p)(d) = lim - 0.
(G P)) = Jim T2 <
Together with (a) we have
J2(2,p)(d) = 0.
(c) Since Z is a KKT point, it follows
ngy .
NEpd ==Y GLEpHE) =Y A H] ¢ p)d) =0.
. Z o o~ ——— T ~—————
i€A(Z,p) >0 20 j=1 =0

Thus, it is G;,Z(E, p)(d) =0,if i; >0,and hence d € T¢c(Z, p).
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According to (6.1) it holds

. Jzi,.p)—=JE,p . 1
lim JCGe P =IED) oy L (6.2)
k—o00 ”Zik —Z||2 k—o0 If

for the direction d. Furthermore, itis (€o = 1)

nG np
L(zig Lo A P) = J(zig. ) + D 0iGilzip. p) + Y Aj Hj(ziy.. P)

i=1 j=1
< J(zig, P),
nG ng
Lz Lo A p) = T (2. p) + D iGi(2. p) + ) AjHj(2. p)
i=1 j=1
= J(, p),
nG np
Ly Lo A, p) = JLCE.p)+ )Gl G p)+ Y AjH] (2. p)
i=1 j=1
.
= O]an.

Taylor expansion of L with £ = 1 with respect to z at Z yields

J(zip. D) = L(zi, . Lo, L. A P)
= L. Lo, fi. A, p) + L.(5. Lo, . A, p)(zip — 2)

1 A o A
+ EL/Z/Z(Ek’ eOa Mﬂ)% p)(zlk - Z’Zik - Z)
= J(Z,p) + EL/ZIZ(SIC’ZO’ I’kav p)(Zik _Z’Zik _Z)’

where & is some point between Z and z;, . Division by ||z;, —Z||? and taking the limit
yields together with (6.2)

1 R JEEA
0= L7 (5 Lo 1, A, P)(d. d).

This contradicts the assumption L/Z’Z(é,éo,ﬂ,i,ﬁ)(d,d) > 0foralld € Tc(z, p)
With d # O]Rl‘lz- D

A second order necessary optimality condition involving the critical cone can be
found in [105, Theorem 2.54, p. 65].
The following result is based on [89,90,294]. Extensions can be found in [18,172].
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Theorem 6.1.4 (Sensitivity Theorem). Let J, G1....,Gpne, Hi, ..., Hypy + R72 %
R"» — R be twice continuously differentiable and p a nominal parameter. Let Z be
a strongly regular local minimum of NLP( ) with Lagrange multi pIiers;\ and /.

Then there exist neighborhoods B¢ (p) and Bs(Z, /l,i), such that NLP(p) has a
unique strongly regular local minimum

(z(p). u(p). M(p)) € Bs (2. 1. A)
for each p € B.(p), and
AG,p) = Az(p), p).

Inaddition, (z(p), u(p), A(p)) iscontinuously differentiable with respect to p with

dZ(A)

——p _ "

;’1’ Ly, @7 T\ [ L

d—Z(ﬁ) =-lg.¢. T 0 1 &6, |. (6.3)
!

dr H. 0 0 e

d—(P) p

p

where
g :=diag(1.....fing). [ :=diag(Gy.....Gnp).
All functions and their derivatives are evaluated at (Z, j1, A, D).
Proof. Consider the nonlinear equation

L.(z, Lo, A, p) T

T(Z7/'L7A'7p) = E 'G(Zv p) =O]R"Z+”G+”H7 (64)
H(z, p)
where o = 1and E := diag(u1, ..., 1ng). T is continuously differentiable and

T(f, /:l/, A,, ﬁ) == 0R”Z+”G+”H .
We intend to apply the implicit function theorem. Hence, we have to show the non-
singularity of
LY (2 lo. fuh p) GLCE )T HLE p)T
TlpunE A p) = g-GL(E. p) I ®
H(Z, p) S S}
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To this end, we assume without loss of generality, that the index set of active inequality
constraints is given by A(Z, p) = {€ + 1,...,ng}, where £ denotes the number of
inactive inequality constraints. The strict complementarity condition implies

_(© © p_(Tre
“\leg ) " \ee)

8, :=diag(figq1..... fing) and Ty :=diag(Gi(Z, p)..... G2, p)).

x>

with non-singular matrices

Consider the linear equation

LI, (2 Lo i A p) GLGE. DT HLGE, )T

U1 OR"Z
.G p) i o) vy | = Orne
H.(G. p) o o U3 ORrzs

for vy € R", v = (v21.v22) " € RE+6=0 and v3 € R™# . Exploitation of the
special structure of & and I yields F1v21 = ORZ and, since F1 is non-singular, it
follows v2; = Oe. With this it remains to investigate the reduced system

A BT CT

U1 Oan
B ® ® V22 - ORntﬁ
C ® e) U3 OR”H

with 4 := L7 (2.4, . A, p), B := (G| (2. P))i=t+1,...ng, and C := H](Z, p).
Notice that the second block equation has been multiplied with = "_1 The last two
block equations yield Bvy; = Ogng—¢ and Cvy = Ornp . Multlpllcation of the first
block equation from the left with v] yields

0= UIAUl + (Bvl)Tvzz + (Cvl)Tv3 = UIAUl.
Since A is positive definite on T¢ (2, p) \ {Og»:}, i.e. it holds d T Ad > 0 for all
d # Ornz With Bd = Ogng—¢ and Cd = Ognau, it follows vy = Ogr»-. Taking this
property into account, the first block equation reduces to
BTU22 + CTU3 = Opnz.

By the linear independence of the gradients

V.Gi(z,p),i € ACZ,p), and V. H;(Z,p).j=1,....nH,
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we obtain vz = Ogng—¢, v3 = Ornp . In summary, the above linear equation has the
unique solution v; = Oz, v2 = Orng, v3 = Orng, Which implies that the matrix
T(’Z ) is non-singular and the implicit function theorem is applicable.

By the implicit function theorem there exist neighborhoods B¢ (p) and Bs(Z, [, i),
and uniquely defined functions

(2(), (), A()) : Be(p) —> Bs(Z, i, X)
satisfying

T(z(p), u(p), A(p), p) = Ognztng+ny (6.5)

for all p € B¢(p). Furthermore, these functions are continuously differentiable and
(6.3) arises by differentiation of the identity (6.5) with respect to p.

It remains to verify that z(p) actually is a strongly regular local minimum of
NLP(p). The continuity of the functions z(p), u(p), and G together with u; (p) =
i >0,i =L+1,...,ng,and Gi(z(p),p) = Gi(Z,p) < 0,i = 1,...,4, guar-
antees ui(p) > 0,i =L+ 1,...,ng,and G;(z(p),p) < 0,i = 1,....,¢, forall
p € B(p) (after diminishing ¢ > 0 if necessary).

From (6.5) it follows G;(z(p).p) =0,i =L+ 1,...,ng,and H;(z(p), p) =0,
j =1,...,ng. Thus, z(p) € X(p) and the KKT conditions are satisfied in B.(p).
Furthermore, the index set A(z(p), p) = A(Z, p) remains unchanged in B¢(p).

Finally, we have to show that L”_(z(p), %o, u(p), A(p), p) remains positive def-
inite on Tc(z(p), p) for p sufficiently close to p. Notice that the critical cone
Tc(z(p), p) varies with p. By now, we only know that

L7, (p) := L7, (z(P). Lo. w(P). A(P). P)

is positive definite on T¢ (z(p). p), which is equivalent to the existence of some a > 0
withd TL”_(p)d > «||d|? forall d € Tc(z(p), p). Owing to the strict complemen-
tarity in the neighborhood B¢ (p), it holds

Gi,(z(p),p)(d) = 0, i € A(Z, p), }
Hi,(z(p),p)d) =0, j=1,....,nH,
for p € Bg(p). Assume that for every i € N there exists some p! € R™ with

Ip" — pll < ¥ such that for all j € N there exists some d € Tc(z(p'). p'),
di7 % Ogn-, with

Te((p). p) = {d e R

. L 1.
@)L, (p")d"Y < 7||d’f I1%.

Since the unit ball with respect to | - || is compact in R"=, there exists a convergent
subsequence {p“/x } with limy ., p" = p and
dUik

=d, |ld|=1. deTc@(p).p)
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and
dTLy (p)d <0.

This contradicts the positive definiteness of L7, (p). Hence, L’ remains positive
definite on T¢c (z(p), p) for p € B.(p) (after diminishing ¢ > 0 if necessary).
Finally, the gradients of the active constraints remain linearly independent for
p € Bg(p) (after diminishing ¢ > 0 again if necessary) owing to the continuity
of z and the first derivatives of G and H . m|

The sensitivity Theorem 6.1.4 gives rise to a method that allows to approximate
the optimal solution for a perturbed parameter by linearization, see [49]. Under the
assumptions of Theorem 6.1.4 the solution z(p) of NLP(p) is continuously differen-
tiable in some neighborhood of p with

. dz . N A
z(p) = z(p) + %(p)(p —p)+ollp—p.
Herein, the sensitivity dz/dp is given by the linear equation (6.3).

Algorithm 6.1.5 (Real-Time Approximation for NLP(p)).
(0) Let a nominal parameter p be given.
(1) Offline computation: Solve NLP(p) and the linear equation (6.3).

(2) Online computation (real-time approximation): For a perturbed parameter
p # p compute

d
2(p) = 2(P) + T (P)(p = ) (66)
p

and use Z(p) as an approximation of z(p). m]

The computations in step (1) of Algorithm 6.1.5 can be very time consuming de-
pending on the size and complexity of NLP(p). In contrast, the computation of the
real-time approximation z(p) in step (2) only requires a matrix-vector product and
two vector summations. The computation time for these operations is negligible and
the update rule (6.6) is real-time capable for most applications.

The downside of the approach in Algorithm 6.1.5 is that the linearization in (6.6)
is only justified locally in some neighborhood of the nominal parameter p. Theo-
rem 6.1.4 unfortunately does not indicate how large this neighborhood is. In particu-
lar, if the index set of active inequality constraints changes, then Theorem 6.1.4 is not
applicable anymore.

The real-time approximation Z(p) is not feasible in general owing to the lineariza-
tion error. Feasibility can be achieved by projecting Z(p) onto the feasible set, e.g. by
solving the following optimization problem:
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Minimize
1 = 2
Sz =2l
with respect to z € Rz subject to the constraints
Gi(z,p) <0, i=1,...,ng,
Hi(z,p) =0, j=1,....,nH.

Remark 6.1.6. The sensitivity differential dz(p)/dp; for the i-th component p; of
the parameter vector p = (p1,..., p,,p)T can be approximated alternatively by the
central finite difference scheme

z(p + hei) —z(p — he;)

2h '

where z (p +he;) denotes the optimal solution of NLP(p £ /e;) and ¢; is the i-th unity
vector. This approach requires to solve 2n, nonlinear optimization problems, but has
the advantage that z(p) may serve as an initial guess for NLP(p + he;), which is
usually very good. This approach may be preferable to solving (6.3), if the optimal
solution cannot be calculated very accurately. a

dz
d_pi(p) ~

It remains to check the strong regularity condition in Definition 6.1.2 for a given
local minimizer Z numerically. Admissibility, strict complementarity, and KKT con-
ditions are easy to check. If strict complementarity holds, then the second order suf-
ficient optimality condition in Theorem 6.1.3 states that the Hessian matrix of the
Lagrange function is positive definite on the null-space of the active constraints, that
is

dTLY (2.0, . A p)d >0 foralld € R, d # Ogn: With Bd = O,
where
B (G;,Z(f,m,f € ACE.p) ) |
H(Z, p)
This condition can be checked numerically using an orthogonal decomposition of BT.

To this end, compute a QR decomposition of B with an orthogonal matrix Q and an
upper triangular matrix R, for instance by Householder reflections:

-o(t)

0= (01 02) e R,

0, € Rr=*(AG.H)+nm).
0, € Rr=x@zAG.H)l=nz)

R e RUAC.DI+nm)x(AG.H)|+nw)
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R is non-singular, if the columns of BT are linearly independent. This allows to
check the linear independence constraint qualification. Q is orthogonal, Q; contains
an orthogonal basis of the image of BT, while Q, contains an orthogonal basis of the
null-space of B. Every d in the null-space of B can thus be represented uniquely as
d = Qady with some d, € an_lA(é’ﬁ)l_nH.

The task of checking L/, for positive definiteness on the null-space of B is thus
equivalent with checking the reduced Hessian matrix

(Q2)TL/z,z(2’ Lo, le,i, 70 € R@=—1AE.D)—nm)x(nz—|AE.p)l-nm)

for positive definiteness.

6.1.2 Open-Loop Real-Time Control via Sensitivity Analysis
The results of Subsection 6.1.1 are applied to discretized optimal control problems.

To this end, consider

Problem 6.1.7 (Perturbed DAE Optimal Control Problem OCP(p)).
Let d := [to. 7] C R compact with 79 < 7 and let
¢ :R" xR" xR — R,
F :R" xR" x R"™ x R"? — R"z,
c:R" xR"™ x R"” — R"¢,

¥ R™ x R" x R — R
be sufficiently smooth functions.
Minimize
¢(z(t0). z(1r), p)
with respect to z and u subject to the constraints

F(z(t),2(2),u(t), p) = Opnz, ae.ind,
w(z(to)y Z(tf), p) = ORHV/ s
c(z(t),u(t), p) < Orne, aeind. O
Notice that p € R”» is not an optimization variable. Let p € R"» denote a fixed

nominal parameter. The corresponding optimal control problem OCP(p) is called
nominal problem.
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The reduced discretization method of Subsection 5.1.2 is applied to Problem 6.1.7
for its numerical solution. To this end, let Z be a function that provides a consistent
initial value for the optimization vector Z = (zo, w) and parameter p. The values
Z;,j =1,...,N,areqgiven by asuitable integration scheme, e.g. a one-step method:

Zj_H(Z,p) = Zj(f,p) —|—hjq)(lj,Zj(5,p),w,p,hj), ] =0,1,...,N — 1.

According to (5.6) the discretized control is given by

M
up () = Z w; B; ()

i=1
with basis functions B;, i = 1,..., M, for instance B-Splines. With these approxi-
mations we obtain

Problem 6.1.8 (Reduced Discretization DOCP(p)).

Minimize
©(Zo(Z,p), ZN(Z, p). P)

with respect to Z = (z9, w) € R"=TM subject to the constraints

1/f(ZO(5’ p)? ZN(Z7 p)’ p) = OR"!/I’
c(Zj(z,p)upm(tj:w),p) <Ornc, j=0,1,...,N, O

Problem 6.1.8 is a special case of Problem 6.1.1 and the sensitivity Theorem 6.1.4 is
applicable, if all assumptions hold. Theorem 6.1.4 then guarantees the differentiability
of the solution mapping p — Z(p) in some neighborhood of p. Furthermore, a solu-
tion of the linear equation (6.3) yields the sensitivity differential Z—j(ﬁ) at the solution

Z. Taking into account the structure of Z in DOCP(p), that is Z(p) = (zo(p), w(p)),
the optimal discretized control for DOCP(p) is given by

M
up () =y wi(p)Bi(-).

i=1
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Application of Algorithm 6.1.5 to DOCP(p) yields

Algorithm 6.1.9 (Real-Time Approximation for DOCP(p)).
(0) Letanominal parameter p be given.
(1) Offline computation: Solve DOCP(p) and the linear equation (6.3).

(2) Online computation (real-time approximation): For a perturbed parameter
p # p compute

d
20(p) = 20(5) + = (P)(p = B).
p
d
(p) = w(p) + —(5)(p = p).
D

Use Zo(p) as an approximation of the initial value zo(p) and

M
iip () =Y Wi (p)Bi() (6.7)

i=1
as an approximate optimal control for the parameter p. |

Again, only matrix-vector products and vector-vector summations are needed to
evaluate the real-time update formulae in Algorithm 6.1.9.
A consistent initial value for the real-time approximation Zo(p) is given by

- o dZ o, .
Zo(z(p).p) = Zo (Z(p) + E(p)(p - D). p)
and an approximate consistent initial value is obtained by Taylor expansion:
S ca oA, 020 o . dZ o 0Zo o .
Zo(p) ~ Zo((p), §) + —— () ) (P)(p = ) + —— E(5), )(p — p)-
0z dp ap

It remains to compute the sensitivity differential dz(p)/dp. The solution of (6.3)
requires the second derivatives L7, and L7 » of the Lagrange function, the derivatives
HZ, G’ in (5.17)-(5.18), and the corresponding derivatives H,, G, at Z. In fact, only
the derivatives of the active constraints are needed. The computation of the deriva-
tives H, G, H,, and G,, can be done efficiently either by the sensitivity equation
approach of Section 5.3.1 or by the adjoint equation approach of Sections 5.3.2 and
5.3.3.
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If the derivatives cannot be obtained analytically or by algorithmic differentiation,
then approximations of L7, and L/Z’p can be obtained by finite differences

L/Z_/lfj(gag()?ﬂakyﬁ)
1 A A N A 2~ PN
~ 4h—2(L(Z + hei + hej, Lo, fi, A, p) — L(Z — he; + hej, Lo, [L, A, P)

— L(Z + hej —hej, Lo, i, A, p) + L(Z — he; — hej, Lo, i, X, P)),
L/Z_/[pj(g’go’ﬁ“’ivp,\)
1 A o . .
A W(L(E + hei, Lo, LA, p + hej) — L(z — hei, Lo, L, A, p + hej)

— L(Z + he;, Lo, fu, A, p— hej) + L(E — hei, Lo, fu, X, p — hej))
(6.8)

with appropriate unity vectors e;, e;. For each evaluation of the Lagrange function L
one DAE has to be solved numerically. Hence, this approach leads to a total number of
4@ +4nzn, DAE evaluations, if the symmetry of the Hessian L7 is exploited.
An alternative approach is to exploit the information obtained by the sensitivity
equation. Recall that one evaluation of the DAE and the corresponding sensitivity
equation for the NLP variable z provides the gradient of the objective function and the
Jacobian of the constraints and with this information the gradient of the Lagrangian is
obtained easily. A finite difference approximation with these gradients yields

LL(Z + hei, Lo, i, A, p) — LL(Z — hei Lo, fu, X, p)
2h '

LLG Lo, i, A, p+ hej) = L (2, Lo, i, A, p — he;)
2h

LY (Z.lo. k. p) ~

L’Z-’pj (z, Lo, 1, A, p) ~ :
This time only 2n; + 2n, DAEs including the corresponding sensitivity equations
(5.38) with respect to z have to be solved. Since the evaluation of n; nonlinear DAESs
in combination with the corresponding linear sensitivity DAE with nz columns is
usually much cheaper than the evaluation of n§ nonlinear DAEs, the second approach
is found to be much faster than the finite difference approximation (6.8).

The choice of 4 in the finite difference schemes is crucial. As a rule of thumb,
h should be in the range 4/ to 10/e, where ¢ denotes the tolerance for the KKT
conditions in the numerical solution of DOCP(p). Typically DOCP(p) needs to be
solved sufficiently accurately with ¢ ~ ,/eps, where eps is the machine precision,
i.e.eps A~ 2.22 - 10~° for double precision computations.

Remark 6.1.10. Many implementations of methods for dense nonlinear optimiza-
tion problems, e.g. SQP methods, use update formulas instead of the Hessian of the
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Lagrange function. The update matrices Bi, k = 0, 1,..., in the ideal case satisfy a
condition of type

i IPC® . pYBe — LL: . bo. . 2, p)d | _
k=00 ld @]

07

where P is a projector on the tangent space of the constraints, compare [30]. Hence,
the update provides a good approximation of the Hessian only when projected on
the linearized constraints at iterate z) in direction 4 ). This is not sufficient for
sensitivity analysis and it is necessary to evaluate the Hessian L7 as well as the
quantities Lgp, H}, G}, H,, and G, in the solution. |

Several examples follow that illustrate the sensitivity analysis.

Example 6.1.11 (Pendulum). We revisit Example 1.1.10 with ¢ = 1, but we add
control constraints to the optimal control problem and consider the Gear-Gupta—
Leimkuhler stabilized DAE of index two:

Minimize
4.5
/ u(t)?de
0
with respectto x = (x1,...,x4) ",y = (y1, y2) ", and u subject to the constraints
x1(1) = x3(1) = 2x1(2) y2(1),
X2(1) = xa(1) — 2x2(0) y2(1),
mx3(t) = =2x1()y1(¢) + w,
mislt) = —mg ~ 2020 1(0) ~ "D,
0=x1(t)* + x2()* — €2,
0 = x1(2)x3(t) + x2(2)x4(2),
and

21(0) = —x2(0) = % 1300) = x4(0) = 0, x1(4.5) = x3(4.5) = 0

and

—1<u() <l
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The sensitivity analysis in Algorithm 6.1.9 is performed for the parameters m and g
with nominal values m = 1 and ¢ = 9.81. For the numerical computation N = 400
grid points were used in combination with a piecewise constant control approximation
and a linearized Runge—Kutta method for integration. Figure 6.1 shows the optimal
nominal control 1 for the problem and its sensitivities with respect to the parameters
m and g. Notice that the sensitivities are zero on active control intervals. The smallest
eigenvalue of the reduced Hessian matrix is approximately 0.0217.

3

T T 15 T T
du/dm —— du/dg ——

> U g A | sl

\

\ VY .

-3 -1.5
0 05 1 156 2 25 3 385 4 45 0 05 1 16 2 25 3 385 4 45

time [s] time [s]

Figure 6.1. Optimal nominal control and sensitivities du/dm and du/dg for the pendulum
problem with control constraints.

O

The following example performs the sensitivity analysis for optimal flight paths
in a space shuttle mission. Herein, a common model for the air density depends
on the altitude and certain parameters describing a standard atmosphere. In reality
the air density differs from the model and the actual air density can be viewed as a
perturbation of the model. This in turn implies that the computed optimal flight path
for the standard atmosphere is not optimal anymore for the actual air density. The
flight path has to be adapted to the perturbed situation in an optimal way.

Example 6.1.12 (Emergency Landing Maneuver). We revisit the emergency landing
maneuver in Example 1.1.11 and investigate the dependence of the optimal solution
of the following three parameters:

(i) The parameter p; € R is used to model uncertainties in the air density p(h) =
po eXp(—pBh) by the relation

po = 1.249512(1 + py).

The nominal parameter value is p; = 0.

(ii) The parameter p, € R is used to model uncertainties in the initial altitude % (0)
according to

1(0) = 33900 + 10* p,.
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Herein, the initial altitude is assumed to be free with the restriction
h(0) > 33900. The nominal parameter value is p, = 0.

(iii) The parameter p3 € R is used to model uncertainties in the terminal altitude
h(tr) according to

h(tf) = 500 — ps.

The nominal parameter value is p3 = 0.

These three parameters influence the optimal control problem in different components.
p1 influences the dynamics and the dynamic pressure constraint. p, influences the
initial value and p3 influences the boundary condition.

The infinite dimensional optimal control problem is discretized by the reduced dis-
cretization approach on an equidistant grid with 201 grid points. We used the classical
fourth order Runge—Kutta scheme for time integration. The control is approximated
by a piecewise constant function.

Figure 6.2 shows the numerical solution of the unperturbed problem with nominal
parameter p := (p1. p2, p3) | = Ogs. The dynamic pressure constraint is active in
the approximate normalized time interval [0.185,0.19].

The sensitivities of the free final time 7, with nominal value 75 ~ 726.57 compute
to

dlf R dtf R dtf R
“Lp)~ 9254, —L(p)~9.164, —L(p)~0.014.
dpi dp> dps

The smallest eigenvalue of the reduced Hessian matrix of the Lagrange function
amounts to 0.411 - 10~ and the second order sufficient conditions are satisfied at
the nominal solution.

The overall CPU time is 5 minutes and 17.45 seconds on a dual core CPU with
2 GHz. The approximate nominal objective function value is —0.765.

Figures 6.3-6.5 show the sensitivities of the nominal controls Cz and p with re-
spect to the perturbation parameter p. Note that all sensitivities jJump at the time point
where the state constraint gets active. Moreover, the sensitivities of Cy, jump at the
time point where the control constraint for C;, gets active.

If a deviation p = (p1, p2, p3)' of the nominal parameter p = (0,0,0)T is
detected, then an approximate solution for the perturbed problem is given by

W dtp .
tr(p) ~ tr(p) + d—(p)(p - D),
p
.. dC R .
CLltip) ~ CLltip) + P (p = p). 1 €.
oodp R
wu(t; p) ~ p(t; p) + %(I:p)(p —p). ted,

and h(0; p) = 33900 + 10*(pa — pa). o
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Figure 6.2. Numerical nominal solution for the problem with dynamic pressure constraint: 3D
plot of the flight path (top) and the approximate optimal controls lift coefficient C;, and angle
of bank u (bottom, normalized time scale) for 201 grid points.

Remark 6.1.13. A corrector iteration method for the reduction of constraint viola-
tions, which unavoidedly occur due to the linearization in (6.6), was developed in [43]
and it was applied to the emergency landing problem in [46]. m]

Example 6.1.14 (Test-Drive, compare [109]). We consider the simulation of a test-
drive for the double-lane change maneuver, compare 7.2.6, and use a full car model
of a BMW 1800/2000. The driver has to complete the test-course in Figure 6.6, which
models a typical obstacle avoidance maneuver:
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Figure 6.3. Sensitivities dCr /dp; and du/dp, at p (normalized time scale) for 201 grid
points.
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Figure 6.4. Sensitivities dCr /dp, and du/dp, at p (normalized time scale) for 201 grid
points.
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Figure 6.5. Sensitivities dCy /dps and du/dp; at p (normalized time scale) for 201 grid
points.

The equations of motion form a semi-explicit index-one DAE (1.11)—(1.12) with
nx = 40 differential equations and n,, = 4 algebraic equations. The detailed model
can be found in [106, 108, 308].
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Figure 6.6. Measurements of the double-lane-change maneuver, compare [316].

We assume that the double-lane change maneuver is driven at (almost) constant
velocity v(0) = 25 [m/s], i.e. the braking force is set to zero, the acceleration is
chosen such that it compensates the effect of rolling resistance, and the gear is fixed.
The remaining control u denotes the steering wheel velocity. There are two real-time
parameters p; and p, involved in the problem. The first one, p, denotes the offset of
the test-course with nominal value p; = 3.5 [m], compare Figure 6.6. The second one,
P2, denotes the height of the car’s center of gravity with nominal value p, = 0.56 [m].

The driver is modeled by formulation of an appropriate optimal control problem
with free final time 7 similar as in Example 7.2.6. While p, influences the dynamics
of the car, p; influences only the state constraints of the optimal control problem. The
car’s initial position on the course is fixed. At final time 7, boundary conditions are
given by prescribed x-position (140 [m]) and yaw angle (0 [rad]). In addition, the
steering capability of the driver is restricted by |u(¢)| < 4.6 [rad/s]. The objective is
to minimize a linear combination of final time and steering effort, i.e.

Iy
4015 +/ u(t)*>dt — min.
0

Figure 6.7 shows the nominal control 7 = u(p) and the sensitivity differentials for
the control at 201 grid points obtained with a piecewise linear approximation of the
control, i.e. a B-spline representation with k = 2, and the linearized RADAUIIA
method of Section 4.3 for time integration.

The nominal objective function value for p = (py., p2) T is 274.221. The optimal
final time is 1y ~ 6.79784 [s] and its sensitivities are

dt dt
ST () ~ 004638, =L (p) ~ 0.02715.
dpl dp2
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Figure 6.7. Nominal control for p; = 3.5 [m] and p, = 0.56 [m] for 201 grid points.
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Figure 6.8. Sensitivities of the steering wheel velocity u with respect to the parameters p;
(offset in double-lane-change maneuver, left) and p, (height of center of gravity, right) for
201 control grid points.

The second order sufficient conditions in Theorem 6.1.3 are satisfied. The minimal
eigenvalue of the reduced Hessian is approximately 0.0017.

The sensitivities are obtained by a sensitivity analysis of the discretized optimal
control problem and are depicted in Figure 6.8.

Figure 6.9 shows snapshots of the nominal solution and the real-time approximation
for a perturbation of +10% in each component of the nominal parameter p. a
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to = 0[s]

tr = 6.79784 [3]

Figure 6.9. Snapshots of the nominal solution (red car) and the real-time approximation (blue
car) for perturbed parameters p; = 3.85 [m] and p, = 0.616 [m].
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6.2 Feedback Controller Design by Optimal Control
Techniques— The Linear-Quadratic Regulator

We briefly discuss approaches to control dynamic systems using feedback control
laws. For simplicity, the discussion is restricted to ODEs. An extension to semi-
explicit index-one DAEs is straightforward. Further results concerning more general
DAEs can be found in [184,190]. The latter uses properly stated leading terms and
analyzes solvability of Riccati DAEsS.

Problem 6.2.1 (Control Problem). For xo € R"x and f : R"x x R"» — R~ |et
the following control problem be given:

X(t) = f(x(1), u()),
x(0) = xo.

In addition, let a reference state trajectory xres(¢) and a reference control ue(z) for
t € [0,1¢] be given. The task is to derive a feedback control law of type

U = Uref + K (X — Xref)

with a suitable function K that tracks the reference state xrs given the actual (mea-
sured) state x of the control problem. |

The reference state xf and the reference control u s are often equilibrium solu-
tions for the control problem or optimal solutions of an optimal control problem. Im-
plementation of the reference control u in a real process will usually not result in
the reference state x s owing to model simplifications or disturbances influencing the
dynamic behavior. Hence, a feedback control law is needed that controls the actual
state towards the reference state. The working principle of feedback controllers is
illustrated in Figure 6.10.

perturbation
desired state x d(t) deviation z(t) control u(t)
-0— = controller = dynamics -
measurement x(t)
feedback

Figure 6.10. Basic scheme of a feedback control law.
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If no dynamic model is given for the process, one often uses one of the following
approaches or a suitable combination thereof:

(a) proportional controller (P-controller):
u(t) = uret(t) + cp (xref(t) — x(1)).

(b) integral controller (I-controller):

Mﬂ=um0%ﬂvl;mﬂﬂ—xawn h > 0.
(c) differential controller (D-controller):
u(t) = uret(t) + cp (Xref(r) — X(2)).
(d) combination: PID-controller
u(t) = uret(r) + cp (xref(t) — x (1))

t
g / xu(0) = x(2)d + ep (1) = 1)),
a

These feedback controllers have in common that they solely rely on measurements
of the actual state and they are easy to implement. Typical questions in constructing
such controllers (and other controllers as well) address stability, controllability, and
observability.

Example 6.2.2 (Control of a Radiator). Let x;(¢) denote the room temperature at
time ¢ and x,(¢) the temperature of a radiator at time ¢, which can be changed by
a thermostat with control u(¢). Herein, u(¢) > 0 increases the temperature of the
radiator and u(¢) < 0 decreases it according to

%2(t) = u(t).

Let us assume that the reference room temperature (and the temperature outside) is
zero, say. A simple model for the room temperature is given by

X1(t) = —x1(t) + x2(1).

Now we use a proportional controller to control the room temperature to the target
temperature. In a first attempt we assume that the room temperature can be measured
and obtain the feedback law

u(t) = —cix1(t) withep >0,
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i.e. if the room temperature x; is above the reference room temperature, then the
radiator is cooled down proportional to the deviation between room temperature and
reference temperature and vice versa.

Simulation of the process with the following scilab program (see www.scilab.
org) using Euler’s method yields the result in Figure 6.11.

function radiatori1(x10,x20,h,c,n)
x1
x2
u = zeros(1l,n-1);
x1(1) = x10;
x2(1) = x20;
for i=1:n-1,
x1(i+1) = x1(i) + h*(-x1(i)+x2(i));
u(i) = -c*kx1(i);
x2(i+1) = x2(i) + h*u(di);
end;

zeros(1,n);

zeros(1,n);

endfunction

In a second attempt it is assumed that only the radiator temperature can be measured
and the resulting feedback law is

u(t) = —coxa(t) withcp > 0,

i.e. if the radiator temperature x, is above the reference room temperature, then the
radiator is cooled down proportional to the deviation between radiator temperature
and reference temperature and vice versa. The results are depicted in Figure 6.12.

In terms of control effort (which is assumed to be proportional to heating costs) the
second strategy appears to be more efficient. m|

We are particularly interested in model-based control and particularly in optimal
controllers, which are derived from suitably defined optimal control problems, and

focus on the important class of linear-quadratic optimal control problems. To this end,
we linearize the nonlinear dynamics

x(t) = f(x(t),u()) forrel0,1r]

in the reference state xyef and control u s as follows. Define the deviations

z(t) 1= x (1) — xret (1),  v(1) 1= u(?) — urer(?).
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¢=2; x1(0)=-10; x2(0)=5; h=0.1; n=200; x1=red, x2=blue

©=2; x1(0)=-10; x2(0)=5; h=0.1; n=200; x1=red, x2=blue

0 2 4 6 8 10 12 14 16 18 20

Figure 6.11. Control of a radiator with feedback law u = —cyx1, ¢ = 2, x1(0) = —10,
x2(0) = 5: Room temperature (left picture, red curve), radiator temperature (left picture, blue
curve), and control u (right picture).

Taylor expansion yields

2(t) = X (1) — Xref(?)
= f(x @), u(t)) — f(xref(r), uref(1))
A f (ret(1), urer (1)) (X (1) — Xret(1)) + f, (Xret (1), urer (1)) (u(t) — trer (1))
=1 A(t)z(t) + B(t)v(?)
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¢=2; x1(0)=-10; x2(0)=5; h=0.1; n=200; x1=red, x2=blue

©=2; x1(0)=-10; x2(0)=5; h=0.1; n=200; x1=red, x2=blue

|
£
.
1l
b
1
-9
Figure 6.12. Control of a radiator with feedback law u = —cyx3, ¢ = 2, x1(0) = —10,

x2(0) = 5: Room temperature (left picture, red curve), radiator temperature (left picture, blue
curve), and control u (right picture).

with initial value z(0) = x(0) — xrf(0) and
A@) = fiCxrer() urer(t)),  B(t) = fiy (xref(t), ret()).

In case a deviation z(0) = zo # 0 is detected at ¢+ = 0, one can try to minimize the
state deviation z and the control deviation by solving the following optimal control

problem:
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Problem 6.2.3 (Linear-Quadratic Optimal Control Problem). Let time dependent and
essentially bounded matrices R(¢) € R"=*"z, S(r) € R™ ™ A(t) € R"=*"z and
B(t) € R"=>*" be given. Let R and S be symmetric, R positive semidefinite, and S
uniformly positive definite for all 7 € [0, 7¢].

Minimize
[ T
5/ z() TRz () + v(t) T S(t)v(t)dt
0
with respectto z € Wy'2 ([0, 7¢]) and v € Lag ([0, 27]) subject to the constraints
z(t) = A(t)z(t) + B(t)v(z),

z(0) = zop. O

Theorem 3.1.11 is applied to Problem 6.2.3. The Hamilton function for Prob-
lem 6.2.3 reads as

1
H(t.z,v, 1) = z(zTR(z)z + 0T S(t)v) + AT (A(t)z + B(1)v).
The condition #, = Og,,, Yields
Ogno = Sv+ BTA — v=-S"'BT).

Recall that S is symmetric and positive definite and thus non-singular. The adjoint
equation is given by

A1) = —R()z(t) — A TA@),  A(ty) = Ogn:.

Summarizing, the two-point boundary value problem

() = A(D)z(t) — B@O)S@) ™' B@) TAQ),

At) = =Rz (1) — AD)TA(0),

z(0) = zo.

