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Preface

This book contains material that has been developed and collected over the last ten
years in my research and teaching activities. It has been used in lecture series on
optimal control for master students at the University of Hamburg, the University of
Würzburg, and the University of the Federal Armed Forces in Munich.

The book addresses primarily master and PhD students as well as researchers in
applied mathematics, but also engineers or scientists with a good background in math-
ematics and interest in optimal control.

The intention of the book is to provide both, the theoretical and computational tools
that are necessary to investigate and to solve optimal control problems with ordinary
differential equations and differential-algebraic equations. An emphasis is placed on
the interplay between the continuous optimal control problem, which typically is de-
fined and analyzed in a Banach space setting, and discrete optimal control problems,
which are obtained by discretization and lead to finite dimensional optimization prob-
lems. The theoretical parts of the book require some knowledge of functional analysis,
the numerically oriented parts require knowledge from linear algebra and numerical
analysis. Examples are provided for illustration purposes.

Optimal control is a huge field and not all topics and aspects can be covered in
this book. Hence, the contents reflect my personal preferences in favor of necessary
optimality conditions, direct and indirect solution methods, mixed-integer optimal
control, and real-time optimal control. Topics like existence of solutions and sufficient
optimality conditions are not covered in detail.

Parts of the book were presented in a summer school on discrete dynamic program-
ming, which has been held by Prof. Frank Lempio and myself in Borovets and Sofia,
Bulgaria, in 2003. This summer school was funded by the Bulgarian Academy of Sci-
ences and DAAD within the ‘Center of Excellence for Applications of Mathematics’.

Last but not least, I would like to express my thanks to all members of my current
working group at the University of the Federal Armed Forces in Munich and to my
former colleagues in Bayreuth, Hamburg, Birmingham, and Würzburg for the very
pleasant and enjoyable time.

I hope this book on optimal control problems with ordinary differential equations
and differential-algebraic equations is helpful to the reader. Corrections and sugges-
tions are welcome!

Neubiberg, August 2011 Matthias Gerdts
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Chapter 1

Introduction

Historically, optimal control problems evolved from variational problems. Variational
problems have been investigated more thoroughly since 1696, although the first vari-
ational problems, such as Queen Dido’s problem, were formulated in the ancient
world already. In 1696 Johann Bernoulli (1667–1748) posed the Brachistochrone
problem to other famous contemporary mathematicians like Sir Isaac Newton (1643–
1727), Gottfried Wilhelm Leibniz (1646–1716), Jacob Bernoulli (1654–1705), Guil-
laume François Antoine Marquis de L’Hôpital (1661–1704), and Ehrenfried Walter
von Tschirnhaus (1651–1708). Each of these distinguished mathematicians was able
to solve the problem. An interesting description of the Brachistochrone problem
with many additional historical remarks as well as the solution approach of Johann
Bernoulli exploiting Fermat’s principle can be found in [251].

Optimal control problems generalize variational problems by separating control and
state variables and admitting control constraints. To this end, the dynamic behavior
of the state of a technical, economical, or biological system is described by dynamic
equations. For instance we might be interested in the development of the population
size of a specific species during a certain time period, or we want to describe the
dynamical behavior of chemical processes or mechanical systems, or the development
of the profit of a company during the next five years, say.

The dynamic behavior of a given system typically can be influenced by the choice
of control variables. For instance, the breeding of rabbits can be influenced by the
incorporation of diseases or natural predators. A car can be controlled by the steering
wheel, the accelerator pedal, and the brakes. A chemical process can be controlled
for instance by increasing or decreasing the temperature. The profit of a company is
influenced for instance by the prices of its products or the number of employees.

Most often, the state or control variables cannot assume any value, but are subject
to control or state constraints. These constraints may result from safety regulations,
economical restrictions, or physical limitations, such as the temperature in a reactor
has to be lower than a specific threshold, only a certain budget is available, the altitude
of an airplane should be larger than ground level, and the steering angle of a car is
limited by a maximum steering angle.

Finally, we are particularly interested in those state and control variables that fulfill
all constraints and moreover minimize or maximize a given objective function. For ex-
ample, the objective of a company is to maximize the profit or to minimize operational
costs, a race driver intends to minimize lap time.
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In summary, optimal control problems have the following ingredients in common:
State and control variables, dynamic equations in terms of differential equations, state
or control constraints, and an objective function to be minimized or maximized.

The following well-known examples illustrate the ingredients of optimal control
problems.

Example 1.0.1 (Spline Problem, Minimum Energy Problem, see [39]). Consider a
rod in the .t; x/-plane, which is fixed at the positions .0; 0/ and .1; 0/ such that it
assumes the angle ˛ to the t -axis, see Figure 1.1.

.0; 0/ .1; 0/˛ ˛

t

x.t/

Figure 1.1. The spline problem (minimum energy problem): minimal bending energy of a
fixed rod.

We are interested in the shape x.t/ of the rod. The rod will assume a shape that
minimizes the bending energy, which is given by the curve integral

E D c

Z L

0

�.s/2ds; (1.1)

where c is a material dependent constant and � denotes curvature. The shape function
x.t/ is described by the curve

� W Œ0; 1� �! R2; t 7! �.t/ D

�
t

x.t/

�
:

The arc length s.t/ is given by

s.t/ D

Z t

0

k� 0.�/kd� D

Z t

0

q
1C x0.�/2 d�:

The length L of the curve between the points .0; 0/ and .1; 0/ is

L D s.1/ � s.0/ D

Z 1

0

k� 0.t/kdt D

Z 1

0

q
1C x0.t/2 dt:
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The function s.�/ is a continuously differentiable parameter transformation (injective,
s�1 continuously differentiable) and the curve � can be parameterized with respect to
the arc length s:

Q� W Œ0; L� �! R2; ` 7! Q�.`/ D �.s�1.`//:

In particular it holds (as � 0 6D 0)

Q� 0.s.t// D
� 0.t/

k� 0.t/k
:

The curvature � is defined by

�.`/ WD k Q� 00.`/k:

After some computations we find

�.s.t// D
x00.t/p

1C x0.t/2
3
:

With the substitution s 7! s.t/ in (1.1) the bending energy reads as

E D c

Z L

0

�.s/2ds D c

Z 1

0

�.s.t//2
q
1C x0.t/2 dt D c

Z 1

0

x00.t/2p
1C x0.t/2

5
dt:

For jx0.t/j � 1 it simplifies to

E � c

Z 1

0

x00.t/2dt:

With x1.t/ WD x.t/, x2.t/ WD x0.t/, u.t/ WD x00.t/ we obtain an optimal control
problem, which is known as spline problem or minimum energy problem, see [39,
p. 120, Sec. 3.11, Ex. 2]:

Minimize Z 1

0

u.t/2dt

subject to

x01.t/ D x2.t/; x1.0/ D x1.1/ D 0;

x02.t/ D u.t/; x2.0/ D �x2.1/ D tan˛:

The functions x1 and x2 denote the state of the problem and the function u is the
control. The problem can be further augmented by a state constraint x1.t/ � xmax.
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The solution of the optimal control problem then describes the shape of a fixed rod
subject to a load:

Minimize Z 1

0

u.t/2dt

subject to the differential equations

x01.t/ D x2.t/;

x02.t/ D u.t/;

the boundary conditions

x1.0/ D x1.1/ D 0; x2.0/ D �x2.1/ D tan˛;

and the state constraint

x1.t/ � xmax � 0:

Example 1.0.2 (Goddard Problem, see [138]). A rocket of massm lifts off vertically
at time t D 0 with (normalized) altitude h.0/ D 1 and velocity v.0/ D 0, compare
Figure 1.2.

h.t/

u.t/

Figure 1.2. Goddard problem: Vertical ascent of a rocket.
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The task is to choose the thrust u.t/ and the final time tf such that the altitude h.tf /
at final time tf is maximized:

Minimize �h.tf / subject to the differential equations

Ph.t/ D v.t/;

Pv.t/ D
1

m.t/
.u.t/ �D.v.t/; h.t/// �

1

h.t/2
; (1.2)

Pm.t/ D �
u.t/

c
(1.3)

with initial conditions

h.0/ D 1; v.0/ D 0; m.0/ D 1;

terminal condition m.tf / D 0:6, and control constraint

0 � u.t/ � 3:5:

Herein, the fuel consumption is assumed to be proportional to the thrust, which leads
to (1.3) with c D 0:5. D.v; h/ in (1.2) denotes the drag, which is defined by

D.v; h/ D
CDFD

2m0g
�.h/v2

with the air density �.h/ D �0 exp.500.1 � h// and �0CDFD
m0g

D 620.

The term �1=h2 in (1.2) models the (normalized) acceleration due to gravity.

The following example leads to an optimal control problem with a discrete control
set—a so-called integer optimal control problem.

Example 1.0.3 (Lotka–Volterra Fishing Problem, see [275]). The following problem
models an optimal fishing strategy on the fixed time horizon Œ0; 12� with the aim to
control the bio-masses of a predator population and a prey fish population to the pre-
scribed steady state .1; 1/:

Minimize Z 12

0

.x1.t/ � 1/
2 C .x2.t/ � 1/

2dt

subject to

Px1.t/ D x1.t/ � x1.t/x2.t/ � 0:4x1.t/u.t/;

Px2.t/ D �x2.t/C x1.t/x2.t/ � 0:2x2.t/u.t/;

u.t/ 2 ¹0; 1º;

x1.0/ D 0:5;

x2.0/ D 0:7:
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The control u may only assume the two values 0 and 1. Hence, the control set is
discrete.

The dynamics are given in terms of ordinary differential equations (ODEs) in the
previous examples. Many processes in natural sciences however are modeled by par-
tial differential equations (PDEs) leading to PDE constrained optimal control prob-
lems. A typical sample problem is described next and it will be revisited later on.

Example 1.0.4 (Distributed Control of 2D Stokes Equation). The instationary 2D
Stokes equation

vt D �v � rp C u;

0 D div.v/;

v.0; x; y/ D 0; .x; y/ 2 �;

v.t; x; y/ D 0; .t; x; y/ 2 .0; T / � @�

is a model for the motion of a laminar flow of a Newtonian fluid in two space di-
mensions x and y. Herein, v denotes the velocity vector, p the pressure, and u a
distributed control in the domain Q WD .0; T / � � with � D .0; 1/ � .0; 1/ and
T > 0.

Let a desired velocity field vd be given on the domain Q. The task is to minimize
the distance of the controlled velocity field v to the desired velocity field vd , see
Figure 1.3 for a numerical solution.

This leads to an optimal control problem with a partial differential equation:

Minimize

1

2

Z
Q

kv.t; x; y/ � vd .t; x; y/k
2dxdydt C

˛

2

Z
Q

ku.t; x; y/k2dxdydt (1.4)

subject to

vt D �v � rp C u; in Q;

0 D div.v/; in Q;

v.0; x; y/ D 0; .x; y/ 2 �;

v.t; x; y/ D 0; .t; x; y/ 2 .0; T / � @�

and

umin � u � umax in Q:
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Figure 1.3. Actual velocity field from the 2D Stokes equation and desired velocity field.

Numerous additional applications of optimal control problems can be found in nat-
ural sciences, engineering sciences, economy, and other disciplines. Strongly mo-
tivated by military applications, optimal control theory as well as solution methods
evolved rapidly since 1950. The decisive breakthrough was achieved by the Russian
mathematician Lev S. Pontryagin (1908–1988) and his coworkers V. G. Boltyanskii,
R. V. Gamkrelidze, and E. F. Mishchenko in proving the maximum principle, which
provides necessary optimality conditions for optimal control problems, see [261]. Al-
most at the same time also Magnus R. Hestenes [156] proved a similar theorem. Since
then many contributions in view of necessary conditions, see, e.g., [133,153,162,164,
171, 173, 226, 227, 244], sufficient conditions, see, e.g., [210, 212, 223, 224, 228, 315],
sensitivity analysis and real-time optimal control, see, e.g., [16, 47, 48, 213–215, 229–
232, 252–255], and numerical methods and analysis, see, e.g., [24, 28, 39, 40, 42, 59,
66, 67, 70, 75–77, 152, 157, 176, 216, 246, 247, 256, 301, 310], have been released.

Since the 1970ies differential-algebraic equations (DAEs) have been considered
more intensively owing to their importance in mechanics, process engineering, and
electronics. DAEs are composite systems of differential equations and algebraic equa-
tions. In an industrial environment such systems are often generated automatically by
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software packages like SIMPACK. Although DAEs are related to ODEs, they possess
different properties and require tailored methods regarding analysis and numerical
approaches. The main differences to ODEs can be found with regard to stability prop-
erties, choice of consistent initial values, and smoothness of solutions depending on
input functions. In this book we investigate certain classes of DAE optimal control
problems with regard to necessary optimality conditions, direct and indirect solution
methods, sensitivity analysis, and real-time optimization.

Notation

Throughout this book, ‚X denotes the zero element of some vector space X . If no
confusion is possible, we will use ‚. In the special cases X D Rn and X D R the
zero elements are denoted by 0Rn and 0, respectively. The unit matrix of dimension
n is denoted by In 2 Rn�n. The Euclidian norm on Rn is denoted by k � k D k � k2.

We use the convention that the dimension of a real-valued vector x is denoted by
nx 2 N, that is x 2 Rnx .

In most cases time dependent processes are investigated and hence the independent
variable of a mapping z W I �! Rnz with I � R is denoted by t and it is associated
with time, although it can have a different meaning in specific applications. The
derivative of z with respect to time at time t is denoted by Pz.t/ D d

dt
z.t/ D z0.t/.

In order to simplify notation, we often use the abbreviation f Œt � for a function of
type f .t; z.t//, which depends on time and on one or more time dependent functions.
It will be clear from the context at what argument f is evaluated, typically this will
be an optimal solution of an optimal control problem.

The partial derivatives of a function f W Rnx � Rny �! Rnf , .x; y/ 7! f .x; y/,
at .x; y/ are denoted by f 0x.x; y/ and f 0y.x; y/.

1.1 DAE Optimal Control Problems

DAEs are composite systems of differential equations and algebraic equations and
often are viewed as differential equations on manifolds. The most general form of a
DAE reads as follows:

Definition 1.1.1 (General DAE). Let I WD Œt0; tf � � R, t0 < tf , be a compact time
interval, F W I � Rnz � Rnz � Rnu �! Rnz a sufficiently smooth mapping. The
function u W I �! Rnu is considered an external input and it is referred to as control
(control function, control variable).

The implicit differential equation

F.t; z.t/; Pz.t/; u.t// D 0Rnz ; t 2 I; (1.5)

is called differential-algebraic equation (DAE). The function z in (1.5) is called state
(state function, state variable) of the DAE.
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If the partial derivative F 0
Pz
.�/ in (1.5) happens to be non-singular, then (1.5) is just

an ODE in implicit form and the implicit function theorem allows to solve (1.5) for
Pz in order to obtain an explicit ODE of type Pz.t/ D f .t; z.t/; u.t//. Hence, explicit
ODEs are special cases of DAEs. The more interesting case occurs, if the partial
derivative F 0

Pz
.�/ is singular. In this case (1.5) cannot be solved directly for Pz, and

(1.5) includes differential equations and algebraic equations at the same time.

Example 1.1.2. The DAE

F.z.t/; Pz.t/; u.t// WD

0
@ Pz1.t/ � z2.t/

Pz2.t/ � z3.t/ � u1.t/

z2.t/ � u2.t/

1
A D 0R3

for z D .z1; z2; z3/
> and u D .u1; u2/

> contains differential equations for the com-
ponents z1 and z2 and an algebraic equation relating z2 and u2. Note that the com-
ponent z3 is not determined explicitly. Differentiating the algebraic equation with
respect to time and exploiting the differential equation for Pz2 yields

0 D Pz2.t/ � Pu2.t/ D z3.t/C u1.t/ � Pu2.t/;

if u2 is differentiable, and thus

z3.t/ D �u1.t/C Pu2.t/:

Hence, the algebraic constraint implicitly defines the component z3.

DAEs are discussed intensively since the early 1970ies. Solution properties and
structural properties of DAEs have been in the main focus since then, see, e.g., [10,
50–53, 80, 139, 218–220, 258].

Though at a first glance DAEs seem to be very similar to ODEs, they possess differ-
ent solution properties as it was pointed out in [34,258]. Particularly, DAEs and ODEs
possess different stability properties (see the perturbation index in Definition 1.1.13),
and initial values z.t0/ D z0 have to be defined properly to guarantee at least locally
unique solutions (see consistent initial values in Definition 1.1.18). Moreover, in the
context of control problems, the control input u needs to be sufficiently smooth to
obtain a meaningful solution.
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These difficulties are illustrated in the following examples.

Example 1.1.3. Consider the linear DAE with constant coefficients�
0 0

1 1

��
Pz1.t/

Pz2.t/

�
D

�
�1 1

0 0

��
z1.t/

z2.t/

�
C

�
u1.t/

u2.t/

�
; t 2 Œt0; tf �;

where u D .u1; u2/> is a sufficiently smooth control input. The first equation yields

z1.t/ D z2.t/C u1.t/; (1.6)

and by differentiation we obtain

Pz1.t/ D Pz2.t/C Pu1.t/:

Introducing this relation into the second equation yields

u2.t/ D Pz1.t/C Pz2.t/ D 2 Pz2.t/C Pu1.t/;

and thus

Pz2.t/ D
1

2
.u2.t/ � Pu1.t// :

The latter differential equation possesses a unique solution for every initial value
z2.t0/, whenever u2 and Pu1 are integrable functions. The component z1 and its initial
value (!) are then uniquely determined by Equation (1.6).

Example 1.1.3 is a special case of the more general setting in

Example 1.1.4 (Canonical Form of Weierstraß). Let A;B 2 Rnz�nz be given matri-
ces and u W Œt0; tf � �! Rnz a given control function. Consider the linear DAE

A Pz.t/ D Bz.t/C u.t/ (1.7)

for t 2 Œt0; tf �. The matrix pair .A;B/ is called regular matrix pair, if there exists 	
with det.	A � B/ 6D 0.

For a regular matrix pair .A;B/ the so-called Weierstraß canonical form exists,
i.e. there exist non-singular matrices P and Q with

PAQ D

�
I ‚

‚ N

�
; PBQ D

�
J ‚

‚ I

�
;

where‚ denotes a zero matrix of appropriate dimension, J andN are Jordan matrices
of appropriate dimension, and N is nilpotent, compare [185, Theorem 2.7, p. 16].
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Using the matrices P and Q, equation (1.7) can be rewritten equivalently as

PAQQ�1 Pz.t/ D PBQQ�1z.t/C Pu.t/

and, since Q does not depend on time,

PAQ
d

dt

�
Q�1z.t/

�
D PBQQ�1z.t/C Pu.t/:

The Weierstraß canonical form allows to decompose the DAE (1.7) equivalently into

I PQz1.t/ D J Qz1.t/C Qu1.t/; (1.8)

N PQz2.t/ D I Qz2.t/C Qu2.t/; (1.9)

where Qz WD . Qz1; Qz2/> WD Q�1z and Qu WD . Qu1; Qu2/> WD Pu.
(1.8) is a standard linear ODE that possesses a unique solution for any integrable

control input Qu1 and any initial value.
(1.9) is a DAE again, but in a canonical form. Let p 2 N denote the degree

of nilpotency of the matrix N , that is, it holds Np D ‚ and N k 6D ‚ for
k D 0; : : : ; p � 1. Then it is easy to verify that

Qz2.t/ WD �

p�1X
kD0

N k Qu
.k/
2 .t/ (1.10)

is a solution of (1.9) provided that Qu2 is sufficiently smooth, compare [185, Lemma
2.8, p. 17].

The figure p is called the index of the matrix pair .A;B/ and the DAE (1.7), re-
spectively. It can be shown that the index is independent of the way the Weierstraß
canonical form is calculated, see [185, Lemma 2.10, p. 18].

Equation (1.10) reveals three important observations that are characteristic for
DAEs:

(a) Qu2 needs to be sufficiently smooth to allow for a meaningful solution of (1.10).

(b) The initial value Qz2.t0/ is uniquely determined by (1.10) and cannot be chosen
arbitrarily. The initial value has to be consistent.

(c) If Qu2 is interpreted as a sufficiently smooth perturbation in (1.7), then the deriva-
tives up to order p � 1 of the perturbation will influence the solution Qz2. This
motivates the definition of the perturbation index in Definition 1.1.13 below.

Canonical forms for time dependent matrices A and B using the strangeness index
can be found in [185, Theorem 3.17, p. 74].

The above examples indicate that the DAE (1.5) in its full complexity is too general
and therefore too challenging for theoretical and numerical investigations, especially
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since canonical forms like the Weierstraß canonical form in Example 1.1.4 cannot
be extended to general nonlinear DAEs without imposing additional structural restric-
tions.

Whenever necessary, we restrict the problem to more simple problems. Most often,
we discuss so-called semi-explicit DAEs.

Definition 1.1.5 (Semi-explicit DAE). Let I D Œt0; tf � 	 R, t0 < tf , be a compact
time interval. Let the state z D .x; y/> in (1.5) be decomposed into components
x W I �! Rnx and y W I �! Rny . Let u W I �! Rnu be a given control function.

A DAE of type

Px.t/ D f .t; x.t/; y.t/; u.t//; (1.11)

0Rny D g.t; x.t/; y.t/; u.t//; (1.12)

is called semi-explicit DAE on I. Herein, x.�/ is referred to as differential variable
and y.�/ is called algebraic variable. Correspondingly, (1.11) is called differential
equation and (1.12) algebraic equation.

The implicit DAE (1.5) can be transformed formally into a semi-explicit DAE by
introducing an artificial algebraic variable y as follows:

Pz.t/ D y.t/; (1.13)

0Rnz D F.t; z.t/; y.t/; u.t//: (1.14)

The transformation inherits a potential pitfall, though. According to the differential
equation (1.13) one might expect the solution z of (1.13)–(1.14) to be absolutely con-
tinuous for an essentially bounded input y, which is the standard setting in optimal
control. The following example shows that this does not necessarily lead to a mean-
ingful solution, which satisfies the algebraic equation (1.14) as well.

Example 1.1.6. Consider the nonlinear DAE

�
0 0

u.t/ 1

��
Pz1.t/

Pz2.t/

�
D

�
�1 u.t/

0 0

��
z1.t/

z2.t/

�
C

�
0

u.t/

�
(1.15)

for t 2 Œ0; 2�. Let the initial values z1.0/ D 0 and z2.0/ D 1 be given and let the
control u be piecewise defined by

u.t/ D

´
0; if 0 � t < 1;

1; if 1 � t � 2:
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Piecewise evaluation of the DAE yields the following:
For 0 � t < 1 we find the solution

z1.t/ D 0; z2.t/ D 1:

For 1 � t � 2 we obtain the solution

z1.t/ D u.t/z2.t/ D z2.t/ D
1C t

2
:

The component z1 is discontinuous at t D 1.
The transformation (1.13)–(1.14) yields�

Pz1.t/

Pz2.t/

�
D

�
y1.t/

y2.t/

�
;

�
0 0

u.t/ 1

��
y1.t/

y2.t/

�
D

�
�1 u.t/

0 0

��
z1.t/

z2.t/

�
C

�
0

u.t/

�
with initial values z1.0/ D 0 and z2.0/ D 1.

For 0 � t < 1 we find

z1.t/ D 0; y1.t/ D 0; y2.t/ D 0; z2.t/ D 1:

For 1 � t � 2 we obtain

z1.t/ D u.t/z2.t/ D z2.t/; y1.t/C y2.t/ D 1:

Differentiating z1.t/ D z2.t/ it follows y1.t/ D Pz1.t/ D Pz2.t/ D y2.t/ and thus
y1.t/ D y2.t/ D

1
2

, since y1.t/C y2.t/ D 1. Hence, we found

y1.t/ D y2.t/ D

²
0; if 0 � t < 1;
1
2
; if 1 � t � 2:

Integration of the differential equations and obeying the initial values yields

z1.t/ D

²
0; if 0 � t < 1;
t�1
2
; if 1 � t � 2;

z2.t/ D

²
1; if 0 � t < 1;
tC1
2
; if 1 � t � 2:

But these functions do not satisfy the algebraic constraint z1.t/ D z2.t/ for 1 � t � 2.
On the other hand, the equation z1.t/ D z2.t/ for t 2 Œ1; 2� can only be satisfied, if
z1 (or z2) jumps at t D 1. Hence, the original DAE (1.15) and the transformed DAE
only have the same solution, if the latter permits jumps in the differential state.

Example 1.1.6 shows that in order to have the same meaningful solution as in (1.5)
one needs to permit impulsive solutions in the transformed system (1.13)–(1.14) that
allow the differential variable z to jump. This would complicate the following optimal
control problems considerably and for that reason we exclude such situations in the se-
quel by the following definition of a solution of the semi-explicit DAE (1.11)–(1.12).
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Definition 1.1.7. Consider the semi-explicit DAE in Definition 1.1.5. .x; y/ is called
a solution of (1.11)–(1.12) for a given control input u, if (1.12) and

x.t/ D x.t0/C

Z t

t0

f .�; x.�/; y.�/; u.�//d�

are satisfied for t 2 I.

Consider

Problem 1.1.8 (DAE Optimal Control Problem). Let I D Œt0; tf � 	 R, t0 < tf , be a
compact time interval,

' W R �R �Rnx �Rnx �! R;

f0 W I �Rnx �Rny �Rnu �! R;

f W I �Rnx �Rny �Rnu �! Rnx ;

g W I �Rnx �Rny �Rnu �! Rny ;

c W I �Rnx �Rny �Rnu �! Rnc ;

s W I �Rnx �! Rns ;

 W R �R �Rnx �Rnx �! Rn 

sufficiently smooth functions, and U � Rnu a non-empty set.

Minimize the objective function

'.t0; tf ; x.t0/; x.tf //C

Z tf

t0

f0.t; x.t/; y.t/; u.t//dt

with respect to

x W I �! Rnx ; y W I �! Rny ; u W I �! Rnu

subject to the semi-explicit DAE

Px.t/ D f .t; x.t/; y.t/; u.t//;

0Rny D g.t; x.t/; y.t/; u.t//;

the mixed control-state constraint

c.t; x.t/; y.t/; u.t// � 0Rnc ; (1.16)

the pure state constraint

s.t; x.t// � 0Rns ; (1.17)



Section 1.1 DAE Optimal Control Problems 15

the boundary condition

 .t0; tf ; x.t0/; x.tf // D 0Rn ; (1.18)

and the control set constraint

u.t/ 2 U: (1.19)

Remark 1.1.9.

(a) The time points t0 or tf in Problem 1.1.8 can be fixed or unknown, in which
case t0 or tf are additional optimization variables. If t0 is not fixed, then t0 is
called free initial time and Problem 1.1.8 is a problem with free initial time. If
tf is not fixed, then tf is called free final time and Problem 1.1.8 is a problem
with free final time.