Alty) = Orn:=

has to be solved. These conditions are actually sufficient for optimality according to
Theorem 2.3.41, since the objective function is convex and the constraints are affine

linear.
We choose the ansatz

At) == P(t)z(t), P(t) € R**"=,
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with a matrix P to be determined. Differentiation with respect to ¢ yields
A(t) = P(t)z(t) + P(0)2(1)
= P()z(1) + P()(A@)z(t) = BO)SO) ™ B(1) A1)
Exploitation of the adjoint equation leads to the equation
Orn= = (R(t) + A@t) T P(t) + P (1) + P(1)A(t)
— P()BO)SH) BT P())z(1).

P is chosen such that the expression in the brackets vanishes guaranteeing that the
equation is satisfied for any z. This results in the Riccati differential equation

P(t) = —R(t) — A(t) " P(t) — P()A(t) + P(t)Bt)S(t) ' B(t) T P(1),
P(lf) = ORnzxnz

that needs to be solved. Notice that the Riccati differential equation only depends on
the data of the linear-quadratic optimal control problem. Hence, P can be determined
once and in advance of the control process. Introducing the adjoint A = Pz into the
control law yields the linear feedback control law

v(t) = —S(O)'B@) T P(0)z(0).
With the feedback matrix K := BS~!BT P we obtain the controlled system
z(t) = (A(1) — K@) z(1), z(0) = zo.
Using this feedback law for the nonlinear control problem yields
u(t) = uref(t) + v(t)
= uret(t) = ST BT P(0)z (1)
= uref(1) = S(O) ' B() " P(1)(x(1) — xref (1)),

where x () denotes the current (measured) state at time z.

Remark 6.2.4. In the case of constant matrices R, S, A, B, and ¢y = oo, steady state
solutions of the Riccati equation with P = Ogrn-xn: are of interest and lead to the
nonlinear Riccati equation

Opnzxn: = —R— AP — PA+ PBST'BTP.

One can show: If (A4, B) is stabilizable and S is positive definite, then the Riccati
equation has a unique positive semidefinite solution and the feedback controlled linear
system is asymptotically stable, see [206, Theorem 5.10] and also [293, Theorem 41,
p. 384], where controllability was assumed. m|
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We illustrate the single steps for a simple example.

Example 6.2.5. We construct an optimal controller with the aim to track a reference
velocity urs and a reference position xer related by Xref(2) = ures(¢) Within the time
interval [0, 7¢]. To this end consider the following linear-quadratic optimal control
problem with ¢; > 0 and ¢, > 0:

Minimize
1 [ ) )
5/0 c1(x (1) — xref(1))” + c2(u(t) — urer(r))"dt
subject to the constraints
x(t) =u(), x(0)=xo.
Define
z(t) = x(1) — xrer(1),
v(t) i= u(r) — urer(t),
such that

z(t) = X(1) — Xref(?) = u(t) — uret(?) = v(7).
The optimal control problem then reduces to

Minimize

1 v
—/ c1z(1)? + cov(1)?dt
2 Jo

subject to the constraints
z(t) = v(t), z(0) = xo — xref(0).

The Hamilton function is given by
1
H(z,v,A) = 5(6122 + czvz) + Av

and the necessary optimality conditions read as

0=JH, =covt)+A(t) = v()= —@,
2
) = —H. = —c12(0),

A(ty) = 0.
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We intend to derive a feedback law and choose the ansatz A(t) = P(t)z(¢) with a
function P. Differentiation yields

A@t) = P(1)z(t) + P()z(1)
= P(t)z(t) + P(t)v(t)

. A
= P(t)z(r) — P(t)g
= P()z(t) — P(Z)%ZZ(I).

With A = —c;z it follows

. 1
0= (P(t) ——P@1)*+ cl) z(1).
2
P is chosen such that the term in the brackets vanishes:
. 1
P(t) = —P(1)*>—cy.
2

This Ricatti differential equation for P has the solution

P(l) = Jcicatanh (\/§(lf — [)) s
2

where the terminal condition P (zr) = 0 was taken into account.
Summarizing, we obtain the feedback law

u(t) = uret(t) — \/gtanh (\/g(tf - t)) (x (1) — xref(2))

where x (¢) is the current (measured) state at time 7.

This feedback law can be used to track a given position. u plays the role of a
velocity.

In the case 7, = oo we are interested in steady state solutions of the Riccati equa-
tion with P = 0 and hence the Riccati equation

1
0=—P2—01
2

needs to be solved. This quadratic equation has the positive solution P = ./cic».
The resulting feedback law is

u(t) = uref(t) — \/g(x(t) — xref(?)) . O
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Example 6.2.6 (Pendulum). Consider the damped pendulum equations

X1(1) = x2(0),

£2(0) = (~exa(6) — g sin(a (1) — u(0)

with g =9.81,L=1,c = 0.4
Linearization at the upper (unstable) equilibrium position

Xref 1= (7'[» O)T, Mref(t) =0
yields the linear differential equation for z(¢) := x () — xref:
Z1(1) 0 1 Zl(l)) ( 0 )
. = 1).
(20) (2 ) (26)+ ()
—— S——
=:A =:B
Choose in the linear-quadratic optimal control problem 6.2.3 R := 15, S := «a with

a, B >0.
The linear feedback control law with z(z) = x(t) — xref IS given by

_ 1 1
)= =57 BT PO - ) =~ (0~ ) POGO) 3.
where P solves the Riccati differential equation
P(t)=—Bl,— P()A—ATP(1) + lP(t)BBTP(t)
o

with terminal value P(tr) = Og2x.

Figure 6.13 shows the solution P forzy = 5, =1, B = 1000, £ = 1, ¢ = 0.4,
g =9.81.

We apply the feedback law

u(i) = — 1 (o - ) P()(x(t) = xer)

o

to the nonlinear control problem for the pendulum with a perturbation in x;(0) of
+10° from the equilibrium state Xy = 7. Although the upper equilibrium is unstable,
the feedback control law moves the pendulum back into the upright position, see
Figure 6.14. a
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Figure 6.13. Solution of Riccati equation.
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Figure 6.14. Controlled motion of pendulum.

6.3 Mode Predictive Control

The approach in Section 6.2 works well as long as the control problem 6.2.1 does
not contain control or state constraints. If control or state constraints are present,
then the corresponding control and state constrained linear-quadratic optimal control
problem 6.2.3 cannot be solved anymore by the Riccati approach. More elaborate
techniques need to be constructed that are able to take into account control or state
constraints. In Chapter 5 such methods were discussed already. Unfortunately, the
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discretization methods in Chapter 5 only provide an open-loop control depending on
time. A feedback dealing with potential deviations from the reference state trajectory
is not included so far. But, as we shall see, a (nonlinear) feedback control can be ob-
tained by repeated application of the discretization methods on a moving time horizon.
The discussion is again restricted to ODEs subject to control constraints.

Problem 6.3.1 (Tracking Problem TP(z;, x;)). Let parameters ¢;, x;, At and a time
dependent symmetric positive semidefinite matrix

0O R
RT S
be given. Moreover, let a reference state xef(r) and a reference control u¢(z) be

givenforr e 4 :=[t;,1; + At].

Minimize
L (x) —xe) | [ 0@) R (x(1) — xer(7)
Jxu)i= 3 / (u(t) —urefm) (R(z)T S() ) (u(z) — tref(£) ) a
with respect to x € W% (4) and u € Lg¥ (4) subject to the constraints

X(t) = f(x(@),u@)),
x(t) = xi,
u(t) € U -

The tracking problem aims at minimizing the deviation

z(1) = x(t) — xpef(2), (1) := u(t) — ures(t)

to the reference solution within J.

The idea of model predictive control is based on a repeated solution of the tracking
problem on a moving time horizon, see Figure 6.15.

The algorithm depends on a local time horizon At > 0 and sampling times

tit1 =t +6t, i=0,1,2,...,

with initial time ¢y := 0.

On each local time horizon [¢;,1; + At], the tracking problem TP(z;, x (¢;)) has to
be solved. Then the computed optimal control is applied on the interval [¢;, t; + 5t]
with 6z < At. Herein, 6t € (0, At] is referred to as shifting parameter. In the
next step the computation is started anew in the shifted period [¢; +1, ti+1 + Atf] with
ti+1 = t; + 6t and new initial state x; 11 = x(#;4+1) and the process is repeated,
compare Figure 6.15.
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Figure 6.15. Model-predictive control scheme.

Summarizing, we obtain

Algorithm 6.3.2 (Nonlinear Model-Predictive Control (NMPC) Algorithm).
(0) Let xref, uref, 0 < 6t < At, i := 0,19 := 0, and x¢ := x(¢o) be given.
(1) Solve TP(z;, x;). Let (x, 1) denote the optimal solution.

(2) Apply the control 7(z) for ¢t € [t;,t; + §t) and predict the state trajectory by
solving the initial value problem

X() = f(x@).u(0),  xt) = xi.

(3) Setx;4q1:=x(t +68¢),i :=i+ 1,andgo to (1). |

Note that the prediction of the state in step (2) results in x defined in (1). Algo-
rithm 6.3.2 is a conceptual algorithm only and represents the ideal case that the real
process behaves like the mathematical model. In practical applications this is not the
case and the values x;,i = 0,1,2,..., typically result from measurements and devi-
ations to the mathematical model prediction occur. These perturbations can be dealt
with by performing a parametric sensitivity analysis with respect to perturbations in
the initial value that allow to update the previously computed NMPC solution in real-
time using the techniques in Section 6.1, compare also [314].

Alternatively, delays have to be taken into account that occur because an optimal
solution for a perturbed initial value has to be recomputed using the previously com-
puted NMPC solution as initial guess. Herein, often an approximate optimal solution
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is sufficient, which is obtained by performing only one or few steps of the underlying
SQP method, see [72].
Each of these two approaches provides a feedback control algorithm.

Example 6.3.3 (Pendulum with Control Bounds). Consider the damped pendulum
equations

X1(1) = x2(1),

£2(0) = 7 (~exa(t) = gsinCar (1)) — (1)

with g = 9.81,£ = 1, ¢ = 0.4, and control bounds u(z) € [—7, 7]. Herein, x; denotes
the angle between the pendulum and the vertical axis.
Let the reference solution be the upper equilibrium position with xef(¢) := (r,0) "
and ures(¢) := 0 for all 7.
Figure 6.16 shows the solution of the NMPC algorithm 6.3.2 for the initial value
x(0) = (—25°,0) T, the parameters Ar = 1, §¢ = 0.1, and the weighting matrix
12 0|0
( 0(1) R(z)) I
R@)' S() 0 ol

The NMPC algorithm is able to control the pendulum back to the reference solution
obeying the control bounds.

NMPC Pendulum (DT=1,dt=0.05,N=20) NMPC Pendulum (DT=1,dt=0.05,N=20)
35 0
3 . /
oe ',i";! ,/ 1 /
S/ 2
= 20 l
E g— | 2
= U /{ X2 s S 4
S Pl
% [ f
} Sl 5
05 / 5
"y HA
-0.5 7
0 1 2 3 4 5 6 7 8 9 10 0o 1 2 3 4 5 6 7 8 9 10
t[s] tls]

Figure 6.16. Nonlinear model predictive control of a pendulum with Ar = 1, §t = 0.1,
Xref = (7, O)Tn Uref = 0.
m|

Solving the fully nonlinear Problem 6.3.1 in real-time is often not possible owing
to high computational costs. In this case we rely on a linearization of the problem
around the reference solution and obtain a linear model-predictive control algorithm.
In each step a linear-quadratic optimal control problem of the following type has to
be solved, compare [121]:
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Problem 6.3.4 (Linear Tracking Problem LTP(z;, z;)). Let parameters ¢;, z;, At and
a time dependent symmetric positive semidefinite matrix

(5)

be given. Moreover, let a reference state xef(r) and a reference control u¢(z) be
givenfort e 4 := [t;,1; + At], and

A() = f)é(xref(t)7”ref([))’ B(t) := fu/(xref(t)y”ref(t)),

where f : R"x x R"» — R"~ is a given function.

Lz [ 00 R@) (=)
J(z.v) -—5/(v<z>) (R(r)T S(r))(v@)dt
d

with respectto z € Wy'3 (4) and v € L5 (4) subject to the constraints

Minimize

z(t) = A(t)z(t) + B()v(?),
z(ti) = zi,
v(t) € U — {uret)- O

Summarizing, we obtain

Algorithm 6.3.5 (Linear Model-Predictive Control Algorithm).
(0) Leti := 0, zp := x(0) — xref(0).
(1) Compute the solution (z, v) of Problem 6.3.4 on [z;,t; + At].
(2) Apply the control

u(t) := uref(t) + v(t)

fort € [t;,1; + 8t) and predict the state trajectory by solving in [¢;, t; + 6¢] the
initial value problem

x(1) = f(x@).u@)), x(t)=x.
(3) Let
Xi41 = x(t; +81),  zit1 = Xig1 — Xeet(ti + 01),

seti :=i + 1,and go to (1). a



330 Chapter 6 Real-Time Control

Example 6.3.6. Consider again the damped pendulum equations
x1(1) = x2(2),
. 1 .
X(1) = 5 (—exa(t) — g sin(xi (1) —u())

with g = 9.81, £ = 1, ¢ = 0.4, and control bounds u(¢) € [-7,7].
Linearization at the upper equilibrium xpef = (77,0) T, ures = 0 yields the linear
differential equation for z(¢) := x(¢) — xref and v(¢) := u(t) — Uref:

A\ _ (0 1) (2a0® 0
(fzm) - (% —%) (zm)) * (—%)”(”'
=:A :T

Figure 6.17 shows the solution of the linear MPC algorithm 6.3.5 for the initial value
x(0) = (—25°,0) ", the parameters Ar = 3, §¢ = 0.1, and the weighting matrix

( (1) R(z)) (N0
R()T S(r) o ol

The linear MPC algorithm is able to control the pendulum back to the reference solu-
tion obeying the control bounds.

Linear MPC Pendulum (DT=3,dt=0.1,N=20) Linear MPC Pendulum (DT=3,dt=0.1,N=20)
35 1
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= 1 % -4
T s I
0.5 f 4 -5 f
Oj -6 I
-0.5 -7
o 1t 2 3 4 5 6 7 8 9 10 o 1 2 3 4 5 6 7 8 9 10
t[s] t[s]

Figure 6.17. Linear model predictive control of a pendulum with Az = 3, 6t = 0.1, xpef =
(o, O)T; Uref = 0.
O

The tracking problem 6.3.1 can be generalized in various ways. For instance, fur-
ther constraints like pure state constraints can be included in Problem 6.3.1. The
model-predictive control algorithm can still be applied, provided that all optimal con-
trol problems stay feasible. But it is a nontrivial task to guarantee feasibility by choos-
ing the local time horizon and the shift parameter in the model-predictive control
algorithm appropriately. Likewise, general objective functions can be considered that
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do not necessarily aim at minimizing the distance to a reference solution. In this case,
the model predictive control algorithm becomes a technique to approximately solve
difficult optimal control problems on a long time horizon that cannot be solved at once.
This is illustrated in the following example.

Example 6.3.7 (Test-drive of a LEGO®Mindstorms Robot). We consider the test-
drive of a LEGO®Mindstorms robot of width B around a given track.

Herein, (x, y) denotes the center of gravity of the robot, i the yaw angle, v, the
velocity of the right wheel, v, the velocity of the left wheel, and v the velocity of the
center of gravity.

A simple model for the motion of the robot is given by the following differential
equations:

ve(t) + v, (1)

R Q)
50 = "D iy 1y,
V() = M’

Ve (1) = u1 (1),
U (1) = ua(?).

The controls u; and u, control the acceleration of the left and right wheel, respec-
tively, and are subject to the control constraints

ui(t) € [-0.5,0.5], i=1,2.

In addition, state constraints apply that keep the robot on the track. As it is difficult
to compute an optimal solution for the whole track, the nonlinear model-predictive
control algorithm is applied. The objective function in each optimal control problem
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Figure 6.18. Results of the nonlinear model predictive control algorithm for a test-drive along
a test-course: center of gravity (top left), SQP iterations for subproblems (top right), controls
uq and u, (bottom).

is a linear combination of minimum control effort and maximal distance driven on the
track. For details we refer to [108, 122]. The result of the nonlinear model predictive
control algorithm is depicted in Figure 6.18. Herein, 113 optimal control problems
each with N = 30 grid points have been solved within 35.78 CPU seconds on a PC
with 2.3 GHz. m|

6.4 EXxercises

Exercise 6.4.1. Consider the following optimization problem:

Minimize J(z1,25) := —0.1(z1 — 4)2 + 22
subject to G(z1,22) := 1 —z3 —z3 <0.

Check the KKT conditions and the second order sufficient conditions.
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Exercise 6.4.2. For y < +/2 consider the parametric optimization problem:

Minimize J(z1,z2) := —(z1 + 1)2 —(z22 + 1)2
subject to z§ +z5 —2 <0,
z1—y =0.

Compute the solutions z(y) and verify second order sufficient conditions.

Exercise 6.4.3. For the parameters x = (x1,...,Xm) ! and y = (y1,...,yp)" let

the following parametric nonlinear optimization problem be given:

Minimize J(z)
subjectto G;(z) —x; <0, i=1,...,m,
Hj(z)—yj=0, j=1,...,p.

Let (2,,&,)1) be a KKT point of the nominal problem for the nominal parameters

X = ()’51, . ,)ACm)T = Ogrm and )9 = ()71, . ,ﬁp)T = Og>r.
Use the sensitivity theorem (assuming that the assumptions are satisfied) to show

that the following relations hold:
3J(z(x, y))
0x
3J(z(x, y))
dy

x,»)=(x,9)

=-1T

(x,y)=(%,9)

The Lagrange multipliers indicate the sensitivity of the objective function with respect
to perturbations in the constraints!

Exercise 6.4.4. Consider the following parametric nonlinear optimization problem:
P(w) Minimize
1

S

2

subject to the constraints z € R? and

—z1 + 0.1 < wq,
—Z2 = w2,

zZ1+ 22— 1 < ws.

Herein, w € R* is a parameter vector with ||| small.
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Solve the nominal problem P(Oga4) using the KKT conditions and compute the
derivatives

8J(28(Z)1),w) (Ogs). 0J(z(w), w) (Ogs). 0J(z(w), w) (Ogs). 0J(z(w), w)

8602 8603 8604
at the nominal parameter @ = Og4, Where z(w) denotes the solution of P(w) with
Lagrange multiplier u(w) for ||w|| small.
Compute the sensitivities

(Oga4)

0z ou
%(Ow)» %(OR“)-

Exercise 6.4.5. Consider the following perturbed quadratic optimization problem

with O € R"2*"z symmetric and positive definite, A € R™*"z of rank m, and
parameter p € R™:

N | . .
QP(p) Minimize EZTQZ with respect to z € R”= subjectto Az = b + p.

Show that the value function

®(p) :=inf {%ZTQZ

Az = b+ p, ZGR"Z}
satisfies

B(p) = 20~ 4O) p+ 3T (407 4T) 7 p,
where A(0) denotes the Lagrange multiplier of QP(Orm).

Exercise 6.4.6. Let a controlled process in [, tr] with ¢, fixed be defined by

x(t) =u), x(@{) =3%.

The task is to control the state x as close as possible to the target state x(z7) = xr
using a moderate control effort. This can be achieved by minimizing the objective
function

Sy = 5e(ep) = x4 5 [ Y e

with a weight factor ¢ > 0.
Compute the optimal control and express it in feedback form

u(r) = —K(@O)(& — xp).

Discuss the cases ¢ — oo and ¢ — 0.
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Exercise 6.4.7. Consider the following linear-quadratic optimal control problem,
where only the vector y(z) := C(t)z(¢) + D(t)u(t) can be observed:

Minimize
L7 7 T
5/0 y(@) R(@®)y(r) +u(r) S)u)dt
subject to the constraints
z(t) = A(D)z(1) + B(n)u(r),
y(t) = C()z(t) + D()u(r),
z(0) = zop.
Exploit the local minimum principle to find a feedback control law for the control.
Formulate a suitable Riccati differential equation.
Exercise 6.4.8. Consider the following linear-quadratic optimal control problem:
Minimize
1 1
J(x,u) = 5/ xTOx+u" Ru+2x"Su+2z"x 4 2w udt
0
subject to
X =Ax + Bu +b,
Cox(0) + C1x(1) =c,
Ex + Fu <e.

Herein, O, R, S,z,w, A, B, b, E, F, e are time dependent matrices and vectors of ap-
propriate dimension. Q, R, S are supposed to be symmetric and

(5 %)

is supposed to be positive semidefinite. Co, C1, ¢ are constant matrices and vectors.
Prove: If (X, ) is feasible and satisfies the local minimum principle with £o = 1,
then (X, 1) is a global minimum of the optimal control problem.

Exercise 6.4.9 (Autopilot). Consider the flight of an aircraft in the 2D-plane given by
the equations of motion

h(t) = v(t)siny(r), h(0) = 3000,
0(t) = % (T(#) = D(v(t),h(2),CL(1))) — gsiny(t), v(0) = 300,

1) = o SLOW. ). CL) = ooy, y(0) =0,
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where & denotes the altitude, v the velocity, and y the pitch angle. Moreover,
L(,h,Cr)=q(v,h)-F-Cr, D(v.h,Cr) =q(v.h)-F-(Cpyo+kC}),
g, ) = 5 - p(h) 07, p(h) = po - exp(~Bh).
with constants
F =26, Cpo =0.0165 k =1, pp = 1.225, B = 1/6900, m = 7500, g = 9.81.

The aircraft can be controlled by the lift coefficient C;, € [0.01,0.18326] and the
thrust 7' € [0, 59300].
The task is to track the equilibrium solution

href = 3000, Uref := 300, )/ref = O,

and

W, Tret := D (vref, href, CL ref).
refs ftref) *

CL,ref =

(a) Develop a linear-quadratic regulator taking into account Remark 6.2.4 to track

the reference solution and test the controller by perturbing the equilibrium solu-
tion.

(b) Use the nonlinear model-predictive control algorithm 6.3.2 to track the reference
solution and compare it to the controller in (a).

Exercise 6.4.10 (Collision Avoidance Project). This collision avoidance project can
be either simulated on a computer or actually realized using, e.g., LEGO®Mindstorms
robots. The task is to avoid a collision with a fixed obstacle, see figure. The obstacle
is supposed to be stationary, i.e. non-moving, and its measurements and position are
supposed to be known to the avoiding vehicle.

- 0B
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Project steps:

(a) Formulate a suitable optimal control problem to avoid a collision and compute
an optimal collision avoidance trajectory using the direct discretization methods
in Chapter 5 for a given initial distance to the obstacle and a given initial velocity
of the avoiding car. Use the model in Example 6.3.7 for the avoiding car.

(b) Track the computed optimal collision avoidance trajectory in (a) as follows:

(i) Drive in a straight line with top speed towards the obstacle. In a real
vehicle a controller might be necessary to drive a straight line!

(if) Measure repeatedly the distance to the obstacle using, e.g., an ultrasonic
sensor.

(iii) If the distance is reached for which the optimal collision avoidance trajec-
tory in (a) has been computed, then track the collision avoidance trajectory
using a suitable controller (P-, I-, D-, PID-controller, Ricatti, MPC).



Chapter 7
Mixed-Integer Optimal Control

Technical or economical processes often involve discrete control variables, which are
used to model finitely many decisions, discrete resources, or switching structures,
like gear shifts in a car or operating modes of a device. This leads to optimal control
problems with non-convex and partly discrete control set U. More specifically, some
of the control variables may still assume any real value within a given convex set
with non-empty interior, those are called continuous-valued control variables in the
sequel, while other control variables are restricted to a finite set of values, those are
called discrete control variables in the sequel.

An optimal control problem involving continuous-valued and discrete control vari-
ables is called mixed-integer optimal control problem. Mixed-integer optimal con-
trol is a field of increasing importance and practical applications can be found in
[31,114,116,161,170,277,278,290]. For a web-site of further benchmark problems
please refer to [275].

One approach to solve mixed-integer optimal control problems is by exploiting nec-
essary optimality conditions. Unfortunately, the assumptions imposed in Chapter 3
on the set U, i.e. convexity and non-empty interior, do not hold for mixed-integer
optimal control problems. Hence, the techniques used to prove the local minimum
principles in Chapter 3 based on the Fritz John conditions in Chapter 2 cannot be
applied to mixed-integer optimal control problems. New techniques are required. In
Section 7.1 we will exploit an idea of Dubovitskii and Milyutin, see [78, 79], [133,
p. 95], [162, p. 148], who used a time transformation to transform the mixed-integer
optimal control problem into an equivalent optimal control problem without discrete
control variables. Necessary conditions are then obtained by applying the local min-
imum principles of Chapter 3 to the transformed problem. The result are necessary
conditions in terms of global minimum principles. The global minimum principle is
valid even for discrete control sets. Global minimum principles for DAE optimal con-
trol problems can be found in [273] for Hessenberg DAE optimal control problems,
in [63] for semi-explicit index-one DAEs, in [71] for implicit control systems, in [17]
for quasilinear DAEs, and in [186] for nonlinear DAEs of arbitrary index. The ap-
proach in [273] exploits known results for the ODE case and applies them to the DAE
setting by firstly solving an algebraic constraint for the algebraic variable expressing it
as a function of the control and the differential state by means of the implicit function
theorem. Then the algebraic variable is replaced by this implicitly defined function
and a standard ODE optimal control problem is obtained. Finally, the Pontryagin mini-
mum principle is applied and the resulting minimum principle is translated to the DAE
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formulation. Although this approach is convenient, we do not follow this approach as
it is our intention to work with the original DAE optimal control formulation.

The global minimum principle can be exploited numerically using an indirect ap-
proach, but a very good initial guess of the problem’s switching structure is needed.
Such an initial guess is often not available for practical applications. Based on the
minimum principle a graph-based solution method was developed in [168], which is
limited to single-state problems, though.

The time transformation method of Dubovitskii and Milyutin can be exploited nu-
merically and leads to the variable time transformation method in Section 7.2. This
method couples the direct discretization method of Chapter 5 and the variable time
transformation in Section 7.1, see [114,116,194-196, 290, 302].

Direct discretization methods based on relaxations and sum-up-rounding strategies
are investigated in [276, 279, 280]. These methods have shown their ability to solve
difficult real-world examples.

Section 7.3 particularly addresses the problem of including switching costs in
mixed-integer optimal control problems. Switching costs apply each time the discrete
control switches. From a mathematical point of view the assignment of switching
costs can be used to avoid so-called chattering discrete controls, which cannot be re-
alized in practice. The discussion is restricted to discretized optimal control problems
in combination with a dynamic programming approach, which exploits Bellman’s op-
timality principle.

7.1 Global Minimum Principle

We consider the following autonomous optimal control problem on a fixed time inter-
val [to. tr]:

Problem 7.1.1 (Mixed-Integer Optimal Control Problem). Let J := [t9.2r] C R be
a non-empty compact time interval with 7o < ¢ fixed. Let

¢ R"™ xR"™ — R,

fo: R™ xR"™ x R"™ — R,
R™ x R x R™ — R,
‘R™ — R™,

cR™ x R*™ — R"v

< o

be sufficiently smooth functions and U € R”» a non-empty set. Let the index-two
Assumption 3.1.5 hold.
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Minimize the objective function

,
w@man»+[fﬁwaywmumMr
with respect to

x e W), yeLlg(), ue L),

subject to the semi-explicit DAE

x() = f(x@),y@),u(t)) aeind,
Orny = g(x(1)) ind,
the boundary condition
V(x(t0), x(tr)) = Ogny,

and the set constraint

u(®) e U aeind. m]

The set U in Problem 7.1.1 is supposed to be an arbitrary set. We particularly

allow that U may only contain finitely many vectors so that Problem 7.1.1 contains
problems with discrete controls.

Example 7.1.2 ([290, Section 4.4.3]). The following optimal control problem has a
discrete control set:

Minimize
2 2
2 in(Z:) —
x(2) +[O (sm (21) x(t)) dr
with respect to x € Wi oo([0,2]) and u € L3,([0, 2]) subject to the constraints

X(t) = u1(t) —uz(t) + 2tus(t), x(0) =0,

() =G GV C)

When dealing with discrete controls it is important to relax the usual terminology
of a local minimum.

and
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Definition 7.1.3 (Strong and Weak Local Minima). Let (%, 7, #) be feasible for Prob-
lem 7.1.1.

(@) (x,y,u) is called a (weak) local minimum of Problem 7.1.1, if (x, y, %) mini-
mizes the objective function among all feasible (x, y, u) with ||x — X|1.00 < &,
|y — Voo < &, and ||u — ti]oo < & for some ¢ > 0.

(b) (x,y,n) is called a strong local minimum of Problem 7.1.1, if (x, y,©) mini-
mizes the objective function among all feasible (x, y, u) with [x—%|co < &. O

Notice that strong local minima are also weak local minima. The converse is not
true. Strong local minima are minimal with respect to a larger class of algebraic vari-
ables and controls. Especially, if the control or algebraic variable are discontinuous,
the difference between strong and weak local minima becomes apparent, since an -
neighborhood of a discontinuous function with regard to the L o,-norm basically con-
sists of functions with the same location of discontinuities and slightly varied function
values in the continuous parts. Even worse, weak neighborhoods of feasible discrete
controls typically only contain the discrete control itself.

In proving necessary conditions we cannot exploit a special structure of U as it
was done in Chapter 3 by assuming that the set was convex with non-empty interior.
Hence, the necessary optimality conditions in Chapter 3 do not hold for Problem 7.1.1.
The necessary optimality conditions in Chapter 3 are not worthless, though. As we
shall see, it is possible to use a special time transformation to transform Problem 7.1.1
into an equivalent problem with a nice convex control set with non-empty interior for
which the necessary optimality conditions of Chapter 3 are valid. This time transfor-
mation is due to Dubovitskii and Milyutin and the following proof techniques can be
found in [162, p. 148] and [133, p. 95] in the case of ODEs. The results are extended
to the DAE setting in Problem 7.1.1. To this end, let

H(x.y.uhp, hg.Lo) := Lo fo(x. y.u) + (A} + Ag g (x)) f(x.y.u)

denote the Hamilton function for Problem 7.1.1 and let (x, y, %) be a strong local
minimum of Problem 7.1.1.
For t € [0, 1] we introduce the time transformation

t(t) :=to+ /: w(s)ds, t(0) =1, t(1) =tr, w(s) >0, (7.0)

compare Figure 7.1. The inverse mapping is defined by

7(s) ;= inf{z € [0, 1] | t(7) = s}. (7.2)
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w(7) :

[
[

-

t(7):

fo ==

T
e e Y o
e L L L L

\J

e el

Figure 7.1. Time transformation ¢ (<) for a given function w(z) > 0: If w(z) = 0, then the
time ¢ stands still, otherwise the time z proceeds.

For any function w € Lo ([0, 1]) satisfying (7.1) define

i(r) = u(t(r)), forte Ay,
YY) arbitrary,  for v € [0, 1]\ A,

X(7) == X(1(v)),

Lo | P(), forTe Ay,

(@ = {suitable, forz €[0,1]\ Ay,
where

Ay :={t €[0,1] | w(z) > 0}.

Suitable values for y on [0, 1] \ Ay will be provided later.

The functions x, y, u are feasible for the following auxiliary DAE optimal control
problem in which w is considered a control and # a fixed function. In addition, it is ex-
ploited that the original index-two DAE in Problem 7.1.1 is mathematically equivalent
to the index-one DAE

X(1) = f(x(2). (). u()).
Orny = o (x(®)) f(x (). (1), u(t))

with the additional boundary condition g(x(¢9)) = Orny.
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Problem 7.1.4 (Auxiliary DAE Optimal Control Problem).
Minimize
1
PO x(D) + [ 0@ folx(0). ()
with respect to

x e W ([0,1]), yeLd([0,1]), € Wioo([0,1]), w e Loo([0,1])

,00

subject to the constraints

X(t) = w(r) f(x(7), y(r),u(r)) a.e in[o0,1],

Orry = gy (x(0)) f(x(2), y(v),ii(r)) ae inf0,1],

i(t) = w(t) ae info,1],
¥ (x(0), x(1)) = Ogru,
g(x(0)) = Ogy,

1(0) = 1o,
t(1) =ty,
w(t) >0 ae in[o,1]. m|

Note that the control w in Problem 7.1.4 is only restricted by the control constraint
w(t) > 0and hence it is not a discrete control! Note further that (X, y, w) is actually
a weak local minimum of Problem 7.1.4 for any feasible control w. This is because
solutions of the transformed DAE subject to the time transformation and solutions
of the original DAE coincide almost everywhere. A formal proof can be conducted
similarly to [162, pp. 149-156].

Remark 7.1.5. Note: If w = 0 on some interval, then on this interval

X(r) =0 = x(r) = const,
i(t)=0 = 1(r) = const.

Note further: If instead of the index-reduced DAE the original index-two DAE was
used in Problem 7.1.4, then the algebraic variable y would not be defined on regions
with w = 0, since differentiation of the algebraic constraint would lead to

Orny = w(1)g5(x (1) f(x(2). (7). (7))

and the index would not be defined in case w = 0. This is the reason, why we prefer
to use the index-reduced formulation in Problem 7.1.4. ad
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We apply the first order necessary optimality conditions in Theorem 3.4.4 to Prob-
lem 7.1.4 and note that the assumptions (ii)—(v) in Theorem 3.4.4 and Assumption
3.4.2 are automatically satisfied for Problem 7.1.4 for (x, y, w) under Assumption
3.1.5. Assuming smoothness as in Assumption 2.2.8, we may apply Theorem 3.4.4
to Problem 7.1.4. To this end, let the reduced Hamilton function of Problem 7.1.1 be

defined by
R(x,y,u,Ar, Lo) := Lo folx, y,u) + )L}f(x,y, u),

and the augmented Hamilton function of Problem 7.1.4 by
J (T, x, y,t,w, Ap. Ag, s 1. Lo)

1= w(lo fo(x.y.i(0) + AL f(x. y. (D)) + A = ) + A] g4(x) f(x. y.1i(1))

= w(RE, Y. 4(0), Af. Lo) + Ar =) + Ay r(x,y,1i(7)),
where r : R"x x R" x R" — R is defined by

r(x, y,u) = gh(x) f(x, y,u).

The first order necessary optimality conditions in Theorem 3.4.4 read as follows:

There exist multipliers £o e R, A € Wl’fx ([0, 1]), ig € ng([o, 1)), 5&, € W1,60([0, 1]),

o0
n € Loo([0,1]),0 € R"¥, and ¢ € R™ not all zero with

@ €o>0
(b) In |0, 1] we have the adjoint equation
%ifm = —w(DRL(F(0). 5(0). (1), 1y (1), £0) T
— (). 5(0). 11(1)) g (1),
Opny = w(T) Ry, ((7), (1), ii(r), A7 (1), Lo) T
+ry(F(0), (), 1(0) T Ag (1),
d

EA[(T) =0.

In particular, A, is constant.
(c) Transversality conditions:

A7 = ~(log, + Yk, +ETgL0D. A ()T = Llogl, +6T VL,
(d) Almost everywhere in [0, 1] it holds
0 = R(%(x), (1), i(v), A7 (), Lo) + Ae(x) = 7i(x).
Owing to the complementarity condition in (e) below, we thus have

RGO, 501030 ) + A { 0 {00
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(e) Almost everywhere in [0, 1] it holds
N(Dw(x) =0 and 7(r) = 0.
Using the inverse time transformation defined in (7.2), we may define
bo:="lo, 0:=6, (=00 Ap(0):=Ap(x(t), Aet) = Ae(2(1)),
and
Ae()T = =R, (R(1). §(0). 4(1). A (1), Lo)(gh (R (1)) £ (R (D). $(1). 21 (1)) .
Then, for almost every t € Ay, it holds
Ap(t(@) = 2p (1), wDAg () = Ag(D). Ae(1(0) = Ae(0),
and a short calculation shows that A » and A satisfy the adjoint equation
hp(t) = =, (R(1), $(@).0(t), Ay (1), Ag (1), Lo) T,
ORns = J5,(%(1), (). (1), Af (1) Ag (1), Lo) T
and the transversality conditions
Ap(to)" = —(Logyy + 0TV + T gkl As(tr)T = Logy, +0 Yy .

The above conditions hold for every w. Now we will choose w in a special way
in order to exploit this degree of freedom. The following construction follows [162,
p. 157], compare Figure 7.2. This construction principle will be exploited numerically
in Section 7.2.

Let w(z) vanish on the intervals J; := (tx, tx + Br), & = 1,2,..., which are to
be constructed such that the image of (_J; Jx under the mapping ¢ + ¢(t) is dense in
[fo. tr].

Therefore, let {£1, &2, ...} be a countable dense subset of [79,77]. Choose B > 0
with 3" B = 3 and let

§k —1lo
% = 5, .~ Z Bj-
20 —t0) 7

Then the intervals J; = (t, 1 + Bi] are pairwise disjoint. Define

o, if v € U dk»
wie) = {Z(ff —1o), ift ¢ Ui Ik
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Figure 7.2. Construction principle of w.

We will show that #(t) = &, forany t € J. As {&} was chosen to be dense in

[t0.t£], so is the image of |, Jx under the mapping t ~ #(7).
We note that t; < 7z, ifand only if & < & and #(t) = #(tx) forall © € J;. For

T € J; we find
() = 1o + /O w(E)dE
=to+2(l‘f—l‘0)(1’k— Z ,3])

Jitj <tk

= to + 2(tf — Z())(‘L'k — Z /3])

J&j <€k

Ek — 1o
:t0+(zf_t0)l‘f—t0 = &.




Section 7.1 Global Minimum Principle 347

Now let
>i) Iy = Uj di;, Where dy; are non-empty closed from the right intervals;

(i) {u1,uz,...} beacountable dense subset of U;

(iii) () :=u; if v € Jy;;

(iv) y(r) := y; with

Orry = r(X(0). yj uy) = g (X(0) f(X(0). yj uj).
ift e Jk],

According to (d), we have for almost every t € | J; J the inequality

R(E(0), (), (1), Ap (7). Lo) + A¢(7) = 0.

As every interval Jy; has a positive measure, there exists © € dJy; with 7(t) = &
such that

R(F(2), §(0), (1), A (1), Lo) + e (2)
= R(E(Er). yj. uj. Ap(Ee). Lo) + Ar(Ex) = 0.

Since the set {£1, &>, ...} isdense in [, 7], and since {uy, u», ...} is dense in U, and
since

h(t. y,u) == R(X(1), y,u, As (1), Lo)
is continuous, it follows for almost all ¢ € [7o, 7] that
RE(), y,u, Ar(t),Lo) + As(t) > 0
for all
(u,y) € QE®)) :={(u,y) € UXR™ | Orny = gL (X)) f(X(2). y, u)}.

Note that R = J¢, whenever (u, y) € Q(x(1)).
On the other hand, according to (d), for almost every t € Ay, and thus for almost
every ¢ € J it holds

R(X(), y(@).u(1), Ar (1), £o) + As (1) = 0.

Putting both relations together yields the minimality of the reduced Hamilton function
for almost every ¢ € [to. t7]:

RE(1), (), u(t), Ar (1), Lo)
< RGE@), y.u, Ap (1), Lo) Torall (u, y) € QR(1)).
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Moreover, since # is essentially bounded and since the function (¢, y, u) is continu-
ous, it follows that

R()%(ZL yA(t)’ ﬁ(t)’kf(tLgO) + Al‘(l‘) =0

almost everywhere. Since A; is continuous and constant according to (b), so is R as
a function of time. Exploiting R = J¢ whenever (u,y) € Q(x(z)), we have thus
proved the following global minimum principle:

Theorem 7.1.6 (Global Minimum Principle). Let the following assumptions be ful-
filled for the optimal control problem 7.1.1.

(i) Let Assumption 2.2.8 hold for ¢, ¥, and the functions
fot,x,y) := folx, y,0(1)),
flt.x,p) = f(x,y,0(1)).

Let g be twice continuously differentiable.
(ii) Let (x, y,u) bea strong local minimum of the optimal control problem 7.1.1.
(iii) Let Assumption 3.1.5 bevalid.

Then there exist multipliers
boe R, Ap € W3 (). Ag € LZ(J). L €eR™, 0 e R™V

such that the following conditions are satisfied:

@) Lo >0, (Lo.L.0,Ap, Ag) # O,
(b) Adjoint equations: Almost everywherein d it holds

Ry (6) = =JOR), D000, A7 (1), g (1), €0) T
Orny = H,(%(1), )?(t),ﬁ(t),)kf(t),Ag(t),EO)T.
(c) Transversality conditions:
Ap(to) T = —(Logl, (R(t0). £ (1)) + 0 TP (R(10), £ (1)) + £ T 84 (3(10))),
Ap(p) T = oy, (R(10), £(tp) + 0 T¥y, (R(10), £(t)).
(d) Optimality condition: Almost everywherein J it holds
H(X(1), (@), 0 (1), Ap(t), Ag (1), o) < H(X(1), y.u, Ay (1), Ag (), Lo)
for all (u, y) € Q(x(¢)), where

Qx) ={(u.y) € UxR™ | gi(x) f(x,y.u) = Ogny }.
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(e) The Hamilton function is constant with respect to time;
F(X(2), $(t), (), Ar(t), Ag(t), £o) = const. O

Example 7.1.7. Consider the following optimal control problem:

Minimize
/01 x()* +a(y(t) —u(t)*dt
subject to the constraints
x(t) = y@)—u(), x(0) =0,
0 = x(t).

u(t) e U= [—1,1].

Apparently, every feasible control is optimal!
Hamilton function:

H(x,yu g dg, lo) = Lox? +a(y —u)> + Ar(y —u) + Ag(y —u)
Minimization of ¢ with respect to
u.y) €Q={(u.y) e UxR|y—u=0}

yields that every u satisfies the global minimum principle.

Please note that the simultaneous coupling between u and y by means of the set
is important in the global minimum principle. A wrong condition would be obtained,
if the Hamilton function was firstly minimized with respect to u (assuming y to be
fixed) and the consistent algebraic variable y corresponding to the minimizing u was
determined afterwards. For instance, consider the case « = —1 and & = 0. The
algebraic equation, the adjoint equation and the transversality condition yield

Ar(t) = —Lok(t) =0, Ar(1)=0 = Ap(t)=0.
Moreover, g (x(2)) f(X(¢), y(¢).1u(z)) = 0 and hence
'}(()29 yAvﬁ’AkangO) = O[(_)/A _ﬁ)Z = _(yA _ﬁ)2

Minimizing J# with respecttou € [—1, 1] yields either 7 = +1 or u = —1 depending
on y € [—1, 1]. This contradicts 2 = 0. m|

The global minimum principle allows to prove additional properties of the Hamilton
function in the case of a free final time. In this case, the Hamilton function vanishes
almost everywhere.
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Theorem 7.1.8. Let the assumptions of Theorem 7.1.6 hold and let the final time in
Problem 7.1.1 be free. Then J#¢ vanishes almost everywhere and

H(X(tr), Y(tr) ultr), Ar(ty), Ag(tr), Lo) = 0.

Proof. We use the transformation technique in Section 1.2.1 to transform the problem
to an equivalent problem on a fixed time interval:

Minimize
1
@(x(0), x(1)) + /0 (17 (v) — 10) fo(X(7), y(v), u(r))dt

subject to the constraints

d .
E)_c(r) = (tr(r) —t0) f(X(7), y(v).u(r)) ae inf0,1],

ORny = g()?(‘l,’)) in [0, 1],
d .
o0 =0 in [0, 1],
¥ (x(0), x(1)) = 0, ,
u(r) e U a.e injo,1].

The Hamilton function for the transformed problem reads as
(X, F,tr i, Ap, Ag, Ae, o) = (tr — t0)H (X, F,1, As, Ag, Lo),

where J¢ denotes the Hamilton function of the original problem.

The necessary optimality conditions in Theorem 7.1.6 yield the adjoint equation for
the adjoint variable A;

d - 1!
Ekt(r) = —H;, [t] = —H][7]
and the transversality conditions
21(0) = (1) = 0.

According to part () of Theorem 7.1.6, the Hamilton function J# is constant almost
everywhere and thus J¢ is constant almost everywhere as well, since 75 is constant.
From

M(t)T = —H[r] = constae.in[0,1], A,(0) = A,(1) =0
it follows #[t] = 0 almost everywhere and particularly after back-transformation

H(X(tr), P(tr) ulty), Ar(ty), Ag(ty), £o) = 0. o
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7.1.1 Singular Controls

Singular controls may occur, if the control » and the algebraic variable y enter lin-
early into the optimal control problem. For simplicity, the discussion is restricted to
problems with only one control and one algebraic variable.

Problem 7.1.9 (DAE Optimal Control Problem with Control Appearing Linearly).
Let d := [t0.2r] C R be a non-empty compact time interval with zo < ¢ fixed. Let
@ R™ xR"™ — R,
. fo. yo : R"™ — R,
a, B,y R"™ — R",
g :R™ — R,
YR x R™ — R"¥
be sufficiently smooth functions and U := [umin, Ymax] With —c0 < umin < Umax < 0.
Minimize
iy
@(x(to), x(1f)) +/ ao(x(1)) + Po(x (1)) y (1) + yo(x(1))u(t)dt

to

with respect tox € W3 (), y € Loo(d), u € Loo(d) subject to the constraints

,00

X(1) = alx@) + B(x())y () + y(x())u(r) aeind,

0=g(x()) ind,
Opry = Y (x(0), x(11)),
u(t) € U = [Umin, Umax] ae ind. O

Let (x, y,u) be a minimum of Problem 7.1.9.
Assumption 7.1.10 (Index-Two Assumption). Let a constant ¢ > 0 exist with
g R@))BE@)| = ind. o
The Hamilton function for Problem 7.1.9 reads as

H(x,y,u,Ar,Ag.Lo) = Lo (ao(x) + Bo(x)y + yo(x)u)
+ (AF + Ag £5(0) (@(x) + Bx)y + y(x)u).
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Evaluation of the optimality condition (d) in the global minimum principle in Theo-
rem 7.1.6 yields

(@), y@) = argmin  FH(X(1),y,u,Ag(t), Ag (), Lo)
(u,y)eQ(X (1))

with
Q(x) = {(u, y) € [umin. tmax] x R | g3 (x) ((x) + B(x)y + y(x)u) = 0}.
By Assumption 7.1.10 it holds (u(¢), y(t)) € (x(¢)) if and only if
P(0) = (gL R)BGEM)N T gL E 1) (@) + y(E()i))
and hence the optimality condition reduces to

u(t) = argmin T'(X(t).Ar(t). Lo)u, (7.3)

U E[Umin,Umax]

where T" denotes the switching function, which is defined in

Definition 7.1.11 (Switching Function). The function I' : R"* x R?* x R — R
with

T(x. Ar. Lo) == Lo(yo(x) — Bo(x) (g () B(x) ' g (x)y(x))
+ A5 (r(x) = B)(g5 ()B()) gL (D)y(x))
is called switching function of Problem 7.1.9. m|

Since u appears linearly in (7.3), it follows

Umin, if T(X(t), Ar (1), Lo) > 0,
u(t) = 3 Umax ifT(X(1), Ar (1), Lo) <0, (7.4)
undefined, if I'(X(z), Az (t).£o) = 0 on some interval.

If the switching function I vanishes on some interval [¢1,%,] C d, t; < t», then the
minimum principle does not explicitly define the optimal control.

Definition 7.1.12 (Bang-Bang Control, Singular Control). Let [¢1, 2] C 4 with 1 <t,.

() u is called bang-bang control in [¢1, ], if T has only isolated zeros in (1, t2].
The isolated zeros of I" are called switching points.

(b) u is called singular in [t1, 2], if ' = 0 in [t1,#;]. The time points 7, t, are
called junction points, if u in [t — &, t1] and in [t2, 1> + €] for some sufficiently
small ¢ > 0 is a bang-bang control. m|

Figure 7.3 illustrates the terms bang-bang control and singular control.
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Umax T — — Umax = e— — -

— umln —f— — —

Umin

Figure 7.3. Bang-bang control for isolated zeros of the switching function (left) and bang-bang
control with singular subarc (right).

If T has only isolated zeros ¢;, i = 1,...,q, then the optimal control 7 is a bang-
bang control, which is defined by (7.4). The switching points ¢;, i = 1,...,q, are
implicitly defined by the conditions

L&), Ar(ti),Lo) =0, i=1,....q.

Computing a singular control is more involved. To this end, let [¢1,72] € 4 be an
interval with I = 0. The idea to find the singular control on [¢1, 3] is closely related
to the determination of the differentiation index for DAEs. In fact, the original DAE
on a singular subarc can be interpreted again as a DAE (on [t1, t2]) with the additional
algebraic constraint I' = 0. In order to find the singular control, the identity I’ = 0 is
being differentiated in [¢1, z2] with respect to ¢ until the control u appears for the first
time. Herein, the DAE for x and y and the adjoint DAE are exploited. In particular,
we use the relations

y = —(g5 ()BT g () (@(x) + y()u) =: Y(x,u),
hg = —(LoPo(x) + Af B(x))(g()B()) ™" =1 Ag(x, Ar, Lo),

which result from the algebraic constraints of the respective DAEs. Notice that Y
depends linearly on u.
Let the functions T®) (x, A7, u, £o), 0 < k < oo, be defined recursively by

TO(x, Ar,u, £o) := T'(x, As, €o)
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andfork =0,1,2,... by

TED (x A r,u, £o)
1= Vil ® (0, Ap 1, L0) T (@(x) + ()Y (x,u) + y(x)u)

+ Vi ® (e A u, €o) T(—HL (x, Y(x,u), u, Ay, Ag (x, Ap, £o), £o) 7).

r® k=0,1,2,..., can be expressed inductively as
T® (x, 27,1, L0) =2 Ag(x, A7, Lo) + Bi(x, Ay, Lo)u

with suitable matrices A and By, since u always appears linearly.

Until u appears explicitly for the first time in T'®) and if T®) is evaluated at a
solution of the DAE and the adjoint DAE, then T'®) is just the k-th derivative of I’

with respect to ¢ and it holds

TR G (@0), Ap(0),01(2), Lo) =0 Torallz € [t1,12], k =0,1,2,...

Two cases may occur:
(a) There exists k < oo with

.
a_r(])(x’/\f,u’ﬁo) = Bj(x,Ar,lo) =0 forall0<j<k—1, (7.5)
” :

and

d
Er(’@(x,xf,u,eo) = Br(x, As, o) # 0.

In this case, the equation
r® @), Ap (1), (1), Lo) =0 forz € [11,12],
can be solved for z and the singular optimal control is given by

Ar(X(@1). A7 (). Lo)

T/Al(t) = ﬂsing([) = _Bk(fc([)’)tf(t),fo)’

(b) Forall 0 <k < oo itholds
03)
%F (x,)kf,u,ﬁo)=Bk(x,lf,€0)=0.

In this case, # cannot be determined.

t € [t1,12].

(7.6)

(7.7)
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This proves

Corollary 7.1.13. Let there exist k < oo with (7.5) and (7.6). Then the singular
control [t1, tz] isgiven by (7.7). m]

Unfortunately, there is no rule that indicates whether a singular subarc occurs or
not. Indirect methods therefore rely on hypotheses regarding existence and location
of singular subarcs.

Example 7.1.14. Consider the following DAE optimal control problem on
d:=10,3]:

Minimize

! f ’ (1)* dt

— X

2 )y 72
subject to the constraints

x1(0) =u(), x1(0)=x13) =1,
X2(t) = y(), x2(0) =1,

0 =x1(2) — x2(2),
u(t) € [-1,1].

Differentiation of the algebraic constraint yields 0 = u(¢) — y(¢) and hence the DAE
has index two. The Hamilton function with x := (x1,x») T and Af = ()Lﬁl,)uﬁz)-r
is given by
L
H(t, %,y 0p hg o) = 03 + Apau + Apay + Ag(u = ).

The adjoint DAE reads as

Apa(t) =0,

Apa(t) = —Lof2(1).  Afp(3) =0,
and hence A is a constant. The switching function computes to

F(Xf) = /\f,l + /\f,z

and the optimality condition yields

=1, ifT(Ar(r)) >0,
u(t) = 1, ifT'(Ar()) <O,
undefined, if I'(A7(z)) = 0 in some interval.
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The case £y = 0 can be excluded by contradiction. Hence, we may set {¢ = 1.

The objective function suggests that it is optimal to control x, (respectively xp)
as quickly as possible to zero and to stay there as long as possible. Hence, it is
conjectured that the optimal switching structure is bang — singular — bang.

On the singular subarc it holds

0 = Af,l(t) + Af,z([)
= 0=hza(t) = —%2(0)
= 0=lza() = —H(1) = —a(0).

Hence, using = 0.
Owing to the symmetry of the problem, we then find that the following functions
satisfy the global minimum principle:

-1, ifre[0,1), 1—1z, ift €]0,1),
u(t) =y@) = 0, ifre[l,2), x1(t)=2x20t)= 0, ifr €[1,2),
1, ifre[2,3], t—2, ifte[2,3],

and
1 T+la—n2 ifrefo),
Ari(t) = Ara(t) = 1. ifrel1,2),
12 -272 ifre[2.3].
More generally: For f = [0, 7] with z, > 2 a singular subarc occurs in the interval
[1,27 — 1] with singular control 7i(r) = using(t) = 0. The control structure is lower

bound — singular — upper bound. For 7 < 2 no singular subarc appears. The control
structure is lower bound — upper bound. m|

Example 7.1.15 (Simplified Robot Model). A simplified robot model in three space
dimensions is given by the task to control the acceleration of the joint angles by the
control u; (t) € [—Umax> Umax]: I = 1,2,3, umax > 0, such that the robot moves in
minimum time #; from a given initial position ¢ € R3 with velocity v(0) = Ogs to
a given final position ¢, € R3 with velocity v(z¢) = Ogs. This leads to the following
optimal control problem:
173
tr = / 1dt
0

q@) =v(), q0)=qo, q(tr) = qr,
() = u(t), v(0) = v(ty) = Ogs,

u;(t) € [~Umax, Umax). i =1,2,3.

Minimize

subject to the constraints



Section 7.1 Global Minimum Principle 357

This problem admits an analytical solution. To this end, the Hamilton function
(with €9 = 1) reads as

H(q v uhg Ay) =1+ 70+ A u.

The first order necessary optimality conditions for a minimum (g, v, 1) are given by
the minimum principle, that is, there exist 1,4, A, with

Ag(t) = =3} [1]" = Oga.

do(t) = =117 = —Aq (1),

ui(r) = argmin - J(q(1), 0(1), u, Aq(t), Av (1))

U €[~Umax,Umax]
= argmin Ay (Hu;, i e€{l,2,3},

U €[—Umax,Umax]

0=H[t] =1+ A () T0(t) + Ao () T12(2).
The adjoint equations yield
Ag(t) = cqg €R3, Ay(t) = —cqt + ¢y, ¢y €RZ.
Hence, the optimal control is given by

Umax, 1T —cgit +cyi <0,
ui(t) = —Umax, If —cqit + ¢y >0, =123
undefined, if —cq,it +cyi =0,

The latter singular case for i € {1,2,3} with —cg4,;t + cy,; = 0 can only occur, if
Cq,i = Cp,; = 0andthusA,; = 0= A,;. The minimum principle does not provide
any information about #; in this case, except that it has to be feasible.

If cﬁ,i + Cg,i > 0, then there will be at most one switching point 0 < #;; < t7 of
the control 12;. The switching point is determined by

Cu.,i .
Isi = 2Lif Cq.i # 0.

Cq,i
Let us assume that the control #; does not switch, i.e. either 1#1; = wumax Or
Uu; = —umax. Then the corresponding velocity satisfies 0; () = *umaxt and in partic-

ular 9; (1) = fumaxty # 0 provided ¢z > 0. Hence, the boundary conditions cannot
be satisfied by using ##; = Fumax and this control structure does not occur.

Notice furthermore that not all ¢;;.cy;, i = 1,2,3, vanish, because this would
lead to the contradiction 0 = J#[t] = 1. Hence, there is at least one index i for which
cq,i and ¢y ; do not vanish simultaneously. For this index the optimal control will be
of bang-bang type.
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Casel: Leti € {1,2,3} and

A Umax, IF0 <t <t;,
u,-(t) — max =* 8,1
—Umax, Otherwise.
Then,

bi (1) = Umax?, if0<t<ts;,
' Umax(2t5,; —t), otherwise,

qo,i + 3Umaxt >, if0 <1<t

qi(t) = qo.i + umax(12; — 12155 — 1)?). otherwise.

The boundary conditions yield

1
Umax (21s,i — lf,i) =0, qo,i + Umax (fsz,i - 5(2ts,i - lf,i)z) =dfi,

where 1z; is the individual final time for the i-th component that is necessary to reach
the final position g; (t7;) = qr,; and v;(t;) = 0.
The first equation yields 275; — 17, = 0 and thus the second equation yields

qfi — 40,
tS,i = f}
Umax
and hence
o
1= ) qfi — 4 l.
Umax

These expressions are valid for gz; —qo,; > 0.

Note that 7¢; is not necessarily the final time for all three components i = 1,2, 3.
The overall final time is 1y = max{ts,.tf2.173}. If the i-th component needs less
time to reach the terminal condition, then one can set i; (1) = 0 forts; <t < t.
This is possible because the individual motions are decoupled in this model. The
corresponding adjoints A4; and A, ; are set to zero, leading to the singular case.

Casell: Leti € {1,2,3} and

l:\l(t) — —Umax; |f0 = t < tS,i?
! Umax, Otherwise.

Then
vi(t) = —Umax!, if0<r<t,,
T —umax(2t5,; —t), otherwise,
qo.i — SUmaxt>. if0 <1<t
Qi(t): L 2_12 2 th .
qo,i — umax(13; — 5 (215, — 1)?), otherwise.
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The boundary conditions yield

1
—umax(2ts,i —1£;) =0, qo,i — Umax (tsz,i - 5(2%,1' - [f,i)z) =qf-

The first equation yields 2z5; — t7; = 0 and thus the second equation yields

qo,i —4f,i
[S,i = )
Umax,i
and hence
0,0 —4qfi
tf,i =2 —C[ i 4ri .
Umax,i

These expressions are valid for go,; —gr; > 0.

Summarizing, an optimal solution can be obtained as follows:

[q0,i—4ri ; ) .
YR~ if dfi < 4o,

4r.i790.0  gtherwise.

Umax

(@) Fori =1,2,3set

Isi =

Setiy; = 215, and ty = max{tf,l,tf,z,tm}.
(b) Fori =1,2,3 set

—Umax, 1 qr; <qo,i,0 =1 =<ts,,
umax, 1fqri <qo,i lsi <t =1y,
u;(t) = Umax, If dfi > q0,i,0 <t <ty,,
—Umax, If dfi Z qo,i-lsi <1 =1lf;,
0, if [f,i <t < [f.

(c) Integrate g(z) = v(z) and v (¢) = u(r).

Note that this solution is not necessarily unique. |

7.2 Variable Time Transformation M ethod

The time transformation (7.1) was used in Section 7.1 as a theoretical tool to prove the
global minimum principle. Interestingly, the same variable time transformation can
be used numerically to solve mixed-integer optimal control problems, see [116, 195,
196,290, 302], time optimal control problems, see [195], and singular optimal control
problems, see [291]. A method for solving nonlinear mixed-integer programming



360 Chapter 7 Mixed-Integer Optimal Control

problems based on a suitable formulation of an equivalent optimal control problem
was introduced in [194].

In the sequel we distinguish between continuous-valued controls u with values in
the closed convex set U < R™* with int(U) # 0 and discrete controls v with values
in the discrete finite set

V:.={vy,....,om} vi eR"™, M eN. (7.8)
We investigate
Problem 7.2.1 (Mixed-Integer Optimal Control Problem (MIOCP)).
Let d := [fg.2r] C R be a non-empty compact time interval with zo < ¢ fixed. Let
R™ x R*™ — R,
(R™ x R™ x R™ x R — R%x,
(R™Y x R™ x R™ x R — R™,
(RM — R,

¥R x R — RV

v o0 N S

be sufficiently smooth functions, U < R”"* closed and convex with non-empty inte-
rior,and 'V as in (7.8).

Minimize the objective function
@(x(to), x(tr))
with respect to
xe W (). yeLd(), uellld). velLll)

subject to the semi-explicit DAE

x(@)= f(x@),y@),u(),v()) aeind,

Ormy = g(x(@), y(),u(),v()) aeind,
the state constraint

s(x(1)) < Owrns,
the boundary condition
¥ (x(to), x(tr)) = Ogry

and the set constraints

u(t)e U aeind,
v(t) eV aeind. =]
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The semi-explicit DAE has to been seen as a generic DAE model for which ad-
ditional structural properties have to be imposed whenever necessary, e.g. uniform
non-singularity of g;, (index-one case) or uniform non-singularity of g’ f; while y, u,
and v do not appear in g (index-two case). As we intend to present the basic idea of
the time transformation method and not the DAE specific theory, we prefer to use a
generic DAE model.

Remark 7.2.2 (Branch&Bound). Straightforward application of a direct discretiza-
tion approach of Section 5 to Problem 7.2.1 leads to a finite dimensional mixed-
integer nonlinear and non-convex optimization problem, which can be solved by a
Branch&Bound method, see [114]. In each node of the Branch&Bound tree a relaxed
discretized optimal control problem has to be solved to global optimality. Numerical
tests, however, show that the Branch&Bound method is computationally extremely
expensive for Problem 7.2.1. O

The variable time transformation method is based on a discretization. For simplic-
ity, only equally spaced grids are discussed. A generalization towards non-equidistant
grids is straightforward. Let the major grid
Zf — 1o

N
with N € N intervals be given. Each major grid interval is subdivided into M equally
spaced subintervals, where M denotes the number of values in the discrete control set
V in (7.8). This leads to the minor grid

Gy ={ti=to+ih|i=0,...,N}, h=

h
Gy M = {‘L’i,j =1 +1M ‘ j=0,....M, i =0,...,N—1}.
Similarly as in Figure 7.2 the fixed and piecewise constant function
UGN.M(T) =V fort € [Ti,j—l,fi,j), i=0,...,.N—1, ] =1,...,M, (7.9)
is defined, see Figure 7.4.

Y

ti—1 Ti—1,j ti Ti,j lit1 Ti+1, tiyo

Figure 7.4. Piecewise constant staircase function vg, ,, used for re-parameterization of the
discrete controls.
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Now, the time transformation

t(r)y =1ty + /f w(s)ds, T € [to.1r],
1

0

with

ty
/ w(s)ds =ty —to
to
is invoked to control the length of the intervals [ (z; ;). ?(z;,;+1)] by proper choice
of w, compare (7.1). Herein, w is considered a control. Note that this transformation
maps [fo.r] onto itself but changes the speed of running through this interval. In
particular, it holds

dt
E(f) =w(r) forte [lo,tf].

It is convenient to consider monotone time transformations by imposing the constraint
w(r) > 0 foralmostevery t € [to.17]. (7.10)

The function values w(7) with = € [7; j, 7;,741) are related to the length of the inter-
val [t(z, ;). (7, j+1)] according to

Tij+1
/ w(t)dt = t(,j+1) —t(7,5).
T,

iJ
The interval [(z;, ;). (i, j+1)] shrinks to the point {# (zi,;)}, if
w(t) =0 in[t;, T +1)-

Figure 7.5 illustrates the variable time transformation.

Later on, the state constraint s(x(z)) < Ogrns Will be discretized at the major
grid points #;, i = 0,..., N, subject to the time transformation. If the time trans-
ormation was applied without further restrictions within an optimization procedure,
then it can be observed that the optimal time transformation mainly ‘optimizes’ the po-
sition of the time points 7(z;) (in original time ¢) such that state constraints
s(x(t(t;))) < Orns can be satisfied conveniently. In extreme cases, almost all time
points #(z;),i = 0,1,..., N, are moved into regions, where the state constraints are
inactive. To avoid this undesired behavior we impose the additional constraints

tit1
/ w(r)ydt =tiy1—ti=h, i=0,...,N—1, (7.12)
4
which ensure that the major grid points ¢ are fixed points subject to the time trans-

formation. Moreover, the parameterized time actually passes through the entire major
grid interval [¢;, t; +1] with a non-zero w.
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Joining the function vg, ,, from (7.9) and any w satisfying the conditions (7.10)
and (7.11) yields a feasible discrete control v(¢) € 'V defined by

U(s) = UGy 4 (ET1(s)), s € [to.t7]

see Figure 7.6. Notice that minor intervals with w(z) = 0 do not contribute to v(s).

Vice versa, every piecewise constant discrete control v on the major grid Gy can
be described by v, ,, and some feasible w.

Owing to the preference of values given by the definition of the fixed function
VG .5, ON the minor grid G, a7, it is not possible to realize any discrete control with
values in 'V on the minor grid. For instance, a discrete control switching from vy, to
v1 within a major grid interval cannot be represented. Admittedly, the order in which
VG .y, 1S defined is somehow arbitrary and any other order of the values vy to vy
would be feasible as well.

However, one should keep in mind that already the major grid introduces a dis-
cretization with step-size 4 > 0. Moreover, any discrete control with finitely many
jumps can be approximated arbitrarily close on the major grid, if & tends to zero.
Hence, one can expect sufficiently good approximations for mixed-integer optimal
control problems with finitely many jumps in v, if & is sufficiently small.

Summarizing, the time transformation leads to the following partly discretized op-
timal control problem:

Problem 7.2.3. Minimize
@(x(to), x (1))
with respect to
xeW ()., yeLd()., uelLl(d), we L)

subject to the constraints
X(1) = w(@) f(x(2), y(0), u(7), vgy (7)) aeind,
Orry = g(x(7), y(1), u(7), VG y 5, (7)) aeind,
5(x(7)) < Orns ind,
¥ (x(t0). x(tr)) = Ogry
u(r) e U ae ind,
we W,

Herein, the control set ‘W is defined by

w(t) =0,
W:= 3w € Loo(d) | w piecewise constant on Gy, s,

4 | ’
i Ttw@dr =tiq1—ti, i =0,...,N O
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w(7)

t(7):

li—1 Ti-1,j i Ti,j  li+l Ti+1,j T

Figure 7.5. Illustration of variable time transformation: Parameterization w (top) and corre-
sponding time ¢ = ¢(z) (bottom).

ti— ti (i) iy H(Tig1,1)
=1(1i2) = 1(Ti+1,2)

Figure 7.6. Back-transformation v (bottom) of variable time transformation for given w and
fixed vg ,, (top).
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Problem 7.2.3 has only continuous-valued controls and can be solved by the direct
discretization methods of Chapter 5 with minor adaptions. Let (X, y,u, W) be an
optimal solution of Problem 7.2.3. The inverse time transformation

x(s) == 207(s). y(s) =P s).
u(s) =0t 71(s)),  v(s) = vy (7 (s))
with
t(r) =to + /tf w(s)ds

0

and ¢~ 1(s) according to (7.2) yields an approximate solution of Problem 7.2.1. For
higher index DAEs special measures have to be taken to deal with the difficulty out-
lined in Remark 7.1.5, e.g. by fixing the algebraic component on intervals with w = 0.

Remark 7.2.4. Notice that this approach is not limited to v being a scalar function.
For instance, consider the case of n, = 2 discrete controls each assuming values in
{0, 1}. Then the control set 'V is given by all possible combinations of values:

0 1 0 1
7=10)- () ()01 :
Example 7.2.5 (see [275]). Consider the following nonlinear optimal control prob-

lem with a discrete control v for an F8 aircraft:

Minimizet, subject to the constraints

X1(t) = —0.877x1(t) + x3(t) — 0.088x1 (¢)x3(t) + 0.47x1(¢)?
—0.019x2(1)% — x1(t)*x3(t) + 3.846x1(1)> — 0.2150(¢)
+ 0.28x1(1)%v + 0.47x1(1)v()? + 0.63v(7)>,
Xa(t) = x3(1),
x3(1) = —4.208x1 (1) — 0.396x3(¢) — 0.47x1(t)* — 3.564x,(1)>
—20.967v(t) + 6.265x1(¢)*v(t) + 46x1(1)v(t)? + 61.4v(7)°,
(1) € {—0.05236,0.05236},

and

x(0) = (0.4655,0,0)T, x(tr) = (0,0,0)".

Figure 7.7 shows the solution of the variable time transformation method with
N =500and tr = 5.728674.
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state 1 state 2
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normalized time normalized time

Figure 7.7.

Notice that this solution is just a local minimum of the transformed optimal control
problem 7.2.3. Better solutions can be found by techniques from global optimization
or by choosing more appropriate initial guesses. a

We will consider a particular optimal control problem arising from automobile test-
driving with gear shifts. Herein, one component of the control is discrete.

Example 7.2.6 (Test-drive of a Car, see [114]). For modeling the test-drive of a car
we need three ingredients: a mathematical model of the car, a test-course, and a driver.

Model of a car

We use the single track model, which is a simplified car model that neglects rolling and
pitching behavior of the car, see [233,238, 242, 268]. These simplifying assumption
allow to combine the wheels of each axle in one virtual wheel in the middle. In
addition, the center of gravity is assumed to be on ground level and hence it suffices
to consider the motion in the plane.

The following car model has four controls: The steering angle velocity |ws| < 0.5
[rad/s], the braking force 0 < Fp < 15000 [N], the gear u € {1, 2, 3, 4,5}, and the
gas pedal position ¢ € [0, 1]. The configuration is depicted in Figure 7.8:
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Figure 7.8. Geometric description of the single track car model.

The following notion is used:

* (x,y): center of gravity of car,

* v,vr, v, Velocity of car, front wheel, and rear wheel, respectively,

8, B, ¥ steering angle, side slip angle, yaw angle,

* ar,a,: side slip angle at front and rear wheel, respectively,

» Fyr, Fy,: lateral tire forces at front and rear wheel, respectively,

* Fjr, Fy, longitudinal tire forces at front and rear wheel, respectively,
* ly,lr, esp: measurements,

» Fax, F4,: air resistance forces in x- and y-direction, respectively,

* m: mass of car.
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The equations of motion are given by the differential equations

x =wvcos(y — B), (7.12)
y =vsin(y — p), (7.13)
v = %[ (Fir — Fax) oS B + Fiy cos(8 + B) — (Fsr — Fay)sin
— Fspsin(§ + B)], (7.14)
B=w,— ﬁ[(Flr — Fax)sin + Firsin(d + B)
+ (Fsr — Fay) cos B + Fyrcos(8 + B)], (7.15)
V= w;, (7.16)
W, = i[st Iy €088 — Fsp -1y — Fay -esp + Fip -1y -sind], (7.17)
§ = w;. (7.18)

The lateral tire forces depend on the side slip angles. A popular model is the magic
formula by Pacejka [248]:

Fsr(ay) = Dysin(Crarctan(Bray — Ef(Bray — arctan(Bray)))),
Fsr(ay) = D, sin(Cy arctan(B,a, — E, (Broy — arctan(Broy)))),

see Figure 7.9. By, B,,Cr.Cy, Dy, Dy, E¢, E, are constants depending on the tire.

4000 O — 4000 i
— 2000 2000
~
<, Z,
N ~ 0
3 3
S~ ~
kro -2000 LL? -2000
4000 f -4000
04 03 02 01 0 01 02 03 04 04 03 02 01 0 01 02 03 04
oy [rad] ay [rad]

Figure 7.9. Lateral tire forces at front (left) and rear (right) wheel as functions of the side slip
angle.
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The side slip angles compute to

ey — vsin Y i
af = § —arctan (M) , «a, = arctan (M) ,

v Cos B v Cos B

compare [237, p. 23]. The air drag is given by

1
Fszi.cw.p.A.vz’

where ¢y, denotes the cw-value, p the air density, and A the effective surface. For
simplicity side wind is neglected, that is F4, = 0.