(b) Problem 1.1.8 is called autonomous, if the functions ', f0, f , g, c, s,  do not
explicitly depend to the time, otherwise it is called non-autonomous.

In Problem 1.1.8 x and y are considered to define the state of the process, while u
is the control. In fact, this assignment is somehow arbitrary from the optimal control
theoretic point of view, since both, u and y, can be viewed as control variables.

This becomes clearer in Chapter 3 on local minimum principles for DAE optimal
control problems, where it can be seen that both functions, algebraic variable y and
control u, have very similar properties. Actually, this is the reason why the functions
'; , and s only depend on x and not on y and u. But recall that the DAE in reality
is a model for, e.g., a robot, a car, an electric circuit, or a power plant. Hence, the
DAE has a meaning for itself independent of whether it occurs in an optimal control
problem or not. In this context, it is necessary to distinguish between control u and
algebraic variable y. The essential difference is that an operator can choose the con-
trol u, whereas the algebraic variable y typically cannot be controlled directly since
it results from the state component x and the input u. For instance, in the context of
mechanical multi-body systems, the algebraic variable y corresponds physically to a
constraint force.

A simple example of a DAE optimal control problem is given by the pendulum
problem. Despite its simplicity, it already exhibits the main difficulties when dealing
with DAEs.

Example 1.1.10 (Pendulum problem). Consider a rigid pendulum of length ` > 0

and mass m > 0 that is mounted to a motor. The motion of the pendulum under
influence of the acceleration due to gravity g D 9:81 Œm=s2� can be controlled by
applying a torque `u.t/ through the motor, see Figure 1.4.

Minimize Z tf

0

u.t/2dt
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� �� �

���
�

mg

`

x2

x1u � `

Figure 1.4. Control of a rigid pendulum.

with respect to

x D .x1; : : : ; x4/
> W Œ0; tf � �! R4; y W Œ0; tf � �! R; u W Œ0; tf � �! R

subject to the equations of motion of the mathematical pendulum given by

Px1.t/ D x3.t/; (1.20)

Px2.t/ D x4.t/; (1.21)

m Px3.t/ D �2x1.t/y.t/C
u.t/x2.t/

`
; (1.22)

m Px4.t/ D �mg � 2x2.t/y.t/ �
u.t/x1.t/

`
; (1.23)

0 D x1.t/
2 C x2.t/

2 � `2; (1.24)

and the boundary conditions

x1.0/ D `; x2.0/ D x3.0/ D x4.0/ D x1.tf / D x3.tf / D 0: (1.25)

With U WD R, f0.u/ WD u2, g.x/ WD x21 C x
2
2 � `

2, and

f .x; y; u/ WD

0
BB@

x3;

x4;

� 2
m
x1y C

ux2
m`

�g � 2
m
x2y �

ux1
m`

1
CCA ;  .x.0/; x.tf // WD

0
BBBBBB@

x1.0/ � `

x2.0/

x3.0/

x4.0/

x1.tf /

x3.tf /

1
CCCCCCA

the problem fits into Problem 1.1.8.
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Note that the algebraic variable y is not explicitly defined by (1.20)–(1.24). How-
ever, if we differentiate the algebraic constraint (1.24) twice with respect to time, we
obtain the equations

0 D 2.x1.t/ Px1.t/C x2.t/ Px2.t//;

0 D 2. Px1.t/
2 C Px2.t/

2 C x1.t/ Rx1.t/C x2.t/ Rx2.t//:

Introducing (1.22)–(1.23) into the latter and solving for y yields

y.t/ D
m

2`2
. Px1.t/

2 C Px2.t/
2 � x2.t/g/:

In general, the algebraic variable y is defined implicitly either by the algebraic con-
straint or by its derivatives. In this example, three differentiations of the algebraic
constraint with respect to time are necessary to eventually obtain a differential equa-
tion for the algebraic variable y, and the DAE is said to have differentiation index
three.

Moreover, initial values x.0/ and y.0/ have to satisfy not only the algebraic con-
straint (1.24), i.e. g.x.0// D 0, but also its derivatives at the initial time, i.e.

0 D 2.x1.0/ Px1.0/C x2.0/ Px2.0//;

y.0/ D
m

2`2
. Px1.0/

2 C Px2.0/
2 � x2.0/g/:

Consequently, initial values cannot be chosen arbitrarily as it would have been pos-
sible for ordinary differential equations. Instead, initial values have to be chosen
consistent with the DAE.

Often, algebraic equations are added to a problem formulation in order to force a
dynamic system to follow a prescribed path. We illustrate this for a problem from
flight path optimization.

Example 1.1.11 (Flight Path Optimization). Consider the following scenario: Dur-
ing the ascent phase of a hypersonic flight system a malfunction forces the ascent
to be stopped. It is assumed that the flight system is still able to maneuver with the
restriction that the propulsion system is damaged and hence the thrust is zero. For
security reasons an emergency landing trajectory of maximum range is sought, com-
pare [44, 46, 234].

This scenario leads to the following optimal control problem on the time interval
t 2 Œ0; tf � with free final time tf :

Minimize the negative range with respect to the initial position

ˆ.CL; 
; tf / D �

�
ƒ.tf / �ƒ.0/

ƒ.0/

�2
�

�
‚.tf / �‚.0/

‚.0/

�2
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subject to the differential equations for the velocity v, the inclination � , the azimuth
angle �, the altitude h, the latitude ƒ, and the longitude ‚,

Pv D �D.v; hICL/
1

m
� g.h/ sin �

C !2 cosƒ.sin � cosƒ � cos � sin� sinƒ/R.h/; (1.26)

P� D L.v; hICL/
cos


mv
�

�
g.h/

v
�

v

R.h/

�
cos � C 2! cos� cosƒ

C !2 cosƒ.sin � sin� sinƒC cos � cosƒ/
R.h/

v
; (1.27)

P� D L.v; hICL/
sin


mv cos �
� cos � cos� tanƒ

v

R.h/

C 2!.sin� cosƒ tan � � sinƒ/ � !2 cosƒ sinƒ cos�
R.h/

v cos �
; (1.28)

Ph D v sin �; (1.29)

Pƒ D cos � sin�
v

R.h/
; (1.30)

P‚ D cos � cos�
v

R.h/ cosƒ
; (1.31)

with liftL, air density �, dragD, radiusR, drag coefficientCD , acceleration due to
gravity g, and dynamic pressure q defined by

L.v; h; CL/ D q.v; h/ F CL; �.h/ D �0 exp .�ˇh/;

D.v; h; CL/ D q.v; h/ F CD.CL/; R.h/ D r0 C h;

CD.CL/ D CD0 C k CL
2; g.h/ D g0.r0=R.h//

2;

q.v; h/ D
1

2
�.h/v2;

with constants

F D 305; r0 D 6:371 � 10
6; CD0 D 0:017;

k D 2; �0 D 1:249512; ˇ D 1=6900;

g0 D 9:80665; ! D 7:27 � 10�5; m D 115000:
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Box constraints for the controls CL (lift coefficient) and 
 (angle of bank) are given
by

0:01 � CL � 0:18326;

�
�

2
� 
 �

�

2
:

The initial state corresponds to a position above Bayreuth (Germany):0
BBBBBB@

v.0/

�.0/

�.0/

h.0/

ƒ.0/

‚.0/

1
CCCCCCA D

0
BBBBBB@

2150:5452900

0:1520181770

2:2689279889

33900:000000

0:8651597102

0:1980948701

1
CCCCCCA :

A terminal condition is

h.tf / D 500:

Finally, the dynamic pressure constraint

q.v; h/ � qmax

with qmax D 60000 ŒN=m2� has to be obeyed.

The numerical solution of the emergency maneuver with and without dynamic pres-
sure constraint using the techniques in Chapter 5 is depicted in Figure 1.5.

Flight path optimization with a prescribed path
A modification is obtained, if a prescribed path needs to be followed during the emer-
gency landing maneuver. The path to be followed is expressed in terms of the longi-
tude and latitude and is given for simplicity by the straight line

ƒ.t/C‚.t/ D ƒ.0/C‚.0/ for t 2 Œ0; tf �:

Adding this algebraic equation to the dynamics (1.26)–(1.31) yields a DAE, if one
of the two controls, CL or 
, is considered an algebraic variable. In this example
we choose 
.t/ as algebraic variable. Analyzing the algebraic constraint reveals that
the differentiation index of the DAE is three, i.e. the algebraic constraint needs to be
differentiated three times with respect to time to derive a differential equation for the
algebraic variable 
. Differentiating the algebraic constraint leads to

Pƒ.t/C P‚.t/ D 0 for t 2 Œ0; tf �:
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Figure 1.5. Comparison of the solution with and without dynamic pressure constraint: flight
trajectory (top), controls 
 (angle of bank) and CL (lift coefficient) (bottom, normalized time).

Introducing the differential equations for ƒ and ‚ yields the algebraic constraint

0 D
v.t/ cos �.t/

R.h.t//

�
sin�.t/C

cos�.t/

cosƒ.t/

�
for t 2 Œ0; tf �:

This imposes an additional constraint for the initial conditions. For the initial value0
BBBBBB@

v.0/

�.0/

�.0/

h.0/

ƒ.0/

‚.0/

1
CCCCCCA D

0
BBBBBB@

2150:5452900

0:1520181770

free
33900:000000

0:8651597102

0:1980948701

1
CCCCCCA

consistent values for � and 
 are given by �.0/ � �0:9955 and 
.0/ � 0:3695.
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Figure 1.6 shows the numerical solution with dynamic pressure constraint.
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Figure 1.6. Flight trajectory (top), algebraic variable 
 (angle of bank) and control CL (lift co-
efficient) (bottom, normalized time) for the emergency landing maneuver on a prescribed path.

DAEs also occur in discretized PDE constrained optimal control problems.

Example 1.1.12 (Discretized 2D Stokes Equation). Let us revisit Example 1.0.4 and
the 2D instationary Stokes equation

vt D �v � rp C u;

0 D div.v/;

v.0; x; y/ D 0; .x; y/ 2 �;

v.t; x; y/ D 0; .t; x; y/ 2 .0; T / � @�
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with � WD .0; 1/ � .0; 1/. We apply the method of lines in order to discretize the
Stokes equation in space. For simplicity an equidistant grid with step-size

h WD
1

N
; N 2 N;

is used to discretize � by the grid

�h WD ¹.xi ; yj / 2 R2 j xi D ih; yj D jh; i; j D 0; : : : ; N º:

For i; j D 0; : : : ; N consider approximations

vij .t/ � v.t; xi ; yj /; pij .t/ � p.t; xi ; yj /; uij .t/ � u.t; xi ; yj /:

The operators �v, rp, and div.v/ are replaced by finite difference approximations

�v.t; xi ; yj / �
1

h2
.viC1;j .t/C vi�1;j .t/C vi;jC1.t/C vi;j�1.t/ � 4vi;j .t//;

rp.t; xi ; yj / �
1

h
.piC1;j .t/ � pi;j .t/; pi;jC1.t/ � pi;j .t//

>;

div.v/.t; xi ; yj / �
1

h
.v1i;j .t/ � v

1
i�1;j .t/C v

2
i;j .t/ � v

2
i;j�1.t//;

for i; j D 1; : : : ; N � 1. Herein, v1 and v2 denote the components of v D .v1; v2/>,
respectively. The undefined pressure components pi;j with i D N or j D N are set
to zero.

Introducing these approximations into the optimal control problem in Example
1.0.4 yields an optimal control problem with a differential-algebraic equation:

Minimize

1

2

Z T

0

kvh.t/ � vd;h.t/k
2dt C

˛

2

Z T

0

kuh.t/k
2dt

subject to

Pvh.t/ D Ahvh.t/C Bhph.t/C uh.t/; vh.0/ D ‚;

‚ D B>h vh.t/;

and

umin � uh.t/ � umax:

Herein,

vh D .v1;1; : : : ; vN�1;1; v1;2; : : : ; vN�1;2; : : : ; v1;N�1; : : : ; vN�1;N�1/
>;

ph D .p1;1; : : : ; pN�1;1; p1;2; : : : ; pN�1;2; : : : ; p1;N�1; : : : ; pN�1;N�1/
>;

uh D .u1;1; : : : ; uN�1;1; u1;2; : : : ; uN�1;2; : : : ; u1;N�1; : : : ; uN�1;N�1/
>;
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and Ah 2 R2.N�1/
2�2.N�1/2 , M 2 R2.N�1/�2.N�1/, Bh 2 R2.N�1/

2�.N�1/2 ,
N;Q 2 R2.N�1/�.N�1/ with

Ah D
1

h2

0
BBBBB@
M I

I M I
: : :

: : :
: : :

I M I

I M

1
CCCCCA ; Bh D

1

h

0
BBB@
N Q

:: :
: : :

N Q

N

1
CCCA ; Q D

0
BBBBBBBBB@

0

�1

0

�1
: : :

0

�1

1
CCCCCCCCCA

and

M D

0
BBBBBBBB@

�4 1

�4 1

1
: : :

: : :

: : :
: : : 1

1 �4

1 �4

1
CCCCCCCCA
; N D

0
BBBBBBBBBBBBB@

1 �1

1 0

1 �1

1 0
: : :

: : :

1 �1

1 0

1

1

1
CCCCCCCCCCCCCA
:

Consider the DAE

Pvh.t/ D Ahvh.t/C Bhph.t/C uh.t/; vh.0/ D ‚;

‚ D B>h vh.t/

with differential state vh, algebraic variable ph, and control uh. Differentiation of the
algebraic constraint 0 D B>

h
vh.t/ yields

‚ D B>h .Ahvh.t/C Bhph.t/C uh.t// : (1.32)

The Matrix B>
h
Bh turns out to be positive definite and thus it is non-singular. Hence,

the above equation can be solved for the discretized pressure ph:

ph D �.B
>
h Bh/

�1B>h .Ahvh.t/C uh.t//: (1.33)

The discretized Stokes equation is said to be of index two, because differentiating
equation (1.32) again with respect to time would lead to a differential equation for ph.
Note however, that the control uh appears in equation (1.32). As uh is typically an
element of the space L1 (Banach space of essentially bounded functions, see Chap-
ter 2), a further differentiation with respect to time is not permitted without additional
smoothness assumptions. Consequently, the algebraic variable ph in (1.33) possesses
basically the same smoothness properties as uh, that is, ph has to be considered a
function in the space L1 as well.
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The fact that y is defined by x and u, is mathematically taken into account for
by imposing additional regularity assumptions. The degree of regularity of the DAE
(1.11)–(1.12) is measured by a quantity called index. For specially structured DAEs,
e.g. Hessenberg DAEs, the various index definitions coincide, whereas for general
systems several different index definitions exist, among them are the differentiation
index, the perturbation index, the strangeness index, the tractability index, and the
structural index, see [51, 80, 100, 101, 149, 185, 219–221]. We only review the pertur-
bation index in more detail as this index illustrates one of the major difficulties related
to DAEs: The influence of perturbations on solutions.

1.1.1 Perturbation Index

The perturbation index indicates the influence of perturbations and their derivatives
on the solution and therefore addresses the stability of DAEs.

Definition 1.1.13 (Perturbation Index, see [149]). The DAE (1.5) has perturbation
index p 2 N along a solution z on Œt0; tf �, if p 2 N is the smallest number such that
for all functions Qz satisfying the perturbed DAE

F.t; Qz.t/; PQz.t/; u.t// D ı.t/; (1.34)

there exists a constant S depending on F , u, and tf � t0 with

kz.t/ � Qz.t/k � S
�
kz.t0/ � Qz.t0/k C max

t0���t
kı.�/k C � � � C max

0���t
kı.p�1/.�/k

�
(1.35)

for all t 2 Œt0; tf �, whenever the expression on the right is less than or equal to a given
bound.

The perturbation index is p D 0, if the estimate

kz.t/ � Qz.t/k � S

�
kz.t0/ � Qz.t0/k C max

t0���tf

����
Z �

t0

ı.s/ds

����
�

(1.36)

holds.
The DAE is said to be of higher index, if p 
 2.

We intend to investigate the perturbation index for some DAEs and make use of the
subsequent lemma.

Lemma 1.1.14 (Gronwall). Let w; z W Œt0; tf � �! R be integrable functions and
L 
 0 a constant with

w.t/ � L

Z t

t0

w.�/d� C z.t/
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for almost every t 2 Œt0; tf �. Then it holds

w.t/ � z.t/C L

Z t

t0

exp .L.t � �// z.�/d�

for almost every t 2 Œt0; tf �. If z in addition is (essentially) bounded, then it holds

w.t/ � kz.�/k1 exp .L.t � t0//

for almost every t 2 Œt0; tf �.

Proof. According to the assumption we may write

w.t/ D a.t/C z.t/C ı.t/

with the absolutely continuous function

a.t/ WD L

Z t

t0

w.�/d�

and a non-positive integrable function ı.�/ � 0. Introducing the expression for w in a
yields

a.t/ D L

Z t

t0

a.�/d� C L

Z t

t0

.z.�/C ı.�// d�:

Hence, a solves the inhomogeneous linear differential equation

Pa.t/ D La.t/C L .z.t/C ı.t//

for almost every t 2 Œt0; tf � with initial value a.t0/ D 0. The well-known solution
formula for linear differential equations yields

a.t/ D L

Z t

t0

exp .L.t � �// .z.�/C ı.�// d�

and

w.t/ D L

Z t

t0

exp .L.t � �// .z.�/C ı.�// d� C z.t/C ı.t/:

Since ı.t/ � 0, the first assertion holds. If z is even (essentially) bounded, we find

w.t/ � kz.�/k1

�
1C L

Z t

t0

exp .L.t � �// d�

�
D kz.�/k1 exp .L.t � t0// :

The last assertion of Gronwall’s lemma obviously remains true, if we apply the
norm k � k1 only to the interval Œt0; t � instead of the whole interval Œt0; tf �.
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The ODE Case

To illustrate the perturbation index, we start with the initial value problem (IVP)

Px.t/ D f .t; x.t/; u.t//; x.t0/ D x0;

where f is assumed to be Lipschitz continuous with respect to x uniformly with
respect to t and u.

The (absolutely continuous) solution x can be written in integral form:

x.t/ D x0 C

Z t

t0

f .�; x.�/; u.�//d�:

Now, consider the perturbed IVP

PQx.t/ D f .t; Qx.t/; u.t//C ı.t/; Qx.t0/ D Qx0

with an integrable perturbation ı W Œt0; tf � �! Rnx and its solution

Qx.t/ D Qx0 C

Z t

t0

.f .�; Qx.�/; u.�//C ı.�// d�:

It holds

kx.t/ � Qx.t/k � kx0 � Qx0k C

Z t

t0

kf .�; x.�/; u.�// � f .�; Qx.�/; u.�//kd�

C

����
Z t

t0

ı.�/d�

����
� kx0 � Qx0k C L

Z t

t0

kx.�/ � Qx.�/kd� C

����
Z t

t0

ı.�/d�

���� :
Application of Gronwall’s lemma yields

kx.t/ � Qx.t/k �

�
kx0 � Qx0k C max

t0���t

����
Z �

t0

ı.s/ds

����
�

exp .L.t � t0//

�

�
kx0 � Qx0k C max

t0���tf

����
Z �

t0

ı.s/ds

����
�

exp
�
L.tf � t0/

�
:

Hence, the ODE has perturbation index p D 0.

The Index-1 Case

Consider the DAE (1.11)–(1.12) with solution .x; y/ and initial value x.t0/ D x0 and
the perturbed IVP

PQx.t/ D f .t; Qx.t/; Qy.t/; u.t//C ıf .t/; Qx.t0/ D Qx0; (1.37)

0Rny D g.t; Qx.t/; Qy.t/; u.t//C ıg.t/ (1.38)

in Œt0; tf �. Assume that
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(a) f is Lipschitz continuous with respect to x and y with Lipschitz constant Lf
uniformly with respect to t and u;

(b) g is continuously differentiable and g0y.t; x; y; u/ is non-singular and bounded
for all .t; x; y; u/ 2 Œt0; tf � �Rnx �Rny �U.

According to (b), the equation

0Rny D g.t; x; y; u/C ıg

can be solved for y 2 Rny for any t 2 Œt0; tf �, x 2 Rnx , u 2 U by the implicit
function theorem:

Qy D Y.t; x; u; ıg/; g.t; x; Y.t; x; u; ıg/; u/C ıg D 0Rny :

Furthermore, Y is locally Lipschitz continuous with respect to t; x; u; ıg with Lips-
chitz constant LY . Let .x.�/; y.�// denote the unperturbed solution of (1.37)–(1.38)
for ıf � 0Rnx , ıg � 0Rny and . Qx.�/; Qy.�// the perturbed solution of (1.37)–(1.38).
For the algebraic variables we get the estimate

ky.t/ � Qy.t/k D kY.t; x.t/; u.t/; 0Rny / � Y.t; Qx.t/; u.t/; ıg.t//k

� LY .kx.t/ � Qx.t/k C kıg.t/k/:

With (a) we obtain

kx.t/ � Qx.t/k � kx0 � Qx0k

C

Z t

t0

kf .�; x.�/; y.�/; u.�// � f .�; Qx.�/; Qy.�/; u.�//kd�

C

����
Z t

t0

ıf .�/d�

����
� kx0 � Qx0k C Lf

Z t

t0

kx.�/ � Qx.�/k C ky.�/ � Qy.�/kd�

C

����
Z t

t0

ıf .�/d�

����
� kx0 � Qx0k C Lf .1C LY /

Z t

t0

kx.�/ � Qx.�/kd�

C Lf Ly

Z t

t0

kıg .�/kd� C

����
Z t

t0

ıf .�/d�

���� :
Using the same arguments as in the ODE case, we end up in the estimate

kx.t/ � Qx.t/k �
�
kx0 � Qx0k C T

�
Lf Ly max

t0���t
kıg.�/k C max

t0���t
kıf .�/k

��
� exp.Lf .1C LY /.t � t0//;
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where T WD tf � t0. Hence, if assumptions (a) and (b) are valid, then the DAE
(1.11)–(1.12) has perturbation index p D 1.

The Index-k Case

The above procedure will work for a class of DAEs called Hessenberg DAEs.

Definition 1.1.15 (Hessenberg DAE). Let k 
 2. The semi-explicit DAE

Px1.t/ D f1.t; y.t/; x1.t/; x2.t/; : : : ; xk�2.t/; xk�1.t/; u.t//;

Px2.t/ D f2.t; x1.t/; x2.t/; : : : ; xk�2.t/; xk�1.t/; u.t//;

:::

Pxk�1.t/ D fk�1.t; xk�2.t/; xk�1.t/; u.t//;

0Rny D g.t; xk�1.t/; u.t//

(1.39)

is called Hessenberg DAE of order k. Herein, the algebraic variable is y and the
differential variable is x D .x1; : : : ; xk�1/>.

For i D 1; : : : ; k � 1 let fi be i times continuously differentiable and let u be
sufficiently smooth. By .k � 1/-fold differentiation of the algebraic constraint, by ap-
plication of the implicit function theorem, and by repeating the arguments for ODEs
and index-one DAEs, it is easy to see that the Hessenberg DAE of order k has pertur-
bation index k, if the matrix

M.�/ WD g0xk�1.�/ � f
0
k�1;xk�2

.�/ � � �f 02;x1.�/ � f
0
1;y.�/ (1.40)

is non-singular.
Another index concept corresponds to the definition of the order of active state con-

straints in optimal control problems, see [227]. Notice that the algebraic constraint
(1.12) can be interpreted as a state respectively mixed control-state constraint in an
appropriate optimal control problem, which is active on Œt0; tf �. The idea is to differ-
entiate the algebraic constraint (1.12) with respect to time and to replace the derivative
Px according to (1.11), until the resulting equations can be solved for the derivative Py
by the implicit function theorem. The smallest number of differentiations needed is
called differentiation index.

Definition 1.1.16 (Differentiation Index, compare [148, p. 455]). The DAE (1.5)
with u sufficiently smooth has differentiation index p 2 N0, if p 2 N0 is the smallest
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number such that the equations

F.t; z.t/; Pz.t/; u.t// D 0Rnz ;

d

dt
F.t; z.t/; Pz.t/; u.t// D 0Rnz ;

:::

dp

dtp
F.t; z.t/; Pz.t/; u.t// D 0Rnz

allow to derive by algebraic manipulations an explicit ODE

Pz.t/ D Qf .t; z.t/; u.t/; : : : ; u.p/.t//:

This ODE is called underlying ODE.

We illustrate the differentiation index for (1.11)–(1.12) and assume

(a) g and u are continuously differentiable.

(b) g0y.t; x; y; u/ is non-singular and g0y.t; x; y; u/
�1 is bounded for all .t;x;y;u/ 2

Œt0; tf � �Rnx �Rny �U.

Differentiation of the algebraic constraint (1.12) with respect to time yields

0Rny D g
0
t Œt �C g

0
x Œt � � Px.t/C g

0
y Œt � � Py.t/C g

0
uŒt � � Pu.t/

D g0t Œt �C g
0
x Œt � � f Œt �C g

0
y Œt � � Py.t/C g

0
uŒt � � Pu.t/;

where, e.g., g0t Œt � is an abbreviation for g0t .t; x.t/; y.t/; u.t//. Since g0y Œt �
�1 exists

and is bounded, we can solve this equality for Py and obtain the differential equation

Py.t/ D �.g0y Œt �/
�1.g0t Œt �C g

0
xŒt � � f Œt �C g

0
uŒt � � Pu.t//: (1.41)

Hence, it was necessary to differentiate the algebraic equation once in order to obtain
a differential equation for the algebraic variable y. Consequently, the differentiation
index is one. Equations (1.11) and (1.41) define the underlying ODE of the DAE
(1.11)–(1.12). Often ODEs are viewed as index-zero DAEs, since the underlying
ODE is identical with the ODE itself and no differentiations are needed.

In the same way, it can be shown that the Hessenberg DAE of order k 
 2 has
differentiation index k, if the matrix M in (1.40) is non-singular.

Consequently, the differentiation index and the perturbation index coincide for Hes-
senberg DAEs, see also [51]. For more general DAEs the difference between pertur-
bation index and differentiation index can be arbitrarily high, see [148, p. 461].

Remark 1.1.17. Notice that the index calculations are questionable in the presence
of a control variable u. We assumed that u is sufficiently smooth, which is not the
case for many optimal control problems. Nevertheless, often the optimal control u is
at least piecewise smooth and hence the interpretation remains valid locally.
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1.1.2 Consistent Initial Values

DAEs not only differ in their stability behavior from explicit ODEs. Another differ-
ence is that initial values have to be defined properly, that is, they have to be consistent.
We restrict the discussion to Hessenberg DAEs of order k. A general definition of con-
sistency can be found in [34].