For a car with rear wheel drive the longitudinal tire force at the front wheel is given
by

Flf = _FBf — FRf,

where Fg ¢ denotes the braking force and Fg ¢ the rolling resistance at the front wheel,
respectively. Accordingly, the longitudinal tire force at the rear wheel is given by

_ Mheel (¢, 1) _

R FBr_FRr,

Flr

where Myneel (¢, ) s the motor torque at the rear wheel.
According to [242] it holds

Muheel (9, 1) = ig () iz - Mmot(¢, 1), (7.19)

where

Mot (9, 1) = f1(@) - f2(wmot(i)) + (1 — f1(9)) f3(Wmot (1))
denotes the motor torque and

v-ig(i) iy

- (7.20)

Wmot(K) =

denotes the rotary frequency of the motor depending on the gear x. Notice that this
relation is based on the assumption that the longitudinal slip can be neglected. The
functions f1, /2, and f3 are given by

f1(¢) =1 —exp(=39),
fo(Wmot) = —37.8 + 1.54 - wmot — 0.0019 - w2,
f3(Wmot) = —34.9 — 0.04775 - Wot.
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It is assumed that the braking force Fg, which is controlled by the driver, is dis-
tributed as follows:

2 1
Fgr=—-Fp, Fp, ==Fp.
Bf =3B Br = 30B
Finally, the rolling resistance forces are given by

Frr = frR) - F.r, Frr = fr(V)- Fzp,

where

v v\ .
SR®) = fro + frigs + fra (755) (v in (kmih]),

is the friction coefficient and

m-ly-g _m-lf‘g

F,r = , =
T T T I+,

denote the static tire loads at the front and rear wheel, respectively, see [268].
For the upcoming numerical computations we used the parameters summarized in
Table 7.1.

Test-course

We model a standard maneuver in automotive industry—the double-lane-change ma-
neuver. The driver has to complete the test-course in Figure 7.10.

The boundaries of the test-course impose state constraints P;(x) (lower boundary)
and Py (x) (upper boundary) for a car of width B = 1.5 [m] by:

0, if x <44,

4-hy-(x —44)3, if 44 < x < 44.5,
4-hy-(x —45)3 + hy, if44.5 < x < 45,

Pi(x) =3 ha, if45 < x <70,

4-hy- (70— x)3 + hsy, if 70 < x < 70.5,
4-hy- (71 — x)3, if 70.5 < x <71,
0, if x > 71,

hy, ifx <15,

4-(hy —hy)-(x —15)3 4+ hy, if15 < x <155,
4-(hz —hy1)-(x —16)> + h3, if15.5 < x < 16,
P,(x) =1 hs, ifl6 < x < 94,
4-(hs—ha)- (94 —x)3 + hs3, if94 < x < 94.5,
4-(hz—hg)-(95—x)3 + hy, if94.5 < x <95,
ha., if x > 95,

withh; =1.1-B+0.25hy =3.5,h3 =1.2-B +3.75,h4 = 1.3- B + 0.25.
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Parameter | Value | Description

m 1239 [kg] mass of car

g 9.81 [m/s?] acceleration due to gravity

ly /1y 1.19016/1.37484 [m] | dist. center of gravity to front/rear wheel
esp 0.5 [m] dist. center of gravity to drag mount point
R 0.302 [m] wheel radius

I;; 1752 [kg m?] moment of inertia

Cw 0.3 air drag coefficient

0 1.249512 [N/m?] air density

A 1.4378946874 [m?] | effective flow surface

ig(1) 3.91 first gear

ig(2) 2.002 second gear

ig(3) 1.33 third gear

ig(4) 1.0 fourth gear

ig(5) 0.805 fifth gear

it 3.91 motor torque transmission

By /By 10.96/12.67 Pacejka-model (stiffness factor)
Cr =Gy 1.3 Pacejka-model (shape factor)
Dy /Dy 4560.40/3947.81 Pacejka-model (peak value)

Er = E; -0.5 Pacejka-model (curvature factor)
fro/fr1/fR4 | 0.009/0.002/0.0003 | coefficients

Table 7.1. Parameters for the single-track car model (partly taken from [242, 268]).

- 110 -
<15, < 30 . 25 25 15
J— SRR T
! 12B+0.25%

/ ﬂ——O——o——Qj \

/I i \\ \\ Pu
--y--e--e-& / offset p | J—v——o—o—————
B K « 1.3B+0.25
- f--e--0-¢—— 1 SV > -- -0 ----

1.1 B +0.25 f Pl

- vehicle
° marking cone

Figure 7.10. Measurements of the double-lane-change maneuver with boundaries P; and P,
(dashed), compare [316].



372 Chapter 7 Mixed-Integer Optimal Control

M odel of thedriver

The driver is modeled by formulating a suitable optimal control problem with free
final time 77. The boundaries of the test-course are obeyed by the state constraints

y(t) < Pu(x(1)) — B/2, y(1) = Pi(x(1)) + B/2. (7.21)
Let the initial position of the car at t = 0 be
(x(0), y(0), v(0), B(0), ¥(0), w5 (0), §(0)) = (—30, free, 10,0,0,0,0).  (7.22)
In order to force the driver to complete the test-course, the terminal conditions

x(tr) = 140, ¥(1) =0 (7.23)

are imposed. The latter guarantees that the longitudinal axis of the car at final time is
in parallel with the track. This constraint ensures that the car can continue its drive
after time 7, without leaving the track immediately.

Finally, the (optimal) driver is modeled by minimizing a linear combination of steer-
ing effort and final time. This driver is a compromise between a race driver, who aims
at minimizing time, and a secure driver, who aims at minimizing steering effort.

Summarizing, the double-lane-change maneuver is modeled by the following opti-
mal control problem:

Minimize
ty
ty +/ wg (1)2dt
0

subject to the differential equations (7.12)—(7.18), the boundary conditions (7.22)
and (7.23), the state constraints (7.21), and the control constraints

wg(t) € [-0.5,0.5], Fg(r) € [0,15000], ¢ € [0,1], () €{1,2,3,4,5}.

Note that this is a mixed-integer optimal control problem as the gear w(¢) is restricted
to a discrete set of available gears.

Results

Figure 7.11 shows the numerical solution for the variable time transformation method
for N = 40. A direct discretization method for Problem 7.2.3 was used in com-
bination with an SQP method. It took 9 minutes and 39.664 seconds to solve the
problem on a CPU with 1.6 GHz with objective function value 6.787982 and final
time 15 = 6.783380 [s]. Herein, the derivatives were computed simply by finite dif-
ferences. More efficient techniques would allow for a further reduction of CPU times.

In comparison, the Branch&Bound method in [114] needed 232 hours, 25 minutes
and 31 seconds of CPU time to solve the problem on a CPU with 750 MHz and yields
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Figure 7.11. Numerical result for N = 40: Path (x(z), y(¢)) of the car’s center of gravity
(top), steering angle velocity wg (¢) (bottom, left), and gear shift w(7) (bottom, right).

the optimal objective function value 6.791374 and final time 7 = 6.786781 [s]. The
Branch&Bound tree consists of 146941 nodes where each node requires to solve a
relaxed mixed-integer optimal control problem.

In all cases the optimal braking forces and the optimal gas pedal positions compute
to Fp = 0 and ¢ = 1, respectively. m]

7.3 Switching Costs, Dynamic Programming, Bellman’s
Optimality Principle

One of the first method for solving (discretized) optimal control problems is the so-
called dynamic programming method, which is based on Bellman’s optimality prin-
ciple. The method is applicable to very general problem settings, but it suffers from
the curse of dimensionality as the resulting equations tend to require a large amount
of memory and computing power. For a more detailed discussion we refer to the
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monographs [22], [23], [32], [243]. Many applications and examples can be found
in [313].

Throughout, we focus on discrete time optimal control problems, which exist in
their own rights but also can be viewed as discretizations of continuous time optimal
control problems. We particularly distinguish continuous-valued controls and discrete
controls as we intend to include switching costsinto the problem formulation. Switch-
ing costs only apply, if a discrete control switches from a discrete value to another
value on two consecutive time points. The resulting problems will be solved by a dy-
namic programming method that is based on Bellman’s famous optimality principle.
7.3.1 Dynamic Optimization Model with Switching Costs
For N € N let a fixed grid

Gy ={to<ti <---<tn}

be given.
The grid function z : Gy — R"#, t; — z(¢;), is called state variable and it is
restricted by the state constraints

Z(ti)EZ(l‘i), i=0,...,N,
where
Z(t) SR, Z@)#9, i=i=0,...,N,

are closed connected sets.
The grid function u : Gy — R™, t; — u(t;), is called continuous-valued
control and it is restricted by the control constraints

u(t;) € Ui, z(t;)), i=0,...,N,
where
U(ti,z) CR™,  U(t,z)#0, i=0,...,N,

are closed connected sets for z € R”z,
The grid function v : Gy — R"v, t; > v(¢;), is called discrete control and it is
restricted by the constraints

v(t;) e V(ti), i=0,...,N,
where
V() = @), oMY, v @) eR™, j=1,... M,

are discrete sets with M; € N,i =0, ..., N, elements at the respective time points.
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In the sequel, we aim at assigning costs at time ¢;, if and only if the discrete control
v switches, that is, if v(#;) # v(t;+1) holds for subsequent time points # and ¢; ;.
Hence, jumps in the grid function v can be measured with the help of the discrete
variation dv : Gy —> R"™ defined by

N v(tiy1) — v(t), fori =0,...,N —1,
dv(ti) = {U(ZN) —v(ty—1), fori =N.

A jump of v at #; occurs, if and only if dv(#;) # 0. To this end, dv detects switchings
and measures even the variation itself. Switching costs, however, can have different
nature, for instance it may merely be important that a switch does occur, while the
variation itself is not important and does not influence the switching costs. Contrarily,
it may not only be important that a switch occurs, but the switching costs may also
depend on the variation and/or direction of the switch.

In order to model different kinds of switching costs in the discrete control v, we will
make use of a function s = (s1,...,5,,)" : Gy x R" — R with the property

w; =0 = s, w)=0 forallteGN,w=(w1,...,wnv)Te]R””.

Example 7.3.1 (Switching Functions). Typical examples of s for a scalar w are as
follows:

(a) The function
s(t.w) = 0, ifw=0,
7711, otherwise
can be used to detect switches in v when applied to the grid function dv. The
height or direction of the switch is not measured by s.
(b) The function

sit,w) =w

can be used to measure height and direction of a switch in v, when applied to
the grid function dv.

(c) The function
s(t,w) = |w]

can be used to measure the height of a switch in v, when applied to the grid
function dv. The direction of a switch is not measured.

(d) The function

0, ifw=0,
s(t,w) = sign(w) = 1, ifw>0,
-1, ifw <0,

can be used to detect the direction of a switch in v, when applied to the grid
function dv. The height of the switch is not measured. ad
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With the above functions a dynamic optimization problem in discrete time that
takes into account switching costs caused by the discrete control v reads as follows:

Problem 7.3.2 (DMIOCP).
Minimize
N—1

J(z,u,0) = 9(z(n)) + Y folti, 2(t), u(@i), v(t7))
i=0

N-2

+ Y g, 2 () ut), v(i)) s, dv(i)
i=0

N-1

=N + Y folti.2(t). ut;). v(t;))

i=0

N-2
+ Y gtz (6), u@), v(t) st vlti4n) — v(n)

i=0

with respect to grid functions z : Gy — R”2, u : Gy — R™, and
v : Gy —> R™ subject to the constraints

z(ti+1) = f(ti, z(t),u(ty),v(t)), i=0,1,...,N —1,

z(to) = zo,

z(t) € Z(1;), i=0,1,...,N,

u(t;) € UL, z(1)), i=01,...,N—1,

v(ti) € V(1i), i=0,1,....,N—1. =

The function g : Gy x R”2 x R"» x R"» — R is used to model the switching
costs. Note that v is interpreted as a piecewise constant control and hence the control
v(ty) does not have any influence in the problem. Consequently, only switches at the
time points ¢1, ..., #y—1 are taken into account. In the sequel, we will make use of
the convention vy = vy—1 whenever useful.

7.3.2 A Dynamic Programming Approach
Let#, € Gy withk € {0,..., N} be a fixed time point and
GK =l | j=khk+1,... N}

DMIOCP is embedded into a family of perturbed problems:
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Problem 7.3.3 (DMIOCP(ty, zx,vg)). Letk € N, 1, € Gy, zx € R"*:, and
vi € V(tx) be given.
Minimize
N-1
Ji(z.u.v) = @z (n)) + Y folti.z(t). u(t). v(t:))
i=k
N-2
+ Y gz (), ul) (i) Ts (i dv (1)

i=k

with respect to grid functionsz : Gk, — R"z,u : Gk, — R™ v : Gk, — R™
subject to the constraints

z(tiv1) = f(ti,z(t) ut) v(t)), i=k,...,N—1,
z(tg) = zx,
z(t;) € Z(t;), ..., N,
uiti; € ‘U((ti),Z(ti)), coon N —1, (7.24)
v(t;) € V(t), k,...,N—1,
v(tg) = vg. -

Definition 7.3.4. The function W : Gy x R"z x R"» — R that assigns to
(tks 2k> k) € Gy x R™ x V(1)

the optimal objective function value of DMIOCP(t, zx, v ) is called optimal value
function of DMIOCP:

inf Ji(z,u,v), if DMIOCP(¢x, zx, vy ) is feasible,
W(tk, Zk? vk) = z,u,v with (724) k( ) ( ke~ Zk k)
00, otherwise. O

Bellman’s famous optimality principle holds for DMIOCP. In essence, the optimal-
ity principle states: The decisions in the periods k,k+1, ..., N of Problem DMIOCP
for a given state z; and a given discrete control v are independent of the decisions in
the periods fo, 11, ..., tx_1, cOmpare Figure 7.12.

Theorem 7.3.5 (Bellman Optimality Principle). Let (Z,1,v) be optimal grid func-
tionsfor DMIOCP and let G, := Gy \ {t.....t—1}. Thentherestrictions on GX,
given by2|G;X/, ﬁ|G’,§,’ and ﬁlG’X, are optimal for DMIOCP(t., Z(tx ), v(tx)) for all k.
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2(0)

[l/\'s[‘V]

\j
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Figure 7.12. Bellman’s optimality principle: Remaining trajectories of optimal trajectories
remain optimal.

Proof. Assume that 2|GI}(V, ﬁlG'fV’ and 17|G/}<V for some k € {0,..., N — 1} are not
optimal for DMIOCP(z, z (), U(%)). Then there exist feasible grid functions

7:G5 —R™, GGk —R™, §:GK —R™
for DMIOCP(t, z (%), U(tx)) with
Je(Z,0,0) < Ji(2,1u,0), (7.25)
Z(tr) = z (1), and 0(¢x) = 0(tg). Hence, the trajectories
z:Gy — R", u:Gy —R™, v:Gy — R™
with
zZ(t;), fori =0,1,....k—1,

Z“”:{ﬂm,mn=kk+h~wM
oo [ B, fori =01, k-1,
u(t;) == {ﬁ(li), fori =k,k+1,...,N,
LB, fori=0,1,....k—1,
v(ti) 1= {ﬁ(li), fori=k,k+1,...,N,
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are feasible for DMIOCP and satisfy
N-1

J(zu,0) = 9(z(n)) + Y folti, (1), u@r), v(1))
i=0

N-2

+ Y gl 2 (), uli), (1)) s (6, dv (i)
i=0

k—1
= (EaN)) + Y, folti, 2(t:), 4(1:), D(1:))
i=0
k—1

+ ) gt 2(), 4(0), 0(1)) s (63, D(ti1) — 0(11))

z
(=)
L

+ Jo(ti, Z(ti). u(ti), v(t;))

Il
»

+ Y gt E(t), 1), 5(t:)) Ts (i, D(ti 1) — B(t:))

=
)

bl

~.

k—1
<QCGUN) + Y folti 2(t).0(t). (1))
i=0
k—1
+ Y gt 2(6). (). (1) Tt Dt 1) — D(1))

i_

=

+ So(ti, 2(t;), 1(t;), 0(t;))

Il
x~

+ gt 2(t;), 0ti). 0(1;)) st D(ti1) — 0(5))

1=

=
Ny

~

N—-1

=N + Y folti. 2(6). (1), (1))
=0

N—2
+ > g 2 ). (1) Ts (4. dD (1)
i=0
= J(z,14,0),
where (7.25) and ©(z;) = 0(t) are exploited. This contradicts the optimality of Z(),
u(-),and 0(-). O
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For the validity of the optimality principle it is essential that the discrete dynamic
optimization problem can be divided into stages, i.e. the state z at z; -1 only depends
on the values of z, u, and v at the previous stage #; and not on the respective values
at, e.g., 1o and ry. Likewise the objective function is defined stage-wise and the
constraints only restrict z, u, and v at ¢;. This allows to apply a stepwise optimization
procedure.

From the definition of the optimal value function one immediately obtains

zn), ifzy € Z(ty),
W(tn,zN,vN) = {(p(oozv) othejzvrwise.( N) (7.26)

Bellman’s optimality principle yields the following result:

Theorem 7.3.6. The optimal value function in Definition 7.3.4 satisfies the recursion

W(tx, zp, vg) = inf tey 2k, U,V
(tk e+ Vi) ueU(tk,zk),ve’V(tk+1){fO(k ko U, Uk)

+ g(thes Zi u V) TS (1, v — V) + Wiltipr, fte Zkou, vg), )},

which has to hold for (tx, zx.vr) € Gy X Z(tr) x V(tg) and k = N —1,...,0.
Herein, W at r = ¢y is given by (7.26) and the convention W (ty, zx, vg) = o0 is
used whenever (zx, vg) € Z(tr) x V(t).

Proof. Let (tg, zx,vi) € Gy x Z(ty) x V(tx) and k € {0,..., N — 1} be given. If
(zi,vi) & Z(tr) x V(tr), then W(ty, zx, vi) = oo by definition.

If f(tk,zg,u,vr) & Z(tg41) for all u € U(tg, zx), then DMIOCP(ty, zx, vi)
and DMIOCP(t 11, f(tk, zx, u., vg), v) are infeasible for every (u, v) € U(tx, zx) x
V(tr4+1) and hence W(t, zx, vg) = oc.

For arbitrary u € U (g, zx) and v € V(tg41) With f(tg, zg, u, vg) € Z(tx+1) the
definition of the optimal value function yields

Witk, 2k, vk) < foltk, zi, u, vi)
+ g(tr, zx» u, vk)Ts(tk, v —Vg) + W(tky1, [tk 2k, U, V), V).
Taking the infimum over all (u,v) € U(tg, zx) x V(tx+1) Yields the first part of the
assertion.

Now, let ¢ > 0 and feasible Z, i, v with Z(#) = zg, v(tx) = v and

Je(Z,u,0) < W(tg, zg, vr) + €
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be given. Then,
Wtk zi, vi) = Jk(Z.u,0) — &
> foltk. z, u(tx). vk)
+ gtk 2, Wtk ), vk) T (1 D(tk41) — vk)
+ Witkt1, f (i, 2, u(tx), vi), 0(fk41)) — €

> inf o(te, zk, u, v
T ueU(tk,zxk) vV (tk41) {f (T 2k ©)

+ gtk z . Vi) T s (g, v — vk
+ W(tkt1. [tk zg . vg), v)} — €.

As ¢ > 0 was arbitrary, the assertion follows. m|

Theorem 7.3.6 allows to deduce the following generic dynamic programming algo-
rithm.

Algorithm 7.3.7 (Dynamic Programming).
Init: LetGy = {to <t1 < ... <ty} begiven. Set

zn), ifzy € Z(ty),
W(tn,zn,vn) = {ﬁD(OON) othévrwise( v

forall zy e R?™ andall vy € V(ty).

Phase 1: Backward solution
Fork = N —1,...,0 compute

Wty zi, vi) = inf o(ti, Zp, u, v
(k> Zk» Vi) ue‘ll(zk,zk),ve’V(tk+1){f(k k> U, Vk)

+ g(tks k. u, Vi) T s(t, v — vg)
+ W(tk-l-l? f(tk’ Zk,U, Uk), U)} (727)

forall z; € R™~ and all v;, € V().
Phase 2: Forward solution
(i) Find

0(tg) = argmin W(tg, zg, v)
veV(to)

and set Z(t9) = zg.
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(i) Fork =0,...,N —1find

k), V(tk41)) = arg min { fo(tr, 2(t), u, D(1x))
w,v)eU(tr,2(tr)) XV (tx+1)

+ gtk (1) u. D(tr)) s (1 v — D(1x))
+ W(tk+1’ f(tkvf(tk)ﬂftﬂﬁ(tk))’v)} (728)
and set Z(tx+1) = f (g, Z(tx), i (tx), 0 (x). O

Note that owing to the presence of v(t;+1) — v(z;) in DMIOCP, the recursive for-
mula for the optimal value function is not of standard type.

Practical Issuesin the Dynamic Programming Algorithm

In a numerical implementation it is not possible to evaluate the optimal value function
for every z € R”=. Firstly, it is necessary to restrict the z-range to a compact set

Q={zeR"* |z, <z <z} CR"
with lower and upper bounds z;, z,, € Rz and —oo < z; < z,, < 00, Say. 2 should

contain Z(t) forall k = 0,..., N. Secondly, the set  needs to be discretized. For
simplicity we choose an equidistant partition

e i,
QNZ= (Z1,...,an) e Q jzl,---,nb
i€{0,...,N;}

with N, € N. More sophisticated partitions using finite element meshes and adaptive
schemes based on error estimates have been investigated in [143].

Thirdly, during the backward phase and the forward phase the optimal value func-
tion W needs to be evaluated at points of type (¢x+1,Z,v), where Z = f(t, zg, u, vg).
One cannot always expect Z to be an element of Q_ and as W is only defined on
Gn x Qp, x V(-) the value of the optimal function needs to be approximated in a
suitable way. We will use an interpolating polynomial as follows:

(8) Assume z ¢ Qp.. If Z ¢ Q, then use oo as an approximation of W(tx 11, Z, v).
Otherwise, find a point z! € Qu. with z! < z < z! + H, where
H=(Hy,...,Hy )" Hj = 2700 j =1, n;.

(b) Determine the interpolating polynomial function

1 1 _
1 — X ) i1 lny
W(z):= E E Ai,yin, 21 """ Zn;

i1=0  in.=0
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that interpolates W(t 1, -, v) at the points

{(zl,...,znz)T | zj :z} +68H;, j=1,...,nz, 6 €{0,1}}.

(c) Use W (%) as an approximation of W(tx,;. 2, v).

For simplicity, we will assume that the minimization problems (7.27) and (7.28) can
be solved by appropriate methods from nonlinear programming. For instance, an SQP
method might be used to solve the resulting minimization problem with respect to u
foreach v € V(#;4) fixed. Note that this procedure is appropriate, if the cardinalities
M; of the discrete sets V(¢;),i = 0,..., N, are low.

Remark 7.3.8. The main drawback of Bellman’s dynamic programming method is
the so called curse of dimensionality. As it can be seen from the recursive formula in
Theorem 7.3.6, the method requires to compute and to store the values W(zy, z, v) for
eachk = N,N —1,...,0,each z € Z, and each v € V. Depending on the value
N, this can become a really huge number. In the worst case, each discrete trajectory
emanating from z¢ has to be considered. |

7.3.3 Examples

Three illustrative examples are discussed. The first only involves continuous-valued
controls and no discrete controls. It serves to illustrate the dynamic programming
method. The second and third example contain discrete controls.

Example 7.3.9. Consider the following discrete dynamic optimization problem with
constants k > 0,c¢ > 0,h =0.6and N = 5:

Minimize
N-1
= > el =u(j))z(j)
J=0
subject to the constraints

z(j + 1) =2z()0.9+0.6u(j)), j=01,...,N—1,
z(0) =k >0,
0<u(j) <1, j=01,....4.

Since k > 0and u(j) > 0 itholds z(j) > 0 for all j. In the sequel we use the
abbreviation z; := z(j). A discrete control does not appear. The recursion for the
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optimal value function for N = 5 is given by

W(5,z5) =0,

W(j,zj) = 0<rr11i‘n<1{—c2j(l —u;)+ W +1,2;(0.9 + 0.6u;))},
=U; =

0<j<N-1
Evaluation of the recursion and observing ¢ > 0, z; > 0 yields

W4, z4) = 0<rgin<1{—c24(l —ug) + W(5,24(0.9 + 0.6u4))} = —cz4, 1Uq =0,

=0

W(3,z3) = 0<m|n< {—cz3(l —u3) + W(4,23(0.9 4 0.6uz))}

= mln { —cz3(1 —u3) —cz3(0.9 + 0.6us)}

0<us

A

=czz min {—1.9404u3} = —19cz3, 1usz =0,
0<usz<l

W(2,z3) m|n { cza(1 —up) + W(3,22(0.9 + 0.6us))}

0<u

= m|n { cza(l —up) —1.9¢22(0.9 + 0.6us)}

0<up

=czp min {-2.71 —0.14uy} = —2.85cz5, 1y =1,
0<ur<l1

W(l,z1) = min { czi(l —uy) + W(2,21(0.9 4+ 0.6uy))}

0<u;<

= mln { cz1(1 —uy)—2.85¢z1(0.9 4+ 0.6u1)}

0<u;

=cz; min {-3.565—0.71uy} = —4.275¢czy, u; =1,

<u1<

W(0,z¢) = min {—czo(1 —ugp) + W(1,z¢(0.9 + 0.6ug))}

0<up<l

=, Min_{~czo(1 o) —4.275¢20(0.9 + 0.60)}
<u <

=czg min {—4.8475— 1.565uy} = —6.4125cz¢, 1 =1,
0<up<l
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Hence, the optimal control is 119 = 117 = i, = 1,13 = 14 = 0. Forward evaluation
leads to 20 = k,f] =1.5- k,fz =2.25- k,23 = 3.375- k,24 = 3.0375- k,fs =
2.73375 - k. The optimal objective value is —cz3 — cZ4 = —c(23 + Z4) = —6.4125 -
c-k. O

Example 7.3.10 (compare [290]). Let

2
Gy :={i=ih|i=0,...,N}, h= L N €N,
and o > 0 be given. Lets : R — R be defined by
1, ifw #0,
sw) = {o, ifw = 0.
Minimize
N-1 . )
— 2 in () — (1
J(z,v) = 2(tny)? + h 2(:) (sm (zt,) z(t,))
1=
N-2
+a Yy (s(dvi() + s(dva (1) + s(dvs(6:)))
i=0
subject to the constraints

Z(ti+1) :Z(ti)+h(v1(ti)_v2(ti)+2tiv3(ti))’ i=01...,N—1,

z(tg) = 0,
v1(ti) 1 0 0
v(t) | €V = ol.{11].10 , i=0,1,....,N—1.
v3(t) 0 0 1

The following numerical experiments use N = 1000 and N, = 18 000.

Figure 7.13 shows the solution of the dynamic program without switching costs
(e = 0). If switching costs are neglected, a high number of switchings can be ob-
served, which appears to be similar to a chattering control on singular sub-arcs in
continuous time optimal control problems. In a practical application, this chattering
is not desired as it cannot be implemented and it has to be avoided.

Figures 7.14-7.16 illustrate solutions, if switching costs are considered in the ob-
jective function by choosing different values o > 0.

Finally, Figure 7.17 depicts the optimal value function. ad
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Figure 7.13. Optimal solution for « = 0 (no switching costs) with objective function value
0.03164375965004069: Chattering controls with a high number of switches appear.
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Figure 7.14. Optimal solution for « = 0.0001 (switching costs with small weighting) with
objective function value 0.03257074843026389: The number of switches has reduces drasti-
cally.
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Figure 7.15. Optimal solution for « = 0.01 (switching costs with moderate weighting) with
objective function value 0.05611173096324493: The number of switches has reduced to one.
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Figure 7.16. Optimal solution for « = 10 (switching costs with high weighting) with objec-
tive function value 5.10020700492513: No switching occurs. The switching costs became
dominant.
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Figure 7.17. Optimal value function W(-,-,v) fora = 0.75, N = N, = 1000 and v = v!
(top left), v = v? (top right), v = v3 (bottom).

Example 7.3.11 (Lotka—Volterra Fishing Problem, see [275]). Consider the follow-
ing optimal control problem:
Minimize
12
(x1(1) = 1)? + (x2(1) = 1)?d1

subject to the constraints

X1(1) = x1(2) — x1(1)x2(1) — 0.4x1 () v(1),

X2(1) = —x2(1) + x1(2)x2(1) — 0.2x2(2)v(2),
v(t) € {0, 1},

x(0) = (0.5,0.7) 7.

Figure 7.18 shows the solution of the relaxed problem with control v(¢) € [0, 1].
The control exhibits a bang-bang arc until time ¢ ~ 4 and a singular sub-arc thereafter.

The solution of the binary problem with v(¢) € {0, 1} in Figure 7.19 shows the
same bang-bang arc until =~ 4 and a chattering control thereafter, which switches
between v = 0 and v = 1 back and forth.

Finally, the solution of the binary problem taking into account switching costs is
depicted in Figure 7.20. Only two switches occur. m]
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Lotka-Volterra Fishing Problem (relaxed)

1.8

control v1 —+—
state x1 ——
state X2 ——

-0.2 I I I I I
0 2 4 6 8 10 12
time t
Figure 7.18. Solution of the relaxed problem.
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O " Il L
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time t

Figure 7.19. Solution of the binary problem.

Remark 7.3.12 (Extension to Optimal Control Problems). A natural extension to op-
timal control problems would be to measure switching costs by an integral

1
/0 g (. x(0)u(0), v()s(t. dv(0))
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Lotka-Volterra Fishing Problem
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Figure 7.20. Solution of the binary problem with switching costs weighted by « = 0.75.

of Riemann-Stieltjes type in the objective function. For s(z, w) = w, the integral
becomes a standard Riemann-Stieltjes integral assuming that the discrete control v is
of bounded variation. For any other function s, the integral has to be defined appro-
priately, for instance according to

1
/0 g (6. x () u(t), v()s(t. dv(0))

N
lim I}Zg(s,-,x@i),u(a), v(EN)s(ti. v(ti+1) — V(1)
i=0

T Gy : Gy={0=tp<t) <<tn=
where &; € [t;,t;+1) provided that u is piecewise continuous. ad

Remark 7.3.13 (Hamilton-Jacobi—Bellman Equation). The dynamic programming
method can be extended to the optimal control setting. As a result, the famous
Hamilton—-Jacobi—Bellman equation has to be solved. This equation is a first-order
partial differential equation whose space dimension equals the state dimension of the
optimal control problem. In the simplest case, the equation reads as

a—V(t,x)JrJ(’ t,x,ﬁ(t),a—v(t,x) =0,
ot 0x

where J# denotes the Hamilton function. There exists a vast literature on solution
methods and properties of this type of equation, see for instance [143], [20]. a



Section 7.4 Exercises 391

7.4 EXxercises

Exercise 7.4.1. Formulate the necessary optimality conditions for the optimal control
problem in Example 7.1.14 as a boundary value problem and solve it using a shooting
technique.

Herein, the correct switching structure ‘lower bound — singular — upper bound’ can
be assumed to be known, but the switching points and initial values of the adjoints are
supposed to be unknown.

Exercise 7.4.2. Prove an analog global minimum principle as in Theorem 7.1.6 for
the following index-one DAE optimal control problem with Assumption 3.4.2:

Minimize the objective function
ty
(P(x(fo)’x(tf))“‘/t JoCx(r), y(1),u(r))dt

with respect to x € W' (4), y € Lad (4), u € L34 (J) subject to

x(1) = fx(@), (@), u()),
Orny = g(x(2), (1), u(?)),
Opry = ¥ (x(to), x(tr)),

u(t) e U.

Exercise 7.4.3. Use the variable time transformation method to solve Example 7.1.2
with N = 4and N = 0.

Exercise 7.4.4. Use the dynamic programming method to solve the following prob-
lem for N = 5:

Minimize
N—-1
> u)?
j=0
subject to

x1(j + D) =x1() +2x2(j). j=0.1....N—1,
X0 +1) =2u(j) = x2(/), j=01....N—-1,

x1(0) =0,
x1(N) =4,
x2(0) =0,

X2(N) =0.
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Exercise 7.4.5. Consider the following optimization problem:
Minimize
n
Z ujTAjuj + ZXJTB]'MJ' + xj—-erxj
j=1
subject to
Xjy1=Djx; + Ejuj, j=1,...,n—1,
Xj+1 € R™,
U € Rr,
X1 = Xq.
The matrices C; and A; are supposed to be symmetric. Moreover, A4; is supposed to
.. - C; B . L. . ..
be positive definite and (BT 4 ) is supposed to be positive semi-definite.
J

J

(a) Write down the Bellman equation for the optimal value function.
(b) Prove: If W(j 4+ 1,x;41) is of type

WG + 1xj41) = ij+1Qj+1xj+1

with a symmetric and positive semi-definite matrix Q; 1, then W(j, x;), too,
is of type

W(j.xj) =x] Qjx;

with a symmetric and positive semi-definite matrix Q;.

(c) Find feedback controls u; in terms of x; using the matrices Q; 1 and the Bell-
man equation.

Exercise 7.4.6 (compare [32, Exercise 8.8]). Three different methods are available
in each time period of a production process at different costs, which are given by the
following table:

method (I Il
volume of production | 0 15 30
costs 0 500 800

The fixed costs for a positive production volume amount to 300 Euros per period.
The inventory costs amount to 15 Euros per part and period. The demand per period
amounts to 25 units of the product. Find a production plan with minimal costs for
three time periods, if the stock level at the beginning amounts to 35 parts and if the
stock level after three time periods is supposed to be 20 parts. Assume that inventory
costs apply at the beginning of each time period.
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Exercise 7.4.7 (compare [313]). Let us assume that a computer works, if and only
if three components A,B, and C work properly. In order to increase the reliability of
the computer system, it is possible to add certain emergency systems to each compo-
nent. It costs 100 dollars to add such an emergency system to the first component, 300
dollars for the second component, and 200 dollars for the third component. Further-
more, it is assumed that at most two emergency systems for each component can be
added. The probability that a component works properly depends on the number of
emergency systems added to the component according to the following table:

number/system | A B C

0 0.85 0.60 0.70
1 0.90 0.85 0.90
2 095 0.95 0.98

We are looking for a configuration that maximizes the reliability of the computer
subject to the additional restriction that at most 600 dollars can be spent for additional
emergency systems. Use dynamic programming to solve this problem.

Exercise 7.4.8 (compare [32, Exercise 8.9]). A manager has to choose co-workers
for a project. There are four eligible co-workers to choose from. Each of them has
a number assigned that indicates the capability of the respective co-worker. The re-
spective numbers are 3, 5, 2, and 4. The costs for the co-workers are 30, 50, 20, and
40 thousand dollars, respectively. The manager has a maximal budget of 90 thousand
dollars available for the personnel expenditure. Use dynamic programming to decide
which co-workers the manager should choose for the project.



Chapter 8
Function Space M ethods

This chapter addresses solution methods for optimal control problems that are formu-
lated in a function space setting. The basic idea is to consider the optimal control
problem as an infinite dimensional optimization problem in a suitable Banach space,
see Chapter 3. Then well-known algorithms for finite dimensional nonlinear opti-
mization problems like gradient methods, sequential quadratic programming (SQP)
methods, or penalty methods are extended to the Banach space setting and are applied
directly to the infinite dimensional optimization problem. An early overview on this
function space approach can be found in the paper [260], which provides an extensive
list of references. The Lagrange—Newton method and the SQP method are extended to
Banach spaces in [3,4] and are applied to optimal control problems in [7,8] and [209].
The function space approach is very famous in PDE constrained optimal control, see
the recent monographs [160, 163, 303] for the state-of-the-art in this field.

The function space approach is appealing because the algorithms typically work in
the same spaces in which the optimal control problem is stated. Hence, no discretiza-
tion error is introduced at this stage as it was done in the direct discretization method.
Moreover, the structure of the optimal control problem can be exploited very well. In
order to realize the function space approach on a computer, discretizations become
necessary at a lower level of the optimization algorithms. As we shall see later, the
search direction in a function space optimization algorithm like the gradient method
or the Lagrange—Newton method is given by initial value problems or boundary value
problems, which in general can only be solved numerically and hence suitable dis-
cretizations need to be introduced. It has to be mentioned, though, that the direct
discretization method and the function space approach with suitable discretizations at
lower level may coincide to some degree. But there may occur subtle deviations as
we shall demonstrate for the gradient method.

In Section 8.1 the well-known gradient method for finite dimensional unconstrained
optimization problems is extended to optimal control problems in a function space
setting. In order to define the method, one needs to identify a suitable gradient for
the function space problem. This task is not as straightforward as it might appear,
see [135].

In Section 8.2 the Lagrange—Newton method is applied to first order necessary op-
timality conditions for optimal control problems without control and state constraints.
The Lagrange—Newton method exhibits a locally quadratic convergence rate under
suitable assumptions and thus it is very efficient. Extensions towards problems with
control and/or state constraints can be found in [4] and [209].
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8.1 Gradient Method

One of the most basic methods for solving (unconstrained) optimization problems is
the gradient method or method of steepest descent. The idea of this method is to itera-
tively follow the direction of steepest descent of a given objective function at a current
iterate with the aim of converging to a stationary point. In order to achieve conver-
gence to a stationary point from arbitrary starting points, the gradient method is usu-
ally combined with a line-search strategy like Armijo’s rule. We summarize the gra-
dient method for minimizing the continuously differentiable function J : R” — R,
u +— J(u),in

Algorithm 8.1.1 (Gradient Method for Finite Dimensional Problems).

(0) Let J : R” —> R be continuously differentiable, u® < R”, 8 € (0,1),
o €(0,1),and k := 0.

(1) Compute d® := —v Jju®),
() 1f ||d®| ~ 0, STOP.

(3) Perform line-search: Find smallest j € {0, 1,2,...} with
Ju® + p7d0) < 1u®) —op/ VI3

and set oy 1= B7.
(4) Setu®+D = 4y ® 4 o, d® k.= k + 1, and go to (1). O
Extensions of this approach towards constrained optimization problems with simple
constraints like box constraints exist and use projections onto the feasible region. A
convergence proof for a projected gradient method for finite dimensional optimization
problems can be found in, e.g., [105, pp. 300-302].
In the following, we derive a gradient method for an optimal control problem.

Herein, we restrict ourselves to optimal control problems subject to index-one DAEs
without state and control constraints:

Problem 8.1.2. Letd := [0, 1], x € R"~ a given vector, and

¢ :R"™ — R,

fo:R™ xR"™ x R™ — R,
[ R™ x R™ x R™ — R™x,
g R"™ xR"™ x R"™ — R

continuously differentiable functions.
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Minimize
1
F(x.y.u) = p(x(1) + [0 Fole(0). (). u()dr

with respect to x € W' (4), y € L3 (4), u € LgX(J) subject to the constraints

x(@) = f(x(@),y(t),u(t)) ae ind, (8.1)
Orry = g(x(2), y(2),u(t)) aeind, (8.2)
x(0) = x. (8.3)

O

A reduction approach is applied to Problem 8.1.2 in order to eliminate the con-
straints. The idea is to solve the constraints (8.1)—(8.3) for x and y depending on u.
This gives rise to the control-state mappings

ur>xw), ur y)
and we impose the following assumptions:

Assumption 8.1.3.

(a) The inverse matrix (g’ (x. y. u))_l exists and it is bounded for every (x, y, u).

(b) The initial value problem (8.1)—(8.3) possesses a unique solution (x (1), y(u)) €
W'E(4) x Lg2 (4) for every control u € L34 (J).

(c) The mapping L24(d) 3 u — (x(u), y(u)) € Wl’fgo(J)xL;’g (4) is continuously
Fréchet-differentiable. a

Some remarks are in order.

Remark 8.1.4.
(a) Assumption 8.1.3 (a) ensures that the DAE has index one.

(b) Assumption 8.1.3 (b) and (c) hold locally according to the implicit function
theorem in some neighborhood of an optimal solution (X, y, %), if the linear
operator H(, (%, 7,1) : W5, () x Lol () — L) x LZ(d) x R™
defined by

X() = [IxO) = STy O
H(,x,y)(fc’ﬁ’ﬁ)(x7y) = g;c[]x()'f'g;[]y()
x(0)

is continuous and bijective. m|
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By Assumption 8.1.3 (b), the constrained Problem 8.1.2 is reduced to an equivalent
unconstrained minimization problem by solving the constraints for x and y depending
on u and minimizing the reduced functional

Jw) =T (xm), y(u),u) (8.4)

with respectto u € L2 (4):

Problem 8.1.5 (Reduced Problem).
Minimize J () with respect tou € L3%(d). |

In order to construct the gradient method for Problem 8.1.5, we need to define what
the gradient of J with respect to u is supposed to be. Note that the gradient for a
Fréchet-differentiable mapping J : R” — R, u +— J(u), is well defined as the
vector of partial derivatives of J with respect to the components of u, that is

s (@)

VI@) =J'@)" = :

sy (@)

In particular, the directional derivative of J at 2 in direction u satisfies
J'@)) = VI@) "u = (J@). u)rn,

where (-, -)g» denotes the standard inner product in R”.

More generally, if J was considered as a Fréchet-differentiable mapping from some
Hilbert space U into R, thatis, J : U — R, then the derivative J'(i1)(-) at i € U
is an element of the dual space U* of U, that is J/(&)(-) : U — R is linear and
continuous. According to Riesz” Theorem 2.1.10 for every u there exists a unique
element n(12) € U such that

J' @) ) = (n(). u)y (8.5)

for all u € U, where (-,-)y denotes the inner product of the Hilbert space U. In
accordance with the finite dimensional case we call n(it) € U the gradient of J at u
and use the notion V.J (1) for n(u).

For the functional J : L% (4) — R in (8.4) it is less obvious how the gradient
should be defined, since L2%(4) is not a Hilbert space and Theorem 2.1.10 does not
apply. Golomb and Tapia [135] address this situation and define the so-called metric
gradient in normed linear spaces.

In the sequel we aim at deriving an expression similar to (8.5) for our optimal
control problem setting. To this end let the Hamilton function be defined by

JEx, yudp dg) = fo(x, y.u) + Af f(x,y.u) + Agg(x, y,u).
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Let i € L2 () be fixed and denote by
(%, 9) == (x@), y(@)) € W5, (4) x L ()
the corresponding solution of (8.1)—(8.3) and by

(S¥,8%) 1= (@) (), y' (@) (w)) € W5, (4) x L ()

,00

the so-called sensitivity functions, which denote the Fréchet-derivative of (x(-), y(-))
at @ in the direction u € L% (J). As the initial value x(0) = x is fixed, it follows
S*(0) = Ognx.

Define the auxiliary functional

= d

iy = 1)+ (3 0. GO, 5.6 = £30)
L,

+ (A (), (X(), (), 2 ())L>

! d
= oG+ [ HEO 0,000,470 350) = 2,0 50,

where Ay € Wl’fgo(ﬂ) and A, € L2 (d) are functions that will be specified later.

Partial integration of the last term yields
J@) = ¢&(1) — [ ()20

1 d T
+ [ G0 500040250+ (5,0) 50
0

Formal differentiation of J at # in the direction u and exploitation of S*(0) = Ognx
yields

J'@)w) = (@' (G(1) =AM T)S*(1)

1
+ / (FLI+Ar () T)S* (@) + H[1]S” (1) 4 H, [tlu(t)dt.
0

As the sensitivity functions S* and S are expensive to compute, 1, and Ag are
chosen in such a way that the terms involving S* and S are eliminated. This yields
the index-one adjoint DAE

Ap(t) = —FLER @), D), 0(0), Ap (1), Ag ()T, (8.6)
Oy = (R0, 5 (). 40, Ap (1), A ()T, (8.7)
Ar() = G)T, (8.8)
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and J' (i) (u) reduces to

B 1
J (1) (u) =/0 ) [t]u(r)dt.

The adjoint DAE (8.6)—(8.7) is well-defined according to Assumption 8.1.3, (a).
_ Recall that we are looking for a direction u of steepest descent. Minimizing
J' (@) (u) with respect to u subject to ||u||> = 1 yields

() =~ H 1]

175112
because for every u with ||u||, = 1 it holds
[T @) @)| < 1 Hll2 - lull2 = 17,12
by the Schwarz inequality and
J'@) (i) = |7y 2.
Hence, we may choose
d(t) = -3,1)"
as search direction at iz. The following result links J”() to J'(i1).

Theorem 8.1.6. Let il € Lg(4) be given, let Assumption 8.1.3 hold, and let Ay and
Ag satisfy the adjoint DAE (8.6)—<(8.8). Then it holds J'(i1)(v) = J'(1)(u) for all
ue LM ().

Proof. For arbitrary u € L3¥ () it holds

x(u)() =x + /(;t f(xu)(r), y(u)(r),u(r))dr forallt €[0,1],

Orry = g(x@)(@), y(u)(2),u(t)) a.e.in|o, 1].

Ny

Differentiation of these identities in u with respect to u at i € Log (4) yields

Sﬂﬂ=iAiﬂhw“ﬁ)+jﬂdSyﬁ)+fﬂﬂu&ﬁh forall 7 € [0, 1],

Orny = gxlt]ST(t) + g, [t]S” (1) + g, [t1u(r) ae. in[0,1], (8.9

where all derivatives of f and g are evaluated at x = x (1), y = y(u), and u. Dif-
ferentiation of the absolutely continuous function S*(-) and multiplication of (8.9) by
Ag ()T from the left yields

S*(1) = fAS*(@0) + f[11S” () + fultlu (),
0 =Ag(t) T (&5 lr1S* (1) + &, [1]1S” (1) + g, [tTu (1)) (8.10)
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By exploitation of Ogny = J;[¢]T and (8.10) we find
%(Af(f)TSx(l)) = () TS* @) + A ()T S¥(0)
= —H[1]S* (1)
+ Ar (O TSNS @) + f[E1SY (1) + fltTu())
= —H [t]S* (1) — H;[1]S” (1)
+ 2O TS @) + £ (0) + fultlu (@)
+2g ()T (gL [11S* (1) + g} 11157 (1) + g [1]u(0))
= — fox[t]S™ (1) = fo,[t]S” (1) — fo, [t]u(z)
+ L[ ().

Hence,

N 1
J' (@) (u) :/0 O, [tlu(r)dt
1
=[r() " S* D) + /0 Sox[11S¥ () + fo,[t]S” (1) + fo[tlu(r)dt

1
=G GO ) + [ LSO+ AYS O+ foluordr
= J'(@)(u). O
Definition 8.1.7 (Gradient of Reduced Functional). Let 2 € L%%(J) be given, let

Assumption 8.1.3 hold, and let A and A, satisfy the adjoint DAE (8.6)—(8.8).
The gradient VJ (i) € L (4) of J at it is defined by

VI@)() == H (), 5O, a0, Ar (), Ag ()T O
Exploitation of this result allows to formulate
Algorithm 8.1.8 (Gradient Method).
(0) Choose u® e L2« (4), B € (0,1), 0 € (0,1), and set k := 0.
(1) Solve (8.1)~(8.3) with u = u®. Let x® = x@®) and y® = yu®)
denote the corresponding solution.
Solve the adjoint DAE

Art) = =L (xB @), y®O ), u® (1), A7 (1), Ag (1) T
Orny = Hy(xO0), yO 0, u® (@), 2,(0), A (@) T,
Ar(1) = x®)T.

Let A}k) and Agk) denote the corresponding solution.
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(2) If |#)]l2 ~ 0, STOP.
(3) Set

d® ) == =36, (1), yO (1), u® (1), 2 1), 2P ()T
(4) Perform an Armijo line-search: Find smallest j € {0, 1,2, ...} with
](u(k) + ﬂjd(k))
< Ju®) = o/ 36, P (), y® (), u® (), 20 (), 24P ()13

and set oy 1= B7.
(5) Setu®+D = 4y® 4 o, d® k.= k + 1,and go to (1). O

Theorem 8.1.9. Let Assumption 8.1.3 hold. Suppose that Algorithm 8.1.8 does not
terminate. Let u, be an accumulation point of the sequence {u®)}; <n generated by
Algorithm 8.1.8 and x. := x (ux), y« 1= ¥ (Ux).
Then it holds
[VJ(@us)ll2 = 0.
Proof. Assume that {u*/)}; < is a subsequence with

u®) — u, and | VJ(us)ll2 # 0.

By construction, the sequence {J(u(kj))}jeN is monotonically non-increasing, and
by continuity of J and VJ with regard to the argument u, it holds

J*Dy — J(uy), (8.11)

as j —> oo. In addition, the line-search in step (4) of Algorithm 8.1.8 yields
Ty < J® V) < Ju®) - o |V *)(3
for j € N. Rearranging terms yields
0 < ooy, [IVI@ )3 < J@®) — J+0),
Owing to |VJ(ux)|l2 # 0 and (8.11)—(8.12) it follows necessarily

o, — 0 as j — oo.
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Hence, there is some index jo € N such that a; < 1 forevery j > jo. Moreover,
forevery j > jo there exists some index ¢; € {0,1,2,...} with g, = gLt — 0,

J@®) + p4a%0) > 1) — ot | VI @E))3
and
Ju®) 4+ gL a®&i)y — jutki)
Bl

respectively. Taking the limit ; — oo on both sides yields

> —a | VJu%))|3,

J () (di) = J'(ua) (=Y (s)) = =V ) |3 = =0 | VI () [3.

Herein, (8.12) and Lemma 8.1.10 below are exploited.
This inequality leads to a contradiction since o € (0, 1). |

Lemma 8.1.10. Let X be a Banach spaceand f : X — R continuously Fréchet-
differentiable. Let {x® ey € X, {d®)eny € X, and {oglreny € R4 be se-
guences with

lim x® =x,eXx, lim d® =d,eX, lim o =0.
k—>00 k—>00 k—>00
Then it holds
S ® e d®) — f(x®)
klnoo o7 = Sy,

Proof. (i) Owing to the continuity of f/(-) in X, for every ¢ > 0 there exists some
8 > 0 with

1 (x @)@ ®) - f(x)(d®)]

4@ d®
= dP|x - | F/(x®) — ) | ———
I |f RIS AN TICI

<1d®lx- s 1IN = S ) @)

= [d®|x - | £/ x®) - f(xollex.r)
<elld®|x

forall x® — x,|[x <§. Hence,

Jim 1776 @®) = (e @) = 0.
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(i) As f'(x«)(-) is a linear and continuous operator, it follows
£ )@ ®) = [ ()] = Cl1d® = dsllx

for some constant C > 0. Hence,

Jim |f/ () d®) — f/(x2)(d)] = 0.

(iii) The mean value theorem [162, p. 27] yields

'f(x(k) + o d®) — f(x®) £ ®)@®)

Ok

B %'f(x(k) + o d®) — f(x®) = f1(x®)(eed @)
k

1
=

1
< /O 1% 4 1o d®) — P g rydt - 4Py

By continuity of /’(-) it follows

Fx® 4 d®) — (@)
074

lim _ f/(x(k))(d(k))

k—> 00

(iv) The assertion follows from

(k) (k)y — (k)
‘f(x tod®) = @)

Uk

SO0+ ad®) — f(x®)
ak

=1 )@®)

=

1
/0 £ O+t d ©)(oed Dyt — f1(x ) o4ed ©)

= 0.

+ 1/ (x*N@®) — £ @O+ f () @P) = £ () (do)]

and (i), (ii), and (iii).
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Example 8.1.11. Consider the following optimal control problem subject to an ordi-
nary differential equation:

Minimize x, (1) subject to the constraints
%1(1) = —x1 (1) + V3u(),

b0 = 3 (07 +u(t)?),
xl(O) =2,
X2(0) =0.

The gradient method with initial guess u‘?(r) = 0, 8 = 0.9, 0 = 0.1, and a sym-
plectic discretization scheme based on the explicit Euler method for the dynamics and
the adjoint dynamics with N = 100 equally spaced time intervals yields the result in
Table 8.1 and Figure 8.1.

Uk

J(u(k))

[I#5 loo

[EAE

2 wNER O

23

0.00000000E + 00
0.10000000E + 01
0.10000000E + 01
0.10000000E + 01
0.10000000£ + 01

0.10000000E + 01

0.87037219E + 00
0.72406641 E + 00
0.68017548E + 00
0.66515486E + 00
0.65999003E + 00

0.65728265E + 00

0.14877655E + 01
0.61765831E + 00
0.35175249E + 00
0.20519966E + 00
0.12021286 £ + 00

0.47781223E—-05

0.65717322E + 00
0.21168343E + 00
0.72633493E—01
0.24977643E—-01
0.85902348E—-02

0.13406009E—10

24 0.10000000E 4 01 0.65728265E + 00 0.28158031E—05  0.46203574E—11
25 0.10000000E + 01 0.65728265E + 00 0.16459056E—05  0.15877048E—11

26

0.10000000E + 01

0.65728265E + 00

0.97422070E—06

0.54326016E—12

Table 8.1. Summary of iterations of gradient method. The iteration was stopped as soon as

[

2
1.8
1.6
14
1.2

1
0.8
06
04
0.2

x1()

o < 1076,

state x1

control u

0

0.2
04
0.6
08

B
-1.2
-1.4

)

0
0 01 02 03 04 05 06 07 08 09 1

time t[s]

adjoint lambdat

lambdai (t)

-16
0 01 02 03 04 05 06 07 08 09 1

time t[s]

0
0 01 02 03 04 05 06 07 08 09 1

time t[s]

Figure 8.1. Some iterates (x®), % ®) 1()) (thin lines) and converged solution (thick line).
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Example 8.1.12. Consider the following optimal control problem subject to an ordi-
nary differential equation:

Minimize x, (1) + 2.5(x1 (1) — 1)? subject to the constraints
X1(t) = u(t) — 15exp(—21),

62(0) = @ + 1 0)))
Xl(()) =4,
X2(0) =0.

The gradient method with initial guess ¥ (1) = 0, B = 0.9, 0 = 0.1, and a sym-
plectic discretization scheme based on the explicit Euler method for the dynamics and
the adjoint dynamics with N = 100 equally spaced time intervals yields the result in
Table 8.2 and Figure 8.2.

J(u(k))
0.32263509E + 02
0.21450571E + 02
0.15604667E + 02
0.11414005E + 02
0.97695774E + 01

Uk
0.00000000E + 00
0.31381060E + 00
0.25418658E + 00
0.28242954E + 00
0.25418658E + 00

[ lloo
0.17750257E + 02
0.16994586 E + 02
0.91485607E + 01
0.75417222E + 01
0.42526367E + 01

17113
0.23786744E + 03
0.18987670E + 03
0.78563930E + 02
0.39835695E + 02
0.15677990E + 02

A WN R O

61
62
63
64

0.28242954E + 00
0.28242954E + 00
0.28242954E + 00
0.22876792E + 00

0.84261386E + 01
0.84261386E + 01
0.84261386E + 01
0.84261386E + 01

0.22532128E—-05
0.16626581E—-05
0.16639237E—05
0.83196204E—-06

0.28170368E—11
0.17267323E—-11
0.13398784E—11
0.21444710E—-12

Table 8.2. Summary of iterations of gradient method. The iteration was stopped as soon as

(B

x1()

b P L o = mow s

Figure 8.2. Some iterates (x®), 4® 1)) (thin lines) and converged solution (thick line).

lloo < 1076,

state x1

control u

adjoint lambdat

u(t)

lambda (1)

Lo - M e s oo oo

P —— .
% =

0 01 02 03 04 05 06 07 08 09 1

time t[s]

0 01 02 03 04 05 06 07 08 09 1

time t[s]

time t[s]

0 01 02 03 04 05 06 07 08 09 1

O
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Now, let us compare the function space approach with the direct discretization
method. To this end, we consider the following discretization of Problem 8.1.2 and
follow the same steps as in the function space setting to derive the gradient method
for the discretized problem:

Problem 8.1.13. Let x € R™~ be a given vector and let

¢ :R"™ — R,

fo: R™ xR"™ x R"™ — R,
i R™ xR x R — R™~,
g :R"™ xR™ x R™ — R

be continuously differentiable functions. Let

1
Gy :={ti|ti=1ih,i=0,1,...,N}, h=ﬁ, N e N,

be a grid.
Minimize
N
Ty (x,y.u) i= @(xn) +h Y folxi. yioui)
i=1
with respect to x = (xg.x1,....xn5)" € RN+ — (y, y\)T €
RNy 'y = (uy,...,uy)' € RV« subject to the constraints
)C"_h& — f(iyiou))  i=1,....N, (8.13)
ORny = g(xi,yi,ui) i = 1,...,N, (814)
xo = . (8.15)

Similarly as in Assumption 8.1.3, we assume

Assumption 8.1.14.
(a) The inverse matrix (g’y(x, y,u))~! exists and is bounded for every (x, y, u).

(b) The system (8.13)—(8.15) possesses a unique solution x () € RW+Dnx and
y(u) € RN for every u € RN"«,

(c) The mapping u — (x(u), y(u)) is continuously Fréchet-differentiable. ad
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Solving the constraints (8.13)—(8.15) with respect to x and y yields

Problem 8.1.15 (Reduced Discretized Problem).
Minimize Jy (1) := Ty (x(u), y(u), u) with respect tou € RN« i

Let 7 € RV« be given, & := x (1) and  := y (). Define the auxiliary functional
al R — Rim
In@@) = ¢@EN)+hY (Jf’(fci, il Afiot Agi-1) = Agi (%)) :
i=1
The Fréchet-derivative of Jy with respect to 7 computes to
Ty @) = ¢'Gn)Sy

9 §¥ — §¥
+h2( (117 + 9, [1)S] + ) 5 Y AT (T_l))

= (¢ (in) + hI [N = Ay ) S¥ + A},oSé
N-—1

+h Z (J@ 4]+ — (/\fl /\fl 1))

i=1

+hZ(J€ [41S? + J, [t ]8”’)

i=1

where the abbreviations
S¥ = L)y e RM*Nme i — 0, . N,
y 3yi nyxNn .
S: ::3—() e R™>Nmu i —1 .. . N,
u

are used. These sensitivity matrices are defined recursively by differentiating (8.13)-
(8.15) with respect to u at u:

S* — 8% om; .

szl = filulSF + £[u1S;) + f,j[ri]a—ﬁ’, i=1,...,N, (8.16)
QX F QY ’ _312,‘ .

Opnyxnne = gy [ti]S; + &) [ti]S; —I—gu[tl]%, i=1,...,N, (8.17)

S(';C == OR”XXN’W . (818)
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In order to eliminate terms involving S* and S;’, A5 and A are chosen such that the
discretized adjoint DAE

Api— Apie o _
% = —J,(Ri. Pirlic Ario1 Agim1) . i=1....N, (8.19)
Orny = H, (& PidliApictAgi) ', i =1....N, (8.20)

Arn =@/ (3n) T (8.21)

hold. Then,
~ N ol
Ty (@) =hi_21<¥€;[ti18—5 = h(HyIn] Hyle] -+ Hyli]).

The following discrete counterpart of Theorem 8.1.6 links fj’v(ﬁN) to the gradient
VJn(@1).

Theorem 8.1.16. Let & € R¥"« be given, let Assumption 8.1.14 hold, and let
Ay € RW+Dnx and 1, € RV™ satisfy the discretized adjoint DAE (8.19)—8.21).
Thenit holds VJy (1) = J4, (1) 7.

Proof. Multiplication of (8.16)—(8.17) with h/\fl ,and hk; 1» respectively, yields
81t
o
on;
o

WAL faltd = = Mgy (ST = SE) = hA S, Fl)ST —hAJ,_ fl1S]

hhg i 1 &ultil—r = —hAJ ;1 gL lt1ST —hAg;  g)11i]S)

fori =1,..., N. By these expressions it follows

WALt = g
F AL (S = ST = hA L S6ST = hag, fl]S]
_h/\;i 1g;c[ti]Six_h)‘;rr,i—1g/y[ti]siy

= W1 gy ST+ RSy l)S?

AL (SF = SEy) — RIS — hI,[1]S?
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fori = 1,..., N. Summation and exploitation of (8.19)-(8.21) and (8.18) yields

N Bu
Ty@) =hY_ 3] el
i=1

d Bu, . )
hZ(fOu[ ] +f0x[tl]S +f0y[tl]S )
i=1

T

N— 7
+hZ(f’1 Jf[t,])

— A oSE + Wy — hHLNDSK

o

N
— GG+ (fo’,u[rz] U g ST S ymsy)
i=1

= Jy@) = VIy@)T. O

In summary, the gradient method 8.1.1 applied to the reduced discretized prob-
lem 8.1.15 uses the search direction
H, 0]
d® = Viyu®) = —h :
I, [tn]T
in iteration k.

Algorithm 8.1.1 for Problem 8.1.15 reads as follows:

Algorithm 8.1.17 (Gradient Method).
(0) Choose u® e RN« B e (0,1),0 € (0,1),and set k := 0.

(1) Solve (8.13)-(8.15) with u = u®. Let x®) = xu®) and y® = yu®)
denote the corresponding solution.

Solve the adjoint DAE (8.19)—(8.21). Let A}k) and )Lfgk) denote the correspond-
ing solution.

(2) Set

J,[n]"
d® = Viyu®) = —p :
v

(3) If[|d®]l; ~ 0, STOP.
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(4) Perform an Armijo line-search: Find smallest j € {0, 1,2,...} with
In@® + 87d®) < Iy@®) —op/1d P13

and set o 1= B7.
(5) Setu®k+D .=y &) 4 0, d® k.= k + 1, and go to (1). O

Clearly, (8.13)—(8.15) is a discretization of the DAE (8.1)—(8.3) by means of the im-
plicit Euler method. Accordingly (8.19)—(8.21) is a discretization of the adjoint DAE
(8.6)—(8.8). The combined discretization scheme is a symplectic integration scheme,
compare Subsection 5.3.2 and Theorem 5.3.3. The search direction in step (2) of Al-
gorithm 8.1.17 is a discretization of the search direction in step (3) of Algorithm 8.1.8,
except that the former is scaled by a factor of 4. As a consequence, the scaling of the
search direction depending on the discretization parameter 2 may lead to smaller steps
in the gradient method when applied to the discretized problem compared to the func-
tion space gradient method, if an Armijo type line-search with initial step-size % = 1
is used. Hence, one has to expect a difference in computational performance between
the function space gradient method with suitable discretizations of the DAE and ad-
joint DAE and the direct discretization method. For the above examples the function
space approach needs significantly less iterations than the direct discretization method
with scaled search direction. Note that both methods would match up to the error in-
troduced by discretization if 8/ /h was used as a step-size in Armijo’s line-search
procedure in Algorithm 8.1.1. We illustrate this effect by revisiting Example 8.1.11.

Example 8.1.18 (compare Example 8.1.11). Consider the following optimal control
problem subject to an ordinary differential equation:

Minimize x, (1) subject to the constraints
%1(1) = —x1(t) + V3u(),
. 1
X2(1) = 5()61(02 +u()?),

x1(0) = 2,
Xz(O) =0.

We follow the first discretize — then optimize approach and discretize the problem
for simplicity by the explicit Euler method, which was used in Example 8.1.11 as
well. We then apply Algorithm 8.1.1 directly with initial guess u® = Ogv, N =
100, B = 0.9, and ¢ = 0.1. The gradient V.J(u¥)) is approximated by a finite
difference scheme. According to the previous analysis, we have to expect that the
search-direction d® = —vJ(u®) in Algorithm 8.1.1 is approximately the search
direction in Algorithm 8.1.8 scaled by a factor of » = 1/N = 1072, Likewise,
we have to expect that Algorithm 8.1.1 makes slower progress than Algorithm 8.1.8.
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This is actually the case as the results of the gradient method in Algorithm 8.1.1 for
the reduced discretized problem 8.1.15 in Table 8.3 show.

Ok

J (%)

175 loo

2
12115

© 0 N O o0~ WN PP O

812
813
814
815

0.00000000E+00
0.10000000E+4-01
0.10000000E+-01
0.10000000E+01
0.10000000E+01
0.10000000E+01
0.10000000E+01
0.10000000E+-01
0.10000000E+01
0.10000000E+01

0.10000000E+01
0.10000000E+01
0.10000000E+01
0.10000000E4-01

0.87037219E+00
0.86385155E+00
0.85753209E+00
0.85140755E+00
0.84547186E+00
0.83971919E+00
0.83414385E+00
0.82874034E+00
0.82350335E+00
0.81842770E+00

0.65728265E+00
0.65728265E+00
0.65728265E+00
0.65728265E+00

0.14877677E—-01
0.14671320E—-01
0.14468016E—01
0.14267676E—-01
0.14070156E—01
0.13875456E—-01
0.13683565E—01
0.13494428E—-01
0.13307910E—-01
0.13124180E—-01

0.11053883E—-05
0.10356781E—05
0.10655524E—05
0.98588398E—06

0.65717185E—02
0.63689360E—02
0.61724878E—02
0.59821683E—02
0.57976919E—-02
0.56189844E—-02
0.54457966E—02
0.52779702E—02
0.51153368E—02
0.49577892E—-02

0.79804802E—11
0.76292003E—11
0.77345706E—11
0.74390524E—11

Table 8.3. Summary of iterations of gradient method for the reduced discretized problem. The
iteration was stopped as soon as ||d %) ||, < 107°.
O

8.2 Lagrange-Newton Method

The Lagrange—Newton method is based on the numerical solution of first-order nec-
essary optimality conditions for an optimal control problem without control and state
constraints by means of Newton’s method. The necessary conditions for such prob-
lems lead to a nonlinear operator equation of type

T(z) = Oy (8.22)
for the operator T : Z — Y, where Z and Y denote suitable Banach spaces en-
dowed with norms || - ||z and || - ||y . Application of Newton’s method to (8.22) results
in the well-known Lagrange-Newton method provided that 7 is continuously Fréchet-
differentiable. More specifically, the Lagrange—-Newton method generates sequences
{z®y {d®)} and — if a globalization procedure is added — {o } related by the itera-
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tion
kD = 00 4 g qg® k=0,1,2,....
Herein, the search direction 4 ) is the solution of the linear operator equation
T/(Z(k))(d(k)) — —T(Z(k))

and the step length o5, > 0 is determined by a line-search procedure of Armijo type
for a suitably defined merit function.

We investigate the details of the outlined Lagrange—Newton method for the follow-
ing problem setting:

Problem 8.2.1. Letd := [0, 1] and let

¢ R"™ xR"™ — R,

fo: R™ xR"™ x R"™ — R,
f i R™ xR x R — R"~,
g :R™ xR™ x R™ — R™,
¥ R™ X R — R

be twice continuously differentiable functions.

Minimize
1
(. y.u) = p(x(0). x(1)) + /0 Fole (). y (1), u(t))dr

with respect to x € W"s_(d), y € Lad (4), u € L% (J) subject to the constraints

x(t) = f(x(2).y(@).u()) aein[0,1], (8.23)
Orny = g(x(2), y(®).u(t))  aeinf0,1], (8.24)
Orry = ¥ (x(0), x(1)). (8.25)

O

Note that Problem 8.2.1 is more general than Problem 8.1.2 as it contains general
boundary conditions of type (8.25). As a consequence, a complete reduction approach
as it became possible owing to Assumption 8.1.3 (b) in Section 8.1 cannot be applied
anymore as the boundary conditions (8.25) in general will not be feasible for an ar-
bitrary control u. It is still possible to apply a partially reduced approach however,
where (8.23)—(8.24) are solved with respect to x = x(u, xp) and y = y(u, xo) for a
given control u and a given initial value xo = x(0). The reduced problem then leads
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to a constrained optimization problem with the aim to minimize the reduced func-
tional J(u, xo) := T'(x(u, x0), y(u, xo), u) with respect to u and xo subject to the
constraint v (xo, x (4, xo)) = Ogny . This approach is the function-space-equivalent
to the direct multiple shooting method in Subsection 5.1.2 in Chapter 5. This partially
reduced approach is not followed here, though. Problem 8.2.1 is considered instead
as it is without a further reduction.

Although the application of Newton’s method to the optimality system seems to be
straightforward, several issues have to be addressed, for instance the computation of
search directions, local speed of convergence, and globalization. For simplicity we
restrict ourselves to semi-explicit index-one DAES again.

Assumption 8.2.2. The inverse matrix (g}, (x, y, u))~! exists and it is bounded for
every (x, y,u). m|

To this end first order necessary optimality conditions for a weak local minimizer
(X, y«, ux) of Problem 8.2.1 under the Mangasarian—Fromowitz constraint qualifica-
tion in Theorem 3.4.6 read as follows, compare Theorem 3.4.3:

There exist Lagrange multipliers A7, € W)"3 (4), A« € L2 (d), and oy € R™*v

with ~
(1) = f(x(0), ya (1), ux(t)) = Opox , (8.26)
g(xa (1), yu(t), ux(1)) = Oy, (8.27)
iﬁ*(t) + %;(x*(t), V1), ux(t), Ay (1), )tg,*(t))T = Ognx, (8.28)
T (a (1), Y (1) a (), A (). Mg w (1)) T = Oy, (8.29)
Y (x4(0), x4 (1)) = Opny, (8.30)
Mg (0) + Ky (x4 (0), X4(1),0%) T = Onx, (8.31)
A p(1) =, (4(0), x4(1), 05) T = O, (8.32)
T (a(0), Y ()1 (1), A1), Ag 4 () T = O (8.33)

Herein, we used the abbreviation « := ¢ + o Ty and the Hamilton function
JE, yu, Ap Ag) = folx, y.u) + AF f(x.y.u) + Ag g(x, y.u).
Let zy := (Xx, Yx. Ux, Afx. Ag «, 0x) and let the Banach spaces
Z = W () x Lg2(4) x L2x () x WS (8) x L (4) x R,
Y = L7 () x Ly () x L3 (4) x Log (4) x R™ x R x R x L™ (4)

be equipped with the maximum norm for product spaces. Then the necessary condi-
tions (8.26)—(8.33) are equivalent with the nonlinear equation

T(z«) = Oy, (8.34)
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where T : Z — Y is given by

$O = O yO.ul)
, (). y(u())
Ay ) 4 H 6O Y060, 37 O g ()T
30, y () u (). A (). hg ()
¥ (x(0). x(1)) - @39
A (0) + 1 (x(0). x(1).0)T
hp (1) — i (6(0). x(1). 0) T
L)y () Ay () Ag )T

The standard approach to solve (8.35) numerically is to apply Newton’s method.

T(2)() =

Algorithm 8.2.3 (Lagrange—Newton Method).
(0) Choose z(® e Z and set k := 0.
(1) 1 TE®)|y ~ 0, STOP.

(2) Compute the search direction ¢ ®) from the linear equation

T'z® )@ ®) = —1(z®). (8.36)
(3) Setz*k+D .= ;&) 4 g®) k.= k + 1,and go to (1). O

Theorem 8.2.4. Let z, bea zero of T'. Suppose that there exist constants A > 0 and
C > 0 such that for every z € Ba(z«) thederivative T7’(z) isnon-singular and

IT'(2)" Nl gv,2) < C-

@) If ¢, fo. f. g, ¥ are twice continuously differentiable, then there exists § > 0
such that Algorithm 8.2.3 is well-defined for every z(® ¢ Bg(z,) and the se-
quence {z®)}, <y converges superlinearly to z, for every z(® € Bg(zy).