Define

g.0/.t; xk�1.t/; u.t// WD g.t; xk�1.t/; u.t//: (1.42)

An initial value for xk�1 at t D t0 has to satisfy this equality, of course. But this is
not sufficient, because also time derivatives of (1.42) impose additional restrictions on
initial values. This can be seen as follows. Differentiation of g.0/ with respect to time
and substitution of Pxk�1.t/ D fk�1.t; xk�2.t/; xk�1.t/; u.t// leads to the equation

0Rny D g
0
t Œt �C g

0
xk�1

Œt � � fk�1.t; xk�2.t/; xk�1.t/; u.t//C g
0
uŒt � � Pu.t/

DW g.1/.t; xk�2.t/; xk�1.t/; u.t/; Pu.t//;

which has to be satisfied as well. Recursive application of this differentiation and
substitution process leads to the equations

0Rny D g
.j /.t; xk�1�j .t/; : : : ; xk�1.t/; u.t/; Pu.t/; : : : ; u

.j /.t// (1.43)

for j D 1; 2; : : : ; k � 2 and

0Rny D g
.k�1/.t; y.t/; x1.t/; : : : ; xk�1.t/; u.t/; Pu.t/; : : : ; u

.k�1/.t//: (1.44)

Since the equations (1.43)–(1.44) do not occur explicitly in the original system (1.39),
these equations are called hidden constraints of the Hessenberg DAE. With this nota-
tion, consistency is defined as follows.

Definition 1.1.18 (Consistent Initial Value). Let x.t0/ and y.t0/ be given and let u be
sufficiently smooth. The differential variable x.t0/ is called consistent for the Hessen-
berg DAE of order k, if equations (1.42)–(1.43) are satisfied for j D 1; 2; : : : ; k � 2.
y.t0/ is called consistent, if y.t0/ satisfies the equation (1.44) at t D t0.

The following optimal control problem shows that control components may occur
in the algebraic constraint.

Example 1.1.19 (communicated by O. Kostyukova). MinimizeZ 3

0

2x1.t/C
1

2
y.t/2dt
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subject to the DAE

Px1.t/ D x2.t/; x1.0/ D 1;

Px2.t/ D y.t/C u1.t/; x2.0/ D
2

3
;

Px3.t/ D u2.t/; x3.0/ D 1;

0 D x2.t/ � u2.t/;

the control constraint

�1 � u1.t/ � 1;

and the state constraint

0 � x3.t/ � 200:

As the algebraic variable does not appear in the algebraic constraint, this problem has
at least index two. Differentiating the algebraic constraint is questionable as u2 is not
necessarily differentiable. However, as x2 is an absolutely continuous function, so is
u2 by the algebraic constraint. Hence, the optimal control component u2 is smoother
as expected.

An alternative way to avoid that control variables appear in the algebraic equations,
is to smoothen the controls. In this case, an artificial differential equation

Pu2.t/ D u3.t/; u2.0/ D x2.0/ D
2

3

with new control u3 can be introduced, where u2 is treated as a state variable.

The previous example shows that the dependence on derivatives of the control
in (1.43) and (1.44) can be avoided by introducing additional state variables 
j ,
j D 0; : : : ; k � 2, by


0 WD u; 
1 WD Pu; : : : ; 
k�2 WD u
.k�2/

satisfying the differential equations

P
0 D 
1; : : : ; P
k�3 D 
k�2; P
k�2 D Qu;

and to consider Qu WD u.k�1/ as the new control, see [240]. Clearly, this approach is
nothing else than constructing a sufficiently smooth control u for the original problem.
The resulting problem is not equivalent to the original problem anymore. Nevertheless,
this strategy is very useful from a practical point of view.
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1.1.3 Index Reduction and Stabilization

The perturbation index measures the stability of the DAE. With increasing pertur-
bation index, the DAE suffers from increasing ill-conditioning, since not only the
perturbation ı occurs in (1.35), but also derivatives thereof. Thus, even for small per-
turbations (in the supremum norm), large deviations in the respective solutions are
possible. Higher index DAEs occur, e.g., in mechanics, see [10, 96, 292], process
system engineering, see [83], and electrical engineering, see [145, 222].

To avoid the problems of severe ill-conditioning, it is possible to reduce the index
by replacing the algebraic constraint in (1.39) by its derivative g.1/ defined in (1.43).
It is easy to see that the resulting DAE has perturbation index k � 1. More generally,
the algebraic constraint

g.0/.t; xk�1.t/; u.t// D 0Rny

in (1.42) can be replaced by any of the constraints

g.j /.t; xk�1�j .t/; : : : ; xk�1.t/; u.t/; Pu.t/; : : : ; u
.j /.t// D 0Rny

in (1.43) with 1 � j � k � 2 or by (1.44). Then the resulting DAE has perturbation
index k � j or 1, respectively. The drawback of this index reduction approach is
that numerical integration methods suffer from the so-called drift-off effect. Since a
numerical integration scheme, if applied to an index reduced DAE, only obeys hidden
constraints up to a certain level, the numerical solution will not satisfy the higher level
constraints and it can be observed that the magnitude of violation increases with time t .
Hence, the numerical solution drifts off the neglected constraints, even if the initial
value was consistent. Especially for long time intervals, the numerical solution may
deviate substantially from the solution of the original DAE. One possibility to avoid
this drawback is to perform a projection step onto the neglected constraints after each
successful integration step for the index reduced system, see [14, 82].

Another approach is to stabilize the index reduced problem by adding the neglected
constraints to the index reduced DAE. The resulting system is an overdetermined DAE
and numerical integration methods have to be adapted, see [96, 97]. The stabilization
approach, if applied to mechanical multi-body systems, is equivalent with the GGL-
stabilization in [102].

The above outlined procedures are illustrated for a very important field of appli-
cations—mechanical multi-body systems.

Example 1.1.20 (Mechanical Multi-body Systems). Let a system of n rigid bodies be
given. Every body of mass mi has three translational and three rotational degrees of
freedom. The position of body i in a fixed reference system is given by its position
ri D .xi ; yi ; zi /

>. The orientation of the bodies coordinate system with respect to
the reference coordinate system is given by the angles ˛i ; ˇi , and �i . Hence, body i
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is characterized by the coordinates

qi D .xi ; yi ; zi ; ˛i ; ˇi ; �i/
> 2 R6

and the whole multi-body system is described by

q D .q1; : : : ; qn/
> 2 R6n:

In general, the motion of the n bodies is restricted by holonomic constraints

0Rng D g.q/:

The kinetic energy of the multi-body system is given by

T .q; Pq/ D
1

2

nX
iD1

.mi Pri .q; Pq/
> Pri .q; Pq/C wi .q; Pq/

>Jiwi .q; Pq//;

where Pri denotes the velocity of body i , wi denotes the angular velocity of body i
with respect to the reference system, and Ji is the moment of inertia of body i . The
Euler–Lagrangian equations of the first kind are given by

d

dt
.T 0Pq.q; Pq//

> � .T 0q.q; Pq//
> D F.q; Pq; u/ � g0.q/>	;

0Rng D g.q/;

whereF is the vector of applied forces and torques, which may depend on the control u.
Explicit calculation of the derivatives leads to the descriptor form of mechanical multi-
body systems:

Pq.t/ D v.t/;

M.q.t// Pv.t/ D f .q.t/; v.t/; u.t// � g0.q.t//>	.t/;

0Rng D g.q.t//;

where M is the symmetric and positive definite mass matrix and f includes the ap-
plied forces and torques and the Coriolis forces. Multiplication of the second equation
with M�1 yields a Hessenberg DAE of order 3.

Let g be twice continuously differentiable. The constraint g.q.t// D 0Rng is called
constraint on position level. Differentiation with respect to time of this algebraic
constraint yields the constraint on velocity level

g0.q.t// � v.t/ D 0Rng

and the constraint on acceleration level

g0.q.t// � Pv.t/C g00qq.q.t//.v.t/; v.t// D 0Rng :
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Replacing Pv by

Pv.t/ DM.q.t//�1.f .q.t/; v.t/; u.t// � g0.q.t//>	.t//

yields

0Rng D g
0.q.t//M.q.t//�1.f .q.t/; v.t/; u.t// � g0.q.t//>	.t//

C g00qq.q.t//.v.t/; v.t//:

If rank.g0.q// D ng , then the matrix g0.q/M.q/�1g0.q/> is non-singular and the
latter equation can be solved for the algebraic variable 	. By the same reasoning as
before, the descriptor form has index three. Consistent initial values .q0; v0; 	0/ have
to satisfy the constraints on position, velocity, and acceleration level.

For numerical methods it is advisable to perform an index reduction, i.e. the con-
straint on position level is replaced by the constraint on velocity or acceleration level.
An even better idea is to use the Gear–Gupta–Leimkuhler-stabilization (GGL-stabiliz-
ation)

Pq.t/ D v.t/ � g0.q.t//>
.t/; (1.45)

M.q.t// Pv.t/ D f .q.t/; v.t/; u.t// � g0.q.t//>	.t/; (1.46)

0Rng D g.q.t//; (1.47)

0Rng D g
0.q.t// � v.t/: (1.48)

This DAE is equivalent to an index-two Hessenberg DAE, if the second equation
is multiplied with M�1. Furthermore, differentiation of the first algebraic equation
yields

0Rng D g
0.q.t// � .v.t/ � g0.q.t//>
.t// D �g0.q.t//g0.q.t//>
.t/:

If rank.g0.q// D ng , then g0.q/g0.q/> is non-singular and it follows 
 � 0Rng .
Hence, the GGL-stabilization (1.45)–(1.48) is equivalent to the overdetermined (sta-
bilized) descriptor form

Pq.t/ D v.t/;

M.q.t// Pv.t/ D f .q.t/; v.t/; u.t// � g0.q.t//>	.t/;

0Rng D g.q.t//;

0Rng D g
0.q.t// � v.t/:
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Example 1.1.21 (Pendulum problem, revisited). The equations of motion in GGL
formulation for the pendulum problem in Example 1.1.10 read as follows:

Px1.t/ D x3.t/ � 2x1.t/
.t/;

Px2.t/ D x4.t/ � 2x2.t/
.t/;

m Px3.t/ D �2x1.t/	.t/C
u.t/x2.t/

`
;

m Px4.t/ D �mg � 2x2.t/	.t/ �
u.t/x1.t/

`
;

0 D x1.t/
2 C x2.t/

2 � `2;

0 D x1.t/x3.t/C x2.t/x4.t/;

where 
 denotes the additional multiplier. Indeed, differentiation of the first algebraic
constraint yields

0 D 2x1.t/ Px1.t/C 2x2.t/ Px2.t/

D 2x1.t/ .x3.t/ � 2x1.t/
.t//C 2x2.t/ .x4.t/ � 2x2.t/
.t//

D �4
�
x1.t/

2 C x2.t/
2
�

.t/

D �4`2
.t/

and hence 
 � 0 in every solution of the DAE.

A formal procedure of stabilizing general DAEs of type

Pz.t/ D v.t/;

F .t; z.t/; v.t/; u.t// D 0Rnz

works as follows. Let G be a function with

G.t; z.t/; v.t/; u.t// D 0RnG

for almost all t and let G0z have full rank. Moreover, assume that G is invariant, i.e.

d

dt
GŒt � D G0t Œt �CG

0
zŒt � � v.t/CG

0
vŒt � � Pv.t/CG

0
uŒt � Pu.t/ � 0RnG :

Stabilization in the sense of Gear–Gupta–Leimkuhler yields the system

Pz.t/ D v.t/ �
�
G0zŒt �

�>
� 
.t/;

F.t; z.t/; v.t/; u.t// D 0Rnz ;

G.t; z.t/; v.t/; u.t// D 0RnG :
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The invariance of G yields

0RnG D
d

dt
GŒt �

D G0t Œt �CG
0
zŒt � � v.t/ �G

0
zŒt � �G

0
zŒt �
> � 
.t/CG 0vŒt � � Pv.t/CG

0
uŒt � � Pu.t/

D �G0zŒt � �G
0
zŒt �
> � 
.t/:

Since G0zŒt � has full rank, the matrix G0z Œt �G
0
zŒt �
> is non-singular. This implies


.t/ � 0RnG . Hence, both systems are equivalent.

1.2 Transformation Techniques

Several useful transformation techniques are discussed that allow to transform fairly
general optimal control problems to standard form. It should be mentioned however
that the size of the transformed problem may increase or additional nonlinearities
may be introduced by the transformations and thus tailored methods for the original
problem formulation can be more efficient.

1.2.1 Transformation to Fixed Time Interval

Problem 1.1.8 with free initial or final time can be transformed into an equivalent
problem with fixed initial and final time. This is achieved by the linear time transfor-
mation

t .�/ WD t0 C �.tf � t0/; � 2 Œ0; 1�: (1.49)

Define

Nx.�/ WD x.t.�// D x.t0 C �.tf � t0//;

Ny.�/ WD y.t.�// D y.t0 C �.tf � t0//;

Nu.�/ WD u.t.�// D u.t0 C �.tf � t0//:

Then,

d

d�
Nx.�/ D Px.t.�// � t 0.�/

D .tf � t0/f .t.�/; x.t.�//; y.t.�//; u.t.�///

D .tf � t0/f .t.�/; Nx.�/; Ny.�/; Nu.�//:

The quantities t0 and/or tf can be viewed as constant states with

d

d�
t0.�/ D 0; t0.0/ free;

d

d�
tf .�/ D 0; tf .0/ free;
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or more efficiently as additional scalar optimization parameters. We obtain the equiv-
alent transformed problem (with t0 and tf as additional states):

Minimize

'.t0.0/; tf .1/; Nx.0/; Nx.1//C

Z 1

0

.tf .�/ � t0.�//f0.t.�/; Nx.�/; Ny.�/; Nu.�//d�

subject to

d

d�
Nx.�/ D .tf .�/ � t0.�//f .t.�/; Nx.�/; Ny.�/; Nu.�//;

0Rny D g.t.�/; Nx.�/; Ny.�/; Nu.�//;

d

d�
t0.�/ D 0;

d

d�
tf .�/ D 0;

s.t.�/; Nx.�// � 0Rns ;

c.t.�/; Nx.�/; Ny.�/; Nu.�// � 0Rnc ;

 .t0.0/; tf .1/; Nx.0/; Nx.1// D 0Rn ;

Nu.�/ 2 U:

1.2.2 Transformation to Autonomous Problem

A non-autonomous Problem 1.1.8 can be transformed into an autonomous problem by
introducing an additional state according to the differential equation

PT .t/ D 1; T .t0/ D t0: (1.50)

The equivalent autonomous problem reads as

Minimize

'.T .t0/; T .tf /; x.t0/; x.tf //C

Z tf

t0

f0.T .t/; x.t/; y.t/; u.t//dt

subject to

Px.t/ D f .T .t/; x.t/; y.t/; u.t//;

0Rny D g.T .t/; x.t/; y.t/; u.t//;

PT .t/ D 1;

s.T .t/; x.t// � 0Rns ;

c.T .t/; x.t/; y.t/; u.t// � 0Rnc ;
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 .T .t0/; T .tf /; x.t0/; x.tf // D 0Rn ;

T .t0/ D t0;

u.t/ 2 U:

1.2.3 Transformation of Tschebyscheff Problems

A Tschebyscheff problem aims at minimizing the objective function

max
t2Œt0;tf �

h.t; x.t/; y.t/; u.t//

subject to the standard constraints of the DAE optimal control problem 1.1.8.
Define

˛ WD max
t2Œt0;tf �

h.t; x.t/; y.t/; u.t//:

Then,

h.t; x.t/; y.t/; u.t// � ˛ in Œt0; tf �: (1.51)

This is an additional mixed control-state constraint and the Tschebyscheff problem
is equivalent with minimizing ˛ subject to the standard constraints and the mixed
control-state constraint (1.51).

The parameter ˛ can be treated as a real optimization variable or by adding an
artificial constant state variable and the differential equation

P̨ .t/ D 0; ˛.t0/ free:

1.2.4 Transformation of L1-Minimization Problems

An L1-minimization problem aims at minimizing an objective function that contains
the term

kuk1 D

Z tf

t0

ju.t/jdt;

where u W Œt0; tf � �! R is supposed to be single-valued for notational convenience.
Such an objective function is not differentiable and the corresponding optimal con-

trol problem is non-smooth. The problem can be transformed into an equivalent
smooth problem by introducing two artificial controls uC.t/ WD max¹u.t/; 0º 
 0

and u�.t/ WD �min¹u.t/; 0º 
 0. Then it holds

u.t/ D uC.t/ � u�.t/
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and

ju.t/j D uC.t/C u�.t/:

An equivalent smooth optimal control problem is obtained by replacing kuk1 by

kuk1 D

Z tf

t0

uC.t/C u�.t/dt; (1.52)

by adding the control constraints uC.t/ 
 0 and u�.t/ 
 0, and by replacing all
remaining occurrences of u by uC � u�.

Note that in an optimal solution one of the values uC.t/ or u�.t/ will be zero
almost everywhere depending on the sign of u.t/, since otherwise the expression in
(1.52) would not be minimal.

1.2.5 Transformation of Interior-Point Constraints

Problems with intermediate point constraints of type

 .x.t0/; x.t1/; : : : ; x.tN // D 0Rn 

and objective function

'.x.t0/; x.t1/; : : : ; x.tN //C

N�1X
iD0

Z tiC1

ti

f0;i .t; x.t/; y.t/; u.t//dt

with tN D tf can be transformed into Problem 1.1.8 using linear time transformations

t i .�/ WD ti C �.tiC1 � ti /; � 2 Œ0; 1�; i D 0; : : : ; N � 1;

that map each interval Œti ; tiC1� onto Œ0; 1�. In addition, for � 2 Œ0; 1� and
i D 0; : : : ; N � 1 new states xi .�/ WD x.t i .�//, yi .�/ WD y.t i .�//, and new con-
trols ui .�/ WD u.t i .�// are introduced with additional continuity conditions

xi .1/ � xiC1.0/ D 0Rnx ; i D 0; : : : ; N � 2:

The transformed problem then reads as follows:

Minimize

'.x0.0/; x1.0/; : : : ; xN�1.0/; xN�1.1//

C

N�1X
iD0

Z 1

0

.tiC1 � ti /f0;i .t
i .�/; xi .�/; yi .�/; ui .�//d�
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subject to

Pxi .�/ � .tiC1 � ti /f .t
i .�/; xi .�/; yi .�/; ui .�// D 0Rnx ; i D 0; : : : ; N � 1;

g.t i .�/; xi .�/; yi .�/; ui .�// D 0Rny ; i D 0; : : : ; N � 1;

s.t i .�/; xi .�// � 0Rns ; i D 0; : : : ; N � 1;

c.t i .�/; xi .�/; yi .�/; ui .�// � 0Rnc ; i D 0; : : : ; N � 1;

 .x0.0/; x1.0/; : : : ; xN�1.0/; xN�1.1// D 0Rn ;

xi .1/ � xiC1.0/ D 0Rnx ; i D 0; : : : ; N � 2;

ui .�/ 2 U; i D 0; : : : ; N � 1:

A problem with interior point constraints and free final time is discussed in the follow-
ing example.

Example 1.2.1 (Interior point constraints, communicated by Roland Herzog). The
task is to find a path with initial and terminal constraints that passes in minimal time
through a defined "-neighborhood of given via-points xi , i D 1; : : : ; N . This task
occurs in the path planning of machines that have to perform a given task at prescribed
points. It can be modeled as the following control problem:

Minimize tf subject to

Px.t/ D v.t/; x.0/ D x0;

Pv.t/ D a.t/; v.0/ D v0; v.tf / D v0;

Pa.t/ D u.t/; a.0/ D a0; a.tf / D a0;

and

umin � u.t/ � umax;

kx.ti / � xik � "; i D 1; : : : ; N;

v.t/ � vmax;

a.t/ � amax:

The final time tf and the intermediate time points ti , i D 1; : : : ; N , are free and the
problem can be transformed to an equivalent problem on the fixed time interval Œ0; 1�
using the transformation t .�/ WD � tf with � 2 Œ0; 1�. The transformed problem reads
as follows:
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Minimize tf subject to

Px.�/ D tf v.�/; x.0/ D x0;

Pv.�/ D tf a.�/; v.0/ D v0; v.1/ D v0;

Pa.�/ D tf u.�/; a.0/ D a0; a.1/ D a0;

umin � u.�/ � umax;

kx.�i tf / � xik � "; i D 1; : : : ; N;

v.�/ � vmax;

a.�/ � amax:

The intermediate time points �i WD ti=tf are still free. The variable time transfor-

mation �. Q�/ D
R Q�
0 w.s/ds with additional control w.�/ 
 0, �i D �. Q�i / and fixed

(equidistant) Q�i , i D 1; : : : ; N , can be used to transform the problem into an equiva-
lent problem with fixed intermediate time points. The transformed problem reads as
follows:

Minimize tf subject to

Px. Q�/ D tf w. Q�/v. Q�/; x.0/ D x0;

Pv. Q�/ D tf w. Q�/a. Q�/; v.0/ D v0; v.1/ D v0;

Pa. Q�/ D tf w. Q�/u. Q�/; a.0/ D a0; a.1/ D a0;

P�. Q�/ D w. Q�/; �.0/ D 0; �.1/ D 1;

umin � u. Q�/ � umax;

kx. Q�i / � xik � "; i D 1; : : : ; N;

v. Q�/ � vmax;

a. Q�/ � amax;

w. Q�/ 
 0:

Sample data: N D 4, Q�i D i=4, i D 0; : : : ; 4, " D 0:1, vmax D amax D 1,

xi D x. Q�i / D

�
i C 1

.�1/i"

�
; i D 0; : : : ; 3; x4 D x. Q�4/ D

�
5

0

�
;

v0 D

�
0:4

0

�
; a0 D

�
0

0

�
; umin D �umax D

�
�1

�1

�
:
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Figure 1.7. Minimum time path through an "-neighborhood of given points xi , i D 1; : : : ; 4,
with radius " D 0:1. The neighborhoods are depicted as circles with center xi . The solid
points on the path at the boundary of the circles indicate the position x.ti / of the process at
time points ti , i D 1; : : : ; 4.

The solution is depicted in Figure 1.7. The time points ti , i D 1; : : : ; 4, and the
final time tf are given by

t1 D 1:3751117339512176;

t2 D 2:3876857361783093;

t3 D 3:4636193112119735;

t4 D 4:7688769330936207;

tf D 4:768876933093622:

1.3 Overview

Figure 1.8 attempts to classify different approaches towards Problem 1.1.8. It does
not claim to provide a complete overview on methods and of course alternative classi-
fications are possible as well.

The main distinction, that is made in Figure 1.8, is the discretization approach ver-
sus the function space approach. The paradigm of the discretization method is to
approximate the DAE optimal control problem by a finite dimensional optimization
problem using a suitable discretization scheme. This approach is widely known as
‘first discretize, then optimize approach’. The discretization approach is discussed in
Chapter 5. Suitable integration schemes for DAEs, which are fundamental to dis-
cretization methods, are briefly summarized in Chapter 4.
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Indirect approach based 
on finite dimensional 

optimality system

DAE Optimal 
Control Problem

Discretization:
Approximation by finite dimensional problem

Function space approach

Indirect approach based 
on infinite dimensional 

optimality system

Direct Approach: 
Methods for  discretized 

optimization problem

Direct Approach: Methods for 
infinite dimensional 

optimization problem

SQP methods
Interior-Point Methods

Gradient methods
Penalty methods

Multiplier methods
Dynamic programming

Reduced approach 
(direct shooting)

Full discretization 
(collocation)

Reduced 
approach Full approach

SQP methods
Interior-Point Methods

Gradient methods
Penalty methods

Multiplier methods
Dynamic programming

Semi-analytical 
methods (indirect 
method, boundary 
value problems)

Methods for infinite 
dimensional  

complementarity 
problems and 

variational 
inequalities 

(semismooth 
Newton, Josephy-
Newton, fixed-point 
iteration, projection  

methods)

Methods for finite 
dimensional  

complementarity 
problems and 

variational 
inequalities 

(semismooth 
Newton, Josephy-
Newton, fixed-point 
iteration, projection  

methods)

Figure 1.8. Classification of solution approaches for a DAE optimal control problem.

In contrast, the function space approach considers the DAE optimal control problem
as an infinite dimensional optimization problem, typically in a suitable Banach space
setting. This is known as ‘first optimize, then discretize approach’. Typical methods
of the function space approach are described in Chapter 8. In the latter, discretization
techniques are only used to approximate the single steps of the function space method.

The branches below this first main branch into direct discretization approach and
function space approach basically summarize the same techniques, either to solve
the optimization problem directly using suitable optimization algorithms, or to solve
it indirectly by solving the first order necessary optimality conditions with suitable
techniques for variational inequalities or complementarity problems. The only funda-
mental difference is that the methods in the left branch of Figure 1.8 are applied to
finite dimensional problems, while the methods in the right branch have to be suitable
for infinite dimensional problems.

The classical indirect approach for optimal control problems plays an extra role in
the function space branch and can be considered a semi-analytical method. Herein,
necessary optimality conditions given in terms of the famous minimum principle are
exploited in order to set up a nonlinear boundary value problem that a minimizer has
to satisfy necessarily. This exploitation is usually not done automatically by an algo-
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rithm, but by the user. The user needs to extract all information that is provided and
sometimes hidden in first or second order necessary optimality conditions. Especially
in the presence of state or control constraints, this is not an easy task as the switching
structure of the problem, which is the sequence of singular sub-arcs and active and
inactive parts, is usually unknown and good initial guesses are mandatory. Hence, the
user needs to have a sound knowledge of optimal control theory and insights into the
problem specific structure.

The knowledge of first order necessary optimality conditions is fundamental to all
approaches. In Chapter 2 such optimality conditions are provided in terms of Fritz
John conditions for infinite optimization problems. In Chapter 3 the necessary Fritz
John conditions are evaluated for DAE optimal control problems by exploitation of
the special structure. The resulting optimality conditions provide local minimum prin-
ciples for certain classes of DAE optimal control problems.

Chapter 7 is devoted to mixed-integer optimal control problems. These problems
include control variables that are restricted to discrete sets, for instance a gear shift
control in a car. The local minimum principles of Chapter 3 do not hold for such prob-
lems as they require convex control sets with non-empty interior. By applying the
Dubovitsky–Milyutin trick, see [133, p. 95], [162, p. 148], it is possible to obtain a
global minimum principle for mixed-integer optimal control problems. This trick ex-
ploits a time transformation technique, which turns out to be of use for the derivation
of numerical approaches for mixed-integer optimal control problems as well.

Chapter 6 addresses the problem of controlling a system in real-time. Next to the
classic LQ feedback controller, an open loop controller based on a sensitivity analy-
sis of the discretized optimal control problem is described. Finally, the discretization
techniques in Chapter 5 are exploited to construct a (nonlinear) model-predictive feed-
back controller, which is capable of taking state or control constraints into account.

1.4 Exercises

Exercise 1.4.1 (Range Maximal Flight of an Aircraft). Consider the flight of an air-
craft of mass m with center of gravity S.t/ D .x.t/; h.t//> and velocity v.t/ in two
space dimensions x (range) and h (altitude).

The flight of the aircraft is subject to the weight force W D mg, where g denotes
acceleration due to gravity, and the aerodynamic forces lift

L.v; h; CL/ WD q.v; h/ � F � CL

and drag

D.v; h; CL/ WD q.v; h/ � F � CD.CL/;
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where q.v; h/ WD 1
2
� �.h/ � v2 denotes the dynamic pressure, �.h/ the air density,

CL the lift coefficient, CD.CL/ D CD0 C kC
2
L the drag coefficient, CD0 and k are

constants, and F is the efficient surface.
The aircraft can be controlled by the thrust T .t/ 2 Œ0; Tmax� in its longitudinal

direction and by the lift coefficient CL.t/ 2 ŒCL;min; CL;max�.
For simplicity it is assumed that all forces apply at the center of gravity S , see

figure.

(a) Use Newton’s law

force = mass � acceleration:

to formulate differential equations for x.t/, h.t/, v.t/, and �.t/, where � de-
notes the pitch angle, see figure.

(b) Formulate an optimal control problem for the flight of the aircraft with the aim
to maximize the flight range. The aircraft is supposed to start at time t0 D 0

in a given initial position and it has to reach at final time point tf > 0 a given
altitude h.tf / D hf 
 0 with �.tf / D 0.

x

h

D

L

v,T

W

γS

Exercise 1.4.2. Derive the equations of motion of the following two mechanical
multi-body systems, determine the differentiation index, write down the Gear–Gupta–
Leimkuhler stabilization, and find consistent initial values:
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(a) The quick return mechanism can be controlled by a torque u that applies at body
two:

body 1

body 2

body 3

u(t)

body 4

(b) The slider crank mechanism can be controlled by a torque u that applies at body
one:

body 1

body 2

body 3

body 4

u(t)
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Exercise 1.4.3. Consider a trolley of mass m moving on a bar at height z with a
swinging load of mass m2 attached, see figure.

u

x

z

m2*g

(x,z)

ψ

l

(a) Formulate a DAE that describes the motion of the trolley. Analyze the DAE, find
its underlying ODE, and write down the Gear–Gupta–Leimkuhler stabilization
for the problem.

(b) At time t0 D 0 the trolley starts at the position x.0/ D 0 and velocity Px.0/ D 0
with the load at rest. At free final time tf the trolley is supposed to reach the
position x.tf / D 1 with velocity Px.tf / D 0 and with the load at rest again.

Formulate suitable optimal control problems subject to the above restrictions for

(i) a time minimal motion of the trolley;

(ii) a motion with minimal swinging of the load.

Exercise 1.4.4. Investigate the following DAE regarding solvability depending on the
controls u1 and u2:

Pz1.t/C Pz2.t/C z1.t/C z2.t/C u1.t/ D 0;

z1.t/C z2.t/C u2.t/ D 0:

Exercise 1.4.5. Let M 2 Rnz�nz be an arbitrary matrix. Transform the quasilinear
DAE

M Pz.t/ D f .t; z.t/; u.t//

into an equivalent semi-explicit DAE. Hint: Decompose the matrix M suitably.



48 Chapter 1 Introduction

Exercise 1.4.6 (compare [51, 148]). Find the differentiation index and the perturba-
tion index for the following nonlinear DAE:

zn.t/

0
BBBB@
0 1
: : :

: : :

: : : 1

0

1
CCCCA
0
BBB@
Pz1.t/

Pz2.t/
:::

Pzn.t/

1
CCCAC

0
BBB@
z1.t/

z2.t/
:::

zn.t/

1
CCCA D

0
BBB@
0

0
:::

0

1
CCCA :

How large is the difference between the differentiation index and the perturbation
index in terms of n 2 N?

Exercise 1.4.7. Let the DAE

F1.x.t/; Px.t/; y1.t/; y2.t// D 0Rnx ;

F2.x.t/; y1.t/; y2.t// D 0Rny1;

F3.x.t// D 0Rny2

with sufficiently smooth functions F1, F2, and F3 be given. State conditions such that
the DAE has differentiation index two.

Exercise 1.4.8. Transform the following optimal control problem on the time interval
Œ0; tf �with free final time tf > 0 into an equivalent optimal control problem on a fixed
time interval Œ0; 1�:

Minimize �m.tf / subject to the constraints

Pr.t/ D !.t/; r.0/ D 1; r.tf / D 1:525;

P!.t/ D
v.t/2

r.t/
�

1

r.t/2
C u.t/

c

m.t/
sin .t/; !.0/ D 0; !.tf / D 0;

Pv.t/ D �
!.t/v.t/

r.t/
C u.t/

c

m.t/
cos .t/; v.0/ D 1; v.tf / D

1
p
1:525

;

Pm.t/ D �u.t/; m.0/ D 1;

u.t/ 2 Œ0; 0:075�:

Exercise 1.4.9. Let a vertically ascending rocket with time dependent mass m and
thrust T D cu obey the equations of motion

Ph.t/ D v.t/;

Pv.t/ D
c

m.t/
u � g;

Pm.t/ D �u;
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where h denotes the altitude, v the velocity, u the constant thrust level, g acceleration
due to gravity, and c a constant.

(a) Solve the equations of motion given the initial values h.0/ D 0, v.0/ D 0,
m.0/ D m0 > 0.

(b) Find u such that the altitude h.tf / at time tf > 0 becomes maximal under the
restriction

m0 �m.tf / D �m;

where �m > 0 is given.

(c) Sketch m.t/; v.t/; h.t/ for u D uopt from (b) and for u D umax D 9:5 Œkg=s�.
Use the data m0 D 215 Œkg�, �m D 147 Œkg�, c D 2:06 Œkm=s�,
g D 0:00981 Œkm=s2�.

(d) Now let u be time dependent with

u.t/ D

´
u1; 0 � t � tf ;

0; t > tf :

Find u1 2 .0; umax� and Tf > tf such that h.Tf / becomes maximal. The time
point tf is again defined by the restriction m0 �m.tf / D �m.



Chapter 2

Infinite Optimization Problems

This chapter is devoted to the formulation of DAE optimal control problems and their
interpretation as infinite dimensional optimization problems. For the readers conve-
nience, the functional analytic background needed for the derivation of optimality
conditions is provided inasmuch as it is necessary. Although most of the material is
standard, we found that some parts are hard to find in the literature, for instance the
more advanced properties of Stieltjes integrals and the results on variational equali-
ties and inequalities involving functions of bounded variation and Stieltjes integrals
in Chapter 3.

After the functional analytic background has been provided, we start with a DAE
optimal control problem in standard form, which can be obtained by application of
the transformation techniques in Section 1.2 to more general problem classes. The
optimal control problem is then considered as an infinite dimensional optimization
problem with cone constraints. First-order necessary optimality conditions are pro-
vided for infinite optimization problems in general and for finite dimensional opti-
mization problems as special case. These optimality conditions are the basis for the
local minimum principles in Chapter 3, the global minimum principle in Section 7.1,
the Lagrange–Newton method in Section 8.2, and the discretization methods in Chap-
ter 5.

For the sake of completeness we provide a detailed presentation of the necessary
optimality conditions including most of the proofs. We found it useful to include
the proof of first order necessary Fritz John conditions, since it sheds light on the
many difficulties arising in infinite dimensions. Furthermore, the exposition attempts
to combine several versions of necessary conditions from the literature, which differ
slightly in their assumptions or the problem classes under consideration, and to adapt
them to our purposes. Readers, who are familiar with infinite and finite dimensional
optimization theory, may skip large parts of this chapter. However, Chapter 2 is of
central importance for all upcoming theoretical and numerical approaches towards
optimal control problems.

2.1 Function Spaces

For the interpretation of the DAE optimal control problem 1.1.8 as an infinite dimen-
sional optimization problem, it is necessary to specify the differentiability assump-
tions on the differential variable x, the algebraic variable y, and the control variable u.
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As already pointed out in Chapter 1, differential states and algebraic states exhibit dif-
ferent smoothness properties. For the semi-explicit DAE (1.11)–(1.12) it is reasonable
to choose x, y, and u from the function spaces

x 2 W
nx
1;1.I/;

y 2 L
ny
1 .I/;

u 2 Lnu1 .I/;

which will be introduced in this section. To this end, some fundamental definitions
and results from functional analysis are summarized in the following subsections.

2.1.1 Topological Spaces, Banach Spaces, and Hilbert Spaces

Let KDR or KDC and letX be a set. Let two algebraic operationsC WX�X �!X

(addition) and � W K�X �! X (scalar multiplication) be defined. Recall that .X;C/
is called an Abelian group, if

(a) .x C y/C z D x C .y C z/ holds for all x; y; z 2 X (associative law);

(b) there exists an element ‚X 2 X with ‚X C x D x for all x 2 X (existence of
zero element);

(c) for every x 2 X there exists x0 2 X with x C x0 D ‚X (existence of inverse);

(d) x C y D y C x holds for all x; y 2 X (commutative law).

Throughout, ‚X denotes the zero element of .X;C/. If no confusion is possible, we
will use simply ‚. In the special cases X D Rn and X D R the zero elements are
denoted by 0Rn and 0, respectively.

Definition 2.1.1 (Vector Space, Linear Space). .X;C; �/ is called a vector space or
linear space over K, if .X;C/ is an Abelian group and if the following computational
rules are satisfied:

(a) .s � t / � x D s � .t � x/ for all s; t 2 K x 2 X ;

(b) s � .x C y/ D s � x C s � y for all s 2 K; x; y 2 X ;

(c) .s C t / � x D s � x C t � x for all s; t 2 K; x 2 X ;

(d) 1 � x D x for all x 2 X .

In order to define continuity of functions, we need to define neighborhoods of
points.

Definition 2.1.2 (Topology, Open Set, Closed Set, Topological Vector Space, Conti-
nuity).

(a) A topology � on a set X is a subset of the power set of X with the following
properties:
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(i) ;; X belong to � .

(ii) The union of arbitrary many elements of � belongs to � .

(iii) The intersection of finitely many elements of � belongs to � .

(b) The elements of a topology � are called open sets.

(c) The complement of an open set is a closed set.

(d) The tuple .X; �/ is called a topological vector space over K, if

(i) X is a vector space over K,

(ii) X is endowed with a topology � ,

(iii) addition and multiplication by scalars are continuous functions in the given
topology.

(e) Let .X; �X / and .Y; �Y / be topological vector spaces and f W X �! Y a map-
ping. f is called continuous at x 2 X , if for all open sets V 2 �Y contain-
ing y D f .x/ 2 Y there exists an open set U 2 �X in X with x 2 U and
f .U / � V .

f is called continuous on X , if f is continuous at every x 2 X .

In order to define a topology in a vector space, it is sufficient to specify a basis A

of open sets around zero. A basis around zero is characterized by the property that
for any neighborhood V of zero there exists U 2 A such that U � V . Herein, every
open set containing x is called a neighborhood of x. Then, a set S is open, if and only
if for every x 2 S there exists an element U 2 A such that x C U � S .

Definition 2.1.3 (Interior Point, Closure, Boundary Point, Dense Set). Let S be a
subset of a topological vector space .X; �/.

(a) x 2 S is called an interior point of S , if there is a neighborhood U 2 � of x
with U � S . The set of all interior points of S is denoted by int.S/.

(b) The closure cl.S/ of S is the set of all points x satisfying U \ S 6D ; for all
neighborhoods U of x.

(c) x is a boundary point of S , if x 2 cl.S/ and x … int.S/.

(d) A subset S of a topological vector space .X; �/ is called dense inX , if cl.S/DX
holds.

Note:

� S is open, if and only if S D int.S/.

� S is closed, if and only if S D cl.S/.

Some measure of distance is necessary to define convergence of sequences.
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Definition 2.1.4 (Metric Space, Cauchy Sequence, Convergence).

(a) A metric space is a tuple .X; d/, where X is a set and d W X � X �! R is a
mapping such that for every x; y; z 2 X it holds

(i) d.x; y/ 
 0 and d.x; y/ D 0, if and only if x D y;

(ii) d.x; y/ D d.y; x/;

(iii) d.x; y/ � d.x; z/C d.z; y/.

d is called a metric on X .

(b) Let .X; d/ be a metric space. The sequence ¹xnºn2N is said to converge to
x 2 X , if lim

n!1
d.xn; x/ D 0. We write

lim
n!1

xn D x or xn �! x as n �!1:

(c) A sequence ¹xnºn2N in a metric space .X; d/ is called a Cauchy sequence, if for
every " > 0 there is an N."/ 2 N such that d.xn; xm/ < " for all n;m > N."/.

(d) A metric space .X; d/ is called complete, if every Cauchy sequence from X has
a limit in X .

Note:

� In a metric space every convergent sequence is a Cauchy sequence.

� If a sequence converges in a metric space, then its limit is unique.

In the sequel most often normed spaces are considered. A norm measures the length
of a vector.

Definition 2.1.5 (Norm). Let X be a vector space over over K D R or K D C. The
tuple .X; k � kX / is called a normed vector space, if k � kX W X �! R is a mapping
such that for every x; y 2 X and every 	 2 K it holds

(a) kxkX 
 0 and kxkX D 0 if and only if x D ‚X ;

(b) k	xkX D j	j � kxkX ;

(c) kx C ykX � kxkX C kykX .

The mapping k � kX is called a norm on X .

Since every norm defines a metric by d.x; y/ WD kx�ykX , the terminologies ‘con-
vergence, completeness, Cauchy sequence, . . . ’ can be translated directly to normed
spaces .X; k � kX /. Most often, we will work in Banach spaces.
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Definition 2.1.6 (Banach space). A complete normed vector space is called Banach
space.

In a Banach space .X; k � kX / for x 2 X and r > 0 let

Br .x/ WD ¹y 2 X j ky � xkX < rº;

Br .x/ WD ¹y 2 X j ky � xkX � rº

denote the open and closed balls around x with radius r , respectively. Then,
A WD ¹Br .‚X / j r > 0º defines a basis of open sets about zero. We say, the norm
k � kX induces the strong topology on X .

Finally, we introduce Hilbert spaces that permit to investigate orthogonality rela-
tions of vectors with respect to an inner product.

Definition 2.1.7 (Inner Product, Scalar Product). LetX be a vector space over K D R
or K D C. The mapping h�; �iX W X � X �! K is called an inner product or scalar
product, if the following conditions hold for all x; y; z 2 X and all 	 2 K.

(a) hx; yiX D hy; xiX ;

(b) hx C y; ziX D hx; ziX C hy; ziX ;

(c) hx; 	yiX D 	hx; yiX ;

(d) hx; xiX 
 0 and hx; xiX D 0, if and only if x D ‚X .

Definition 2.1.8 (pre-Hilbert Space, Hilbert Space). A pre-Hilbert space is a vector
space endowed with an inner product. A complete pre-Hilbert space is called Hilbert
space.

Notice that kxkX WD
p
hx; xiX defines a norm on a pre-Hilbert space X .

From now on, unless otherwise specified, .X; k � kX /; .Y; k � kY /; .Z; k � kZ/; : : :
denote real Banach spaces over K D R with norms k � kX ; k � kY ; k � kZ; : : : : If no
confusion is possible, we omit the norms, callX; Y;Z; : : : Banach spaces, and assume
that appropriate norms are defined.

2.1.2 Mappings and Dual Spaces

Basic notions of mappings are summarized in

Definition 2.1.9. Let T W X �! Y be a mapping from a Banach space .X; k � kX /
into a Banach space .Y; k � kY /.

(a) The image of T is defined by

im.T / WD ¹T .x/ j x 2 Xº:
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The kernel (null-space) of T is defined by

ker.T / WD ¹x 2 X j T .x/ D ‚Y º:

Given a set S � Y , the pre-image of S under T is defined by

T �1.S/ WD ¹x 2 X j T .x/ 2 Sº:

(b) T is called linear, if

T .x1 C x2/ D T .x1/C T .x2/; T .	x1/ D 	T .x1/

holds for all x1; x2 2 X , 	 2 R.

(c) Let D � X be open. A mapping T W D �! Y is called locally Lipschitz
continuous at x 2 D with constant L, if there exists " > 0 such that

kT .y/ � T .z/kY � Lky � zkX for every y; z 2 B".x/.

(d) T is called bounded, if kT .x/kY � C � kxkX holds for all x 2 X and some
constant C 
 0.

(e) If Y D R, then T is called a functional.

(f) The set of all linear continuous functionals on X endowed with the norm

kT kX� WD sup
kxkX�1

jT .x/j

is called dual space of X and is denoted by X�. This norm defines the strong
topology on X�.

X is called reflexive, if .X�/� D X holds with respect to the strong topology.

(g) Let T W X �! Y be linear. The adjoint operator T � W Y � �! X� is a linear
operator defined by

T �.y�/.x/ D y�.T .x//

for all y� 2 Y � and all x 2 X .

The following statements can be found in textbooks on functional analysis, e.g.,
[1, 205, 267, 311]:

(a) ker.T / is a closed subspace of X , if T W X �! Y is a linear and continuous
mapping.

(b) A linear operator is continuous, if and only if it is bounded.

(c) If the linear operator T is continuous, then so is the adjoint operator T �.
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(d) The set L.X; Y / of all linear continuous mappings from X into Y endowed
with the operator norm

kT kL.X;Y / WD sup
x 6D‚X

kT .x/kY

kxkX
D sup
kxkX�1

kT .x/kY D sup
kxkXD1

kT .x/kY

is a Banach space.

(e) The dual space of a Banach space is a Banach space.

(f) The product space

X D X1 �X2 � � � � �Xn

of n Banach spaces .X1; k � kX1/; : : : ; .Xn; k � kXn/ equipped with one of the
norms

kxkX D max
1�i�n

kxikXi ; kxkX D
� nX
iD1

kxik
p
Xi

�1=p
; p 2 N;

is again a Banach space. The dual space of X is given by

X� D ¹x� D .x�1 ; x
�
2 ; : : : ; x

�
n/ j x

�
i 2 X

�
i ; i D 1; : : : ; nº;

x�.x/ D

nX
iD1

x�i .xi /:

The following theorem allows to identify the dual space X� of a Hilbert space X
with X itself. In particular, Hilbert spaces are reflexive.

Theorem 2.1.10 (Riesz). Let X be a Hilbert space and x� 2 X�. Then there exists a
unique element x 2 X with x�.y/ D hx; yiX for all y 2 X and kx�kX� D kxkX .

2.1.3 Derivatives, Mean-Value Theorem, and Implicit Function
Theorem

The differentiability of a mapping T W X �! Y , where X and Y are Banach
spaces, is of central importance in the analysis of functions and plays a key role in the
derivation of necessary optimality conditions. The common definitions of directional
differentiability and differentiability in terms of linear approximations for functions
T W R �! R are extended to the Banach space setting. Throughout this book, we use
directional derivatives and Fréchet-derivatives. The Fréchet-derivative coincides with
the common derivative in the case X D Y D R and T W R �! R. Further differ-
entiability concepts like Hadamard differentiability are not considered, although such
concepts would allow to prove, e.g., the Fritz John conditions 2.3.24 under weaker
assumptions, see [202].
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Definition 2.1.11 (Directional Derivative, Gâteaux-Derivative, Fréchet-Derivative).
Let X and Y be Banach spaces, x 2 X , and T W X �! Y a mapping.

(a) T is called directionally differentiable at x in direction d 2 X , if the limit

T 0.xI d/ D lim
˛#0

1

˛
.T .x C ˛d/ � T .x///

exists. T 0.xI d/ is called directional derivative of T at x in direction d .

(b) T is called Gâteaux-differentiable at x, if there exists a continuous and linear
operator ıT .x/ W X �! Y with

lim
˛#0

T .x C ˛d/ � T .x/ � ˛ıT .x/.d/

˛
D ‚Y :

The operator ıT .x/ is called Gâteaux-differential of T at x.

(c) T is called (Fréchet-)differentiable at x, if there exists a continuous linear oper-
ator T 0.x/ W X �! Y with

lim
kdkX�!0

T .x C d/ � T .x/ � T 0.x/.d/

kdkX
D ‚Y :

The operator T 0.x/ is called (Fréchet-)derivative of T at x.

If the mapping T 0 W X �! L.X; Y /, x 7! T 0.x/, is continuous in the strong
topology of L.X; Y /, then T is called continuously differentiable.

(d) Let X D X1 � X2. T W X1 � X2 �! Y is called partially (Fréchet-)dif-
ferentiable with respect to the component x1 at . Ox1; Ox2/ 2 X1 � X2, if
T .�; Ox2/ W X1 �! Y is Fréchet-differentiable at Ox1.

The partial Fréchet-derivative of T with respect to x1 at . Ox1; Ox2/ is denoted by
T 0x1. Ox1; Ox2/. A similar definition holds for the component x2.

The following statements can be found in [162] and are provided without proof. Ba-
sically, the same computational rules and properties known from the common deriva-
tive in Euclidean spaces still hold for the Fréchet-derivative. In particular, the chain
rule applies. Moreover, if T W X1 � X2 �! Y is Fréchet-differentiable at . Ox1; Ox2/,
then T is also partially Fréchet-differentiable with respect to x1 and x2 and it holds

T 0. Ox1; Ox2/.x1; x2/ D T
0
x1
. Ox1; Ox2/.x1/C T

0
x2
. Ox1; Ox2/.x2/

for all .x1; x2/ 2 X1 �X2.
If T W X �! Y is Gâteaux-differentiable at x, then T is directionally differen-

tiable and the directional derivative and Gâteaux-derivative coincide: T 0.xI d/ D
ıT .x/.d/.
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If T W X �! Y is Fréchet-differentiable at x, then T is continuous and Gâteaux-
differentiable at x and the Fréchet-derivative and the Gâteaux-derivative coincide:
T 0.x/.d/ D ıT .x/.d/. Conversely, if T is continuous and continuously Gâteaux-
differentiable in some neighborhood of Ox 2 X , then T is Fréchet-differentiable in
this neighborhood with T 0.x/ D ıT .x/.

Higher order Fréchet-derivatives are defined recursively. Let k 
 2. T is called
k-times Fréchet-differentiable, if T 0 is .k � 1/-times Fréchet-differentiable. In partic-
ular, T is twice Fréchet-differentiable at Ox, if the mapping

T 0.�/ W X �! L.X; Y /; x 7! T 0.x/;

is Fréchet-differentiable at Ox, i.e. T 00. Ox/ is a continuous linear operator from X into
L.X; Y /:

T 00. Ox/ 2 L.X;L.X; Y //;

T 00.�/ W X �! L.X;L.X; Y //:

Hence, for every d1; d2 2 X it holds

T 00. Ox/.d1/.�/ 2 L.X; Y /;

T 00. Ox/.d1/.d2/ 2 Y:

Notice that T 00. Ox/.d1/.�/ is linear for every d1 2 X and likewise T 00. Ox/.�/.d2/ is
linear for every d2 2 X . Hence, T 00. Ox/ is a bilinear mapping and for notational
simplicity we write

T 00. Ox/.�; �/ respectively T 00. Ox/.d1; d2/:

In general, the k-th Fréchet-derivative of T at Ox is a k-linear mapping:

T .k/. Ox/.d1; : : : ; dk/:

Example 2.1.12. For X D Rn and Y D R the Fréchet-derivative is just the standard
derivative of the function T W Rn �! R.

The first derivative for d D .d1; : : : ; dn/> is given by

T 0. Ox/.d/ D

nX
iD1

@T . Ox/

@xi
di D rT . Ox/

>d:

The second derivative for d D .d1; : : : ; dn/> and h D .h1; : : : ; hn/> is

T 00. Ox/.d; h/ D

nX
i;jD1

@2T . Ox/

@xi@xj
dihj D d

>r2T . Ox/h;
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where r2T . Ox/ is the Hessian matrix of T at Ox. The k-th derivative of T for
di D .di;1; : : : ; di;n/

>, i D 1; : : : ; k, is

T .k/. Ox/.d1; : : : ; dk/ D

nX
i1D1

� � �

nX
ikD1

@kT . Ox/

@xi1 � � � @xik
d1;i1 � � � dk;ik :

In addition, the mean-value theorem holds under weak differentiability assump-
tions:

Theorem 2.1.13 (Mean-Value Theorem, see [162, p. 27]). Let X and Y be linear
topological spaces, D � X open, and h 2 X such that x C ˛h 2 D for every
0 � ˛ � 1. Let T W D �! Y be Gâteaux-differentiable for every point x C ˛h,
0 � ˛ � 1.

(a) Then

T .x C h/ � T .x/ D

Z 1

0

ıT .x C ˛h/.h/d˛;

provided the mapping x 7! ıT .x/.h/ is continuous for all x C ˛h, 0 � ˛ � 1.

(b) If X and Y are Banach spaces, it holds

kT .x C h/ � T .x/kY � sup
0�˛�1

kıT .x C ˛h/kL.X;Y / � khkX :

Moreover, for any QT 2 L.X; Y / the estimate

kT .x C h/ � T .x/ � QT .h/kY � sup
0�˛�1

kıT .x C ˛h/ � QT kL.X;Y / � khkX

holds.

Especially in the context of DAEs, the following implicit function theorem is an
indispensable tool, which we have used in Chapter 1 already:

Theorem 2.1.14 (Implicit Function Theorem, see [162, p. 29]). Let X , Y , and Z be
Banach spaces, D � X � Y some neighborhood of the point . Ox; Oy/ 2 X � Y , and
T W D �! Z continuously Fréchet-differentiable. Let T . Ox; Oy/ D ‚Z and let the
partial derivative T 0y. Ox; Oy/ be linear, continuous, and bijective.

Then there exist open balls B". Ox/ � X and Bı . Oy/ � Y with "; ı > 0, and a
mapping y W B". Ox/ �! Y with y. Ox/ D Oy and

T .x; y.x// D ‚Z for all .x; y.x// 2 B". Ox/ � Bı. Oy/:

Moreover, y.�/ is Fréchet-differentiable in B". Ox/ and

y0.x/ D �T 0y.x; y.x//
�1.T 0x.x; y.x/// for all .x; y.x// 2 B". Ox/ � Bı. Oy/:
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The assumptions of the implicit function theorem imply that the inverse operator
of the partial derivative T 0y. Ox; Oy/ exists and that T 0y. Ox; Oy/

�1 is linear and continuous,
because of the following

Theorem 2.1.15 ( [205, p. 109, Theorem 4]). Let X and Y be Banach spaces and
T W X �! Y a continuous, linear, surjective, and injective operator. Then the inverse
operator T �1 exists and it is linear and continuous.

A sufficient condition for the existence of the inverse is provided in the following
theorem.

Theorem 2.1.16 ( [205, p. 106, Theorem 4]). Let X and Y be Banach spaces and
T W X �! Y a surjective and continuous linear operator. Let there exist some
constant C > 0 with

kT .x/kY 
 CkxkX

for every x 2 X . Then the inverse operator T �1 exists and it is linear and continuous.