(b) If the second derivatives of ¢, fo, f. g, ¥ arelocally Lipschitz continuous, then
the convergencein (a) is quadratic.

(c) Ifinaddition to theassumptionin (a), 7(z¥)) # @y for all k, then theresidual
values converge superlinearly:

ITEED) |y
k—oo | T®)|y

Proof. Owing to the non-singularity of 7’(z) and the uniform boundedness of
T’(z)~ in Ba(z«), the algorithm is well-defined in Ba(z+). For z®) e Ba(z4)
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we find
T'®Y KD _ o) = 720 ® 4 q® _ 5,
=T'EE® — 20 + T'®)@®)
=T'®)(z® —2,) = T(z®) + T(z4)
and
124D — 2z = 1T )T )W =20 - TER) + Tz
<17 Mew.z) - 1TEH) = Tz = T'*)E® -2y
<CTE®)=T(ze) = T' PP -z y. (8.37)

(i) As T is continuously Fréchet-differentiable in some neighborhood of z., then
by the mean value theorem, [162, p. 28],

IT®) = T(z0) = T'®)(® — zo)lly (8.38)

< sup |17 + 1" = 2) = TG lezy) 129 = zdlz.
0<t<1
Owing to the differentiability assumptions in (a), 7’(-) is continuous in some neigh-
borhood of z.. Hence, for every ¢ > 0 there exists some 0 < § < A such that

IT"(zs +1(z® — 20)) = T' )l 2zy) < € (8.39)
for every ||zK) — z, ||z < § and every r € [0, 1]. Hence,
ITE®) = T(z) = T'®)® —z)|ly < ellz® — 2 2

for every ||zK) — z, ||z < 6.

Particularly for e < & it holds [z*+D — 2,z < § < A and the sequence
{z0N o Stays in Bs(zs).

As ¢ > 0 was arbitrary, this shows the locally superlinear convergence of {z®)}; e
to z4 in (a).

(ii) If the second derivatives of ¢, fo, f, g, ¥ are locally Lipschitz continuous, then
T’ satisfies locally the Lipschitz condition

1T (zx + 1P = 20) = T' @) gz.v) < LED) 20 = 2]z

with Lipschitz constant L(z4) for every z) in that neighborhood. With (8.37) and
(8.38) this shows the locally quadratic convergence in (b).

(iii) Let & > O be arbitrary. Because of (8.37), (8.38), and (8.39) there exists
0 <6 < Awith

125D — 2,z < ellz2® —zy )z whenever [z®) —z,]|z <.
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Notice that for any § > 0 there exists some ko(8) such that |z*) — z,|| < § for every
k > ko(8) since z®) converges to z. As T is continuously Fréchet-differentiable, it
satisfies the Lipschitz condition

ITE* D)y = ITE*D) = TEoly
< L@z 242
< Lzelz® - zulz
locally around z, and the Newton iteration implies

25D —2®) 2 < 1T N ez - ITEO) |y < CITER)|y.

Thus,
128 = zaflz < 12EFD — 2Oz 4 25D — ) 2
<CITE®)ly + 25D — 242
<CITE®)y +e)z® -z 2
and
C
128 — 24z < ——ITE®)]y.
1—¢
Finally,
N L C
ITCE )y < Eeelz® — 2z < ZE5C )y,
— &
Since T(z®)) # Oy and & was arbitrary, this shows the assertion in (c). m]

Similarly as in the reduced gradient method in Algorithm 8.1.8 a globalization
technique can be employed to enlarge the convergence region of the local Lagrange-
Newton method in Algorithm 8.2.3. To this end, the squared L,-norm of T, i.e.

yG) = SITEB,

is used as a merit function in combination with a line-search procedure of Armijo type
leading to

Algorithm 8.2.5 (Globalized Lagrange—Newton Method).
(0) Choose z® € Z, B € (0,1),0 € (0,1/2).
(1) 1fy(z®) ~ 0, STOP.
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(2) Compute the search direction d ®) from (8.36).

(3) Find smallest j € {0,1,2,...} with
y(® +p7d0) < ) + op7y (20 @®)

and set oy 1= B7.
(4) Setzk+D .= ;& 4 o, d® k:=k +1,and goto (1). o

The function y : Z — R is Fréchet-differentiable, if ¢, fo, f. g, ¥ are twice
continuously differentiable and it holds

Y @) d®) = —2y(z®) = —|IT(®)|3, (8.40)

where d ® satisfies 77 (z %)) (d ®) = —T(z®)). As a consequence d *) is a direction
of descent of y at z%) and the line-search in Algorithm 8.2.5 is well-defined unless
z®) isazeroof T.

8.2.1 Computation of the Search Direction

The main effort in Algorithms 8.2.3 and 8.2.5 is caused by the computation of the
search direction 4 ®) in step (2) for which the operator equation (8.36) needs to be
solved. The Fréchet-derivative of 7 at zK) = (x<k>,y<k>,u<k>,x}k),xg"),o<k>) VA4
in the direction z = (x, y,u,Ar, Ag.0) € Z is given by

X = fix—fyy = fuu
X + gy + guu
A + HEx + HLy + Hibu+ Jf;’lfkf + I g

y
1 14 1 12 1
7'(z®)(2) = HyxX + Hyyy + Hyuu + (%J’A_/'Af T ‘%ylgkg
VX (0) + ¥ x(1)

A‘f(O) + K;c{()xox(o) + K;C,()xlx(l) + K),C/()GU
Ap(1) = 13 5o X(0) = kY o x (1) — kY, 5O

X1X0 X1X]

Hofex + Jlyy + Hptt + I Ay + I g

Herein, all partial derivatives of the functions ¢, fo, f, g, and ¥ are evaluated at the
current iterate z*). The linear operator equation (8.36) with d ®) = (x,y,u,A7,A¢.,0)
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in step (2) of Algorithms 8.2.3 and 8.2.5 reads as

X fx C) f o) £ .
. " ” " " "
A,f _Jexx _ngkf _ngy _%xkg —fou Af
g |~ 85 ©  —& O g y
’ Cqon g __qpl__api_ apir
ORny ‘%)/)/x C3lg)/)/)tf ‘%)///y ‘%)/;/)Lg ‘%)/)/u /\g
ORmu —Huix _’%u/lf _'%uy _'%u/'\g —H u
(&) —f
s (k T
WP+ ()
= - g . (8.41)
)"
()
and
/ ’
//xo © ,(/H) x(O) //Xl ® 0 x(l)
/cx;}xo In, /cx?,(7 Ar(0) | + pr/xl 0 6 Ar(1)
Kxixg © —Kxio o —Kyx,x; Ine © o

= [ PO+ )T | @42
AW = )T

(8.41) and (8.42) define a linear DAE boundary value problem with differential vari-
ables x and A » and algebraic variables y, Ag, and u.

Such linear DAE boundary value problems can be solved numerically by the col-
location method in [187] or the shooting methods in Section 4.6. This requires to
introduce a grid on which the solution of the DAE boundary value problem is ap-
proximated. Of course, this introduces a discretization error, but only at this stage a
discretization method enters the scene.

The following result provides a sufficient condition for the DAE being index-one.
It follows immediately from (8.41).

Theorem 8.2.6. The DAE (8.41) hasindex one, if the matrix function

gl © gl gl e gl
My = | 00 e 1 L | = | s @ T R
I I, 1] ] IO (LD I, 11]

is non-singular for almost every ¢ € [0, 1] and || M (t)~!|| < C for some constant C
and almost every ¢ € [0, 1]. ad
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If the operator M (-) is not invertible, the situation becomes more involved as (8.41)
becomes a higher index DAE in this case. Especially the computation of consistent
initial values imposes additional difficulties as it may happen that, owing to the lin-
earization at some iterate z(¥), algebraic constraints and boundary conditions contra-
dict themselves and eventually lead to an infeasible boundary value problem.

In order to demonstrate the performance of the Lagrange-Newton method, we
firstly consider a slight modification of the trolley example in [119].

Example 8.2.7. We consider an optimal control problem for a trolley of mass m,
moving in a high rack storage area. A load of mass m is attached to the trolley by
a rigid cable of length £, see Figure 8.3. Herein, x; and x3 denote the x-coordinate
of the trolley and its velocity, respectively, and x, and x4 refer to the angle between
vertical axis and cable and its velocity, respectively.

The acceleration of the trolley can be controlled by the control u. The equations
of motion of the trolley are given by the following differential equations for the state
X = (xl,)Cz,X3,X4)TZ

X1 = X3, (8.43)
X2 = X4, (844)

m303sin(x2)x2 — mal?u + malLx2 sin(xz) — Iyu
—mimal? —my 1, —m302 — ma I, + m32 cos(xz)?

m3(2 g cos(x2) sin(x2)

+ , 8.45
—mymal? — my 1y, — m30% — ma 1y, + m302 cos(x2)? (845
s mo€(mal cos(x2)x2 sin(x2) — COS(x2)u + g Sin(x2)(my + m2))
‘T —mymal? —my 1y, — m30% — my 1y, + m302 cos(x2)2
(8.46)

The optimal control problem is defined as follows:

Minimize

1 (v

-/ u(t)? + 5x4(t)* dt

2 Jo
subject to (8.43)—(8.46), theinitial conditions

x1(0) = x2(0) = x3(0) = x4(0) =0,

and the terminal conditions

x1(ty) =1, x2(ty) = x3(tr) = xa(ty) =0
within the fixed timetf =2.7.
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(x1,2) u
(Y ()
2
12
—msg

X

Figure 8.3. Configuration of the trolley and the load.

The objective function aims at minimizing the steering effort and the angle velocity
of the cable to avoid extensive swinging of the load.
The following parameters were used for the numerical computations:

g=98l, m =03, my=05 {£=075 r=01 1, =0.002.
Table 8.4 shows the output of the Lagrange-Newton method with line-search, i.e.

step size o, residual norm || 7(z®) |12, and search direction [|[d ® ||« The iterations
show the rapid quadratic convergence.

L2 I7®)I13 1d® oo
0.000000E+00  0.100000E+01 0.451981E+01
0.100000E+01  0.688773E—03  0.473501E—02
0.100000E+01  0.809983E—12  0.118366E—06
0.100000E+01  0.160897E—24  0.141058E—11

w N P o

Table 8.4. Output of globalized Lagrange—-Newton method for the trolley example for
N = 1000 subintervals and Euler discretization: local quadratic convergence.

Table 8.5 summarizes CPU times for the Lagrange—Newton method depending on
the number N of equidistant intervals used in the linear boundary value problems. The
number of iterations is nearly constant, which indicates—at least numerically—the
mesh independence of the method. Furthermore, the CPU time grows at a linear rate
with N. Mesh independence of the Lagrange-Newton method has been established
in [5] and for a certain class of semi-smooth Newton methods in [159].
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N CPU time [s] lIterations
100 0.022 3
200 0.050 3
400 0.093 3
800 0.174 3
1600 0.622 3

3200 0.822 3
6400 1.900 4
12800 3.771 4
25600 7.939 4

Table 8.5. Results for the trolley example for different step sizes N.

state x1 state x2 state x3
12 01 06
1 0.08 05
0.06
08 0.04 04
- 06 o 002 - 03
% g 0 g
04 002 02
0.2 -0.04 0.1
-0.06
0 -0.08 0
02 0.1 0.1
0o 05 1 5 2 25 3 o 05 1 15 2 25 8 o 05 1 15 2 25 8
time t[s] time t[s] time t[s]
state x4 adjoint lambda1 adjoint lambda2
03 0 1.5
025 04 '
2 o N /_\
015 = 03 = o
g o g o4 2 s
X o005 £ e
s 05 I
0
005 06 15
0.1 07 2
0.15 0.8 25
5 1 15 2 25 3 o 05 1 5 2 25 8 o 05 1 15 2 25 8
time t[s] time t[s] time t[s]
adjoint lambda3 adjoint lambdad controlu
15 08 1.5
1 06 1
04
= 05 2 o2 05
] 3 =
g0 g 0 s o0
£ 05 2 02 -05
0.4
- 06 Bl
15 0.8 15
0o 05 1 15 2 25 3 0o 05 1 5 2 25 3 o 05 1 15 2 25 8
time t[s] time t[s] time t[s]

Figure 8.4. Numerical solution of the trolley example for N = 1000 Euler steps: States,
adjoints, and control at initial guess (thin lines) and converged solution (thick lines).

Finally, Figure 8.4 illustrates the iterates of the Lagrange—Newton method.

Example 8.2.8 (compare [158,307]). A model for a specific chemical reaction

A+B—C and C+D—D

O
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of substances 4, B, C, and D is modeled by the following index-one DAE:

My=-V-Ay-e E/TR .C4. Cp, (8.47)
Mp = Fg —V(A1e BVTR .Cy . Cp + Ay - e B2/TR . Cp - C¢), (8.48)
Mc = V(A1e BVTR .Cq . Cp — Ay - e B2/ TR . Cp - Cc), (8.49)
Mp =V Ay E2/Tr . Cp. Cc, (8.50)

H =20Fg — Q
—V(—Are BVTR .Cq - Cp =545 - e B2/TR . Cp . C() (8.51)
0O=H- Y M (ozi (TR — Tret) + %(T}; — T2 ) , (8.52)

i=A,B,C,D
where
V=3 % Ci=M;/V,i=A,B,C,D.

i=A,B,C,D pi

Herein, Fp is the feed rate of substance B and Q the cooling power. M; denotes
the mass of substance i = A, B,C, D. H is the total energy. Trer = 298 is a given
target temperature and the algebraic variable Tz denotes the temperature.

The parameters «;, Bi, pi,i = A, B,C, D, A1, Aa, E1, E», are given by

a4 =0.1723, B4 = 0.000473, pgq = 11250, A; =0.8,

ap = 0.2, B = 0.0005, pp = 16000, A, = 0.002,
ac =0.16, B¢ =0.00055, pc = 10400, E; = 3000,
ap = 0.155,  Bp =0.000323, pp = 10000, E, = 2400.

Initial conditions are given by

M4(0) = 9000, Mg(0) =0, Mc(0)=0, Mp(0) =0, H(0)= 152509.97.
(8.53)

The optimal control problem reads as follows:

Minimize
ty
—Mc(ty) + 1072 / Fp(t)? + Q(1)%dt
0

with 77 = 20 subject to the DAE (8.47)—(8.52) and theinitial conditions (8.53).
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I7®)113

1d® oo

© 00 N O OB~ WN PP O

0.000000E4-00
0.100000E4-01
0.147809E—-01
0.423912E-01
0.100000E4-01
0.121577E4-00
0.100000E4-01
0.100000E4-01
0.100000E4-01
0.100000E4-01

10  0.100000E+-01
11 0.100000E+-01

0.465186E+12
0.759821E410
0.755228E4-10
0.745716E4-10
0.351002E4-09
0.340325E4-09
0.131555E4-08
0.295389E4-07
0.114958E4-01
0.852576E—11
0.125527E—11
0.283055E—14

0.599335E4-05
0.523150E4-07
0.127262E4-07
0.835212E4-05
0.344908E4-06
0.667305E4-05
0.370395E4-05
0.169245E4-04
0.336606E4-00
0.104227E—02
0.658317E—03
0.605453E—05

Table 8.6. Output of globalized Lagrange—Newton method for the chemical reaction example
for N = 20000 subintervals and Euler discretization.

Table 8.6 summarizes the output of the globalized Lagrange—Newton method in
Algorithm 8.2.5 for the parameters 8 = 0.9 and o = 0.1.

The initial vector z(®) was chosen to be constant with respect to time. For the
state vector the respective constants were given by the initial values in (8.53), for the
algebraic variable T'g the initial guess was chosen to be Trer, all remaining components
of z(© were set to zero.

Figures 8.5-8.7 illustrate the states, adjoints, and controls obtained in the Lagrange—
Newton iterations.

control F_B control Q
100 T T T 0.02
80 0.015 |
0.01
_ 6or 1 0.005 |
& =
Llo40 1 €] 0
-0.005
20 ¢ 20.01 f
-0.015
0
‘ 1 002 ‘ ‘ ‘
0 5 10 15 20 0 5 10 15 20

time t [s] time t [s]

Figure 8.5. Numerical solution of the chemical reaction example for N = 20000 Euler steps:
Controls at intermediate iterates (thin lines) and converged solution (thick lines).
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state M_A state M_B state M_C
35
9000 20 1000
8800 25 800
20
- = = 600
g 8o g 15 5
s s = 400
8400 10
5 200
8200 o
\ 0
8000 5
0 5 10 15 20 0 10 15 20 0 5 10 15 20
time t[s] time t[s] time t[s]
state M_D state H algebraic variable T_R
1 180000 362
08 175000 360
358
06 170000 356
5 04 £ 165000 T %
= = 352
0.2 160000 350
0 155000 348
A\\wal e
0.2 150000
0 5 10 15 20 0 10 15 20 0 5 10 15 20
time t[s] time t[s] time t[s]

Figure 8.6. Numerical solution of the chemical reaction example for N = 20000 Euler steps:
Differential and algebraic states at intermediate iterates (thin lines) and converged solution

adjoint lambdat adjoint lambda2
0.005 0.2
0.004 0
- 0003 o 02
= 5
g 0.002 g 04
< 0001 s 06
0.8
] I
-1
-0.001 1]
0 5 10 15 20 0 10 15 20
time t[s] time t (5]
adjoint lambdad adjoint lambdas
0.01 I 0.0001
0.008 5605
= 0008 = 0
H El
3 0.004 3 -5e-05
& 5
- 0.002 - -0.0001
0 -0.00015
-0.002 -0.0002
0 5 10 15 20 0 5 10 15 20

time t [s]

time t [s]

lambda3(t)

lambda_g(t)

adjoint lambda3

0.014
0.012
0.01

0008 [ =m—

0.006
0.004
0.002

|

-0.002
0
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Figure 8.7. Numerical solution of the chemical reaction example for N = 20000 Euler steps:
Adjoints at intermediate iterates (thin lines) and converged solution (thick lines).

O

The Lagrange-Newton method can be extended in a similar way to index-two
DAEs, if the necessary conditions in Theorem 3.1.11 are used and some safeguards
regarding consistent initial values for the resulting linear index-two DAE boundary
value problems are obeyed, see [124] for details. The following example from [124]
demonstrates the application of the Lagrange—Newton method to an optimal control
problem with the Navier-Stokes equation.
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Example 8.2.9 (Unconstrained 2D Navier—Stokes Problem, communicated by
M. Kunkel). We illustrate the Lagrange—Newton method for the distributed control
of the two dimensional non-stationary incompressible Navier—Stokes equations on
Q = (0,17) x Q with @ = (0,1) x (0, 1).

The task is to minimize the distance to the desired velocity field

Ya(t,x1,x2) = (=0, X045, (6, x2), 4t x2)q’, (1. x1)) T
q(t,z) = (1 —2)%(1 — cos(2xzt))

within a given time ¢, > 0:

Minimize
1 2
3 Q||y(t,x1,x2)—yd(t,xl,xz)ll dxydxy dt

5
+—/ lu(t, x1,x2)||* dx1 dx; dt
2Jo

with respect to the vel ocity vector field y = (v, w) T, the pressure p and the control
vector fieldu = (u1,u2) " subject to the 2D Navier—Stokes equations

Vi = %Ay—(y'v)y—vvau inQ,
0 = div(y) inQ,
Og2 = y(0,x1, x2) for (x1,x2) € @,
Or2 = y(#, x1,x2) for (¢, x1,x2) € (0,5) x 0Q.

The non-stationary incompressible Navier—Stokes equations can be viewed as a par-
tial differential-algebraic equation with differential variable y and algebraic variable
p. We discretize the problem in space on an equally spaced mesh with step-length
h = % N € N, while the time stays continuous. Let

vij (1) = (i (1), wi; (1)) T~ y(t, X1,i,%2,),
pij(t) ~ p(t.x1i,X2,5),

uij(t) ~u(t,x1,i,x2,5),

fori =0,...,Nandj =0,..., N denote the approximations at the grid points. The
operators in the Navier-Stokes equations are approximated at the points (z, xq;, x2,;),
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i,j =1,...,N —1, by the finite difference schemes
1
Ay = h_z(J’H—l,j(l) + yi-1,; () + yij+1(0) + yi,j—1(t) — 4yi j (1)),
1
(y-V)y~ E(Uij(t)(Yi+1,j(l) = Yi—1,; (1)) + wij (1) (yi,j+1() — yi,j-1(1))),
1
Vp ~ Z(Pi-i—l,j (t) = pi,j (). pi,j+1(t) — pij (1)),

AV(3) ~ (015 (0) = i1, 0) + 01 6) w2 ().

The undefined pressure components p; ; withi = N or j = N are set to zero.
Introducing these approximations into the Navier—Stokes equations and exploiting
the boundary conditions y; o(t) = y; n(t) =0fori =1,...,N —1and yo (1) =

yn,j(t) = 0for j = 1,...,N — 1 yields the following index-two DAE optimal
control problem:

Minimize

1 t/ 8 l‘f

! / lyn(0) = van@®l2dr + 2 / lun ()2 dt
2 0 2 0

subject to the DAE

yi() T Hp, 1y (1)

90 = 2 A0~ 5

— B, pp(t t
Re (1) + up(t),

ya(®) T Hp pn—1y2 v (0)
Opiv—n2 = B;—,I—J’h([)v
yr(0) = Opv—12-

Herein, we used the vectors

T
Yn = ()’1,1,---»J’N—l,l»)’l,z,---ayN—l,Z, e 7)’1,N—1,---,YN—1,N—1) )
T

Ph = (pl,l» ...y PN-1,1-P1,2s---3s PN—-1,25--+5 PI,N—1: - - -,pN—l,N—l) )
_ T
Up = (U110, UN-1,1, U125 UN—1,2 - s UL, N—1s - s UN—1,N—1) -

The matrices A;, € RZOV-D*>x2(N=1? gnq B, ¢ R2ZW=D?x(N=D? represent the dis-
cretized Laplacian respectively the discretized gradient. Hj,; € R2Z(V-1?x2(N-1)2

is the Hessian of the i-th component of the discretized convective term with respect
to yj, that is

Hpoi+j(N=1))=1 = th%'j,l(f), i, j=1,...,N—1,
Hpai+jN-1) = Vi, qij2(t). i, j=1..N-1,
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where
qij (1) = (- V|1 1.0, ) € RZ.

Note that the matrices Hy ¢, k = 1,...,2(N — 1)2, do not depend on yj,(¢) since the
convective term is quadratic and thus Hj, ; may be calculated once in a preprocessing
step.

Figures 8.8 and 8.9 show the results of the Lagrange—-Newton method applied
to the discretized Navier-Stokes problem for the parameters 1y = 2, § = 1072,
Re = 1, N = 31, N; = 60. In this case the DAE optimal control problem has
ny = 2(N —1)2 = 1800 differential variables, n, = (N — 1)> = 900 algebraic
variables, and n,, = 1800 controls.

Recall that the search direction satisfies a linear DAE boundary value problem that
is being solved by a collocation method, see [187]. To this end, in each iteration of
the Lagrange—Newton method a linear equation with almost two million variables has
to be solved to find the search direction.

As an initial guess for the Lagrange—Newton method we use the solution of the
Stokes problem that is obtained forRe = 1, 0y, ; = 0,i = 1,... ,ny.

The desired flow, controlled flow and the control are depicted in Figure 8.9. The
pressure is depicted in Figure 8.8. The progress of the algorithm is shown in Table 8.7.

Figure 8.8. Optimal control of Navier—Stokes equations: Pressure p at¢ = 0.6, = 1.0,
t =1.4andr = 1.967.
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Solve Stokes problem:

k 13 folr)dt 1 1T (z%)|
0 1.763432802E403 5.938741958E+01
1 3.986109778E-402 1.0000000000000 7.255927209E—10

Solve Navier-Stokes problem with solution of Stokes problem as initial guess:

k Jo foltldt 1 17 ®)|l2

0 3.986109778E+02 1.879632471E+04
1 3.988553051E+02 1.0000000000000 1.183777963E-+01
2 3.988549264E+02 1.0000000000000 4.521653291E—04
3 3.988549264E402 1.0000000000000 9.576226032E—10

Table 8.7. Optimal control of Navier-Stokes equations: Progress of Lagrange—Newton
method.

Instead of finite difference schemes one often prefers finite element methods (FEM)
for the space discretization of the Navier—Stokes equations. FEM leads to a similar
DAE where yj, is multiplied from the left by a symmetric and positive definite mass
matrix M. By (formally) multiplying with A ~! one can transform the FEM DAE
into a semi-explicit DAE of index two which can be treated as above. |

Extensions of the Lagrange—Newton method towards optimal control problems
with mixed control-state constraints use semi-smooth Newton methods, which have
been investigated in finite dimensions in [264, 265] and in [123] for discretized opti-
mal control problems. Extensions to infinite spaces can be found in [58,163,179, 180,
304, 305]. The application of a semi-smooth Newton method to DAE optimal control
problems can be found in [124]. SQP methods in function space, see [3, 4], extend
the Lagrange—Newton method towards optimal control problems with control and/or
state constraints. Details can be found in [7,8,209].

8.3 Exercises

Exercise 8.3.1 (Speed of Convergence of Gradient Method). Apply the gradient
method in Algorithm 8.1.1 to the function J(ui,uz) = u% + 100 u% with
u©® = (1,0.01)T.

Instead of the Armijo line-search in step (3) use exact step-sizes, which are obtained
in iteration k by one-dimensional minimization of J(u®) + ad ®)) with respect to .
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Provide explicit representations of the iterates u®) and show

(k+1) A~ Amax — Amin 2 (k) ~
Ju )—Jw)=(j;;17;;)(1m )~ I(@)).

where Amax and Amin, respectively, denote the largest and smallest eigenvalue of the
Hessian matrix J” (1) with &t = (0,0) .

Exercise 8.3.2 (compare [104, Exercise 6.2]). Implement Algorithm 8.1.1 for the
minimization of J : R —> R and test it for the following functions with u(® = 0,
B =0.9ando = 107

@ Ju) = -,

(b) J(u) = (u + 0.004)5 —2(u + 0.004)4,

(©) J(u) = w(c1)/(1 —u)2 4+ c3 + w(ca)Ju? + ci withw(c) = V1 +c2—c¢
and ¢; = 0.01, ¢c; = 0.001 and ¢; = 0.001, ¢; = 0.01, respectively.

Compare the results with those for the following modification of the line-search pro-
cedure in step (3) of the algorithm:
In step (3) consider the Armijo line-search with expansion phase:

(i) LetB € (0,1),and o € (0, 1). Set « := 1.
(ii) If
Ju® 4+ 0d®y < Ju®) — oa|VIu®)|2
is not satisfied, proceed as in step (3) of Algorithm 8.1.1. Otherwise go to (iii).

(iii) Setay := «. Thenset o := % (expansion) and go to (iv).
(iv) If

Ju® +ad®) < Ju®) - oa||VI@®)|2
is satisfied, go to (iii). Otherwise stop the line-search with step-size oy.

Exercise 8.3.3. Solve the following optimal control problems using the gradient
method in Algorithm 8.1.8 and the Lagrange—Newton method in Algorithm 8.2.3:
(@) Minimize
1 10
5 (10(x (1) — D +u(t)?) dt
0

subject to

x() =u(), x(0)=0.
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(b) Minimize

1
/ l(x(z)z +u(t)?) dt
0o 2
subject to
x(t) = —x(t) + V3u(t), x(0) =2.

Exercise 8.3.4. Solve the following optimal control problem using the Lagrange—
Newton method in Algorithm 8.2.3:

Minimize
4.5
/ u(t)? + x1(t)%de
0
subject to
x1(t) = x2(1), x1(0) = =5, x1(4.5) =0,

Xo(t) = —x1(t) + x2(¢)y(¢) + 4u(t), x2(0) = =5, x2(4.5) =0,
0=1.4—0.14x5(¢)> — y(2).

You can use a single shooting method using the implicit Euler method to solve the
linear boundary value problems in each step.

Exercise 8.3.5. Consider the linear index-two DAE
X(1) = A@M)x (1) + B()y(t) +u(t). x(to) = xo.
Orny = C(t)x(2)
on the compact interval § = [z, z¢] with consistent initial value xo and
A() € L™ (0),  B() € Lo™™ (), C() e W™ (). u() € Lu().

Let M(t) := C(t) - B(t) be non-singular almost everywhere in 4 and let M(-)~! be
essentially bounded on 4.
Prove that the control to state mapping
L) > u e (x(u), y(u)) € W' (4) x Leg (4)

,00

is continuously Fréchet-differentiable.

Exercise8.3.6. Fort € 4, 4 C R compact, consider the matrix function

M) = ( gg)) A(gT) with Q € LM (1), A € L™ (4).
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Suppose that
(a) Let there exist @ > 0 such that almost everywhere in 4 it holds

dTO@t)d = «a||d|? foralld € R" with A(t)d = Ognm.
(b) Let there exist § > 0 with
|A()Td|| = Blld]|| foralld € R™.

Prove that M (¢) is non-singular for almost every ¢ € 4 and that M (z)~! is essentially
bounded.



Bibliography

(1]

(2]

(3]

(4]

(5]

(6]

[7]

(8]

9]

[10]

(11]

[12]

[13]

[14]

[15]

H. W. Alt. Lineare Funktionalanalysis. Springer, Berlin-Heidelberg-New York, 4th edi-
tion, 2002.

W. Alt, R. Baier, F. Lempio, and M. Gerdts. Approximation of linear control problems
with bang-bang solutions. Optimization: A Journal of Mathematical Programming and
Operations Research, DOI: 10.1080/02331934.2011.568619, 2011.

W. Alt. The Lagrange-Newton method for infinite dimensional optimization problems.
Numerical Functional Analysisand Optimization, 11:201-224, 1990.

W. Alt. Sequential Quadratic Programming in Banach Spaces. In W. Oettli and D. Pal-
laschke, editors, Advances in Optimization, pages 281-301, Berlin, 1991. Springer.

W. Alt. Mesh-independence of the Lagrange—Newton method for nonlinear optimal
control problems and their discretizations. Annals of Operations Research, 101:101-
117, 2001.

W. Alt. Nichtlineare Optimierung: Eine Einfiihrung in Theorie, Verfahren und Anwen-
dungen. Vieweg, Braunschweig/Wiesbaden, 2002.

W. Alt and K. Malanowski. The Lagrange-Newton method for nonlinear optimal con-
trol problems. Computational Optimization and Applications, 2:77-100, 1993.

W. Altand K. Malanowski. The Lagrange-Newton method for state constrained optimal
control problems. Computational Optimization and Applications, 4:217-239, 1995.

P. Amodio and F. Mazzia. Numerical solution of differential algebraic equations and
computation of consistent initial/boundary conditions. Journal of Computational and
Applied Mathematics, 87:135-146, 1997.

M. Arnold. A perturbation analysis for the dynamical simulation of mechnical multi-
body systems. Applied Numerical Mathematics, 18(1):37-56, 1995.

M. Arnold. Half-explicit Runge—Kutta methods with explicit stages for differential-
algebraic systems of index 2. BIT, 38(3):415-438, 1998.

M. Arnold and A. Murua. Non-stiff integrators for differential-algebraic systems of
index 2. Numerical Algorithms, 19(1-4):25-41, 1998.

U. M. Ascher, R. M. M. Mattheij, and R. D. Russell. Numerical Solution of Boundary
Value Problems for Ordinary Differential Equations, volume 13 of Classicsin Applied
Mathematics. SIAM, Philadelphia, 1995.

U.M. Ascher and L.R. Petzold. Projected implicit Runge-Kutta methods for
differential-algebraic equations. SSAM Journal on Numerical Analysis, 28(4):1097-
1120, 1991.

U. M. Ascher and R.J. Spiteri. Collocation software for boundary value differential-
algebraic equations. SSAM Journal on Scientific Computing, 15(4):938-952, 1994.



434

Bibliography

[16]

[17]

(18]

[19]

[20]

[21]

[22]
[23]

[24]

[25]

[26]

[27]

(28]

[29]

[30]

[31]

[32]

D. Augustin and H. Maurer. Computational sensitivity analysis for state constrained
optimal control problems. Annals of Operations Research, 101:75-99, 2001.

A. Backes. Extremal bedingungen flir Optimierungs-Probleme mit Algebro-Differential-
gleichungen. PhD thesis, Mathematisch-Naturwissenschaftliche Fakultat, Humboldt-
Universitét Berlin, Berlin, Germany, 2006.

B. Bank, J. Guddat, D. Klatte, B. Kummer, and K. Tammer. Non-linear parametric
optimization. Birkhauser, Basel, 1983.

A. Barcley, P.E. Gill, and J. B. Rosen. SQP methods and their application to numerical
optimal control. Report NA 97-3, Department of Mathematics, University of California,
San Diego, 1997.

M. Bardi and I. Capuzzo-Dolcetta. Optimal control and viscosity solutions of Hamilton—
Jacobi—Bellman equations. Reprint of the 1997 original. Basel: Birkhauser, 2008.

M. S. Bazaraa, H.D. Sherali, and C. M. Shetty. Nonlinear Programming: Theory and
Algorithms. John Wiley & Sons, 2nd edition, 1993.

R. E. Bellman. Dynamic Programming. University Press, Princeton, New Jersey, 1957.

R.E. Bellman and S.E. Dreyfus. Applied Dynamic Programming. University Press,
Princeton, New Jersey, 1971.

J. T. Betts. Sparse Jacobian Updates in the Collocation Method for Optimal Control
Problems. Journal of Guidance, Control and Dynamics, 13(3):409-415, 1990.

J. T. Betts. Practical methods for optimal control using nonlinear programming, vol-
ume 3 of Advancesin Design and Control. SIAM, Philadelphia, 2001.

J. T. Betts and W. P. Huffman. Application of Sparse Nonlinear Programming to Trajec-
tory Optimization. Journal of Guidance, Control and Dynamics, 15(1):198-206, 1992.

J. T. Betts and W. P. Huffman. Exploiting Sparsity in the Direct Transcription Method
for Optimal Control. Computational Optimization and Applications, 14(2):179-201,
1999.

H. G. Bock and K. J. Plitt. A Multiple Shooting Algorithm for Direct Solution of Op-
timal Control Problems. Proceedings of the 9th IFAC Worldcongress, Budapest, Hun-
gary, 1984.

H.G. Bock. Randwertproblemmethoden zur Parameteridentifizierung in Systemen
nichtlinearer Differentialgleichungen. volume 183 of Bonner Mathematische Schriften,
Bonn, 1987.

P.T. Boggs, J.W. Tolle, and P. Wang. On the local convergence of quasi-Newton
methods for constrained optimization. SSAM Journal on Control and Optimization,
20(2):161-171, 1982.

J. Boland, V. Gaitsgory, P. Howlett, and P. Pudney. Stochastic Optimal Control of a So-
lar Car. In Optimization and related topics, volume 47 of Applied Optimization, pages
71-81. Kluwer Academic Publishers, 2001.

1. M. Bomze and W. Grossmann. Optimierung — Theorie und Algorithmen. BI-Wissen-
schaftsverlag, Mannheim, 1993.



Bibliography 435

[33]

[34]

[35]

[36]

[37]

(38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

J.F. Bonnans and A. Shapiro. Perturbation Analysis of Optimization Problems.
Springer Series in Operations Research. Springer, New York, 2000.

K.E. Brenan, S.L. Campbell, and L. R. Petzold. Numerical Solution of Initial-Value
Problems in Differential-Algebraic Equations, volume 14 of Classics in Applied Math-
ematics. SIAM, Philadelphia, 1996.