2.1.4 Lp-Spaces,Wq;p-Spaces, Absolutely Continuous Functions,
Functions of Bounded Variation

We introduce specific Banach spaces that are used to properly define the DAE optimal
control problem 2.2.1 in Section 2.2.

Definition 2.1.17 (Lp-Spaces). Let I WD Œt0; tf � 	 R be a compact interval with
t0 < tf .

(a) Let 1 � p < 1. The space Lp.I/ consists of all measurable functions
f W I �! R with Z tf

t0

jf .t/jpdt <1;

where the integral denotes the Lebesgue integral.

(b) The space L1.I/ consists of all measurable functions f W I �! R which are
essentially bounded, i.e.

ess sup
t2I

jf .t/j WD inf
N�I

N is set of measure zero

sup
t2InN

jf .t/j <1:

(c) For 1 � p � 1 the space Lnp.I/ is defined to be the product space

Lnp.I/ WD Lp.I/ � � � � � Lp.I/;

where each element f of Lnp.I/ is a mapping from I into Rn.
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Remark 2.1.18. Functions that differ only on a set of measure zero, i.e. functions that
are equal almost everywhere, are considered to be the same in Definition 2.1.17. In
this sense the elements of the spaces Lp.I/, 1 � p � 1, are equivalence classes.

The spaces Lp.I/, 1 � p <1, endowed with the norm

kf kp WD

�Z tf

t0

jf .t/jpdt

�1=p
;

and the space L1.I/, endowed with the norm

kf k1 WD ess sup
t2I

jf .t/j;

are Banach spaces, see [178, Theorems 2.8.2, 2.11.7].
For 1 < p <1 the dual space of Lp.I/ is given by Lq.I/, where 1=pC 1=q D 1,

i.e. for f � 2 Lp.I/� there exists a unique function g 2 Lq.I/ such that

f �.f / D

Z tf

t0

f .t/g.t/dt for all f 2 Lp.I/;

and kf �k D kgkq , see [178, Theorem 2.9.5]. For 1 < p < 1 the spaces Lp are
reflexive, see [178, Theorem 2.10.1].

The dual space of L1.I/ is given by L1.I/, i.e. for f � 2 L1.I/� there exists a
unique function g 2 L1.I/ such that

f �.f / D

Z tf

t0

f .t/g.t/dt for all f 2 L1.I/;

see [178, Theorem 2.11.8]. The spaces L1.I/ and L1.I/ are not reflexive, see [178,
Theorems 2.11.10,2.11.11].

The dual space of L1.I// does not have a nice structure. According to [178, Re-
mark 2.17.2] the dual space L1.I/ is isometrically isomorph with the space of all
finitely additive measures on the family of measurable subsets of I, which are abso-
lutely continuous with respect to the Lebesgue measure.
L2.I/ is a Hilbert space with the inner product

hf; giL2 WD

Z tf

t0

f .t/g.t/dt:

Definition 2.1.19 (Absolutely Continuous Function). Let I WD Œt0; tf � be a compact
interval with t0 < tf . A function f W I �! R is said to be absolutely continuous, if
for every " > 0 there exists ı."/ > 0 such that

mX
iD1

jbi � ai j < ı."/ H)

mX
iD1

jf .bi / � f .ai /j < ";
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where m 2 N is arbitrary and .ai ; bi / � I, i D 1; : : : ; m, are disjoint intervals. The
set of all absolutely continuous functions f W I �! R is denoted by AC.I/.

The following properties of absolutely continuous functions can be found in [241]:

Theorem 2.1.20 (Properties of Absolutely Continuous Functions). Let I WD Œt0; tf �

be a compact interval with t0 < tf .

(a) If f 2 L1.I/ then the undetermined integral

F.t/ WD C C

Z t

t0

f .�/d�

is absolutely continuous and it holds

F 0.t/ D f .t/ almost everywhere in I:

(b) If f 0 2 L1.I/ exists everywhere and if it is finite, then it holds

f .t/ D f .t0/C

Z t

t0

f 0.�/d�: (2.1)

Furthermore the partial integrationZ tf

t0

f .t/g0.t/dt C

Z tf

t0

g.t/f 0.t/dt D Œf .t/g.t/�
tf
t0

holds for absolutely continuous functions f and g on I.

(c) An absolutely continuous function on I is continuous, of bounded variation, f 0

exists almost everywhere in I and satisfies (2.1) for t 2 I.

If f 0 is zero almost everywhere in Œt0; tf �, then f is constant.

If the derivatives f 0 and g0 of absolutely continuous functions f and g are
equal almost everywhere, then the difference f � g is constant.

The following spaces are natural spaces for solutions of differential equations. The
space W1;1.I/ is a natural choice for the components of the differential state x in
Problem 1.1.8.

Definition 2.1.21 (Wq;p-spaces). Let I WD Œt0; tf � 	 R be a compact interval with
t0 < tf and 1 � q; p � 1.

(a) The space Wq;p.I/ consists of all absolutely continuous functions f W I �! R
with absolutely continuous derivatives up to order q � 1 and

kf kq;p <1;



Section 2.1 Function Spaces 63

where the norm is given by

kf kq;p WD
� qX
iD0

kf .i/kpp

�1=p
; 1 � p <1;

kf kq;1 WD max
0�i�q

kf .i/k1:

(b) For 1 � q; p � 1 the space W n
q;p.I/ is defined as the product space

W n
q;p.I/ WD Wq;p.I/ � � � � �Wq;p.I/;

where each element f of W n
q;p.I/ is a mapping from I into Rn.

For 1 � q; p � 1 the space Wq;p.I/ endowed with the norm k � kq;p is a Banach
space. The spaces Wq;2.I/, 1 � q � 1, are Hilbert spaces with the inner product

hf; giWq;2 WD

qX
iD0

Z b

a

f .i/.t/g.i/.t/dt:

Definition 2.1.22 (k-Times Continuously Differentiable Functions).
Let I WD Œt0; tf � 	 R be a compact interval with t0 < tf and n; k 2 N.

The space of continuous functions f W I �! Rn is denoted by Cn.I/ D Cn0 .I/.
The space of k-times continuously differentiable functions f W I �! Rn is denoted

by Cn
k
.I/.

The elements of the space W1;1.I/ are continuous functions, but not all of them
are continuously differentiable, and hence C1.I/ 	 W1;1.I/ 	 C.I/.

The space Cn.I/ of continuous vector-valued functions f W I �! Rn endowed
with the norm

kf k1 D max
t2I
kf .t/k;

where k � k is any vector norm on Rn, is a Banach space.
If pure state constraints (1.17) are present in the DAE optimal control problem 1.1.8,

which are continuous functions, then the Lagrange multipliers associated to the pure
state constraints in the Fritz John conditions 2.3.24 are elements of the dual space of
the space of continuous functions. Hence, explicit representations for the elements of
the dual space are required in order to represent the Lagrange multipliers. It turns out
that the elements of the dual space of C.I/ can be represented by Riemann–Stieltjes
integrals, see Definition 2.1.25 below, which are defined by functions of bounded
variation, see Definition 2.1.24 below. It holds
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Theorem 2.1.23 (Riesz’ Representation Theorem, see [241, p. 266]).
Let ˆ W C.I/ �! R be a continuous linear functional. Then there exists a function 

of bounded variation on I such that for every f 2 C.I/ it holds

ˆ.f / D

Z tf

t0

f .t/d
.t/:

In Theorem 2.1.23 the function of bounded variation 
 is defined almost every-
where in I with exception of an additive constant, see [137, p. 59], [208, p. 113].

Definition 2.1.24 (Function of Bounded Variation). Let I WD Œt0; tf � 	 R be a com-
pact interval with t0 < tf .

(a) 
 W I �! R is said to be of bounded variation, if there exists a constantK such
that for any partition

Gm WD ¹t0 < t1 < � � � < tm D tf º

of Œt0; tf � it holds

mX
iD1

j
.ti/ � 
.ti�1/j � K:

The total variation of 
 is

TV.
; t0; tf / WD sup
all Gm

mX
iD1

j
.ti / � 
.ti�1/j:

The space of all functions of bounded variation on I is called BV.I/.

(b) The space BVn.I/ is defined as the product space

BVn.I/ WD BV.I/ � � � � � BV.I/;

where each element 
 of BVn.I/ is a mapping from I into Rn.

(c) The space of normalized functions of bounded variations NBVn.I/ consists of
all functions 
 2 BVn.I/, which are continuous from the right on .t0; tf / and
satisfy 
.t0/ D 0Rn .

A norm on NBV.I/ is given by k
kNBV WD TV.
; t0; tf /. With this norm, the
correspondence between the dual space of C.I/ and NBV.I/ in Theorem 2.1.23 is
unique. Hence, NBV.I/ is the dual space of C.I/.

We summarize some facts about functions of bounded variation, see [241]:

(a) The derivative P
 of a function 
 2 BV.I/ exists almost everywhere in I and
the integral

R tf
t0
P
.t/dt exists.
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(b) 
 2 BV.I/ possesses only countably many jumps. For every jump point of 

the left- and right-sided limits exist.

(c) Every function 
 of bounded variation can be represented as


.t/ D 
a.t/C 
d .t/C 
s.t/;

where 
a is absolutely continuous, 
d is the jump function of 
 given by


d .t0/ D 0;


d .t/ D .
.t0C/ � 
.t0//C
X
ti<t

.
.tiC/ � 
.ti�//C .
.t/ � 
.t�//

for t 2 I with left-sided limits 
.ti�/, 
.t�/ and right-sided limits 
.tiC/ at
the jump points ti of 
, respectively, and 
s is singular. Herein, 
s is called
singular, if it is a non-constant continuous function of bounded variation, whose
derivative is zero almost everywhere. Note that a singular function is not abso-
lutely continuous, since then it would be constant.
If 
 is continuous, then 
d is zero. If 
 is continuous and monotonically in-
creasing, then 
a and 
s are also monotonically increasing.

The Stieltjes integral in Theorem 2.1.23 generalizes the Riemann integral.

Definition 2.1.25 (Riemann–Stieltjes Integral). Let f; 
 W I �! R be two functions.
For m 2 N let a partition

Gm WD ¹t0 < t1 < � � � < tm D tf º

of I be given. Let 
i 2 Œti�1; ti � be arbitrary and

Sm.f; 
/ WD

mX
iD1

f .
i / .
.ti / � 
.ti�1// :

S.f; 
/ is called Riemann–Stieltjes integral of f with respect to 
 and we write

S.f; 
/ D

Z tf

t0

f .t/d
.t/;

if for every " > 0 there exists ı > 0 such that for every partition Gm, m 2 N, with

max
0�i�m�1

¹tiC1 � tiº < ı

it holds

jSm.f; 
/ � S.f; 
/j < ":
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In case of vector-valued functions f; 
 W I �! Rn we use the abbreviation

Z tf

t0

f .t/>d
.t/ WD

nX
iD1

Z tf

t0

fi .t/d
i .t/:

Note that the convergence of the Riemann–Stieltjes integral in Definition 2.1.25 is
supposed to be independent of the choice of the points 
i .

The existence of the Riemann–Stieltjes integral is guaranteed, if f is continuous
and 
 is of bounded variation on I. Notice that the Riemann integral is a special case
of the Riemann–Stieltjes integral for 
.t/ D t . Some properties of the Riemann–
Stieltjes integral are summarized below, see [241, 312].

(a) If one of the integrals
R tf
t0
f .t/d
.t/ or

R tf
t0

.t/df .t/ exists, then so does the

other and it holdsZ tf

t0

f .t/d
.t/C

Z tf

t0


.t/df .t/ D Œf .t/
.t/�
tf
t0
:

This is the partial integration rule.

(b) It holds Z tf

t0

d
.t/ D 
.tf / � 
.t0/:

If 
 is constant, then Z tf

t0

f .t/d
.t/ D 0:

(c) If f is continuous and 
 is of bounded variation in I, then

F.t/ D

Z t

t0

f .�/d
.�/; t 2 I;

is of bounded variation. Moreover,

F.tC/ � F.t/ D f .t/.
.tC/ � 
.t//; t0 � t < tf ; (2.2)

F.t/ � F.t�/ D f .t/.
.t/ � 
.t�//; t0 < t � tf : (2.3)

(d) If f is continuous, g 2 L1.I/, and


.t/ D

Z t

c

g.�/d�; t0 � c � tf ; t0 � t � tf ;
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then 
 is of bounded variation on .t0; tf / andZ tf

t0

f .t/d
.t/ D

Z tf

t0

f .t/g.t/dt D

Z tf

t0

f .t/ P
.t/dt:

The latter integral is a Lebesgue integral.
If g is continuous, h is of bounded variation in I, and


.t/ D

Z t

c

g.�/dh.�/; t0 � c � tf ; t0 � t � tf ;

then Z tf

t0

f .t/d
.t/ D

Z tf

t0

f .t/g.t/dh.t/:

(e) If f is of bounded variation and 
 is absolutely continuous on I, thenZ tf

t0

f .t/d
.t/ D

Z tf

t0

f .t/ P
.t/dt;

where the integral on the right is a Lebesgue integral.

(e) If f is continuous and 
 is monotonically increasing, then there exists 
 2 I

such that Z tf

t0

f .t/d
.t/ D f .
/.
.tf / � 
.t0//:

This is a mean-value theorem.

Lemma 2.1.26. Let f be continuous and 
 monotonically increasing on I. Let 
 be
differentiable at t . Then it holds

d

dt

Z t

t0

f .s/d
.s/ D f .t/
d

dt

.t/:

Proof. Let 
 be differentiable at t . Define

F.t/ WD

Z t

t0

f .s/d
.s/:

The mean-value theorem yields

F.t C h/ � F.t/ D

Z tCh

t

f .s/d
.s/ D f .
h/.
.t C h/ � 
.t//; t � 
h � t C h:

Hence,

lim
h!0

F.t C h/ � F.t/

h
D lim
h!0

f .
h/ �

.t C h/ � 
.t/

h
D f .t/ �

d

dt

.t/:

Observe that t � 
h � t C h �! t holds.
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2.2 The DAE Optimal Control Problem as an Infinite
Optimization Problem

The purpose of this section is to provide the connection between DAE optimal control
problems and infinite optimization problems. In fact, the DAE optimal control prob-
lem is an infinite optimization problem with a special structure. For the upcoming
theoretical investigations it is convenient to restrict the general DAE optimal control
problem 1.1.8 to standard form. To this end, the discussion is restricted to DAE op-
timal control problems on a fixed time interval Œt0; tf �. In Section 1.2 transformation
techniques are summarized, which can be used to transform various problem settings,
including Problem 1.1.8, into the following standard form:

Problem 2.2.1 (DAE Optimal Control Problem in Standard Form).
Let I WD Œt0; tf � 	 R be a non-empty compact time interval with t0 < tf fixed. Let

' W Rnx �Rnx �! R;

f0 W I �Rnx �Rny �Rnu �! R;

f W I �Rnx �Rny �Rnu �! Rnx ;

g W I �Rnx �Rny �Rnu �! Rny ;

c W I �Rnx �Rny �Rnu �! Rnc ;

s W I �Rnx �! Rns ;

 W Rnx �Rnx �! Rn 

be sufficiently smooth functions and U � Rnu a set.

Minimize the objective function

'.x.t0/; x.tf //C

Z tf

t0

f0.t; x.t/; y.t/; u.t//dt (2.4)

with respect to

x 2 W nx
1;1.I/; y 2 L

ny
1 .I/; u 2 Lnu1 .I/;

subject to the semi-explicit DAE

Px.t/ D f .t; x.t/; y.t/; u.t//; (2.5)

0Rny D g.t; x.t/; y.t/; u.t//; (2.6)

the mixed control-state constraint

c.t; x.t/; y.t/; u.t// � 0Rnc ; (2.7)
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the pure state constraint

s.t; x.t// � 0Rns ; (2.8)

the boundary condition

 .x.t0/; x.tf // D 0Rn ; (2.9)

and the set constraint

u.t/ 2 U: (2.10)

Remark 2.2.2. If the DAE is not given in semi-explicit form, but in the general
form (1.5), it is a non-trivial task to identify the differential variables and algebraic
variables in the vector z, to assign appropriate smoothness properties, and the corre-
sponding function spaces. This assignment may even change with time depending on
the current state z and the control u. A nice idea to define appropriate function spaces
was used in [17] for the quasi-linear DAE

B Pz.t/ D f .t; z.t/; u.t//;

where B is a fixed nz � nz-matrix. In this case, one may use the space

OW
nz
1;1.I/ WD ¹z 2 L

nz
1.I/ j Bz 2 W

nz
1;1.I/º

for the state vector z.

For the derivation of first order necessary optimality conditions it is convenient to
rewrite the DAE optimal control problem 2.2.1 as an infinite optimization problem
in appropriate Banach spaces. Necessary optimality conditions of Fritz John type
are then applied to the latter. Exploitation of the special structure of the Fritz John
conditions eventually leads to a local minimum principle for the DAE optimal control
problem in Chapter 3. To this end, the vector z WD .x; y; u/ of optimization variables
in Problem 2.2.1 is an element of the Banach space .Z; k � kZ/ defined by

Z WD W nx
1;1.I/ � L

ny
1 .I/ � L

nu
1 .I/;

k.x; y; u/kZ WD max¹kxk1;1; kyk1; kuk1º:

The objective function in (2.4) defines the mapping J W Z �! R with

J.x; y; u/ WD '.x.t0/; x.tf //C

Z tf

t0

f0.t; x.t/; y.t/; u.t//dt:

The equality constraints (2.5), (2.6), (2.9) of the optimal control problem define the
operator equation

H.x; y; u/ D ‚V ;
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where H D .H1;H2;H3/ W Z �! V is given by

H1.x; y; u/ WD f .�; x.�/; y.�/; u.�// � Px.�/;

H2.x; y; u/ WD g.�; x.�/; y.�/; u.�//;

H3.x; y; u/ WD � .x.t0/; x.tf //;

and the Banach space .V; k � kV / is defined by

V WD Lnx1 .I/ � L
ny
1 .I/ �Rn ;

k.v1; v2; v3/kV WD max¹kv1k1; kv2k1; kv3k2º:

Remark 2.2.3. It has to be pointed out that the choice of the image space of the
component H2 is crucial and needs to be restricted further depending on the actual
structure of the DAE (2.5), (2.6). The space Lny1 .I/ is a convenient choice for the
general setting in Problem 2.2.1. In Chapter 3 however, we require the derivative
operator .H 01;H

0
2/ to be surjective. In general, surjectivity cannot be obtained for the

above choice. For instance, if the DAE is an index-two Hessenberg system with u
and y not appearing in g, then surjectivity can be shown only ifH2 is considered as a
mapping into the space W

ny
1;1.I/, compare Lemma 3.1.4.

Definition 2.2.4 (Cone, Dual Cone).

(a) A subset K of a vector space X is called cone with vertex at ‚X , if k 2 K
implies ˛k 2 K for all scalars ˛ 
 0.

(b) Let K be a cone with vertex at ‚X and x0 2 X . x0 C K is called cone with
vertex at x0.

(c) Let K � X be a subset of a Banach space X . The positive dual cone of K (or
positive polar cone of K or positive conjugate cone of K) is defined as

KC WD ¹x� 2 X� j x�.k/ 
 0 for all k 2 Kº:

The negative dual cone ofK (or negative polar cone ofK or negative conjugate
cone of K) is defined as

K� WD ¹x� 2 X� j x�.k/ � 0 for all k 2 Kº:

Functionals in KC are called positive on K, and functionals in K� are called
negative on K.

Remark 2.2.5. The dual cones KC and K� are non-empty closed convex cones.
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Example 2.2.6. Let X D R2. Then the sets

K1 WD ¹.x1; x2/
> 2 R2 j x1 
 0; x2 
 0º;

K2 WD ¹.x1; x2/
> 2 R2 j x1 
 0 or x2 
 0º;

K3 WD ¹.x1; x2/
> 2 R2 j x1 
 0º;

K4 WD ¹.x1; x2/
> 2 R2 j x1 C x2 D 0º;

K5 WD ¹.x1; x2/
> 2 R2 j x1 > 0; x2 > 0º [ ¹0º

are cones. K1; K3; K4; K5 are convex, K2 is not convex. K1; K2; K3; K4 are closed,
K5 is not closed. With exception of K4, all cones have interior points.

The following sets are closed convex cones in L1 and L2, respectively:

K6 WD ¹x 2 L1.I/ j x.t/ 
 0 almost everywhere in Iº;

K7 WD ¹x 2 L2.I/ j x.t/ 
 0 almost everywhere in Iº:

But only K6 has interior points, while K7 has no interior points!

Define

K1 WD ¹k 2 L
nc
1.I/ j k.t/ 
 0Rnc almost everywhere in Iº;

K2 WD ¹k 2 Cns .I/ j k.t/ 
 0Rns in Iº:

Then, K WD K1 � K2 is a convex cone with non-empty interior in the Banach space
.W; k � kW /, which is defined by

W WD Lnc1.I/ � Cns .I/;

k.w1; w2/kW WD max¹kw1k1; kw2k1º:

The inequality constraints (2.7), (2.8) of the optimal control problem define the cone
constraint

G.x; y; u/ 2 K;

where G D .G1; G2/ W Z �! W is given by

G1.x; y; u/ WD �c.�; x.�/; y.�/; u.�//;

G2.x; y; u/ WD �s.�; x.�//:

Finally, define the set S � Z by

S WD W nx
1;1.I/ � L

ny
1 .I/ � Uad;
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where

Uad WD ¹u 2 L
nu
1 .I/ j u.t/ 2 U almost everywhere in Iº

denotes the set of admissible controls. S is closed and convex with non-empty interior,
if U is closed and convex with non-empty interior.

Summarizing, the DAE optimal control problem 2.2.1 is equivalent with

Problem 2.2.7 (Infinite Optimization Problem).
Minimize J.z/ with respect to z D .x; y; u/ 2 Z subject to the constraints

G.z/ 2 K; H.z/ D ‚V ; z 2 S:

Finally, we investigate differentiability properties of the mappings J , H , and G.
To this end, our standing smoothness assumptions for the functions in Problem 2.2.1
are given in Assumption 2.2.8, compare [162, Examples 9,11]. Notice that we do not
assume continuity with respect to the time component, but only measurability. This
will be important in Section 7.1.

Assumption 2.2.8. Let the functions ',  , f0, f , g, c, s in Problem 2.2.1 satisfy the
following smoothness conditions:

(a) ' and  are continuously differentiable with respect to all arguments.

(b) Let Ox 2 W nx
1;1.I/, Oy 2 L

ny
1 .I/, Ou 2 L

nu
1 .I/ be given and letM be a sufficiently

large convex compact neighborhood of

¹. Ox.t/; Oy.t/; Ou.t// 2 RnxCnyCnu j t 2 Iº:

(i) The mappings t 7! s.t; x/ and

t 7! f0.t; x; y; u/; t 7! f .t; x; y; u/;

t 7! g.t; x; y; u/; t 7! c.t; x; y; u/

are measurable for every .x; y; u/ 2M .

(ii) The mappings x 7! s.t; x/ and

.x; y; u/ 7! f0.t; x; y; u/; .x; y; u/ 7! f .t; x; y; u/;

.x; y; u/ 7! g.t; x; y; u/; .x; y; u/ 7! c.t; x; y; u/

are continuously differentiable in M uniformly for t 2 I.

(iii) The derivatives

f 00;.x;y;u/; f 0.x;y;u/; g0.x;y;u/; c0.x;y;u/

are bounded in I �M .
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Under Assumption 2.2.8 Fréchet-differentiability can be obtained for J , G, and H
in a similar way as illustrated in the following result for a simplified setting. It also
indicates a possible choice of M .

Theorem 2.2.9. Let Ox 2 W nx
1;1.I/ be given and let f W I � Rnx �! Rnx , .t; x/ 7!

f .t; x/, be a function satisfying the conditions in Assumption 2.2.8 with

M WD ¹x 2 Rnx j there exists t 2 I with kx � Ox.t/k � rº; r > 0:

Then the mapping T W W nx
1;1.I/ �! L

nx
1 .I/ defined by

T .x.�// WD Px.�/ � f .�; x.�//

is continuously Fréchet-differentiable in Ox with

T 0. Ox/.x/ D Px.�/ � f 0x.�; Ox.�//x.�/:

Proof. (a) Apparently T 0. Ox/.�/ is linear. It remains to show the continuity of the
operator.

For almost every t 2 I and x 2 W nx
1;1.I/ it holds

kT 0. Ox/.x/.t/k � k Px.t/k C kf 0x.t; Ox.t//k � kx.t/k

� k Pxk1 C C � kxk1

� .1C C/ � kxk1;1:

Hence, T 0. Ox/.�/ is continuous. As f 0x is supposed to be continuous with respect to x
and bounded in M uniformly with respect to t 2 I, T 0.�/ is continuous in M .

(b) It remains to show

lim
kxk1;1!0

kT . Ox C x/ � T . Ox/ � T 0. Ox/.x/k1

kxk1;1
D 0:

For almost every t 2 I it holds by the mean-value theorem

�.x/.t/ WD
�
T . Ox C x/ � T . Ox/ � T 0. Ox/.x/

�
.t/

D �.f .t; Ox.t/C x.t// � f .t; Ox.t///C f 0x.t; Ox.t//x.t/

D �

Z 1

0

�
f 0x.t; Ox.t/C �x.t// � f

0
x.t; Ox.t//

�
x.t/d�

and thus

k�.x/.t/k � sup
�2Œ0;1�

kf 0x.t; Ox.t/C �x.t// � f
0
x.t; Ox.t//k � kxk1;1:
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According to (b), (ii) in Assumption 2.2.8, f 0x.t; �/ is uniformly continuous on the
compact set M . Hence, for every " > 0 there exists ı 2 .0; r� with

kf 0x.t; x1/ � f
0
x.t; x2/k � " for all x1; x2 2M; t 2 I; kx1 � x2k � ı:

Let kxk1;1 � ı and � 2 Œ0; 1�. Then,

Ox.t/; Ox.t/C �x.t/ 2M for all t 2 I

and

k Ox.t/C �x.t/ � Ox.t/k D �kx.t/k � kxk1;1 � ı:

The choice of ı implies

k�.x/k1 � "kxk1;1 for all kxk1;1 � ı;

and hence

lim
kxk1;1!0

kT . Ox C x/ � T . Ox/ � T 0. Ox/.x/k1

kxk1;1
D 0:

Similar arguments can be used to prove Fréchet-differentiability of J , G, and H
under Assumption 2.2.8. The derivatives are then given by

J 0. Ox; Oy; Ou/.x; y; u/ D '0x0x.t0/C '
0
xf
x.tf /

C

Z tf

t0

f 00;xŒt �x.t/C f
0
0;y Œt �y.t/C f

0
0;uŒt �u.t/dt; (2.11)

and

H 01. Ox; Oy; Ou/.x; y; u/ D f
0
x Œ��x.�/C f

0
y Œ��y.�/C f

0
uŒ��u.�/ � Px.�/; (2.12)

H 02. Ox; Oy; Ou/.x; y; u/ D g
0
xŒ��x.�/C g

0
y Œ��y.�/C g

0
uŒ��u.�/; (2.13)

H 03. Ox; Oy; Ou/.x; y; u/ D � 
0
x0
x.t0/ �  

0
xf
x.tf /; (2.14)

and

G01. Ox; Oy; Ou/.x; y; u/ D �c
0
x Œ��x.�/ � c

0
y Œ��y.�/ � c

0
uŒ��u.�/; (2.15)

G02. Ox; Oy; Ou/.x; y; u/ D �s
0
xŒ��x.�/; (2.16)

compare also [171, p. 94–95], where continuity with respect to the argument t was
assumed. For notational convenience, we used the abbreviations

'0x0 WD '
0
x0
. Ox.t0/; Ox.tf //; f 0xŒt � WD f

0
x.t; Ox.t/; Oy.t/; Ou.t//;

and in a similar way ' 0xf , f 00;xŒt �, f
0
0;y Œt �, f

0
0;uŒt �, c

0
xŒt �, c

0
y Œt �, c

0
uŒt �, s

0
xŒt �, f

0
y Œt �, f

0
uŒt �,

g0xŒt �, g
0
y Œt �, g

0
uŒt �,  

0
x0

,  0xf for the respective derivatives.
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2.3 Necessary Conditions for Infinite Optimization
Problems

Problem 2.2.7 is a special case of the following general infinite optimization problem:

Problem 2.3.1 (General Optimization Problem). Let Z be a Banach space, † � Z a
non-empty set, and J W Z �! R a functional.

Minimize J.z/ with respect to z 2 †.

The following terminology is used:

(a) J is called objective function.

(b) A vector z is called admissible or feasible for Problem 2.3.1, if z 2 †. † is
called admissible set or feasible set for Problem 2.3.1.

(c) Oz 2 † is called global minimum of Problem 2.3.1, if

J. Oz/ � J.z/ for all z 2 †: (2.17)

Oz 2 Z is called strict global minimum of Problem 2.3.1, if ‘<’ holds in (2.17)
for all z 2 †, z 6D Oz.

(d) Oz 2 † is called local minimum of Problem 2.3.1, if there exists " > 0 such that

J. Oz/ � J.z/ for all z 2 † \ B". Oz/: (2.18)

Oz 2 † is called strict local minimum of Problem 2.3.1, if ‘<’ holds in (2.18) for
all z 2 † \ B". Oz/, z 6D Oz.

(e) Problem 2.3.1 is called unconstrained, if † D Z holds.

(f) Problem 2.3.1 is called convex, if J and † are convex.

Remark 2.3.2. For a convex optimization problem, every local minimum is a global
one. This can be seen as follows. Assume Oz is a local minimum, but not a global one.
Then there exists z 2 † with J.z/ < J.Oz/. The convexity of J yields

J.˛z C .1 � ˛/ Oz/ � ˛J.z/C .1 � ˛/J. Oz/ < J. Oz/ for all 0 < ˛ � 1;

which contradicts the local minimality of Oz.

As it was shown in Section 2.2, the structure in Problem 2.2.7 is of special interest
for the investigation of optimal control problems in view of necessary conditions and
numerical algorithms. The admissible set for Problem 2.2.7 is given by

† D S \G�1.K/ \H�1.‚V /;

where G�1.K/ WD ¹z 2 Z j G.z/ 2 Kº denotes the pre-image of K under G and
H�1.‚V / WD ¹z 2 Z j H.z/ D ‚V º is the pre-image of ‚V under H . Prob-
lem 2.2.7 is referred to as standard infinite optimization problem:
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Problem 2.3.3 (Standard Infinite Optimization Problem). Let Banach spaces
.Z; k � kZ/, .V; k � kV /, .W; k � kW / be given. Let J W Z �! R be a functional,
G W Z �! W , H W Z �! V operators, S � Z a closed convex set, and K � W a
closed convex cone with vertex at ‚W .

Minimize J.z/ with respect to z 2 S subject to the constraints

G.z/ 2 K; H.z/ D ‚V :

Standard nonlinear programs in finite dimensional Euclidean spaces are special
instances of Problem 2.3.3 with the particular Banach spaces

Z WD Rnz ; W WD RnG ; V WD RnH ;

and the closed convex cone K � RnG with vertex at 0RnG and non-empty interior
int.K/ 6D ; defined by

K WD ¹k 2 RnG j k � 0RnG º:

The constraint G.z/ 2 K in Problem 2.3.3 is then equivalent with the inequality
constraint G.z/ � 0RnG . Owing to this relation, the cone constraint G.z/ 2 K is
also referred to as inequality constraint.

Direct discretization methods for DAE optimal control problems immediately lead
to finite nonlinear optimization problems. For this reason, we will investigate standard
finite nonlinear optimization problems in detail.

Problem 2.3.4 (Standard Finite Optimization Problem). Let

J W Rnz �! R;

G D .G1; : : : ; GnG /
> W Rnz �! RnG ;

H D .H1; : : : ;HnH /
> W Rnz �! RnH

be continuously differentiable functions and S � Rnz a closed convex set.

Minimize J.z/ with respect to z 2 S subject to the constraints

Gi .z/ � 0; i D 1; : : : ; nG;

Hi .z/ D 0; i D 1; : : : ; nH :

The admissible set of Problem 2.3.4 is given by

† D ¹z 2 S j G.z/ � 0RnG ;H.z/ D 0RnH º:

The active constraints are particularly important.
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Definition 2.3.5 (Index Set of Active Inequality Constraints). Let Oz 2 Rnz be admis-
sible for Problem 2.3.4. The index set

A. Oz/ WD ¹i 2 ¹1; : : : ; nGº j Gi . Oz/ D 0º

is called index set of active inequality constraints at Oz .

In order to derive necessary conditions for a local minimum of Problem 2.3.3, the
set S � Z usually cannot be an arbitrary set, but has to fulfill additional conditions,
e.g. S has to be closed and convex with non-empty interior. Nevertheless, there are
also practically important problems, e.g. optimal control problems or mixed integer
optimization problems, where S is a discrete set. Fortunately, it is possible to derive
necessary conditions for such problems as well, but among other things, additional
convexity or differentiability conditions have to be imposed on the remaining con-
straints and the objective function. Application of these necessary conditions to opti-
mal control problems will result in the famous global minimum principle for optimal
control problems in Chapter 7.

2.3.1 Existence of a Solution

The existence of a solution for Problem 2.3.1, where † � Z is a compact set and
J is lower semi-continuous, is ensured by the famous Weierstraß Theorem. Herein,
† is called compact, if for every sequence ¹znºn2N in †, there exists a subsequence
¹znkºk2N converging to an element z 2 †. In finite dimensional spaces, compactness
is equivalent with closedness and boundedness. In infinite dimensional spaces this is
not true. For instance, it is shown in [208, p. 40], that the unit sphere in general is not
compact.

Definition 2.3.6 (Lower Semi-Continuity, Upper Semi-Continuity). A functional
J W Z �! R is called upper semi-continuous at z, if for every sequence ¹znºn2N
with zn �! z as n �!1 it holds

lim sup
n!1

J.zn/ � J.z/:

A functional J W Z �! R is called lower semi-continuous at z, if for every sequence
¹znºn2N with zn �! z as n �!1 it holds

J.z/ � lim inf
n!1

J.zn/:

Theorem 2.3.7 (Weierstraß). Let † be a compact subset of a normed vector space Z
and let J W † �! R be lower semi-continuous. Then J achieves its minimum on †.
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Proof. (see [208, p. 40]) Assume J is not bounded from below on †. Then there
is a sequence ¹znºn2N in † with J.zn/ � �n. Since † is compact, there exists a
convergent subsequence

lim
k!1

znk D Oz

with J.znk / � �nk for all k 2 N. Since J is lower semi-continuous, it follows

J. Oz/ � lim inf
k!1

J.znk /:

Hence, ¹J.znk /ºk2N is bounded from below by J. Oz/ 2 R. This contradicts

J.znk / � �nk �! �1:

Hence, J is bounded from below on †.
This in turn implies that

OJ WD inf
z2†

J.z/

is a real number and for any n 2 N there exists zn 2 † with J.zn/ � OJ C 1
n

. Since
† is compact, there exists a convergent subsequence znk �! Oz with

J.znk / �
OJ C

1

nk
for all k 2 N:

Since J is lower semi-continuous, it follows

OJ � J. Oz/ � lim inf
k!1

J.znk / �
OJ :

Hence, J assumes its minimum on †.

A generalization can be found in [6]:

Theorem 2.3.8. Let† � Z and let J W † �! R be a lower semi-continuous function
on †. Let the set

lev.J; J. Qz// \† D ¹z 2 † j J.z/ � J. Qz/º

be non-empty and compact for some Qz 2 †. Then J achieves its minimum on †.

Proof. According to the Theorem of Weierstraß, there exists Oz 2 lev.J; J. Qz// \ †
with J. Oz/ � J.z/ for all z 2 lev.J; J. Qz// \†. For

z 2 †n.lev.J; J. Qz// \†/ D †nlev.J; J. Qz//

it holds

J.z/ > J.Qz/ 
 J. Oz/:

Hence, Oz is a minimum of J on †.
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Admittedly, the assumptions of the above existence results are difficult to verify for
a given optimization problem like the optimal control problem 2.2.1. More specific
existence results for certain optimal control problems can be found in [250] and the
literature cited therein.

2.3.2 Conic Approximation of Sets

Conic approximations to sets play an important role in the formulation of necessary
conditions for constrained optimization problems. We will summarize some important
cones. To this end, it is convenient to define the arithmetic operations ‘C’, ‘�’, and
‘�’ for given subsets A and B of a vector space X and a scalar 	 2 R as follows:

A˙ B WD ¹a˙ b j a 2 A; b 2 Bº; 	A WD ¹	a j a 2 Aº:

Note: If A and B are convex, then AC B and 	A are convex as well.

Definition 2.3.9 (Conic Hull). Let A � X be a subset of a vector space X and x 2 A.
The set

cone.A; x/ WD ¹˛.a � x/ j ˛ 
 0; a 2 Aº D RC � .A � ¹xº/

is called conic hull of A � ¹xº.

The definition of a conic hull immediately implies that the conic hull of A � ¹xº
can be written as

cone.A; x/ D ¹a � ˛x j ˛ 
 0; a 2 Aº D A � ¹˛x j ˛ 
 0º D A �RC � ¹xº;

if A is a cone with vertex at ‚X . Moreover, if A is a convex cone with vertex at ‚X ,
then it holds

cone.A; x/ D AC ¹˛x j ˛ 2 Rº D ACR � ¹xº:

To see this, note that cone.A; x/ � ACR � ¹xº. Hence, it suffices to show that given
an element y 2 ACR � ¹xº it can be written as a� ˛x with a 2 A and ˛ 
 0. So, let
y D a1 C ˛1x, a1 2 A, ˛1 2 R. If ˛1 � 0, we are done. If ˛1 > 0, then from

y D a1 C ˛1x C x � x D a1 C .1C ˛1/x„ ƒ‚ …
DWa22A

�x D 2

�
1

2
a1 C

1

2
a2

�
„ ƒ‚ …

2A

�x

it follows y 2 cone.A; x/.
The following cone is motivated by the idea to approximate the admissible set of

an optimization problem by tangential directions, see Figure 2.1.
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Definition 2.3.10 (Tangent Cone). Let † be a non-empty subset of the Banach
space Z. The (sequential) tangent cone to † at Oz 2 † is defined by

T .†; Oz/ WD

8<
:d 2 Z

ˇ̌̌
ˇ̌̌ there exist sequences ¹˛kºk2N ; ˛k # 0; and
¹zkºk2N ; zk 2 †; with limk!1 zk D Oz; such
that limk!1.zk � Oz/=˛k D d holds:

9=
; : (2.19)

Figure 2.1. Tangent cones to different sets.

The tangent cone is a closed cone with vertex at zero. If Oz happens to be an interior
point of †, then T .†; Oz/ D Z. If † is a convex set, then the tangent cone is convex
and can be written as

T .†; Oz/ D ¹d 2 Z j 9˛k # 0; dk �! d W Oz C ˛kdk 2 †º

D ¹d 2 Z j 9˛ > 0 W Oz C ˛d 2 †º:

It is easy to show, see [171, p. 31], that the tangent cone can be written as

T .†; Oz/ D

8<
:d 2 Z

ˇ̌̌
ˇ̌̌ there exist � > 0 and a mapping r W .0; �� �! Z with

lim"#0
r."/
"
D ‚Z and a sequence ¹˛kºk2N ; ˛k # 0 with

Oz C ˛kd C r.˛k/ 2 † for all k 2 N:

9=
; :

The following theorem addresses operator equations as they appear in Prob-
lem 2.3.3.

Theorem 2.3.11 (Ljusternik, see [171, p. 40]). Let Z and V be Banach spaces,
H W Z �! V a mapping, and Oz 2 M WD ¹z 2 Z j H.z/ D ‚V º. Let H be con-
tinuous in a neighborhood of Oz and continuously Gâteaux-differentiable at Oz. Let the
Gâteaux-derivative ıH. Oz/ be surjective. Let Od 2 Z be given with ıH. Oz/. Od/ D ‚V .
Then there exist "0 > 0 and a mapping

r W .0; "0� �! Z; lim
"#0

r."/

"
D ‚Z

such that

H. Oz C " Od C r."// D ‚V
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holds for every " 2 .0; "0�. In particular:

¹d 2 Z j ıH. Oz/.d/ D ‚V º D T .M; Oz/:

The upcoming necessary conditions involve a conic approximation of the set S and
a linearization of the constraints G.z/ 2 K and H.z/ D ‚V in Problem 2.3.3.

Definition 2.3.12 (Linearizing Cone). Let Z, V , and W be Banach spaces. Let
G W Z �! W and H W Z �! V be Fréchet-differentiable. The linearizing cone
of K and S at Oz is given by

Tlin.K; S; Oz/ WD ¹d 2 cone.S; Oz/ j G0. Oz/.d/ 2 cone.K;G. Oz//; H 0. Oz/.d/ D ‚V º:

Example 2.3.13 (Finite Dimensional Case). The linearizing cone for Problem 2.3.4
is given by

Tlin.K; S; Oz/ D ¹d 2 cone.S; Oz/ j G0i. Oz/.d/ � 0; i 2 A. Oz/;

H 0i . Oz/.d/ D 0; i D 1; : : : ; nH º;

where A. Oz/ denotes the index set of active inequality constraints at Oz.

A relation between tangent cone and linearizing cone is given by

Corollary 2.3.14. Let G and H be Fréchet-differentiable. Let cone.S; Oz/ and
cone.K;G. Oz// be closed. Then it holds T .†; Oz/ � Tlin.K; S; Oz/.

Proof. Let d 2 T .†; Oz/. Then there are sequences ˛k # 0 and zk �! Oz with zk 2 S ,
G.zk/ 2 K, H.zk/ D ‚V and .zk � Oz/=˛k �! d . Since .zk � Oz/=˛k 2 cone.S; Oz/
and cone.S; Oz/ is closed, it holds d 2 cone.S; Oz/. The continuity of H 0. Oz/.�/ implies

‚V D lim
k!1

H. Oz/..zk � Oz/=˛k/ D H. Oz/.d/:

Furthermore, since G is Fréchet-differentiable, it holds

G.zk/ D G. Oz/CG
0. Oz/.zk � Oz/C "kkzk � OzkZ

with some sequence ¹"kºk2N � W , "k �! ‚W . Hence,

G.zk/ �G. Oz/

˛k„ ƒ‚ …
2cone.K;G. Oz//

D G0. Oz/

�
zk � Oz

˛k

�
C "k

����zk � Oz˛k

����
Z

:

Since cone.K;G. Oz// is closed, the term on the left converges to an element in
cone.K;G. Oz//, while the term on the right converges to G0. Oz/.d/. Thus, G0. Oz/.d/ 2
cone.K;G. Oz//. Together with d 2 cone.S; Oz/ and H 0. Oz/.d/ D ‚V , this shows
d 2 Tlin.K; S; Oz/.
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A geometrically motivated first order necessary condition for Problem 2.3.1 in-
volves the tangent cone.

Theorem 2.3.15. Let J W Z �! R be Fréchet-differentiable at Oz and let Oz be a local
minimum of Problem 2.3.1. Then,

J 0. Oz/.d/ 
 0 for all d 2 T .†; Oz/:

Proof. Let d 2 T .†; Oz/. Then there are sequences ˛k # 0, zk �! Oz, zk 2 † with
d D limk!1.zk� Oz/=˛k . Since Oz is a local minimum and J is Fréchet-differentiable
at Oz it follows

0 � J.zk/ � J. Oz/ D J
0. Oz/.zk � Oz/C o.kzk � OzkZ/:

Division by ˛k > 0 yields

0 � J 0. Oz/

�
zk � Oz

˛k

�
„ ƒ‚ …
!d

C

����zk � Oz˛k

����
Z„ ƒ‚ …

!kdkZ

�
o.kzk � OzkZ/

kzk � OzkZ„ ƒ‚ …
!0

:

The necessary condition in Theorem 2.3.15 can be expressed as

�J 0. Oz/ 2 T .†; Oz/�;

where T .†; Oz/� denotes the negative dual cone of T .†; Oz/, compare Figure 2.2.

†

T.†; Oz/�

T .†; Oz/

Oz

Figure 2.2. Tangent cone to † and its negative dual cone in Z D R2.
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In practical applications with a complicated admissible set †, the tangent cone
T .†; Oz/ is not assessable and the necessary condition in Theorem 2.3.15 is of little
practical use. If however † is sufficiently simple, e.g. a box, then the necessary con-
dition can be exploited.

Example 2.3.16. Consider the following optimization problem:

Minimize

J.z/ WD

Z 1

�1

tz.t/dt

subject to the constraint

z.t/ 2 † WD ¹z 2 L1.Œ�1; 1�/ j z.t/ 2 Œ�1; 1� for almost every t 2 Œ�1; 1�º:

J is Fréchet-differentiable at every Oz 2 L1.Œ�1; 1�/ with

J 0. Oz/.d/ D

Z 1

�1

td.t/dt:

We investigate three different candidates Ozi , i D 1; 2; 3, and check the necessary
condition

J 0. Ozi /.d/ 
 0 for all d 2 T .†; Ozi /:

(a) Let Oz1 2 int.†/. Then T .†; Oz1/ D L1.Œ�1; 1�/. Let d.t/ WD �t for t 2 Œ�1; 1�.
Then,

J 0. Oz1/.d/ D

Z 1

�1

td.t/dt D �

Z 1

�1

t2dt D �

	
1

3
t3

1
�1

D �
2

3
< 0:

Hence, the necessary condition in Theorem 2.3.15 is not satisfied and Oz1 is not
a local minimum.

(b) Let Oz2 � 1. Then,

T .†; Oz2/ D ¹d 2 L1.Œ�1; 1�/ j d.t/ � 0 for almost every t 2 Œ�1; 1�º:

Define

d.t/ WD

²
0; if t 2 Œ�1; 0�;
�1; if t 2 .0; 1�:

Then,

J 0. Oz2/.d/ D

Z 1

�1

td.t/dt D �

Z 1

0

tdt D �

	
1

2
t2

1
0

D �
1

2
< 0:

Hence, the necessary condition in Theorem 2.3.15 is not satisfied and Oz2 is not
a local minimum.
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(c) Let

Oz3.t/ WD

²
1; if t 2 Œ�1; 0�;
�1; if t 2 .0; 1�:

Then,

T .†; Oz3/ D ¹d 2 L1.Œ�1; 1�/ j d.t/ Oz3.t/ � 0 for almost every t 2 Œ�1; 1�º ;

and

J 0. Oz3/.d/ D

Z 1

�1

td.t/dt D

Z 0

�1

td.t/„ƒ‚…
�0 a.e.

dt C

Z 1

0

td.t/„ƒ‚…
�0 a.e.

dt 
 0

for every d 2 T .†; Oz3/. Hence, the necessary condition in Theorem 2.3.15 is
satisfied at Oz3.

2.3.3 Separation Theorems

The proof of the necessary Fritz John conditions is based on the separability of two
sets by a hyperplane.

Definition 2.3.17 (Hyperplane).

(a) Let h W X �! R be a non-zero linear functional and � 2 R. The set

M WD ¹x 2 X j h.x/ D �º

is called a hyperplane. The set

MC WD ¹x 2 X j h.x/ 
 �º

is called positive halfspace of M . Similarly,

M� WD ¹x 2 X j h.x/ � �º

is the negative halfspace of M .

(b) The hyperplane M separates the sets A and B , if

h.x/ � �; for all x 2 A;

h.x/ 
 �; for all x 2 B:

The hyperplane M strictly separates the sets A and B , if

h.x/ < �; for all x 2 A;

h.x/ > �; for all x 2 B:

The hyperplane M properly separates the sets A and B , if not both sets are
contained in M .
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Note: If h is continuous, the hyperplane is closed. Figure 2.3 illustrates some
constellations in R2.

Figure 2.3. Separation of sets by hyperplanes. From left to right the following cases are
illustrated: separation by hyperplanes impossible, strict separation by hyperplanes impossible,
strict separation, no proper separation.

The first result addresses the problem of separating a point from a closed subspace
of a Banach space X .

Theorem 2.3.18 (see [311, Cor. III.1.8, p.98]). LetX be a Banach space,M a closed
subspace of X , and Ox 2 X , Ox 62 M . Then there exists h 2 X� with h. Ox/ 6D 0 and
h.x/ D 0 for all x 2M .

Definition 2.3.19 (Affine Set, Affine Hull, Relative Interior, Codimension, Defect).
Let K � X be a subset of a vector space X .

(a) K is called affine set, if

.1 � 	/x C 	y 2 K for all x; y 2 K;	 2 R:

(b) The set

aff.K/ WD
\
¹M jM is an affine set and K �M º

D
° mX
iD1

	ixi

ˇ̌̌
m 2 N;

mX
iD1

	i D 1; xi 2 K; i D 1; : : : ; m
±
:

is called affine hull of K.

(c) The set

relint.K/ WD ¹x 2 K j there exists " > 0 with B".x/ \ aff.K/ � Kº

is called relative interior of K. The set cl.K/ n relint.K/ is called relative
boundary of K.
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(d) Let L be a linear subspace of X and x 2 X . The set x C L is called a linear
manifold. Let ¹eiºi2I be a basis of X and ¹ej ºj2J , J � I , a basis of L. The
dimension of the linear manifold x C L is defined as jJ j and the codimension
or defect of x C L is defined as jI n J j.
The codimension of the set K is defined as the codimension of the linear sub-
space parallel to the affine hull of K.

The following very general result holds in vector spaces and can be found in [199,
200]. Notice however, that relint and int are to be understood in the purely algebraic
sense and that the functional defining the hyperplane is not necessarily continuous.

Theorem 2.3.20. Let A and B be non-empty convex subsets of a vector space X .

(a) If relint.A/ 6D ;, A has finite defect, and relint.A/ \ B D ;, then there exists a
non-zero linear functional h separating A and B .

(b) Let int.A/ 6D ;. Then there exists a non-zero linear functional h separating A
and B , if and only if int.A/ \ B D ;.

(c) Let relint.A/ 6D ; and relint.B/ 6D ;. Then there exists a non-zero linear
functional h separating A and B , if and only if either A [ B are contained in
one hyperplane or relint.A/ \ relint.B/ D ;.

The subsequent separation theorem holds in Banach spaces and can be found in [33].
Herein, the functional defining the hyperplane is continuous and thus an element of the
dual space. The proof exploits the Hahn–Banach theorem, see [311, Th. III.1.2], [208,
p. 111].

Theorem 2.3.21 (see [33, Theorems 2.13, 2.14, 2.17]). Let A and B be convex sub-
sets of a Banach space X .

(a) Let int.A/ 6D ;. Then there exists a non-zero functional h 2 X� separating A
and B , if and only if int.A/ \ B D ;.

(b) LetA andB be closed,A compact, andA\B D ;. Then there exists a non-zero
functional h 2 X� separating A and B strictly.

(c) Let relint.A/ 6D ;, x0 2 X , and x0 62 relint.A/. Then there exists a non-zero
functional h 2 X� separating A and ¹x0º.

The following results are concerned with separation in Rn and can be found in [271,
Section 11]. It provides a complete characterization of separability of convex sets in
Rn.

Theorem 2.3.22. Let A;B � Rn be non-empty convex sets.

(a) There exists a hyperplane separating A and B properly, if and only if

relint.A/ \ relint.B/ D ;:
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(b) There exists a hyperplane separating A and B strictly, if and only if

0Rn 62 cl.A � B/;

i.e. if

inf¹ka � bk j a 2 A; b 2 Bº > 0:

2.3.4 First Order Necessary Optimality Conditions of Fritz John Type

The DAE optimal control problem in Section 2.2 leads to the infinite optimization
problem 2.2.7 respectively Problem 2.3.3. The special structure of the admissible set
† of Problem 2.3.3, which is defined by cone constraints and equality constraints,
allows to derive first order necessary optimality conditions of Fritz John type. These
necessary optimality conditions provide the basis for the minimum principle for opti-
mal control problems.

The proof of the Fritz John conditions exploits the following well-known result,
see [311, p. 135, Th. IV.3.3].

Theorem 2.3.23 (Open Mapping Theorem). Let T W Z �! V be a linear, continuous,
and surjective operator. Let S � Z be open. Then T .S/ � V is open.

The following result can be found in a slightly more general setting in [201]:

Theorem 2.3.24 (First Order Necessary Optimality Conditions, Fritz John Condi-
tions). Let Banach spaces .Z; k � kZ/, .V; k � kV /, .W; k � kW / be given.

(a) Let S � Z be a closed convex set with int.S/ 6D ; andK � W a closed convex
cone with vertex at ‚W and int.K/ 6D ;.

(b) Let J W Z �! R and G W Z �! W be Fréchet-differentiable and let
H W Z �! V be continuously Fréchet-differentiable.

(c) Let Oz be a local minimum of Problem 2.3.3.

(d) Let the image of H 0. Oz/ be not a proper dense subset of V .