K. E. Brenan. Differential-algebraic equations issues in the direct transcription of path
constrained optimal control problems. Annals of Numerical Mathematics, 1:247-263,
1994.

K. E. Brenan and B. E. Engquist. Backward Differentiation Approximations of Nonlin-
ear Differential/Algebraic Systems. Mathematics of Computations, 51(184):659-676,
1988.

K.E. Brenan and L.R. Petzold. The numerical solution of higher index differen-
tial/algebraic equations by implicit methods. SSAM Journal on Numerical Analysis,
26(4):976-996, 1989.

P.N. Brown, A.C. Hindmarsh, and L.R. Petzold. Consistent initial condition cal-
culation for differential-algebraic systems. SAM Journal on Scientific Computing,
19(5):1495-1512, 1998.

A.E. Bryson and Y.-C. Ho. Applied Optimal Control. Hemisphere Publishing Corpora-
tion, Washington, 1975.

R. Bulirsch. Die Mehrzielmethode zur numerischen Ldsung von nichtlinearen Randw-
ertproblemen und Aufgaben der optimalen Steuerung. Report der Carl-Cranz-
Gesellschaft, 1971.

J. V. Burke and S. P. Han. A robust sequential quadratic programming method. Mathe-
matical Programming, 43:277-303, 1989.

C. Buskens. Optimierungsmethoden und Sensitivitdtsanalyse fur optimale Steuer-
prozesse mit Steuer- und Zustandsbeschrénkungen. PhD thesis, Fachbereich Mathe-
matik, Westfalische Wilhems-Universitat Minster, Miinster, Germany, 1998.

C. Biskens. Real-Time Solutions for Perturbed Optimal Control Problems by a Mixed
Open- and Closed-Loop Strategy. In M. Grétschel, S. O. Krumke, and J. Rambau, edi-
tors, Online Optimization of Large Scale Systems, pages 105-116. Springer, 2001.

C. Biiskens and M. Gerdts. Numerical Solution of Optimal Control Problems with
DAE Systems of Higher Index. In Optimalsteuerungsprobleme in der Luft- und Raum-
fahrt, Workshop in Greifswald des Sonderfor schungsbereichs 255: Transatmospérische
Flugsysteme, pages 27-38, Miinchen, 2000.

C. Buskens and M. Gerdts. Real-time Optimization of DAE Systems. In M. Grotschel,
S. 0. Krumke, and J. Rambau, editors, Online Optimization of Large Scale Systems,
pages 117-128. Springer, 2001.

C. Buskens and M. Gerdts. Emergency Landing of a Hypersonic Flight System: A Cor-
rector Iteration Method for Admissible Real-Time Optimal Control Approximations.
In Optimalsteuerungsprobleme in der Luft- und Raumfahrt, Workshop in Greifswald
des Sonderforschungsbereichs 255: Transatmospérische Flugsysteme, pages 51-60,
Minchen, 2003.



436

Bibliography

[47]

[48]

[49]

[50]

[51]

[52]

(53]

[54]

[55]

[56]

[57]

[58]

[59]

[60]

C. Buskens and H. Maurer. Sensitivity Analysis and Real-Time Control of Nonlinear
Optimal Control Systems via Nonlinear Programming Methods. Proceedings of the
12th Conference on Calculus of Variations, Optimal Control and Applications, Trassen-
heide, 1996.

C. Biiskens and H. Maurer. Sensitivity Analysis and Real-Time Control of Parametric
Optimal Control Problems Using Nonlinear Programming Methods. In M. Grétschel,
S. 0. Krumke, and J. Rambau, editors, Online Optimization of Large Scale Systems,
pages 56-68. Springer, 2001.

C. Buskens and H. Maurer. Sensitivity Analysis and Real-Time Optimization of Para-
metric Nonlinear Programming Problems. In M. Grotschel, S. O. Krumke, and J. Ram-
bau, editors, Online Optimization of Large Scale Systems, pages 3—-16. Springer, 2001.

S.L. Campbell. Least squares completions for nonlinear differential algebraic equa-
tions. Numerische Mathematik, 65(1):77-94, 1993.

S.L. Campbell and C. W. Gear. The index of general nonlinear DAEs. Numerische
Mathematik, 72:173-196, 1995.

S. L. Campbell and E. Griepentrog. Solvability of general differential algebraic equa-
tions. SSAM Journal on Scientific Computing, 16(2):257-270, 1995.

S. L. Campbell and R. Hollenbeck. Computational Differentiation: Techniques, Appli-
cations and Tools, chapter Automatic Differentiation and Implicit Differential Equa-
tions, pages 215-227. SIAM, Philadelphia, 1996.

S. L. Campbell, C.T. Kelley, and K. D. Yeomans. Consistent Initial Conditions for Un-
structured Higher Index DAEs: A Computational Study. In Computational Engineering
in Systems Applications, pages 416-421, France, 1996.

S.L. Campbell, E. Moore, and Y. Zhong. Constraint Preserving Integrators for Un-
structured Higher Index DAEs. Zeitschrift fir Angewandte Mathematik und Mechanik,
pages 251-254, 1996.

Y. Cao, S. Li, L.R. Petzold, and R. Serban. Adjoint sensitivity analysis for differential-
algebraic equations: The adjoint DAE system and its numerical solution. S AM Journal
on cientific Computing, 24(3):1076-1089, 2003.

M. Caracotsios and W. E. Stewart. Sensitivity analysis of initial-boundary-value prob-
lems with mixed PDEs and algebraic equations. Computers and chemical Engineering,
19(9):1019-1030, 1985.

X. Chen, Z. Nashed, and L. Qi. Smoothing methods and semismooth methods for non-
differentiable operator equations. SSAM Journal on Numerical Analysis, 38(4):1200-
1216, 2000.

F. L. Chernousko and A. A. Lyubushin. Method of successive approximations for solu-
tion of optimal control problems. Optimal Control Applications and Methods, 3:101-
114, 1982.

T.F. Coleman, B.S. Garbow, and J.J. Moré. Software for estimating sparse Hessian
matrices. ACM Transactions on Mathematical Software, 11:369-377, 1985.



Bibliography 437

[61]

[62]

[63]

[64]
[65]

[66]

(67]

[68]

[69]
[70]

[71]

[72]

[73]

[74]

[75]

[76]

A.R. Conn, N.I. Gould, and P.L. Toint. Trust-region methods. Philadelphia, SIAM,
Society for Industrial and Applied Mathematics; MPS, Mathematical Programming
Society, 2000.

C.F. Curtiss and J. O. Hirschfelder. Integration of stiff equations. Proceedings of the
National Academy of Sciences of the United States of America, 38:235-243, 1952.

M. de Pinho and R. B. Vinter. Necessary Conditions for Optimal Control Problems In-
volving Nonlinear Differential Algebraic Equations. Journal of Mathematical Analysis
and Applications, 212:493-516, 1997.

J.-P. Demailly. Gewohnliche Differential gleichungen. Vieweg, Braunschweig, 1991.

J.W. Demmel, S. C. Eisenstat, J. R. Gilbert, X. S. Li, and J. W. H. Liu. A supernodal ap-
proach to sparse partial pivoting. SAM J. Matrix Analysis and Applications, 20(3):720—
755, 1999.

P. Deuflhard. A modified Newton method for the solution of ill-conditioned systems
of nonlinear equations with apllication to multiple shooting. Numerische Mathematik,
22:289-315, 1974.

P. Deuflhard. A Stepsize Control for Continuation Methods and its Special Application
to Multiple Shooting Techniques. Numerische Mathematik, 33:115-146, 1979.

P. Deuflhard and F. Bornemann. Scientific Computing with Ordinary Differential Equa-
tions. volume 42 of Texts in Applied Mathematics, New York, 2002. Springer-Verlag
New York.

P. Deuflhard and A. Hohmann. Numerische Mathematik. de Gruyter, Berlin, 1991.

P. Deuflhard, H.J. Pesch, and P. Rentrop. A modified continuation method for the nu-
merical solution of nonlinear two-point boundary value problems by shooting tech-
niques. Numerische Mathematik, 26:327-343, 1976.

E. N. Devdariani and Y. S. Ledyaev. Maximum Principle for Implicit Control Systems.
Applied Mathematics and Optimization, 40:79-103, 1999.

M. Diehl. Real- Time Optimization for Large Scale Nonlinear Processes. PhD thesis,
Naturwissenschaftlich-Mathematische Gesamtfakultat, Universitat Heidelberg, Heidel-
berg, Germany, 2001.

M. Diehl, H.G. Bock, and J.P. Schldder. Newton-type methods for the approximate
solution of nonlinear programming problems in real-time. Boston, MA: Kluwer Aca-
demic Publishers, Applied Optimization, 82:177-200, 2003.

M. Diehl, H.G. Bock, and J.P. Schléder. A real-time iteration scheme for nonlinear
optimization in optimal feedback control. SSAM Journal on Control and Optimization,
43(5):1714-1736, 2005.

H.-J. Diekhoff, P. Lory, H.J. Oberle, H.-J. Pesch, P. Rentrop, and R. Seydel. Comparing
routines for the numerical solution of initial value problems of ordinary differential
equations in multiple shooting. Numerische Mathematik, 27:449-469, 1977.

A.L. Dontchev, W. W. Hager, and K. Malanowski. Error Bounds for Euler Approxi-
mation of a State and Control Constrained Optimal Control Problem. Numerical Func-
tional Analysis and Optimization, 21(5 & 6):653-682, 2000.



438

Bibliography

[77]

[78]

[79]

[80]

[81]

[82]

[83]

(84]

[85]

(86]

(87]

(88]

[89]

[90]

[91]

A.L. Dontchev, W.W. Hager, and V. M. Veliov. Second-Order Runge-Kutta Approxi-
mations in Control Constrained Optimal Control. S AM Journal on Numerical Analysis,
38(1):202-226, 2000.

A.J. Dubovitskii and A. A. Milyutin. Extremum problems in the presence of restric-
tions. U.SSR. Comput. Math. Math. Phys., 5(3):1-80, 1965.

A. J. Dubovitskij and A. A. Milyutin. Extremum problems with constraints. Sov. Math.,
Dokl., 4:452-455, 1963.

I.S. Duff and C. W. Gear. Computing the structural index. SSAM Journal on Algebraic
Discrete Methods, 7(4):594-603, 1986.

I.S. Duff, A. M. Erisman, and J. K. Reid. Direct methods for sparse matrices. Paper-
back ed. (with corrections). Oxford: Clarendon Press, 1989.

E. Eich. Convergence results for a coordinate projection method applied to mechanical
systems with algebraic constraints. SSAM Journal on Numerical Analysis, 30(5):1467-
1482, 1993.

G. Engl, A. Kroner, T. Kronseder, and O. von Stryk. Numerical Simulation and Optimal
Control of Air Separation Plants. In H.-J. Bungartz, F. Durst, and Chr. Zenger, editors,
High Performance Scientific and Engineering Computing, volume 8 of Lecture Notes
in Computational Science and Engineering, pages 221-231. Springer, 1999.

D. Estévez Schwarz. Consistent initialization for index-2 differential-algebraic
equations and its application to circuit simulation. PhD thesis, Mathematisch-
Naturwissenschaftliche Fakultat 11, Humboldt-Universitat Berlin, Berlin, Germany,
2000.

B. C. Fabien. Parameter optimization using the L, exact penalty function and strictly
convex quadratic programming problems. Applied Mathematics and Computation,
198(2):833-848, 2008.

B.C. Fabien. dsoa: the implementation of a dynamic system optimization algorithm.
Optimal Control Applications and Methods, 31(3):231-247, 2010.

W.F. Feehery and P. 1. Barton. A Differentiation-Based Approach to Dynamic Simu-
lation and Optimization with High-Index Differential-Algebraic Equations. In Martin
Berz, editor, Computational differentiation: techniques, applications, and tools, vol-
ume 25, pages 239-252, Philadelphia, 1996. SIAM.

W. F. Feehery, J. E. Tolsma, and P. I. Barton. Efficient sensitivity analysis of large-scale
differential-algebraic systems. Applied Numerical Mathematics, 25:41-54, 1997.

A. V. Fiacco. Introduction to Sensitivity and Stability Analysis in Nonlinear Program-
ming, volume 165 of Mathematics in Science and Engineering. Academic Press, New
York, 1983.

A.V. Fiacco and G.P. McCormick. Nonlinear Programming: Sequential Uncon-
strained Minimization Techniques, volume 4 of Classics In Applied Mathematics.
SIAM, Philadelphia, 1990.

R. Fletcher. An optimal positive definite update for sparse Hessian matrices. SAM
Journal on Optimization, 5(1):192-218, 1995.



Bibliography 439

[92]

(93]

[94]

[95]

[96]

[97]

(98]

[99]

[100]

[101]

[102]

[103]

[104]

[105]

[106]

R. Fletcher. Practical Methods of Optimization. John Wiley & Sons, Chichester—New
York—Brisbane—Toronto—Singapore, 2nd edition, 2003.

R. Fletcher and S. Leyffer. Nonlinear programming without a penalty function. Mathe-
matical Programming, 91A(2):239-269, 2002.

R. Fletcher, S. Leyffer, and P. Toint. On the global convergence of a filter-sqp algorithm.
SIAM Journal on Optimization, 13(1):44-59, 2002.

R. Fletcher, A. Grothey, and S. Leyffer. Computing sparse Hessian and Jacobian ap-
proximations with optimal hereditary properties. Biegler, Lorenz T. (ed.) et al., Large-
scale optimization with applications. Part 2: Optimal design and control. Proceedings
of a 3-week workshop, July 10-28, 1995, IMA, University of Minnesota, Minneapolis,
MN, USA. New York, NY: Springer. IMA Vol. Math. Appl. 93, 37-52, 1997.

C. Fuhrer. Differential-algebraische Gleichungssysteme in mechanischen Mehrkorper-
systemen: Theorie, numerische Ansatze und Anwendungen. PhD thesis, Fakultét fur
Mathematik und Informatik, Technische Universitdt Miinchen, Miinchen, Germany,
1988.

C. Fuhrer and B. J. Leimkuhler. Numerical solution of differential-algebraic equations
for constraint mechanical motion. Numerische Mathematik, 59:55-69, 1991.

C.W. Gear. The automatic integration of stiff ordinary differential equations. In In-
formation Processing 68: Proc. IFIP Congress Edinburgh, pages 187-193. North-
Holland, 1969.

C.W. Gear. Simultaneous Numerical Solution of Differential-Algebraic Equations.
|EEE Transactions on Circuit Theory, 18(1):89-95, 1971.

C.W. Gear. Differential-algebraic equation index transformations. SSAM Journal on
Scientific and Satistical Computing, 9:39-47, 1988.

C. W. Gear. Differential algebraic equations, indices, and integral algebraic equations.
SIAM Journal on Numerical Analysis, 27(6):1527-1534, 1990.

C. W. Gear, B. Leimkuhler, and G. K. Gupta. Automatic integration of Euler-Lagrange
equations with constraints. Journal of Computational and Applied Mathematics,
12/13:77-90, 1985.

C.W. Gear and L. R. Petzold. ODE methods for the solution of differential/algebraic
systems. SSAM Journal on Numerical Analysis, 21(4):716-728, 1984.

C. Geiger and C. Kanzow. Numerische Verfahren zur Losung unrestringierter Opti-
mierungsaufgaben. Springer, Berlin-Heidelberg-New York, 1999.

C. Geiger and C. Kanzow. Theorie und Numerik restringierter Optimierungsaufgaben.
Springer, Berlin-Heidelberg-New York, 2002.

M. Gerdts. Numerische Methoden optimaler Steuerprozesse mit differential-
algebraischen Gleichungssystemen hoheren Indexes und ihre Anwendungen in der
Kraftfahrzeugsimulation und Mechanik. volume 61 of Bayreuther Mathematische
Schriften, Bayreuth, 2001.



440

Bibliography

[107]

[108]

[109]

[110]

[111]

[112]

[113]

[114]

[115]

[116]

[117]

[118]

[119]

[120]

M. Gerdts. Direct Shooting Method for the Numerical Solution of Higher Index
DAE Optimal Control Problems. Journal of Optimization Theory and Applications,
117(2):267-294, 2003.

M. Gerdts. A Moving Horizon Technique for the Simulation of Automobile Test-
Drives. ZAMM, 83(3):147-162, 2003.

M. Gerdts. Optimal control and real-time optimization of mechanical multi-body sys-
tems. ZAMM, 83(10):705-719, 2003.

M. Gerdts. Parameter Optimization in Mechanical Multibody Systems and Linearized
Runge-Kutta Methods. In A. Buikis, R. Ciegis, and A.D. Flitt, editors, Progress in
Industrial Mathematics at ECMI 2002, volume 5 of Mathematics in Industry, pages
121-126. Springer, 2004,

M. Gerdts. Gradient evaluation in dae optimal control problems by sensitivity equations
and adjoint equations. PAMM, 5(1):43-46, 2005.

M. Gerdts. Local minimum principle for optimal control problems subject to index one
differential-algebraic equations. Technical report, Department of Mathematics, Uni-
versity of Hamburg, http://www.unibw.de/lrt1/gerdts/forschung/publikationen/report_
index1.pdf, 2005.

M. Gerdts. On the Convergence of Linearized Implicit Runge—Kutta Methods and their
Use in Parameter Optimization. Mathematica Balkanica (New Series), 19:75-83, 2005.

M. Gerdts. Solving Mixed-Integer Optimal Control Problems by Branch&Bound: A
Case Study from Automobile Test-Driving with Gear Shift. Optimal Control, Applica-
tions and Methods, 26(1):1-18, 2005.

M. Gerdts. Local minimum principle for optimal control problems subject to index-
two differential-algebraic equations. Journal of Optimization Theory and Applications,
130(3):443-462, 2006.

M. Gerdts. A variable time transformation method for mixed-integer optimal control
problems. Optimal Control, Applications and Methods, 27(3):169-182, 2006.

M. Gerdts. OC-ODE - Optimal Control of Ordinary Differential Equations: User’s
guide. Technical report, Institute of Mathematics and Applied Computing, Department
of Aerospace Engineering, Universitat der Bundeswehr Minchen, 2011.

M. Gerdts and C. Buskens. Consistent Initialization of Sensitivity Matrices for a Class
of Parametric DAE Systems. BIT Numerical Mathematics, 42(4):796-813, 2002.

M. Gerdts and J. Chen. Numerical solution of control-state constrained optimal con-
trol problems with an inexact smoothing Newton method. IMA Journal of Numerical
Analysis, doi: 10.1093/imanum/drq023, 2011.

M. Gerdts, G. Greif and H. J. Pesch. Numerical optimal control of the wave equation:
optimal boundary control of a string to rest in finite time. Mathematics and Computers
in Smulation, 79 (4):1020-1032, 2008.



Bibliography 441

[121]

[122]

[123]

[124]

[125]

[126]

[127]

[128]

[129]

[130]

[131]

[132]

[133]

[134]

[135]

[136]

M. Gerdts and B. Hupping. A linear-quadratic model-predictive controller for control
and state constrained nonlinear control problems. In M. Diehl, F. Glineur, E. Jarlebring,
W. Michiels, editors, Recent Trends in Optimization and its Applications in Engineer-
ing, pages 319-328, Berlin—Heidelberg, 2010. Springer.

M. Gerdts, S. Karrenberg, B. Muller-BeRler, and G. Stock. Generating locally optimal
trajectories for an automatically driven car. Optimization and Engineering, 10:439-463,
20009.

M. Gerdts and M. Kunkel. A nonsmooth Newton’s method for discretized optimal con-
trol problems with state and control constraints. Journal of Industrial and Management
Optimization, 4(2):247-270, 2008.

M. Gerdts and M. Kunkel. A globally convergent semi-smooth Newton method for
control-state constrained DAE optimal control problems. Computational Optimization
and Applications, 48(3):601-633, 2011.

M. Gerdts and F. Lempio. Mathematische Optimierungsverfahren des Operations Re-
search. De Gruyter. Berlin, 2011.

E. M. Gertz and S.J. Wright. Object-oriented software for quadratic programming.
ACM Transactions on Mathematical Software, 29(1):58-81, 2003.

P.E. Gill and W. Murray. Numerically stable methods for quadratic programming.
Mathematical Programming, 14:349-372, 1978.

P.E. Gill, W. Murray, M. A. Saunders, and M. H. Wright. Inertia-controlling methods
for general quadratic programming. SSAM Review, 33(1):1-36, 1991.

P.E. Gill, W. Murray, and M. A. Saunders. Large-scale SQP Methods and their Appli-
cation in Trajectory Optimization, volume 115 of International Series of Numerical
Mathematics, pages 29-42. Birkhduser, Basel, 1994.

P.E. Gill, W. Murray, and M. A. Saunders. Snopt: An SQP algorithm for large-scale
constrained optimization. SSAM Journal on Optimization, 12(4):979-1006, 2002.

P.E. Gill, W. Murray, M. A. Saunders, and M. H. Wright. User’s guide for NPSOL
5.0: A FORTRAN package for nonlinear programming. Technical Report NA 98-2,
Department of Mathematics, University of California, San Diego, California, 1998.

P.E. Gill, W. Murray, and M. H. Wright. Practical Optimization. Academic Press, Lon-
don, 1981.

I. V. Girsanov. Lectures on Mathematical Theory of Extremum Problems. volume 67 of
Lecture Notes in Economics and Mathematical Systems, Berlin-Heidelberg-New York,
1972. Springer.

D. Goldfarb and A. Idnani. A numerically stable dual method for solving strictly convex
quadratic programs. Mathematical Programming, 27:1-33, 1983.

M. Golomb and R. A. Tapia. The metric gradient in normed linear spaces. Numerische
Mathematik, 20:115-124, 1972.

V. Gopal and L. T. Biegler. A successive linear programming approach for initializa-
tion and reinitialization after discontinuities of differential-algebraic equations. SSAM
Journal on Scientific Computing, 20(2):447-467, 1998.



442

Bibliography

[137]

[138]

[139]

[140]

[141]

[142]

[143]

[144]

[145]

[146]

[147]

[148]

[149]

[150]

[151]

[152]

[153]

A. Gopfert and T. Riedrich. Funktionalanalysis. Teubner, Leipzig, 1980.

K. Graichen and N. Petit. Solving the Goddard problem with thrust and dynamic pres-
sure constraints using saturation functions. In Proceedings of the 17th IFAC World
Congress, Seoul, Korea, 14301-14306, 2008.

E. Griepentrog. Index Reduction Methods for Differential-Algebraic Equations. Semi-
narberichte Humboldt-Universitét Berlin, 92-1:14-29, 1992.

A. Griewank. Evaluating derivatives. Principles and techniques of algorithmic differ-
entiation, volume 19 of Frontiersin Applied Mathematics. SIAM, Philadelphia, 2000.

A. Griewank. A mathematical view of automatic differentiation. Acta Numerica,
12:321-398, 2003.

D. M. Gritsis, C.C. Pantelides, and R. W. H. Sargent. Optimal control of systems de-
scribed by index two differential-algebraic equations. SSAM Journal on cientific Com-
puting, 16(6):1349-1366, 1995.

L. Griine. An adaptive grid scheme for the discrete Hamilton—Jacobi—Bellman equation.
Numerische Mathematik, 75(3):319-337, 1997.

L. Griine and J. Pannek. Nonlinear model predictive control. Theory and algorithms.
London: Springer, 2011.

M. Gunther. Ladungsorientierte Rosenbrock—\Wanner-Methoden zur numerischen Sm-
ulation digitaler Schaltungen, volume 168 of VDI Fortschrittberichte Reihe 20: Rech-
nergestiitzte Verfahren. VVDI-Verlag, 1995.

W. W. Hager. Runge-Kutta methods in optimal control and the transformed adjoint
system. Numerische Mathematik, 87(2):247-282, 2000.

E. Hairer, C. Lubich, and M. Roche. Error of Rosenbrock methods for stiff problems
studied via differential algebraic equations. BIT, 29(1):77-90, 1989.

E. Hairer and G. Wanner. Solving ordinary differential equations Il: Siff and
differential-algebraic problems, volume 14. Springer Series in Computational Math-
ematics, Berlin-Heidelberg-New York, 2nd edition, 1996.

E. Hairer, C. Lubich, and M. Roche. The numerical solution of differential-algebraic
systems by Runge-Kutta methods. volume 1409 of Lecture Notes in Mathematics,
Berlin-Heidelberg-New York, 1989. Springer.

S.P. Han. A Globally Convergent Method for Nonlinear Programming. Journal of Op-
timization Theory and Applications, 22(3):297-309, 1977.

B. Hansen. Computing Consistent Initial Values for Nonlinear Index-2 Differential-
Algebraic Equations. Seminarberichte Humboldt-Universitat Berlin, 92-1:142-157,
1992.

C.R. Hargraves and S.W. Paris. Direct trajectory optimization using nonlinear pro-
gramming and collocation. Journal of Guidance, Control and Dynamics, 10:338-342,
1987.

R.F. Hartl, S.P. Sethi, and G. Vickson. A Survey of the Maximum Principles for Opti-
mal Control Problems with State Constraints. S AM Review, 37(2):181-218, 1995.



Bibliography 443

[154]

[155]

[156]

[157]

[158]

[159]

[160]

[161]

[162]

[163]

[164]

[165]

[166]

[167]

[168]

A. Heim. Parameteridentifizierung in differential-algebraischen Gleichungssystemen.
Master’s thesis, Mathematisches Institut, Technische Universitat Miinchen, Miinchen,
Germany, 1992.

H. Hermes and J. P. Lasalle. Functional Analysisand Time Optimal Control, volume 56
of Mathematics in Science and Engineering. Academic Press, New York, 1969.

M. R. Hestenes. Calculus of variations and optimal control theory. John Wiley & Sons,
New York, 1966.

P. Hiltmann, K. Chudej, and M. H. Breitner. Eine modifizierte Mehrzielmethode zur
Loésung von Mehrpunkt-Randwertproblemen. Technical Report 14, Sonderforschungs-
bereich 255 der Deutschen Forschungsgemeinschaft: Transatmosphérische Flugsys-
teme, Lehrstuhl fir Hohere und Numerische Mathematik, Technische Universitét
Minchen, 1993.

H. Hinsberger. Ein direktes Mehrziel verfahren zur Losung von Optimal steuer ungsprob-
lemen mit groRen, differential-algebraischen Gleichungssystemen und Anwendungen
aus der Verfahrenstechnik. PhD thesis, Institut flir Mathematik, Technische Universitét
Clausthal, Clausthal, Germany, 1997.

M. Hintermaller and M. Ulbrich. A mesh-independence result for semismooth newton
methods. Mathematical Programming, Series B, 101(1):151-184, 2004.

M. Hinze, R. Pinnau, M. Ulbrich, and S. Ulbrich. Optimization with PDE constraints.
Mathematical Modelling: Theory and Applications 23. Dordrecht: Springer. xi, 270 p.,
2009.

P. Howlett. Optimal Strategies for the Control of a Train. Automatica, 32(4):519-532,
1996.

A.D. loffe and V. M. Tihomirov. Theory of extremal problems. volume 6 of Studies
in Mathematics and its Applications, Amsterdam, New York, Oxford, 1979. North-
Holland Publishing Company.

K. Ito and K. Kunisch. Lagrange multiplier approach to variational problems and ap-
plications. Advances in Design and Control 15. Philadelphia, PA: Society for Industrial
and Applied Mathematics (SIAM), 2008.

D. H. Jacobson, M. M. Lele, and J. L. Speyer. New Necessary Conditions of Optimality
for Constrained Problems with State-Variable Inequality Constraints. Journal of Math-
ematical Analysis and Applications, 35:255-284, 1971.

L. Jay. Collocation methods for differential-algebraic equations of index 3. Numerische
Mathematik, 65:407-421, 1993.

L. Jay. Convergence of Runge—Kutta methods for differential-algebraic systems of in-
dex 3. Applied Numerical Mathematics, 17:97-118, 1995.

W. Kang, I. M. Ross, and Q. Gong. Pseudospectral optimal control and its convergence
theorems. Berlin: Springer, 2008.

E. Khmelnitsky. A combinatorial, graph-based solution method for a class of
continuous-time optimal control problems. Mathematics of Operations Research,
27(2):312-325, 2002.



444

Bibliography

[169]

[170]

[171]

[172]

[173]

[174]
[175]

[176]

[177]

[178]

[179]

[180]

[181]

[182]

[183]

M. Kiehl. Sensitivity Analysis of ODEs and DAEs — Theory and Implementation Guide.
Technische Universitat Minchen, TUM-M5004, 1998.

C. Kirches, S. Sager, H. G. Bock, and J. P. Schléder. Time-optimal control of automo-
bile test drives with gear shifts. Optimal Control Applications and Methods, 2010. DOI
10.1002/0ca.892.

A. Kirsch, W. Warth, and J. Werner. Notwendige Optimalitatsbedingungen und ihre
Anwendung. volume 152 of Lecture Notes in Economics and Mathematical Systems,
Berlin-Heidelberg-New York, 1978. Springer.

D. Klatte. Nonlinear optimization problems under data perturbations. volume 378
of Lecture Notes in Economics and Mathematical Systems, pages 204-235, Berlin-
Heidelberg-New York, 1990. Springer.

H. W. Knobloch. Das Pontryaginsche Maximumprinzip fir Probleme mit Zustands-
beschrankungen i und ii. Zeitschrift fir Angewandte Mathematik und Mechanik,
55:545-556, 621-634, 1975.

H. J. Kowalsky. Lineare Algebra. Walter de Gruyter & Co, Berlin, 4th edition, 1969.

D. Kraft. A Software Package for Sequential Quadratic Programming. DFVLR-FB-88-
28, Ober pfaffenhofen, 1988.

P. Krémer-Eis. Ein Mehrzielverfahren zur numerischen Berechnung optimaler
Feedback-Steuerungen bei beschrénkten nichtlinearen Steuerungsproblemen. volume
166 of Bonner Mathematische Schriften, Bonn, 1985.

E. Kreindler. Additional Necessary Conditions for Optimal Control with State-Variable
Inequality Constraints. Journal of Optimization Theory and Applications, 38(2):241-
250, 1982.

A. Kufner, J. Oldrich, and F. Svatopluk. Function Spaces. Noordhoff International Pub-
lishing, Leyden, 1977.

B. Kummer. Newton’s method for non-differentiable functions. In J. Guddat et al., edi-
tor, Advances in Mathematical Optimization, pages 171-194, Berlin, 1988. Akademie-
Verlag.

B. Kummer. Newton’s method based on generalized derivatives for nonsmooth func-
tions: convergence analysis. In W. Oettli and D. Pallaschke, editors, Advances in Opti-
mization, pages 171-194, Berlin, 1991. Springer.

P. Kunkel, V. Mehrmann, and R. Stdver. Symmetric collocation for unstructured
nonlinear differential-algebraic equations of arbitrary index. Numerische Mathematik,
98(2):277-304, 2004.

P. Kunkel, V. Mehrmann, and R. Stdver. Multiple shooting for unstructured nonlinear
differential-algebraic equations of arbitrary index. SSAM Journal on Numerical Analy-
Sis, 42(6):2277-2297, 2005.

P. Kunkel and V. Mehrmann. A New Class of Discretization Methods for the Solution
of Linear Differential-Algebraic Equations with Variable Coefficients. SAM Journal
on Numerical Analysis, 33(5):1941-1961, 1996.



Bibliography 445

[184]

[185]

[186]

[187]

[188]

[189]

[190]

[191]

[192]

[193]

[194]

[195]

[196]

[197]

[198]

P. Kunkel and V. Mehrmann. The linear quadratic optimal control problem for linear
descriptor systems with variable coefficients. Mathematics of Control, Sgnals, and
Systems, 10(3):247-264, 1997.

P. Kunkel and V. Mehrmann. Differential-algebraic equations. Analysis and numerical
solution. Zirich: European Mathematical Society Publishing House, 2006.

P. Kunkel and V. Mehrmann. Optimal control for unstructured nonlinear differential-
algebraic equations of arbitrary index. Mathematics of Control, Sgnals, and Systems,
20(3):227-269, 2008.

P. Kunkel and R. Stéver. Symmetric collocation methods for linear differential-
algebraic boundary value problems. Numerische Mathematik, 91(3):475-501, 2002.

S. Kurcyusz. On the Existence and Nonexistence of Lagrange Multipliers in Banach
Spaces. Journal of Optimization Theory and Applications, 20(1):81-110, 1976.

G.A. Kurina and R. Mérz. On linear-quadratic optimal control problems for time-
varying descriptor systems. SSAM Journal on Control and Optimization, 42(6):2062—
2077, 2004.

G. A. Kurina and R. Mérz. Feedback solutions of optimal control problems with DAE
constraints. SAM Journal on Control and Optimization, 46(4):1277-1298, 2007.

R. Lamour. A well-posed shooting method for transferable DAE’s. Numerische Mathe-
matik, 59(8):815-830, 1991.

R. Lamour. A shooting method for fully implicit index-2 differential algebraic equa-
tions. SSAM Journal on Scientific Computing, 18(1):94-114, 1997.

J. Laurent-Varin, F. Bonnans, N. Berend, C. Talbot, and M. Haddou. On the refinement
of discretization for optimal control problems. IFAC Symposium on Automatic Control
in Aerospace, . Petersburg, 2004.

H.W.J. Lee, K.L. Teo, and X.Q. Cai. An Optimal Control Approach to Nonlinear
Mixed Integer Programming Problems. Computers & Mathematics with Applications,
36(3):87-105, 1998.

H.W.J. Lee, K. L. Teo, V. Rehbock, and L. S. Jennings. Control parameterization en-
hancing technique for time optimal control problems. Dynamic Systems and Applica-
tions, 6(2):243-262, 1997.

H.W.J. Lee, K.L. Teo, V. Rehbock, and L.S. Jennings. Control parametriza-
tion enhancing technique for optimal discrete-valued control problems. Automatica,
35(8):1401-1407, 1999.

B. Leimkuhler, Linda R. Petzold, and C. W. Gear. Approximation methods for the con-
sistent initialization of differential-algebraic equations. SAM Journal on Numerical
Analysis, 28(1):205-226, 1991.

D.B. Leineweber. Analyse und Restrukturierung eines Verfahrens zur direkten Lo-
sung von Optimal-Steuerungsproblemen. Master’s thesis, Interdisziplindres Zentrum
fir Wissenschaftliches Rechnen, Universitéat Heidelberg, Heidelberg, Germany, 1995.



446

Bibliography

[199]

[200]

[201]

[202]

[203]

[204]

[205]

[206]

[207]

[208]

[209]

[210]

[211]

[212]

[213]

[214]

[215]

F. Lempio. Lineare Optimierung in unendlichdimensionalen Vektorrdumen. Comput-
ing, 8:284-290, 1971.

F. Lempio. Separation und Optimierung in linearen R&umen. PhD thesis, Universitat
Hamburg, Hamburg, Germany, 1971.

F. Lempio. Tangentialmannigfaltigkeiten und infinite Optimierung. Habilitationsschrift,
Universitat Hamburg, Hamburg, 1972.

F. Lempio. Eine Verallgemeinerung des Satzes von Fritz John. Operations Research-
Verfahren, 17:239-247, 1973.

F. Lempio and H. Maurer. Differential stability in infinite-dimensional nonlinear pro-
gramming. Applied Mathematics and Optimization, 6:139-152, 1980.

W. Lindorfer and H. G. Moyer. Application of a Low Thrust Trajectory Optimization
Scheme to Planar Earth-Mars Transfer. ARS Journal, 32:160-262, 1962.

L. A. Ljusternik and W.I. Sobolew. Elemente der Funktionalanalysis. Verlag Harri
Deutsch, Zurich-Frankfurt/Main-Thun, 1976.