Then there exist nontrivial multipliers .`0; 
�; 	�/ 2 R �W � � V �, .`0; 
�; 	�/ 6D
.0;‚W � ; ‚V �/, such that

`0 
 0; (2.20)


� 2 KC; (2.21)


�.G. Oz// D 0; (2.22)

`0J
0. Oz/.d/ � 
�.G0. Oz/.d// � 	�.H 0. Oz/.d// 
 0; for all d 2 S � ¹Ozº: (2.23)
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Proof. Consider the linearized problem around Oz:

Minimize

J. Oz/C J 0. Oz/.z � Oz/

with respect to z 2 S subject to the constraints

G. Oz/CG 0. Oz/.z � Oz/ 2 K;

H. Oz/CH 0. Oz/.z � Oz/ D ‚V :

For the first part of the proof we assume that the mapping H 0. Oz/.�/ W Z �! V

is surjective and that there exists a feasible z 2 int.S/ for the linearized problem
satisfying

G. Oz/CG0. Oz/.z � Oz/ 2 int.K/; (2.24)

H. Oz/CH 0. Oz/.z � Oz/ D ‚V ; (2.25)

J. Oz/C J 0. Oz/.z � Oz/ < J. Oz/: (2.26)

(i) Since H 0. Oz/ is surjective and H 0. Oz/.z � Oz/ D ‚V holds, we may apply
Ljusternik’s theorem 2.3.11. Hence, there exist t0 > 0 and a mapping

r W Œ0; t0� �! Z; lim
t#0

r.t/

t
D ‚Z ; r.0/ WD ‚Z;

such that

H. Oz C t .z � Oz/C r.t// D ‚V

holds for every t 2 Œ0; t0�. This means that the curve

z.t/ D Oz C t .z � Oz/C r.t/

remains feasible for the nonlinear equality constraints for every t 2 Œ0; t0�. Further-
more, we have

z.0/ D Oz; z0.0/ D z � Oz:

The latter holds because

z0.0/ D lim
t#0

z.t/ � z.0/

t
D lim

t#0

z.t/ � Oz

t
D z � Oz C lim

t#0

r.t/

t
D z � Oz:

(ii) Now we consider the inequality constraints at Oz. Since G is Fréchet-differenti-
able at Oz, we conclude

G.z.t// D G. Oz/C tG0. Oz/.z � Oz/C o.t/

D t .G.Oz/CG 0. Oz/.z � Oz/„ ƒ‚ …
2int.K/

/C .1 � t / G. Oz/„ƒ‚…
2K

Co.t/:
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Since G. Oz/CG0. Oz/.z � Oz/ 2 int.K/, there exists ı1 > 0 such that

Bı1.G. Oz/CG
0. Oz/.z � Oz// � K:

Furthermore, the convexity of K yields

.1 � t /G. Oz/C tw 2 K

for all w 2 Bı1.G. Oz/ C G
0. Oz/.z � Oz// and all 0 � t � 1. Since for t # 0 it holds

o.t/=t �! ‚W , there exists ı2 > 0 with ko.t/=tkW < ı1 for all 0 < t < ı2. Hence,

G.z.t// D t .G. Oz/CG 0. Oz/.z � Oz/C o.t/=t„ ƒ‚ …
2Bı1 .G. Oz/CG

0. Oz/.z�Oz//

/C .1 � t /G.Oz/ 2 K:

Hence, for sufficiently small t > 0 the curve z.t/ stays feasible for the nonlinear
inequality constraints.

(iii) Now the objective function is investigated. We find

d

dt
J.z.t//

ˇ̌̌
tD0
D J 0. Oz/ �

dz

dt
.0/ D J 0. Oz/.z � Oz/

(2.26)
< 0:

Hence, z � Oz is a direction of descent of J , i.e. J.z.t// < J.Oz/ holds for t > 0

sufficiently small. This will contradict the local minimality of Oz for Problem 2.3.3.
(iv) The point z in the linear problem fulfilling (2.24)–(2.26) is assumed to be an

interior point of S , see Figure 2.4.
Then, since S is assumed to be convex, there exists a neighborhood Bı.z/ such that
Oz C t . Qz � Oz/ 2 S for all 0 � t � 1 and all Qz 2 Bı.z/. Since

lim
t#0

r.t/

t
D ‚Z;

there exists " > 0 with ����r.t/t
����
Z

< ı

for all 0 < t < ". Hence,

z.t/ D Oz C t .z � Oz/C r.t/ D Oz C t

�
z C

r.t/

t„ ƒ‚ …
2Bı.z/

�Oz

�
2 S

for 0 < t < ".
Items (i)–(iv) showed the following: If Oz is a local minimum of Problem 2.3.3 and

H 0. Oz/ is surjective, then

J 0. Oz/.d/ 
 0 for all d 2 T . Oz/; (2.27)
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where

T . Oz/ WD

²
d 2 int.cone.S; Oz//

ˇ̌̌
ˇ G0. Oz/.d/ 2 int.cone.K;G. Oz///;
H 0. Oz/.d/ D ‚V

³
:

Consider the non-empty convex set

A WD

8<
:
0
@ J 0. Oz/.d/C rG0. Oz/.d/ � k

H 0. Oz/.d/

1
A
ˇ̌̌
ˇ̌̌ d 2 int.cone.S; Oz//;
k 2 int.cone.K;G. Oz///;
r > 0

9=
; :

If H 0. Oz/ is not surjective and im.H 0. Oz// is not a proper dense subset of V , the set

M WD cl

0
@
8<
:
0
@ r

w

H 0. Oz/.z/

1
A
ˇ̌̌
ˇ̌̌ r 2 R; w 2 W; z 2 Z

9=
;
1
A

is a proper closed subspace of R � W � V . According to Theorem 2.3.18 there is a
non-zero functional .`0; 
�; 	�/ 2 .R �W � V /� with `0r C 
�.w/C 	�.v/ D 0

for all .r; w; v/ 2M . Hence, the hyperplane

¹.r; w; v/ 2 R �W � V j `0r C 

�.w/C 	�.v/ D 0º

trivially separates the sets A and the point .0;‚W ; ‚V /, since both are contained
in M .
A can be decomposed into A D A1 C A2 with

A1 WD

8<
:
0
@ J 0. Oz/.d/

G0. Oz/.d/

H 0. Oz/.d/

1
A
ˇ̌̌
ˇ̌̌ d 2 int.cone.S; Oz//

9=
; ;

A2 WD

8<
:
0
@ r

�k

‚V

1
A
ˇ̌̌
ˇ̌̌ k 2 int.cone.K;G. Oz///; r > 0

9=
; :

If H 0. Oz/ is surjective, the projection of A1 onto V contains interior points in V ac-
cording to the open mapping theorem 2.3.23. Hence, A1CA2 contains interior points
in R � W � V . The considerations in (i)–(iv) showed that .0;‚W ; ‚V / 62 int.A/.
For, let us assume .0;‚W ; ‚V / 2 int.A/. Then there exists d 2 int.cone.S; Oz// with
J 0. Oz/.d/ < 0, G0. Oz/.d/ 2 int.cone.K;G. Oz///, and H 0. Oz/.d/ D ‚V contradicting
(2.27).

According to the separation theorem 2.3.21, there exists a hyperplane separating A
and .0;‚W ; ‚V /, i.e. there exist multipliers

.0;‚W � ; ‚V �/ 6D .`0; 

�; 	�/ 2 R �W � � V � D .R �W � V /�
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such that

0 � `0.J
0. Oz/.d/C r/ � 
�.G0. Oz/.d/ � w/ � 	�.H 0. Oz/.d//

for all d 2 int.cone.S; Oz//, w 2 int.cone.K;G. Oz///, r > 0. Owing to the continuity
of the functionals `0.�/, 
�.�/, 	�.�/ and the linear operators J 0. Oz/.�/, G0. Oz/.�/, and
H 0. Oz/.�/, this inequality also holds for all d 2 cone.S; Oz/, w 2 cone.K;G. Oz//, r 
 0.

Choosing d D ‚Z 2 cone.S; Oz/ and w D ‚W 2 cone.K;G. Oz// yields `0r 
 0
for all r 
 0 and thus `0 
 0.

The choices d D ‚Z and r D 0 imply 
�.w/ 
 0 for all w 2 cone.K;G. Oz// D
¹k � ˛G. Oz/ j k 2 K; ˛ 
 0º, i.e. 
�.k � ˛G. Oz// 
 0 for all k 2 K, ˛ 
 0. This in
turn implies 
� 2 KC (choose ˛ D 0) and 
�.G. Oz// D 0 (choose k D ‚W , ˛ D 1

and observe that G. Oz/ 2 K).

S

Oz

z

z.t/

Figure 2.4. Fritz John conditions under set constraints z 2 S . The assumption int.S/ 6D ; is
essential. For sufficiently small t > 0 the curve z.t/ stays feasible.

Definition 2.3.25. Every point .z; `0; 
�; 	�/ 2 Z�R�W ��V �, .`0; 
�; 	�/ 6D ‚,
satisfying the Fritz John conditions (2.20)–(2.23) is called Fritz John point of Prob-
lem 2.3.3.

Every Fritz John point with `0 6D 0 is called Karush–Kuhn–Tucker point (KKT
point) of Problem 2.3.3. The conditions (2.20)–(2.23) with `0 D 1 are called Karush–
Kuhn–Tucker conditions (KKT conditions).

The multipliers `0, 
�, and 	� are called Lagrange multipliers or simply multipli-
ers.

The conditions (2.21) and (2.22) are called complementarity conditions.

Notice that .`0; 
�; 	�/ D ‚ trivially fulfills the Fritz John conditions. The main
statement of the theorem is that there exists a nontrivial vector .`0; 
�; 	�/ 6D ‚.
Unfortunately, the case `0 D 0 may occur. In this case, the objective function J does
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not enter into in the Fritz John conditions. In case `0 6D 0, without loss of generality,
`0 can be normalized to one as the multipliers enter linearly.

Remark 2.3.26. First order necessary optimality conditions of Fritz John type for
general cone constrained problems

Minimize J.z/ with respect to z 2 S subject to the constraint G.z/ 2 K

can be found in [188]. Essentially, the existence of non-trivial multipliers defining a
separating hyperplane can be guaranteed, if

im.G0. Oz//C cone.K;G. Oz//

is not a proper dense subset of W .

Remark 2.3.27. An alternative way to write condition (2.23) is�
`0J
0. Oz/ �G0. Oz/�.
�/ �H 0. Oz/�.	�/

�
.d/ 
 0 for all d 2 S � ¹Ozº;

where G0. Oz/� and H 0. Oz/� denote the adjoint operators of the continuous linear oper-
ators G0. Oz/ and H 0. Oz/, respectively.

The Fritz John conditions in Theorem 2.3.24 are exploited for the finite optimiza-
tion problem in Problem 2.3.4 and result in a finite dimensional version of the Fritz
John conditions.

Theorem 2.3.28 (First Order Necessary Optimality Conditions for Finite Optimiza-
tion Problems). Let Oz be a local minimum of Problem 2.3.4 and S � Rnz closed and
convex with int.S/ 6D ;. Then there exist multipliers `0 
 0, 
 D .
1; : : : ; 
nG /

> 2

RnG and 	 D .	1; : : : ; 	nH /
> 2 RnH not all zero such that

L0z. Oz; `0; 
; 	/.z � Oz/ 
 0 for all z 2 S; (2.28)


iGi . Oz/ D 0; i D 1; : : : ; nG ; (2.29)


i 
 0; i D 1; : : : ; nG; (2.30)

where

L.z; `0; 
; 	/ WD `0J.z/C 

>G.z/C 	>H.z/:

denotes the Lagrange function for Problem 2.3.4.

Proof. The assumptions of Theorem 2.3.24 are satisfied because:

(i) The interior of the cone K D ¹k 2 RnG j k � 0RnG º is non-empty.

(ii) The image of the linear mapping H 0. Oz/ W Rnz �! RnH is always closed.
Consequently, im.H 0. Oz// is never a proper dense subset of V D RnH .
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Theorem 2.3.24 yields the existence of non-trivial multipliers `0, Q
� 2 W � D

.RnG /�, and Q	 2 V � D .RnH /� with (2.20)–(2.23). As RnG and RnH are Hilbert
spaces, they can be identified with its dual spaces according to Theorem 2.1.10. As a
consequence, the multipliers Q
� and Q	� can be expressed as Q
� D Q
> and Q	� D Q	>

with Q
 2 RnG and Q	 2 RnH .
The condition (2.21) reads as Q
>k 
 0 for every k � 0RnG . Hence, Q
 � 0RnG .
Setting 
 WD � Q
 and 	 WD �Q	 proves the assertion.

In infinite spaces, the non-density assumption on im.H 0. Oz// in Theorem 2.3.24 is
not satisfied automatically as the image of a linear continuous operator is not closed
in general. In the sequel we investigate a special case, which is particularly important
for optimal control problems, and show that the non-density condition holds in this
case. To this end, notice that the linearized operator H 0. Oz/ in Section 2.2 is a map-
ping from the Banach space Z into the Banach space V , which is decomposed into
V WD V1 �Rn with a Banach space V1. This special structure of the image space V
is exploited in the following result.

Theorem 2.3.29. Let the linear and continuous operator H 0. Oz/ W Z �! V in The-
orem 2.3.24 be given by H 0. Oz/ WD .T1; T2/, where T1 W Z �! V1 is a linear,
continuous, and surjective operator, T2 W Z �! Rn is linear and continuous, and
V WD V1 �Rn.

Then im.H 0. Oz// is closed in V D V1 �Rn.

The proof of Theorem 2.3.29 uses factor spaces.

Definition 2.3.30 (Factor space, Quotient space, Codimension). Let Z be a vector
space and M � Z a subspace. The factor space or quotient space Z=M consists of
all sets Œz�, z 2 Z, where Œz� WD z CM . Vectors z1; z2 2 Z are called M -equivalent,
if z1 � z2 2M .

The dimension of Z=M is called codimension of M or defect of M .

Properties of factor spaces are summarized in

Corollary 2.3.31. Let Z be a vector space and M � Z a subspace. Then:

(a) If Z is finite dimensional, then dim.Z=M/ D dim.Z/ � dim.M/.

(b) If Z is a Banach space and M a closed subspace of Z, then

kŒz�kZ=M WD inf¹ky � zkZ j y 2M º

defines a norm on Z=M and
�
Z=M; k � kZ=M

�
is a Banach space.

(c) The canonical mapping w W Z �! Z=M , z 7! Œz�, is surjective and
ker.w/ DM .
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(d) Let T W Z �! V be a linear and surjective mapping from the vector space Z
onto the vector space V . Then T can be factorized uniquely as T D OT ıw with
a linear, surjective, and injective mapping OT W Z=ker.T / �! V .
If in addition Z and V are Banach spaces and T is continuous, then OT is con-
tinuous, OT �1 exists, and OT �1 is linear and continuous.

Proof. (a) See [174, p. 214],
(b) see [311, Theorem I.3.2],
(c) see [174, p. 213],
(d) See [174, p. 214] for the first part. For the second part it remains to show that
OT is continuous and that OT �1 exists and is continuous. The continuity follows from
OT .Œz�/ D T .z/ and the continuity of T . Since Z and V are Banach spaces, the

existence of the inverse operator OT �1 and its continuity follows from Theorem 2.1.15.

Proof of Theorem 2.3.29. Suppose that im.H 0. Oz// is not closed. Then there exists a
sequence .vi ; ri / 2 im.H 0. Oz// with limi!1.vi ; ri / D .v0; r0/ 62 im.H 0. Oz//. Then
there exists a (algebraic) hyperplane, which contains im.T / but not .v0; r0/.

The existence can be shown as follows: Define the linear subspace

M WD ¹t .v0; r0/ j t 2 Rº 	 V:

It holds M 6D ; and M 6D V , since M 6	 im.H 0. Oz//. Hence, V can be written as
V DM ˚ S with a subspace S 	 V . Define the functional ` W V �! R by

`.s C t .v0; r0// WD t:

Then `.s/ D 0 for s 2 S and `.v0; r0/ D 1. Furthermore, ` is linear because

`.	.s C t .v0; r0/// D `. 	s„ƒ‚…
2S

C 	t„ƒ‚…
2R

.v0; r0//

D 	t

D 	`.s C t .v0; r0//;

`..s1 C t1.v0; r0//C .s2 C t2.v0; r0/// D `.s1 C s2„ ƒ‚ …
2S

C .t1 C t2/„ ƒ‚ …
2R

.v0; r0//

D t1 C t2

D `.s1 C t1.v0; r0//C `.s2 C t2.v0; r0//:

Hence, there exist a linear functional `v W V1 �! R and a continuous linear functional
`r 2 .Rn/�, not both zero, with `.v; r/ D `v.v/C `r.r/ and

`v.T1.z//C `r .T2.z// D 0 for all z 2 Z;

`v.v0/C `r.r0/ 6D 0:
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We will show that `v is actually continuous.
Let �i 2 V1 be an arbitrary sequence converging to zero in V1. Unfortunately,

there may be many points in the preimage of �i under the mapping T1, i.e. T �11 is
in general no mapping. To circumvent this problem, we consider the factor space
Z=ker.T1/ endowed with the norm kŒz�kZ=ker.T1/.

According to (d) in Corollary 2.3.31, T1 can be uniquely factorized as T1 D OT1 ıw
with OT1 W Z=ker.T1/ �! V1 being linear, continuous, surjective, and injective, and
OT �1 being linear and continuous.

Hence, to each �i 2 V1 there corresponds an element Wi of Z=ker.T1/. Since the
inverse operator is continuous and �i is a null-sequence, the sequence Wi converges
to zero. Furthermore, we can choose a representative 
i 2 Wi such that

k
ikZ � 2kWikZ=ker.T1/;

T1.
i / D �i

hold for every i 2 N. Since Wi is a null-sequence, the same holds for 
i by the first
inequality.

This yields

lim
i!1

`v.�i / D lim
i!1

`v.T1.
i // D lim
i!1

�`r.T2.
i// D 0;

since 
i �! ‚Z and T2 and `r are continuous. This shows that `v is actually contin-
uous in ‚Z and hence on Z.

In particular, we obtain

0 D lim
i!1

.`v.vi /C `r .ri // D `v. lim
i!1

vi /C `r. lim
i!1

ri / D `v.v0/C `r .r0/

in contradiction to 0 6D `v.v0/C `r.r0/.

2.3.5 Constraint Qualifications and Karush–Kuhn–Tucker Conditions

Conditions which ensure that the multiplier `0 in Theorem 2.3.24 is not zero are called
regularity conditions or constraint qualifications. In this case, without loss of gener-
ality, `0 can be normalized to one due to the linearity in the multipliers.

The following regularity condition was postulated by Robinson [269] in the context
of stability analysis for generalized inequalities.

Definition 2.3.32 (Regularity condition of Robinson [269]). The regularity condition
of Robinson is satisfied at Oz, if�

‚W
‚V

�
2 int

²�
G. Oz/CG0. Oz/.z � Oz/ � k

H 0. Oz/.z � Oz/

� ˇ̌̌
ˇ z 2 S; k 2 K

³
: (2.31)
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The validity of the regularity condition ensures that the multiplier `0 is not zero.

Theorem 2.3.33 (Karush–Kuhn–Tucker (KKT) Conditions). Let the assumptions of
Theorem 2.3.24 be satisfied. In addition, let the regularity condition of Robinson hold
at Oz. Then the assertions of Theorem 2.3.24 hold with `0 D 1.

Proof. Let us assume that the necessary conditions are valid with `0 D 0:


�.k/ 
 0; for all k 2 K;


�.G. Oz// D 0;


�.G0. Oz/.d//C 	�.H 0. Oz/.d// � 0; for all d 2 S � ¹Ozº:

These conditions imply


�.G. Oz/CG0. Oz/.d/ � k/C 	�.H 0. Oz/.d// � 0 for all d 2 S � ¹Ozº; k 2 K:

Hence, the functional ��.w; v/ WD 
�.w/C 	�.v/ separates .‚W ; ‚V / from the set²�
G. Oz/CG0. Oz/.z � Oz/ � k

H 0. Oz/.z � Oz/

� ˇ̌̌
ˇ z 2 S; k 2 K

³
;

since ��.‚W ; ‚V / D 0. But .‚W ; ‚V / is assumed to be an interior point of this set.
Hence, a separation is impossible and the assumption `0 D 0 was wrong.

Zowe and Kurcyusz [317] show that the regularity condition of Robinson is stable
under perturbations of the constraints and ensures the boundedness of the multipliers.

A sufficient condition for the regularity condition of Robinson is the surjectivity
constraint qualification or linear independence constraint qualification.

Corollary 2.3.34 (Surjectivity Constraint Qualification, Linear Independence Con-
straint Qualification). Let Oz 2 int.S/ and let the operator

T W Z �! W � V; T WD .G0. Oz/;H 0. Oz//;

be surjective. Then the regularity condition of Robinson (2.31) holds.

Proof. Since Oz 2 int.S/, there exists an open ball B".‚Z/ � S � ¹Ozº. The operator
T is linear, continuous, surjective, and T .‚Z/ D .‚W ; ‚V /. According to the open
mapping theorem 2.3.23, the set T .B".‚Z// is open in W � V . Hence,�

‚W
‚V

�
2 int

²�
G0. Oz/.z � Oz/

H 0. Oz/.z � Oz/

� ˇ̌̌
ˇ z 2 S

³
:

Since G. Oz/ 2 K and thus ‚W 2 K � G. Oz/, it follows the regularity condition of
Robinson (2.31).
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The subsequent Mangasarian–Fromowitz condition is sufficient for the regularity
condition of Robinson.

Corollary 2.3.35 (Mangasarian–Fromowitz Constraint Qualification).
Let G W Z �! W and H W Z �! V be Fréchet-differentiable at Oz 2 S , S � Z

a closed convex set with int.S/ 6D ;, K � W a closed convex cone with vertex at
zero and int.K/ 6D ;, G. Oz/ 2 K, H. Oz/ D ‚V . Furthermore, let the following
Mangasarian–Fromowitz constraint qualification hold at Oz:

(a) Let H 0. Oz/ be surjective.

(b) Let there exist some Od 2 int.S � ¹Ozº/ with

H 0. Oz/. Od/ D ‚V ; (2.32)

G 0. Oz/. Od/ 2 int.K � ¹G. Oz/º/: (2.33)

Then the regularity condition of Robinson (2.31) holds.

Proof. Since G. Oz/ C G0. Oz/. Od/ 2 int.K/, there exists a ball B"1.G. Oz/ C G
0. Oz/. Od//

with radius "1 > 0 and center G. Oz/ C G0. Oz/. Od/, which lies in int.K/. Since sub-
traction, viewed as a mapping from W � W into W , is continuous, and observing,
that

G. Oz/CG0. Oz/. Od/ D G. Oz/CG0. Oz/. Od/ �‚W ;

there exist balls B"2.G. Oz/CG
0. Oz/. Od// and B"3.‚W / with

B"2.G. Oz/CG
0. Oz/. Od// � B"3.‚W / � B"1.G. Oz/CG

0. Oz/. Od//:

Since G0. Oz/ is a continuous linear mapping, there exists a ball Bı1.
Od/ in Z with

G. Oz/CG0. Oz/.Bı1.
Od// � B"2.G. Oz/CG

0. Oz/. Od//:

Since Od 2 int.S � ¹Ozº/, eventually after diminishing ı1 to ı2 > 0, we find

G. Oz/CG0. Oz/.Bı2.
Od// � B"2.G. Oz/CG

0. Oz/. Od//

and

Bı2.
Od/ � int.S � ¹Ozº/:

By the open mapping theorem, there exists a ball B"4.‚V / in V with

B"4.‚V / � H
0. Oz/.Bı2.

Od//;

since H 0. Oz/ is continuous and surjective.
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Summarizing, we found the following: For every Qw 2 B"3.‚W /, Qv 2 B"4.‚V /
there exists d 2 Bı2.

Od/, in particular d 2 int.S � ¹Ozº/, with

H 0. Oz/.d/ D Qv; G. Oz/CG0. Oz/.d/ 2 B"2.G. Oz/CG
0. Oz/. Od//;

and

G. Oz/CG0. Oz/.d/ � Qw 2 B"1.G. Oz/CG
0. Oz/. Od// � int.K/;

i.e. there exists k 2 int.K/ with

G. Oz/CG0. Oz/.d/ � Qw D k:

Thus, we proved

Qw D G. Oz/CG0. Oz/.d/ � k; Qv D H 0. Oz/.d/

with some k 2 int.K/, d 2 int.S � ¹Ozº/.

Remark 2.3.36.

(a) Condition (b) in Corollary 2.3.35 can be replaced by the following assumption:
Let there exist some Od 2 int.cone.S; Oz// with

H 0. Oz/. Od/ D ‚V ;

G0. Oz/. Od/ 2 int.cone.K;G. Oz///:

(b) It is possible to show that the above Mangasarian–Fromowitz condition is equiv-
alent to Robinson’s condition for problems of type 2.3.3.

Application of the Mangasarian–Fromowitz constraint qualification in Corollary
2.3.35 to the finite optimization problem 2.3.4 translates as follows:

Definition 2.3.37 (Mangasarian–Fromowitz Constraint Qualification for Finite Opti-
mization Problems). The constraint qualification of Mangasarian–Fromowitz is satis-
fied at Oz in Problem 2.3.4, if the following conditions are fulfilled:

(a) The derivatives H 0i . Oz/, i D 1; : : : ; nH , are linearly independent;

(b) There exists a vector Od 2 int.S � ¹Ozº/ with

G 0i . Oz/.
Od/ < 0 for i 2 A. Oz/ and H 0i . Oz/.

Od/ D 0 for i D 1; : : : ; nH :

Likewise, application of the linear independence constraint qualification in Corol-
lary 2.3.34 to the finite optimization problem 2.3.4 translates as follows:
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Definition 2.3.38 (Linear Independence Constraint Qualification for Finite Optimiza-
tion Problems). The linear independence constraint qualification is satisfied at Oz in
Problem 2.3.4, if the following conditions are fulfilled:

(a) Oz 2 int.S/;

(b) the derivatives G0i . Oz/, i 2 A. Oz/, and H 0i . Oz/, i D 1; : : : ; nH , are linearly inde-
pendent.

The multipliers turn out to be unique, if the linear independence constraint qualifi-
cation holds:

Corollary 2.3.39 (Uniqueness of Multipliers). Let the assumptions of Theorem 2.3.28
be satisfied and let the linear independence constraint qualification hold at Oz.

Then the assertions of Theorem 2.3.28 hold with `0 D 1 and in particular

rzL.Oz; `0; 
; 	/ D 0Rnz :

Furthermore, the multipliers 
 and 	 are unique.

Proof. The first assertion follows directly from Corollary 2.3.34 and Theorem 2.3.33.
The uniqueness of the Lagrange multipliers follows from the following consid-

erations. Assume that there are Lagrange multipliers 
i , i D 1; : : : ; nG , 	i ,
i D 1; : : : ; nH , and Q
i , i D 1; : : : ; nG , Q	i , i D 1; : : : ; nH , satisfying the KKT
conditions. Oz 2 int.S/ implies

0>Rnz D J
0. Oz/C

nGX
iD1


iG
0
i . Oz/C

nHX
iD1

	iH
0
i . Oz/;

0>Rnz D J
0. Oz/C

nGX
iD1

Q
iG
0
i . Oz/C

nHX
iD1

Q	iH
0
i . Oz/:

Subtracting these equations leads to

0>Rnz D

nGX
iD1

.
i � Q
i /G
0
i . Oz/C

nHX
iD1

.	i � Q	i /H
0
i . Oz/:

For inactive inequality constraints we have 
i D Q
i D 0, i 62 A. Oz/. Since the
gradients of the active constraints are assumed to be linearly independent, it follows
0 D 
i � Q
i , i 2 A. Oz/, and 0 D 	i � Q	i , i D 1; : : : ; nH . Hence, the Lagrange
multipliers are unique.