A. Locatelli. Optimal control: Anintroduction. Basel: Birkhduser, 2001.

P. Lotstedt and L. R. Petzold. Numerical Solution of Nonlinear Differential Equations
with Algebraic Constraints i: Convergence Results for Backward Differentiation For-
mulas. Mathematics of Computation, 46:491-516, 1986.

D. G. Luenberger. Optimization by Vector Space Methods. John Wiley & Sons, New
York-London-Sydney-Toronto, 1969.

K. C.P. Machielsen. Numerical Solution of Optimal Control Problems with State Con-
straints by Sequential Quadratic Programming in Function Space. Volume 53 of CWI
Tract, Centrum voor Wiskunde en Informatica, Amsterdam, 1988.

K. Malanowski. Sufficient Optimality Conditions for Optimal Control subject to State
Constraints. S/AM Journal on Control and Optimization, 35(1):205-227, 1997.

K. Malanowski. On normality of Lagrange multipliers for state constrained optimal
control problems. Optimization, 52(1):75-91, 2003.

K. Malanowski, H. Maurer, and S. Pickenhain. Second-order Sufficient Conditions for
State-constrained Optimal Control Problems. Journal of Optimization Theory and Ap-
plications, 123(3):595-617, 2004.

K. Malanowski and H. Maurer. Sensitivity analysis for parametric control problems
with control-state constraints. Computational Optimization and Applications, 5(3):253-
283, 1996.

K. Malanowski and H. Maurer. Sensitivity analysis for state constrained optimal control
problems. Discrete and Continuous Dynamical Systems, 4(2):3-14, 1998.

K. Malanowski and H. Maurer. Sensitivity analysis for optimal control problems sub-
ject to higher order state constraints. Annals of Operations Research, 101:43-73, 2001.



Bibliography 447

[216]

[217]

[218]

[219]

[220]

[221]

[222]

[223]

[224]

[225]

[226]

[227]

[228]

[229]

[230]

K. Malanowski, C. Biiskens, and H. Maurer. Convergence of Approximations to Non-
linear Optimal Control Problems. In Anthony Fiacco, editor, Mathematical program-
ming with data perturbations, volume 195, pages 253-284. Dekker. Lecture Notes in
Pure and Applied Mathematics, 1997.

T. Maly and L. R. Petzold. Numerical Methods and Software for Sensitivity Analysis of
Differential-Algebraic Systems. Applied Numerical Mathematics, 20(1):57-79, 1996.

R. Marz. Fine decouplings of regular differential algebraic equations. Results in Math-
ematics, 45(1-2):88-105, 2004.

R. Mérz. On linear differential-algebraic equations and linerizations. Applied Numeri-
cal Mathematics, 18(1):267-292, 1995.

R. Mérz. Criteria of the trivial solution of differential algebraic equations with small
nonlinearities to be asymptotically stable. Journal of Mathematical Analysis and Appli-
cations, 225(2):587-607, 1998.

R. Marz. EXTRA-ordinary differential equations: Attempts to an analysis of
differential-algebraic systems. In A. Balog, editor, European congress of mathematics,
volume 1 of Prog. Math. 168, pages 313-334, Basel, 1998. Birkhauser.

R. Mérz and C. Tischendorf. Recent results in solving index-2 differential-algebraic
equations in circuit simulation. SSAM Journal on Scientific Computing, 18(1):139-159,
1997.

H. Maurer and H. J. Oberle. Second order sufficient conditions for optimal control prob-
lems with free final time: The Riccati approach. S AM Journal on Control Optimization,
41(2):380-403, 2002.

H. Maurer and S. Pickenhain. Second-order Sufficient Conditions for Control Prob-
lems with Mixed Control-state Constraints. Journal of Optimization Theory and Appli-
cations, 86(3):649-667, 1995.

H. Maurer and J. Zowe. First and Second-Order Necessary and Sufficient Optimality
Conditions for Infinite-Dimensional Programming Problems. Mathematical Program-
ming, 16:98-110, 1979.

H. Maurer. On Optimal Control Problems with Boundary State Variables and Control
Appearing Linearly. SSAM Journal on Control and Optimization, 15(3):345-362, 1977.

H. Maurer. On the Minimum Principle for Optimal Control Problems with State Con-
straints. Schriftenreihe des Rechenzentrums der Universitét Minster, 41, 1979.

H. Maurer. First and Second Order Sufficient Optimality Conditions in Mathematical
Programming and Optimal Control. Mathematical Programming Study, 14:163-177,
1981.

H. Maurer and D. Augustin. Sensitivity Analysis and Real-Time Control of Paramet-
ric Optimal Control Problems Using Boundary Value Methods. In M. Grétschel, S. O.
Krumke, and J. Rambau, editors, Online Optimization of Large Scale Systems, pages
17-55. Springer, 2001.

H. Maurer and H. J. Pesch. Solution differentiability for nonlinear parametric control
problems. S/ AM Journal on Control and Optimization, 32(6):1542-1554, 1994,



448

Bibliography

[231]

[232]

[233]

[234]

[235]

[236]

[237]

[238]

[239]

[240]

[241]

[242]

[243]

[244]

[245]

H. Maurer and H. J. Pesch. Solution differentiability for parametric nonlinear control
problems with control-state constraints. Control and Cybernetics, 23(1-2):201-227,
1994,

H. Maurer and H. J. Pesch. Solution differentiability for parametric nonlinear control
problems with control-state constraints. Journal of Optimization Theory and Applica-
tions, 86(2):285-309, 1995.

R. Mayr. Verfahren zur Bahnfolgeregelung fur ein automatisch gefiihrtes Fahrzeug.
PhD thesis, Fakultét flr Elektrotechnik, Universitat Dortmund, Dortmund, Germany,
1991.

M. Mayrhofer and G. Sachs. Notflugbahnen eines zweistufigen Hyperschall-
Flugsystems ausgehend vom Trennmandver. Seminarbericht des Sonderforschungs-
bereichs 255: Transatmospharische Flugsysteme, TU Miinchen, pages 109-118, 1996.

V. Mehrmann. Existence, uniqueness, and stability of solutions to singular linear
quadratic optimal control problems. Linear Algebra and Applications, 121:291-331,
1989.

V. Mehrmann. The autonomous linear quadratic control problem. theory and numerical
solution. volume 163 of Lecture Notes in Control and Information Sciences, Berlin,
1991. Springer.

M. Mitschke. Dynamik der Kraftfahrzeuge, Band C: Fahrverhalten. Springer, Berlin-
Heidelberg-New York, 2 edition, 1990.

T. Moder. Optimale Steuerung eines KFZ im fahrdynamischen Grenzbereich. Master’s
thesis, Mathematisches Institut, Technische Universitat Minchen, Minchen, Germany,
1994,

B. S. Mordukhovich. An approximate maximum principle for finite-difference control
systems. U.SSR. Computational Mathematics and Mathematical Physics, 28(1):106—
114, 1988.

P.C. Miiller. Optimal control of proper and nonproper descriptor systems. Archive of
Applied Mechanics, 72:875-884, 2003.

I.P. Natanson. Theorie der Funktionen einer reellen Veranderlichen. Verlag Harri
Deutsch, Zurich-Frankfurt-Thun, 1975.

M. Neculau. Modellierung des Fahrverhaltens: Informationsaufnahme, Regel- und
Seuerstrategien in Experiment und Smulation. PhD thesis, Fachbereich 12: Verkehr-
swesen, Technische Universitat Berlin, Berlin, Germany, 1992.

K. Neumann and M. Morlock. Operations Research. Carl Hanser Verlag, Miinchen
Wien, 2002.

L. W. Neustadt. Optimization: A Theory of Necessary Conditions. Princeton, New Jer-
sey, 1976.

J. Nocedal and S.J. Wright. Numerical optimization. Springer Series in Operations
Research, New York, 1999.



Bibliography 449

[246]

[247]

[248]

[249]

[250]

[251]

[252]

[253]

[254]

[255]

[256]

[257]

[258]

[259]

[260]

[261]

H.J. Oberle and W. Grimm. Bndsco — A Program for the Numerical Solution of Op-
timal Control Problems. Technical Report Reihe B, Bericht 36, Hamburger Beitrage
zur Angewandten Mathematik, Department of Mathematics, University of Hamburg,
http://www.math.uni-hamburg.de/home/oberle/software.html, 2001.

H.J. Oberle. Numerical solution of minimax optimal control problems by multiple
shooting technique. Journal of Optimization Theory and Applications, 50:331-357,
1986.

H. B. Pacejka and E. Bakker. The Magic Formula Tyre Model. Vehicle System Dynam-
ics, 21 supplement:1-18, 1993.

C. C. Pantelides. The consistent initialization of differential-algebraic systems. SSAM
Journal on Scientific and Statistical Computing, 9(2), 1988.

P. Pedregal and J. Tiago. Existence results for optimal control problems with some
special nonlinear dependence on state and control. SAM Journal on Control and Opti-
mization, 48(2):415-437, 2009.

H. J. Pesch. SchlUisseltechnologie Mathematik: Einblicke in aktuelle Anwendungen der
Mathematik. B. G. Teubner, Stuttgart — Leipzig — Wiesbaden, 2002.

H.J. Pesch. Numerische Berechnung optimaler Flugbahnkorrekturen in Echtzeit-
Rechnung. PhD thesis, Institut fiir Mathematik, Technische Universitat Munchen,
Miinchen, Germany, 1978.

H. J. Pesch. Numerical computation of neighboring optimum feedback control schemes
in real-time. Applied Mathematics and Optimization, 5:231-252, 1979.

H.J. Pesch. Real-time computation of feedback controls for constrained optimal con-
trol problems. i: Neighbouring extremals. Optimal Control Applications and Methods,
10(2):129-145, 1989.

H.J. Pesch. Real-time computation of feedback controls for constrained optimal con-
trol problems. ii: A correction method based on multiple shooting. Optimal Control
Applications and Methods, 10(2):147-171, 1989.

H.J. Pesch and R. Bulirsch. The Maximum Principle, Bellman’s Equation and
Caratheodory’s Work. Journal of Optimization Theory and Applications, 80(2):199-
225, 1994.

L.R. Petzold. A description of DASSL: a differential/algebraic system solver. Rep.
Sand 82-8637, Sandia National Laboratory, Livermore, 1982.

L. R. Petzold. Differential/algebraic equations are not ODE’s. SSAM Journal on Scien-
tific and Statistical Computing, 3(3):367-384, 1982.

L. R. Petzold. Recent developments in the numerical solution of differential/algebraic
systems. Computer Methods in Applied Mechanics and Engineering, 75:77-89, 1989.

E. Polak. An historical survey of computational methods in optimal control. SAM Re-
view, 15(2):553-584, 1973.

L.S. Pontryagin, V. G. Boltyanskij, R. V. Gamkrelidze, and E. F. Mishchenko. Mathe-
matische Theorie optimaler Prozesse. Oldenbourg, Miinchen, 1964.



450

Bibliography

[262]

[263]

[264]

[265]

[266]

[267]

[268]

[269]

[270]

[271]
[272]

[273]

[274]

[275]
[276]

[277]

M. J. D. Powell. A fast algorithm for nonlinearily constrained optimization calculation.
In G.A. Watson, editor, Numerical Analysis, volume 630 of Lecture Notes in Mathe-
matics, Springer, Berlin-Heidelberg-New York, 1978.

R. Pytlak. Runge-Kutta Based Procedure for the Optimal Control of Differential-
Algebraic Equations. Journal of Optimization Theory and Applications, 97(3):675-705,
1998.

L. Qi. Convergence analysis of some algorithms for solving nonsmooth equations.
Mathematics of Operations Research, 18(1):227-244, 1993.

L. Qi and J. Sun. A nonsmooth version of Newton’s method. Mathematical Program-
ming, 58(3):353-367, 1993.

P. Rentrop, M. Roche, and G. Steinebach. The application of Rosenbrock—\Wanner type
methods with stepsize control in differential-algebraic equations. Numerische Mathe-
matik, 55(5):545-563, 1989.

F. Riesz and B. Sz.-Nagy. Functional Analysis. Dover Publications Inc., New York,
1990. originally published by Frederick Ungar Publishing Co., 1955.

H.-J. Risse. Das Fahrverhalten bei normaler Fahrzeugfiihrung, volume 160 of VDI
Fortschrittberichte Reihe 12: Verkehrstechnik/Fahrzeugtechnik. VDI-Verlag, 1991.

S. M. Robinson. Stability Theory for Systems of Inequalities, Part Il: Differentiable
Nonlinear Systems. SAM Journal on Numerical Analysis, 13(4):487-513, 1976.

M. Roche. Rosenbrock methods for differential algebraic equations. Numerische Math-
ematik, 52(1):45-63, 1988.

R. T. Rockafellar. Convex Analysis. Princeton University Press, New Jersey, 1970.

I. M. Ross and F. Fahroo. Legendre pseudospectral approximations of optimal control
problems. In W. Kang et al., editors, New trends in nonlinear dynamics and control, and
their applications, volume 295 of Lecture Notes in Control and Information Sciences,
Springer, Berlin, 2003.

T. Roubicek and M. Valasek. Optimal control of causal differential-algebraic systems.
Journal of Mathematical Analysis and Applications, 269(2):616-641, 2002.

Y. Saad. Iterative methods for sparse linear systems. PWS Publishing Co., Boston,
1996.

S. Sager. MIOCP benchmark site. http://mintoc.de

S. Sager. Reformulations and algorithms for the optimization of switching decisions in
nonlinear optimal control. Journal of Process Control, 19(8):1238-1247, 2009.

S. Sager, H. G. Bock, M. Diehl, G. Reinelt, and J. P. Schléder. Numerical methods for
optimal control with binary control functions applied to a Lotka-Volterra type fishing
problem. In A. Seeger, editor, Recent Advances in Optimization (Proceedings of the
12th French-German-Spanish Conference on Optimization), volume 563 of Lectures
Notes in Economics and Mathematical Systems, pages 269-289, Springer, Heidelberg,
2006.



Bibliography 451

[278]

[279]

[280]

[281]

[282]

[283]

[284]

[285]

[286]

[287]

[288]

[289]

[290]

[291]

S. Sager, C. Kirches, and H. G. Bock. Fast solution of periodic optimal control prob-
lems in automobile test-driving with gear shifts. In Proceedings of the 47th IEEE Con-
ference on Decision and Control (CDC 2008), Cancun, Mexico, pages 1563-1568,
2008.

S. Sager. Numerical methods for mixed-integer optimal control problems. PhD thesis,
Naturwissenschaftlich-Mathematische Gesamtfakultat, Universitat Heidelberg, Heidel-
berg, Germany, 2006.

S. Sager, H. G. Bock, and G. Reinelt. Direct methods with maximal lower bound for
mixed-integer optimal control problems. Mathematical Programming (A), 118(1):109—
149, 20009.

O. Schenk, A. Wachter, and M. Hagemann. Matching-based preprocessing algorithms
to the solution of saddle-point problems in large-scale nonconvex interior-point opti-
mization. Journal of Computational Optimization and Applications, 36(2-3):321-341,
2007.

O. Schenk and K. Gartner. Solving unsymmetric sparse systems of linear equations
with pardiso. Future Generation Computer Systems, 20(3):475 — 487, 2004.

O. Schenk and K. Gértner. On fast factorization pivoting methods for symmetric indef-
inite systems. Electronic Transactions on Numerical Analysis, 23:158 — 179, 2006.

O. Schenk, A. Wéchter, and M. Weiser. Inertia-revealing preconditioning for large-
scale nonconvex constrained optimization. SAM Journal on Scientific Computing,
31(2):939-960, 2008.

K. Schittkowski. The Nonlinear Programming Method of Wilson, Han, and Powell with
an Augmented Lagrangean Type Line Search Function. Part 1: Convergence Analy-
sis, Part 2: An Efficient Implementation with Linear Least Squares Subproblems. Nu-
merische Mathematik, 383:83-114, 115-127, 1981.

K. Schittkowski. On the Convergence of a Sequential Quadratic Programming Method
with an Augmented Lagrangean Line Search Function. Mathematische Operations-
forschung und Statistik, Series Optimization, 14(2):197-216, 1983.

K. Schittkowski. NLPQL: A Fortran subroutine for solving constrained nonlinear pro-
gramming problems. Annals of Operations Research, 5:484-500, 1985.

V. H. Schulz. Reduced SQP Methods for Large-Scale Optimal Control Problems in
DAE with Application to Path Planning Problems for Satellite Mounted Robots. PhD
thesis, Interdisziplindres Zentrum fiir Wissenschaftliches Rechnen, Universitat Heidel-
berg, Heidelberg, Germany, 1996.

V. H. Schulz, H. Georg Bock, and M. C. Steinbach. Exploiting invariants in the nu-
merical solution of multipoint boundary value problems for DAE. SSAM Journal on
Scientific Computing, 19(2):440-467, 1998.

A. Siburian. Numerical Methods for Robust, Singular and Discrete Valued Optimal
Control Problems. PhD thesis, Curtin University of Technology, Perth, Australia, 2004.

A. Siburian and V. Rehbock. Numerical procedure for solving a class of singular opti-
mal control problems. Optimization Methods and Software, 19(3-4):413-426, 2004.



452

Bibliography

[292]

[293]

[294]

[295]

[296]

[297]

[298]

[299]

[300]

[301]

[302]

[303]

[304]

[305]

[306]

B. Simeon. Numerische Integration mechanischer Mehrkorpersysteme: Projizierende
Deskriptorformen, Algorithmen und Rechenprogramme, volume 130 of VDI Fortschrit-
tberichte Reihe 20: Rechnergestutzte Verfahren. VDI-Verlag, 1994.

E. Sontag. Mathematical Control Theory — Deterministic Finite Dimensional Systems.
volume 6 of Texts in Applied Mathematics, New York, 1998. Springer-Verlag New
York.

P. Spellucci. Numerische Verfahren der nichtlinearen Optimierung. Birkhduser, Basel,
1993.

M. C. Steinbach. Fast Recursive SQP Methods for Large-Scale Optimal Control Prob-
lems. PhD thesis, Interdisziplindres Zentrum flir Wissenschaftliches Rechnen, Univer-
sitt Heidelberg, Heidelberg, Germany, 1995.

H.J. Stetter. Analysis of Discretization Methods for Ordinary Differential Equations.
volume 23 of Springer Tracts in Natural Philosophy. Springer-Verlag Berlin Heidel-
berg New York, 1973.

J. Stoer. Principles of sequential quadratic programming methods for solving nonlinear
programs. In K Schittkowski, editor, Computational Mathematical Programming, vol-
ume F15 of NATO ASl Series, pages 165-207, Springer, Berlin-Heidelberg-New York,
1985.

J. Stoer and R. Bulirsch. Numerische Mathematik I1. Springer, Berlin-Heidelberg-New
York, 3rd edition, 1990.

R. Stover. Collocation methods for solving linear differential-algebraic boundary value
problems. Numerische Mathematik, 88(4):771-795, 2001.

K. Strehmel and R. Weiner. Numerik gewohnlicher Differentialgleichungen. Teubner,
Stuttgart, 1995.

K. L. Teo and C.J. Goh. MISER: An optimal control software. Applied Research Cor-
poration, National University of Singapore, Kent Ridge, Singapore, 1987.

K.L. Teo, L.S. Jennings, H. W.J. Lee, and V. Rehbock. The control parameterization
enhancing transform for constrained optimal control problems. Journal of the Aus-
tralian Mathematics Society, 40(3):314-335, 1999.

F. Tréltzsch. Optimale Seuerung partieller Differentialgleichungen. Vieweg, Wies-
baden, 2005.

M. Ulbrich. Semismooth newton methods for operator equations in function spaces.
S AM Journal on Optimization, 13(3):805-841, 2003.

M. Ulbrich. Nonsmooth Newton-like Methods for Variational Inequalities and Con-
strained Optimization Problemsin Function Spaces. Habilitation, Technical University
of Munich, Munich, 2002.

R.J. Vanderbei. Linear programming. Foundations and extensions. volume 37 of In-
ternational Series in Operations Research & Management Science, Dordrecht, 2001.
Kluwer Academic Publishers.



Bibliography 453

[307]

[308]

[309]

[310]

[311]
[312]
[313]

[314]

[315]

[316]
[317]

V. C. Vassiliades, R. W. H. Sargent, and C. C. Pantelides. Solution of a class of multi-
stage dynamic optimization problems. 2. Problems with path constraints. Industrial &
Engineering Chemistry Research, 33:2123-2133, 1994.

T. von Heydenaber. Simulation der Fahrdynamik von Kraftfahrzeugen. Master’s thesis,
Institut fur Mathematik, Technische Universitat Mlnchen, Germany, 1980.

R. von Schwerin and H. Georg Bock. A Runge—Kutta starter for a multistep method
for differential-algebraic systems with discontinuous effects. Applied Numerical Math-
ematics, 18:337-350, 1995.

O. von Stryk. Numerische Ldsung optimaler Steuerungsprobleme: Diskretisierung, Pa-
rameteroptimierung und Berechnung der adjungierten Variablen, volume 441 of VDI
Fortschrittberichte Reihe 8: Mef3-, Steuerungs- und Regeleungstechnik. VVDI-Verlag,
1994,

D. Werner. Funktionalanalysis. Springer, Berlin-Heidelberg-New York, 1995.
D. V. Widder. The Laplace Transform. Princeton University Press, Princeton, 1946.

W. L. Winston. Operations Research: Applications and Algorithms. Brooks/Cole-
Thomson Learning, Belmont, 4th edition, 2004.

V.M. Zavala and L. T. Biegler. The advanced-step NMPC controller: Optimality, sta-
bility and robustness. Automatica, 45(1):86-93, 2009.

V. Zeidan. The Riccati Equation for Optimal Control Problems with Mixed State-
Control Constraints: Necessity and Sufficiency. SAM Journal on Control and Opti-
mization, 32(5):1297-1321, 1994,

A. Zomotor. Fahrwerktechnik: Fahrverhalten. Vogel Buchverlag, Stuttgart, 1991.

J. Zowe and S. Kurcyusz. Regularity and Stability of the Mathematical Programming
Problem in Banach Spaces. Applied Mathematics and Optimization, 5:49-62, 1979.






| ndex

L,-spaces, 60
Wy, p-spaces, 62

absolutely continuous function, 61
active arc, 135
adjoint equation, 118, 134, 146, 149, 150,
248, 252, 348
discrete, 242, 257
adjoint operator, 55
admissible set, 75
affine hull, 85
affine set, 85
algebraic variable, 12
algorithm
automatic step-size selection, 190
dynamic programming, 381
explicit Euler method, 160
globalized Lagrange—Newton
method, 416
globalized SQP method, 233
gradient method, finite dimensional
problems, 395, 409
gradient method, infinite dimensional
problems, 400
implicit Euler method, 161, 162
Lagrange—Newton method, 228, 414
linear model-predictive control, 329
local SQP method, 231
method of Heun, 163
multiple shooting method, 206
nonlinear model-predictive control,
327
projection for consistent initial val-
ues, 192
real-time approximation for dis-
cretized optimal control problem,
305
real-time approximation for nonlin-
ear program, 301
single shooting method using projec-
tions, 197
augmented Hamilton function, 145

augmented Lagrange function, 232
autonomous problem, 15

B-spline, 222

Banach space, 54

bang-bang control, 352

Bellman’s optimality principle, 373, 377
boundary arc, 135

boundary condition, 15, 69
Branch&Bound, 361

codimension, 85, 93

compatibility assumption, 144
complementarity conditions, 91
complete controllability, 119

cone, 70

conic hull, 79

consistency of one-step method, 169
consistent initial value, 30
constraint on acceleration level, 33
constraint on position level, 33
constraint on velocity level, 33
constraint qualification, 95
constraint qualification of Abadie, 99
contact point, 135

control discretization, 217

control set constraint, 15

critical cone, 294

curse of dimensionality, 373

DAE initial value problem, 157

DAE optimal control problem with control
appearing linearly, 351

de Boor points, 224

defect, 85, 173

degree of nilpotency, 11

dense subset, 52

differential controller, 316

differential variable, 12

differentiation index, 17, 28

directional derivative, 57

discrete adjoint equation, 242, 257



456

Index

discrete complementarity conditions, 257

discrete Gronwall lemma, 174

discrete local minimum principle, 256

discrete optimality conditions, 257

discrete transversality conditions, 242,
257

discrete variation, 375

drift-off effect, 32

dual cone, 70

dual space, 55

dynamic programming method, 381

embedded Runge—Kutta method, 188
example
flight path optimization, 17
Goddard problem, 4
Lotka—\olterra fishing problem, 5
minimum energy, 2
pendulum problem, 15, 35
spline, 2
Stokes problem, 6, 21
explicit Euler method, 159

factor space, 93
feasible set, 75
feedback, 292
feedback control law, 321
first discretize, then optimize approach, 42
first optimize, then discretize approach, 43
first order necessary optimality conditions
for finite optimization problems,
92
first order necessary optimality conditions
for infinite optimization problems,
87
Fréchet-derivative, 57
free final time, 15
free initial time, 15
Fritz John conditions, 87, 92
Fritz John point, 91
full discretization approach, 218
fully discretized problem, 218
function of bounded variation, 64
function spaces
L ,-spaces, 60
Wy, p-spaces, 62
absolutely continuous functions, 61

bounded variation, 64
continuous functions, 63
functional, 55

Gateaux-derivative, 57
Gear-Gupta—Leimkuhler stabilization, 34
general DAE, 8
global error, 169
global minimum, 75
global minimum principle, 348
globalized Lagrange-Newton method,
416
globalized SQP method, 233
gradient
in Hilbert space, 397
of reduced functional, 400
gradient method, 395
reduced discretized problem, 407
reduced problem, 397
Gronwall lemma, 24

Hamilton function, 114

Hamilton function of autonomous prob-
lems, 350

Hamilton-Jacobi-Bellman equation, 390

Hessenberg DAE, 28

Heun’s method, 162

hidden constraints, 30

higher index DAE, 24

Hilbert space, 54

hyperplane, 84

implicit function theorem, 59

inactive arc, 135

index, 24

index of linear DAE, 11

index of matrix pair, 11

index set of active inequality constraints,
7

index-one assumption, 148

index-one DAE optimal control problem,
148

indirect approach, 43

infinite optimization problem, 72

inner product, 54

integral controller, 316

internal numerical differentiation, 240



Index

457

jump condition, 138
junction point, 135

Karush-Kuhn-Tucker (KKT) conditions,
91, 96

Karush—-Kuhn-Tucker (KKT) point, 91

Kronecker product, 181

Lagrange function, 92
Lagrange multiplier, 91
Lagrange—Newton method, 228, 414
line-search, 232
linear DAE boundary value problem, 418
linear independence constraint qualifica-
tion, 96
finite optimization problems, 99
linear model predictive control, 328
linear tracking problem, 329
linearizing cone, 81
local discretization error, 169
local Lipschitz continuity, 55
local minimum, 75
local minimum principle, 117, 134, 146,
149, 150
local SQP method, 231
local time horizon, 326
lower semi-continuity, 77

Mangasarian—-Fromowitz constraint quali-
fication, 97, 413
finite optimization problems, 98
infinite optimization problems, 97
mean-value theorem, 59
mean-value theorem for Riemann-
Stieltjes integrals, 67
mechanical multi-body systems, 32
merit function, 232
method of steepest descent, 395
metric, 53
metric space, 53
mixed control-state constraint, 14, 68
mixed-integer optimal control problem,
339, 360
multiple shooting method, 204, 206

negative halfspace, 84
nominal parameter, 293
non-autonomous problem, 15

nonlinear model-predictive control algo-
rithm, 327

norm, 53

normalized function of bounded variation,
64

objective function, 14, 68, 75

one-step method, 168

open loop control, 292

open mapping theorem, 87

operator norm, 56

optimal control order conditions for
Runge-Kutta methods, 277

optimal value function, 377

order of convergence, 169

order of state constraint, 137

parametric nonlinear optimization prob-
lem, 192, 293

partial Fréchet-derivative, 57

partial integration for Riemann-Stieltjes
integrals, 66

penalty function, 232

perturbation index, 24

PID controller, 316

positive halfspace, 84

pre-Hilbert space, 54

proper separation by a hyperplane, 84

proportional controller, 316

pseudo-inverse, 143

pure state constraint, 14, 69

quadratic convergence, 414
quadratic optimization problem, 230
quotient space, 93

real-time approximation for discretized op-
timal control problem, 305
real-time approximation for nonlinear pro-
gram, 301
reduced discretization approach, 218, 220
reduced functional, 397
reduced Hamilton function, 344
reduced Hessian matrix, 303
reflexive space, 55
regular matrix pair, 10
regularity condition, 95
Abadie, 99
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linear independence constraint quali-
fication, 96
Mangasarian—Fromowitz ~ constraint
qualification, 97
Robinson, 95
surjectivity constraint qualification,
96
relative interior, 85
representation of Lagrange multipliers,
113, 130
restriction operator, 168
Riccati differential equation, 321
Riemann-Stieltjes integral, 65
Riesz’ Representation Theorem, 64
Runge-Kutta method for DAEs, 166
Runge—-Kutta method for ODEs, 163

sampling times, 326

scalar product, 54

second order sufficient optimality condi-
tion, 295

semi-explicit DAE, 12

sensitivities, 192

sensitivity DAE, 197, 240

sensitivity function, 398

sensitivity matrix, 407

sensitivity theorem, 298

separation by a hyperplane, 84

shifting parameter, 326

shooting nodes, 204

single shooting method using projections,
197

singular control, 352

singular function, 65

space of continuous functions, 63

stability, 173

stability bound, 173

stability of DAEs, 24

stability threshold, 173

stabilization of DAEs, 32

stage approximations, 166

stage derivative, 163

standard finite nonlinear optimization
problem, 76

standard infinite optimization problem, 76

stationarity of Hamilton function, 118,
134, 147, 149, 151

stiffly accurate Runge—Kutta method, 167

strangeness index, 11

strict global minimum, 75

strict local minimum, 75

strict separation by a hyperplane, 84

strong local minimum, 341

strong topology, 54

strongly regular solution, 294

sufficient condition, 100, 295

superlinear convergence, 414

surjectivity constraint qualification, 96

switching costs, 374

switching function, 352

switching point, 352

symplecticity, 244

tangent cone, 80
theorem
Fritz John, 87, 92
implicit function, 59
Ljusternik, 80
mean-value, 59
mean-value theorem for Riemann-
Stieltjes integrals, 67
open mapping, 87
Riesz’ representation theorem, 64
time transformation, 341
topological vector space, 51
topology, 51
total variation, 64
touch point, 135
tracking problem, 326
transformation techniques, 36
transversality conditions, 118, 134, 147,
149, 150, 348
discrete, 242, 257

upper semi-continuity, 77

variational lemma, 115
vector space, 51

weak local minimum, 341
Weierstral3 canonical form, 10



	Cover
	Title
	Copyright
	Preface
	Contents
	1 Introduction
	1.1 DAE Optimal Control Problems
	1.1.1 Perturbation Index
	1.1.2 Consistent Initial Values
	1.1.3 Index Reduction and Stabilization

	1.2 Transformation Techniques
	1.2.1 Transformation to Fixed Time Interval
	1.2.2 Transformation to Autonomous Problem
	1.2.3 Transformation of Tschebyscheff Problems
	1.2.4 Transformation of L1-Minimization Problems
	1.2.5 Transformation of Interior-Point Constraints

	1.3 Overview
	1.4 Exercises

	2 Infinite Optimization Problems
	2.1 Function Spaces
	2.1.1 Topological Spaces, Banach Spaces, and Hilbert Spaces
	2.1.2 Mappings and Dual Spaces
	2.1.3 Derivatives, Mean-Value Theorem, and Implicit Function Theorem
	2.1.4 Lp-Spaces, Wq,p-Spaces, Absolutely Continuous Functions, Functions of Bounded Variation

	2.2 The DAE Optimal Control Problem as an Infinite Optimization Problem
	2.3 Necessary Conditions for Infinite Optimization Problems
	2.3.1 Existence of a Solution
	2.3.2 Conic Approximation of Sets
	2.3.3 Separation Theorems
	2.3.4 First Order Necessary Optimality Conditions of Fritz John Type
	2.3.5 Constraint Qualifications and Karush-Kuhn-Tucker Conditions

	2.4 Exercises

	3 Local Minimum Principles
	3.1 Problems without Pure State and Mixed Control-State Constraints
	3.1.1 Representation of Multipliers
	3.1.2 Local Minimum Principle
	3.1.3 Constraint Qualifications and Regularity

	3.2 Problems with Pure State Constraints
	3.2.1 Representation of Multipliers
	3.2.2 Local Minimum Principle
	3.2.3 Finding Controls on Active State Constraint Arcs
	3.2.4 Jump Conditions for the Adjoint

	3.3 Problems with Mixed Control-State Constraints
	3.3.1 Representation of Multipliers
	3.3.2 Local Minimum Principle

	3.4 Summary of Local Minimum Principles for Index-One Problems
	3.5 Exercises

	4 Discretization Methods for ODEs and DAEs
	4.1 Discretization by One-Step Methods
	4.1.1 The Euler Method
	4.1.2 Runge-Kutta Methods
	4.1.3 General One-Step Method
	4.1.4 Consistency, Stability, and Convergence of One-Step Methods

	4.2 Backward Differentiation Formulas (BDF)
	4.3 Linearized Implicit Runge-Kutta Methods
	4.4 Automatic Step-size Selection
	4.5 Computation of Consistent Initial Values
	4.5.1 Projection Method for Consistent Initial Values
	4.5.2 Consistent Initial Values via Relaxation

	4.6 Shooting Techniques for Boundary Value Problems
	4.6.1 Single Shooting Method using Projections
	4.6.2 Single Shooting Method using Relaxations
	4.6.3 Multiple Shooting Method

	4.7 Exercises

	5 Discretization of Optimal Control Problems
	5.1 Direct Discretization Methods
	5.1.1 Full Discretization Approach
	5.1.2 Reduced Discretization Approach
	5.1.3 Control Discretization

	5.2 A Brief Introduction to Sequential Quadratic Programming
	5.2.1 Lagrange-Newton Method
	5.2.2 Sequential Quadratic Programming (SQP)

	5.3 Calculation of Derivatives for Reduced Discretization
	5.3.1 Sensitivity Equation Approach
	5.3.2 Adjoint Equation Approach: The Discrete Case
	5.3.3 Adjoint Equation Approach : The Continuous Case

	5.4 Discrete Minimum Principle and Approximation of Adjoints
	5.4.1 Example

	5.5 An Overview on Convergence Results
	5.5.1 Convergence of the Euler Discretization
	5.5.2 Higher Order of Convergence for Runge-Kutta Discretizations

	5.6 Numerical Examples
	5.7 Exercises

	6 Real-Time Control
	6.1 Parametric Sensitivity Analysis and Open-Loop Real-Time Control
	6.1.1 Parametric Sensitivity Analysis of Nonlinear Optimization Problems
	6.1.2 Open-Loop Real-Time Control via Sensitivity Analysis

	6.2 Feedback Controller Design by Optimal Control Techniques
	6.3 Model Predictive Control
	6.4 Exercises

	7 Mixed-Integer Optimal Control
	7.1 Global Minimum Principle
	7.1.1 Singular Controls

	7.2 Variable Time Transformation Method
	7.3 Switching Costs, Dynamic Programming, Bellman’s Optimality Principle
	7.3.1 Dynamic Optimization Model with Switching Costs
	7.3.2 A Dynamic Programming Approach
	7.3.3 Examples

	7.4 Exercises

	8 Function Space Methods
	8.1 Gradient Method
	8.2 Lagrange-Newton Method
	8.2.1 Computation of the Search Direction

	8.3 Exercises

	Bibliography
	Index