Remark 2.3.40. There exist several other constraint qualifications. One of the weak-
est conditions is the constraint qualification of Abadie postulating

Tlin.K; S; Oz/ � T .†; Oz/;
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where Tlin.K; S; Oz/ denotes the linearizing cone at Oz. The idea behind this condition
is to force the linearizing cone and tangent cone to coincide, see Corollary 2.3.14.

The condition of Abadie is weaker as the previously discussed constraint qualifica-
tions, since those imply the condition of Abadie but not vice versa.

It is important to mention that the tangent cone T .†; Oz/ is independent of the repre-
sentation of the set † by inequality and equality constraints, whereas the linearizing
cone Tlin.K; S; Oz/ depends on the functions G and H describing †.

The KKT conditions are not only necessary, but also sufficient, if the objective
function is convex and the constraints are affine-linear.

Theorem 2.3.41 (Sufficient Condition). Let J be Fréchet-differentiable and convex
and let G W Z �! W and H W Z �! V be affine-linear functions. Moreover, let
. Oz; O
�; 	�/ 2 Z � W � � V � be a KKT point of Problem 2.3.3, that is, Oz is feasible
and . Oz; O
�; 	�/ satisfies (2.20)–(2.23) in Theorem 2.3.24 with `0 D 1.

Then Oz is a global minimum of Problem 2.3.3.

Proof. Let z be feasible for Problem 2.3.3. The convexity of J , the affine-linearity of
G and H , and the conditions (2.21)–(2.23) yield

J.z/ 
 J. Oz/C J 0. Oz/.z � Oz/


 J. Oz/C 
�.G. Oz/CG0. Oz/.z � Oz/„ ƒ‚ …
DG.z/2K

/C 	�.H 0. Oz/.z � Oz/„ ƒ‚ …
D‚V

/


 J. Oz/:

As z was an arbitrary feasible point, Oz is a global minimum.

Second order necessary and sufficient conditions for infinite optimization problem
are discussed in [225, 228]. In [228] also the so-called two norm discrepancy is ad-
dressed. This problem occurs if the sufficient conditions do not hold for the norm
k � kZ , but for an alternate norm k � kp on the space Z. Unfortunately, the appearing
functions usually are not differentiable anymore in this alternate norm and the proof
techniques are more intricate.

2.4 Exercises

Exercise 2.4.1. Prove that F W Rn�n ! Rn�n with F.X/ WD X�1 has the Fréchet-
derivative F 0.X/.H/ D �X�1HX�1.

Hint: The Neumann series .In � B/�1 D
P1
kD0 B

k (for kBk < 1) or the identity
X�1X D In can be useful.
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Exercise 2.4.2. Compute the tangent cone for the following sets:

(a) ¹.x; y/> 2 R2 j y 
 x3º;

(b) ¹.x; y/> 2 R2 j x 
 0 or y 
 0º;

(c) ¹.x; y/> 2 R2 j x D 0 or y D 0º;

(d) ¹.r cos'; r sin'/> 2 R2 j 0 � r � 1; �=4 � ' � 7�=4º:

Exercise 2.4.3. Determine for the feasible set

† D ¹z 2 R2 j G.z/ � 0º;

the tangent cone and the linearizing cone at Oz with

(a) G.z/ D .z2 � z51 ;�z2/
>, Oz D .0; 0/>;

(b) G.z/ D .1 � z1; 1 � z21 � z
2
2/
>, Oz D .1; 0/>.

Are the linear independence constraint qualification and the Mangasarian–Fromowitz
constraint qualification satisfied at Oz?

Exercise 2.4.4. Consider the nonlinear optimization problem

Minimize z1
subject to .z1 � 4/

2 C z22 � 16;

.z1 � 3/
2 C .z2 � 2/

2 D 13:

Sketch the feasible region and find all KKT points. Which point is optimal?

Exercise 2.4.5. Solve the nonlinear optimization problem

Minimize z21 C z
2
2 subject to 1 � z1 � 0; 1 � z

2
1 � z

2
2 � 0

(a) graphically,

(b) using KKT conditions.

Which of the discussed regularity conditions are satisfied in the optimal solution?

Exercise 2.4.6 (Lipschitz Continuity of Projection). Let X be a Hilbert space and
M � X closed and convex. Let PM W X �!M be the projection on M satisfying

kx � PM .x/kX � kx �mkX for all m 2M:

Prove: It holds

kPM .x/ � PM .y/kX � kx � ykX for all x; y 2 X;

that is, PM is Lipschitz continuous on X .
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Hint: Use the projection theorem [208, Section 3.12, Theorem 1]: Let X be a
Hilbert space and ; 6DM � X a closed and convex set. Then for every vector y 2 X ,
there exists a unique vector x0 2M with ky �x0kX � ky �xkX for all x 2M . The
condition hy � x0; x � x0iX � 0 for all x 2 M is necessary and sufficient for the
optimality of x0.

Exercise 2.4.7 (Equivalence of Variational Inequality and Non-smooth Equation).
Let X be a Hilbert space, M � X a closed convex set, Ox 2 M , and G W X �! X a
mapping. Prove:

hG. Ox/;m � OxiX 
 0 for all m 2M

holds, if and only if

Ox D PM . Ox � ˛G. Ox//;

where PM denotes the projection onto M and ˛ > 0 is arbitrary.

Exercise 2.4.8. Consider the minimum energy problem:

Minimize Z 1

0

u.t/2dt

with respect to x; y 2 W1;2.Œ0; 1�/ and u 2 L2.Œ0; 1�/ subject to the constraints

Px.t/ D y.t/; x.0/ D x.1/ D 0;

Py.t/ D u.t/; y.0/ D �y.1/ D 1:

(a) Show that x.�/ and y.�/ satisfy the constraints, if and only if

�1 D

Z 1

0

.1 � s/u.s/ds;

�2 D

Z 1

0

u.s/ds:

(b) Solve the following problem by the Fritz John conditions (check all assumptions
first):

Minimize Z 1

0

u.t/2dt

with respect to u 2 L2.Œ0; 1�/ subject to the constraints in (a).
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(c) Solve the problem in (b) by the projection theorem mentioned in Exercise 2.4.6.

Hint: The inhomogeneous linear initial value problem

Pz.t/ D Az.t/C b.t/; z.a/ D za;

with z.t/; za 2 Rn, A 2 Rn�n, and b.t/ 2 Rn has the solution

z.t/ D ˆ.t/za C

Z t

a

ˆ.t/ˆ�1.s/b.s/ds;

where ˆ solves P̂ .t/ D Aˆ.t/, ˆ.a/ D In.

Exercise 2.4.9. Prove the follwowing separation theorem:

(a) Let C � Rn be a non-empty convex set and y 2 Rn a point that is not in the
closure NC of C . Then there exists a hyperplane H D ¹x 2 Rn j a>x D �º

with y 2 H and a>y < inf
x2C

a>x.

(b) Let C � Rn be a convex set and y 2 Rn a boundary point of C . Then there
exists a hyperplane that contains y and that contains C in one of its closed
halfspaces.

Exercise 2.4.10. Let X be a normed vector space, D � X open, and J W D �! R a
mapping.

(a) Necessary Optimality Condition: Let Ox be a local minimum of J and let J be
Gâteaux-differentiable at Ox. Show that ıJ. Ox/.h/ D 0 holds for all h 2 X .

(b) Apply (a) to the variational problem

Minimize

J.x/ WD

Z b

a

f .t; x.t/; x0.t//dt

with respect to x 2 C1.Œa; b�/ subject to

x.a/ D xa; x.b/ D xb :

Show that the Euler–Lagrange equation

0 D f 0x.t; Ox.t/; Ox
0.t// �

d

dt
f 0x0.t; Ox.t/; Ox

0.t//

(under suitable smoothness assumptions) is necessary for a local minimum Ox.



Chapter 3

Local Minimum Principles

Optimal control problems subject to ordinary differential equations have a wide range
of applications in different disciplines like engineering sciences, chemical engineer-
ing, and economics. Necessary conditions known as maximum principles or min-
imum principles have been investigated intensively since the 1950’s. Early proofs
of the maximum principle are given by Pontryagin et al. [261] and Hestenes [156].
Necessary conditions for problems with pure state constraints are discussed in, e.g.,
[133,162,164,173,177,226,227]. Optimal control problems with mixed control-state
constraints are discussed in [244,315]. A survey on maximum principles for ODE op-
timal control problems with state constraints including an extensive list of references
can be found in [153]. Necessary conditions for variational problems, i.e. smooth
optimal control problems, are developed in [39]. Second order necessary conditions
and sufficient conditions are stated in [315]. Sufficient conditions are also presented
in [210, 212, 224, 228]. Necessary conditions for optimal control problems subject to
index-one DAEs without state constraints and without mixed control-state constraints
can be found in [63]. Implicit control systems are discussed in [71]. Necessary con-
ditions for optimal control problems subject to nonlinear quasi-linear DAEs without
control and state constraints are presented in [17]. General DAE optimal control prob-
lems are discussed in [186]. Necessary and sufficient conditions for linear-quadratic
DAE optimal control problems can be found in [17, 184, 189, 235, 236]. Optimal
control problems subject to Hessenberg DAEs up to index-three are treated in [273]
with results that are closely related to our results. Their technique for proving the
results was based on an index reduction, a technique that has been mentioned already
in [156, p. 352]. Semi-explicit index-one systems often occur in process system engi-
neering, see [158], but also in vehicle simulation, see [108], and many other fields of
applications. A very important subclass of index-two DAEs is the stabilized descriptor
form describing the motion of mechanical multi-body systems.

Necessary conditions are not only interesting from a theoretical point of view, but
also provide the basis of the indirect approach for solving optimal control problems
numerically. In this approach, the minimum principle is exploited and typically leads
to a multi-point boundary value problem, which is solved numerically by, e.g., the
multiple shooting method. Even for the direct approach, which is based on a suitable
discretization of the optimal control problem, the minimum principle is very impor-
tant for the post-optimal approximation of adjoints. In this context, the multipliers
resulting from the formulation of the necessary Fritz John conditions for the finite
dimensional discretized optimal control problem have to be related to the multipliers
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of the original infinite dimensional optimal control problem in an appropriate way.
It is evident that this requires the knowledge of necessary conditions for the optimal
control problem.

In this chapter we favor the statement of necessary optimality conditions in terms
of local minimum principles for optimal control problems subject to index-one and
index-two DAEs, pure state constraints, and mixed control-state constraints. The lo-
cal minimum principles are based on necessary optimality conditions for infinite op-
timization problems derived in Theorem 2.3.24. The special structure of the optimal
control problems under consideration is exploited and allows to obtain suitable repre-
sentations for the multipliers involved. An additional Mangasarian–Fromowitz con-
straint qualification for the optimal control problem ensures the regularity of a local
minimum.

The term local minimum principle is due to the fact, that the necessary optimality
conditions can be interpreted as necessary optimality conditions for a local minimum
of the so-called Hamilton function and the augmented Hamilton function, respectively,
compare (3.26), (3.44), and (3.68) below. Global minimum principles even state that
the optimal control globally minimizes the Hamilton function for arbitrary control
sets. This is a much stronger statement and a global minimum principle is discussed
in Section 7.1. There is a nice relationship however between local minimum princi-
ples for infinite dimensional optimal control problems and their finite dimensional dis-
cretizations. The relationship is outlined in Section 5.4. Similar relations for global
minimum principles only hold under additional (restrictive) assumptions, see [239]
and [162, p. 278].

The main steps in the derivation of local minimum principles can be summarized
as follows:

(a) Rewrite the DAE optimal control problem as an infinite optimization problem,
compare Section 2.2.

(b) Show the closedness of the image of the linearized equality operator by exploita-
tion of solution formulas for linear DAEs.

(c) Apply the first-order necessary optimality conditions of Fritz John.

(d) Derive explicit representations of the Lagrange multipliers involved.

(e) Use variation lemmas to derive a local minimum principle for the DAE optimal
control problem.

(f) Investigate regularity conditions and constraint qualifications.

Although index-one DAEs are easier to handle, we demonstrate the steps (a) to (f) and
suitable techniques for semi-explicit index-two DAEs. This problem class already ex-
hibits the main difficulties when dealing with DAE optimal control problems. The
proof for the index-one case works similarly with minor adaptions only and for this
reason it is omitted here. Details of the proof can be found in [112]. More general
DAEs can be handled similarly following essentially the same approach, but with
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more technical effort involved, see [17, 186]. All of these approaches impose struc-
tural assumptions on the linearized DAE and rely on explicit solution formulas for
these linear DAEs.

3.1 Problems without Pure State and Mixed Control-State
Constraints

Consider

Problem 3.1.1 (Index-Two DAE Optimal Control Problem). Let I WD Œt0; tf � 	 R
be a non-empty compact time interval with t0 < tf fixed. Let

' W Rnx �Rnx �! R;

f0 W I �Rnx �Rny �Rnu �! R;

f W I �Rnx �Rny �Rnu �! Rnx ;

g W I �Rnx �! Rny ;

 W Rnx �Rnx �! Rn 

be sufficiently smooth functions and U � Rnu a closed convex set with non-empty
interior.

Minimize

'.x.t0/; x.tf //C

Z tf

t0

f0.t; x.t/; y.t/; u.t//dt

with respect to x 2 W nx
1;1.I/, y 2 L

ny
1 .I/, u 2 L

nu
1 .I/ subject to the constraints

Px.t/ D f .t; x.t/; y.t/; u.t// a.e. in I;

0Rny D g.t; x.t// in I;

0Rn D  .x.t0/; x.tf //;

u.t/ 2 U a.e. in I:

Remark 3.1.2. Using the technique in Example 1.1.19, we may assume that the con-
trol u does not appear in the algebraic constraint g in Problem 3.1.1. This assumption
is essential for the subsequent analysis. Without this simplification, additional smooth-
ness assumptions for the control have to be imposed.

In applying the first order necessary optimality conditions in Theorem 2.3.24 to
Problem 3.1.1, we make use of the interpretation of Problem 3.1.1 as the infinite
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optimization problem

Minimize J.z/ subject to z 2 S and H.z/ D ‚V

given in Section 2.2 with

Z D W
nx
1;1.I/ � L

ny
1 .I/ � L

nu
1 .I/;

V D Lnx1 .I/ �W
ny
1;1.I/ �Rn ;

J.x; y; u/ D '.x.t0/; x.tf //C

Z tf

t0

f0.t; x.t/; y.t/; u.t//dt;

H.x; y; u/ D

0
@H1.x; y; u/H2.x; y; u/

H3.x; y; u/

1
A D

0
@ f .�; x.�/; y.�/; u.�// � Px.�/;g.�; x.�//;

� .x.t0/; x.tf //;

1
A ; (3.1)

S D W nx
1;1.I/ � L

ny
1 .I/ � Uad;

Uad D ¹u 2 L
nu
1 .I/ j u.t/ 2 U almost everywhere in Iº:

The assumptions in Theorem 2.3.24 need to be checked for the above problem. To
this end, let Oz D . Ox; Oy; Ou/ be a local minimum of Problem 3.1.1.
S is closed and convex with non-empty interior since U is closed and convex with

non-empty interior. Continuous Fréchet-differentiability of J and H at Oz is guaran-
teed under Assumption 2.2.8 in Section 2.2.

It remains to verify that the image of the linear operator H 0. Oz/ is not a proper
dense subset of V . According to Theorem 2.3.29 it suffices to show that the linear
and continuous operator T1 defined by

T1. Ox; Oy; Ou/.x; y; u/ WD

�
H 01. Ox; Oy; Ou/.x; y; u/

H 02. Ox; Oy; Ou/.x; y; u/

�

D

�
f 0xŒ��x.�/C f

0
yŒ��y.�/C f

0
uŒ��u.�/ � Px.�/

g0xŒ��x.�/

�
(3.2)

is surjective.

Remark 3.1.3. It is important to point out at this stage that the choice of the image
space of H2 (respectively gŒ��) with W ny

1;1.I/ is crucial. If H2 was considered as a
mapping into the continuous functions, then the linearized operator .H 01;H

0
2/ would

have a proper dense image in the space of continuous functions and the assumptions
of Theorem 2.3.24 are not satisfied. If H2 instead is considered as a mapping into
W
ny
1;1.I/, which is a dense subset of the space of continuous functions, then the fol-

lowing Lemma 3.1.4 allows to show surjectivity of .H 01;H
0
2/ and Theorem 2.3.24 can

be applied.
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We exploit

Lemma 3.1.4. Consider the linear DAE

Px.t/ D A.t/x.t/C B.t/y.t/C h1.t/; (3.3)

0Rny D C.t/x.t/C h2.t/; (3.4)

on the compact interval I D Œt0; tf � with time dependent matrix functions

A.�/ 2 Lnx�nx1 .I/; B.�/ 2 L
nx�ny
1 .I/; C.�/ 2 W

ny�nx
1;1 .I/;

and time dependent vector functions

h1.�/ 2 L
nx
1 .I/; h2.�/ 2 W

ny
1;1.I/:

Let M.t/ WD C.t/ � B.t/ be non-singular almost everywhere in I and let M.�/�1 be
essentially bounded on I. Let C.t0/ have full rank. Then:

(a) There exists a consistent initial value x.t0/ D x0 satisfying (3.4) and every
consistent x0 possesses the representation

x0 D …h2.t0/C �w with w 2 Rnx�ny ;

where … 2 Rnx�ny satisfies .I C C.t0/…/h2.t0/ D 0Rny and the columns of
� 2 Rnx�.nx�ny/ define an orthonormal basis of ker.C.t0//.

(b) The initial value problem given by (3.3)–(3.4) together with the consistent initial
value x.t0/ D …h2.t0/C �w has a unique solution x.�/ 2 W nx

1;1.I/ for every

w 2 Rnx�ny , every h1.�/ 2 L
nx
1 .I/, and every h2.�/ 2 W

ny
1;1.I/. The solution

on I is given by

x.t/ D ˆ.t/

�
…h2.t0/C �w C

Z t

t0

ˆ�1.�/h.�/d�

�
; (3.5)

y.t/ D �M.t/�1 .q.t/CQ.t/x.t// ; (3.6)

where the fundamental system ˆ.t/ 2 Rnx�nx is the unique solution of

P̂ .t/ D QA.t/ˆ.t/; ˆ.t0/ D Inx ; (3.7)

with

QA.t/ WD A.t/ � B.t/M.t/�1Q.t/;

h.t/ WD h1.t/ � B.t/M.t/
�1q.t/;

Q.t/ WD PC.t/C C.t/A.t/;

q.t/ WD Ph2.t/C C.t/h1.t/:
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(c) Let a vector b 2 Rr and matrices E0; Ef 2 Rr�nx be given such that

rank..E0ˆ.t0/CEfˆ.tf //�/ D r

holds for the fundamental solution ˆ from (b) and � from (a). Then the bound-
ary value problem given by (3.3)–(3.4) together with the boundary condition

E0x.t0/CEf x.tf / D b (3.8)

has a solution for every b 2 Rr .

Proof. (a) Consider the linear equation 0Rny D C.t0/x0Ch2.t0/ for x0. Since C.t0/
has full row rank, there exists an orthonormal decomposition

C.t0/
> D P

�
R

‚

�
; P D .…1; �/ 2 Rnx�nx ;

which can be computed using Householder reflections. Herein, R 2 Rny�ny is non-
singular, P is orthogonal, …1 2 Rnx�ny is an orthonormal basis of the image of
C.t0/

>, and � 2 Rnx�.nx�ny/ is an orthonormal basis of the null-space of C.t0/.
Every x0 2 Rnx can be expressed uniquely as x0 D …1v C �w with v 2 Rny and
w 2 Rnx�ny . Introducing this expression into (3.4) yields

0Rny D C.t0/.…1v C �w/C h2.t0/ D R
>v C h2.t0/;

which is satisfied for v D �R�>h2.t0/. Hence, consistent values are characterized
by

x0 D …h2.t0/C �w; … WD �…1R
�>:

(b) Differentiation of the algebraic equation (3.4) yields

0Rny D PC.t/x.t/C C.t/ Px.t/C Ph2.t/

D
�
PC.t/C C.t/A.t/

�
x.t/C C.t/B.t/y.t/C Ph2.t/C C.t/h1.t/

D Q.t/x.t/CM.t/y.t/C q.t/:

The non-singularity ofM.t/ yields (3.6). Introducing this expression into (3.3) yields
the linear ODE

Px.t/ D QA.t/x.t/C h.t/:

With (a) the assertion follows as in [155, p. 36].
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(c) Part (c) exploits the solution formulas in (a) and (b). The boundary condition
(3.8) is satisfied, if

b D E0x.t0/CEf x.tf /

D E0.…h2.t0/C �w/CEfˆ.tf /

�
…h2.t0/C �w C

Z tf

t0

ˆ�1.�/h.�/d�

�
D .E0 CEfˆ.tf //�w C .E0 CEfˆ.tf //…h2.t0/

CEfˆ.tf /

Z tf

t0

ˆ�1.�/h.�/d�:

Rearranging terms and exploiting ˆ.t0/ D Inx yields

.E0ˆ.t0/CEfˆ.tf //�w D b � .E0 CEfˆ.tf //…h2.t0/

�Efˆ.tf /

Z tf

t0

ˆ�1.�/h.�/d�:

This equation is solvable for every b 2 Rr , if the matrix .E0ˆ.t0/CEfˆ.tf //� is of
rank r . Then for every b 2 Rr there exists w such that (3.8) is satisfied. Application
of part (b) completes the proof.

By Lemma 3.1.4 the linear operator T1 in (3.2) is surjective, if the following as-
sumption holds:

Assumption 3.1.5. Let the matrix

M.t/ WD g0x.t; Ox.t//f
0
y.t; Ox.t/; Oy.t/; Ou.t//

be non-singular almost everywhere in I and let M.�/�1 be essentially bounded in I.

Lemma 3.1.4, Assumptions 2.2.8, 3.1.5, and Theorem 2.3.29 guarantee that the
assumptions of Theorem 2.3.24 are satisfied and we proved:

Theorem 3.1.6 (Necessary Conditions for Problem 3.1.1). Let the following assump-
tions be fulfilled for Problem 3.1.1:

(a) Assumptions 2.2.8 and 3.1.5 hold.

(b) U � Rnu is closed and convex with non-empty interior.

(c) . Ox; Oy; Ou/ is a local minimum of Problem 3.1.1.

Then there exist non-trivial multipliers `0 
 0 and 	� 2 V � with

`0J
0. Ox; Oy; Ou/.x; y; u/ � 	�.H 0. Ox; Oy; Ou/.x; y; u// 
 0 (3.9)

for all .x; y; u/ 2 S � ¹. Ox; Oy; Ou/º.
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At a first glance, the necessary condition (3.9) seems to be of little practical use,
since the multiplier 	� WD .	�

f
; 	�g ; �

�/ is an element of the dual space

V � D Lnx1 .I/
� �W

ny
1;1.I/

� � .Rn /�

and as such the components 	�
f

and 	�g do not have nice representations. But, as we
shall see, exploitation of the variational inequality (3.9) using the derivatives in (2.11)–
(2.14) allows to derive a suitable representation of 	�

f
and 	�g . To this end, three

separate variational equalities and inequalities are deduced from (3.9) by setting two
of the three variations x, y, or u to zero, respectively, and by varying the remaining
variation within S . Then (3.9) implies the following relations that hold for every
x 2 W

nx
1;1.I/, every y 2 L

ny
1 .I/, and every u 2 Uad � ¹ Ouº:

0 D �0x0x.t0/C �
0
xf
x.tf /C

Z tf

t0

`0f
0
0;xŒt �x.t/dt

C 	�f . Px.�/ � f
0
xŒ��x.�// � 	

�
g.g
0
xŒ��x.�//; (3.10)

0 D

Z tf

t0

`0f
0
0;y Œt �y.t/dt � 	

�
f .f

0
y Œ��y.�//; (3.11)

0 �

Z tf

t0

`0f
0
0;uŒt �u.t/dt � 	

�
f .f

0
uŒ��u.�//; (3.12)

where

�.x0; xf ; `0; �/ WD `0'.x0; xf /C �
> .x0; xf /:

3.1.1 Representation of Multipliers

The two equations (3.10) and (3.11) are exploited to represent the functionals 	�
f

and

	�g . To this end, let h1 2 L
nx
1 .I/ and h2 2 W

ny
1;1.I/ be arbitrary.

Then by Lemma 3.1.4 (with w D 0Rnx�ny ) the initial value problem

Px.t/ D f 0xŒt �x.t/C f
0
yŒt �y.t/C h1.t/; x.t0/ D …h2.t0/; (3.13)

0Rny D g
0
xŒt �x.t/C h2.t/ (3.14)

possesses the solution

x.t/ D ˆ.t/

�
…h2.t0/C

Z t

t0

ˆ�1.�/h.�/d�

�
; (3.15)

y.t/ D �M.t/�1 .q.t/CQ.t/x.t//

D �M.t/�1
�
q.t/CQ.t/ˆ.t/

�
…h2.t0/C

Z t

t0

ˆ�1.�/h.�/d�

��
; (3.16)
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where ˆ solves (3.7) with

QA.t/ D f 0x Œt � � f
0
y Œt �M.t/

�1Q.t/;

h.t/ D h1.t/ � f
0
y Œt �M.t/

�1q.t/;

Q.t/ D
d

dt
g0xŒt �C g

0
x Œt �f

0
xŒt �;

q.t/ D Ph2.t/C g
0
xŒt �h1.t/:

Adding equations (3.10) and (3.11) and exploiting the linearity of the functionals leads
to

0 D �0x0x.t0/C �
0
xf
x.tf /C `0

Z tf

t0

f 00;x Œt �x.t/C f
0
0;y Œt �y.t/dt

C 	�f .h1.�//C 	
�
g.h2.�//: (3.17)

Introducing the solution formulas (3.15)–(3.16) into equation (3.17) and combining
terms leads to the expression

0 D

�
�0x0 C �

0
xf
ˆ.tf /C

Z tf

t0

`0 Of0Œt �ˆ.t/dt

�
…h2.t0/

C �0xfˆ.tf /

Z tf

t0

ˆ�1.t/h.t/dt

C

Z tf

t0

`0 Of0Œt �ˆ.t/

�Z t

t0

ˆ�1.�/h.�/d�

�
dt

�

Z tf

t0

`0f
0
0;y Œt �M.t/

�1q.t/dt

C 	�f .h1.�//C 	
�
g .h2.�//; (3.18)

where

Of0Œt � WD f
0
0;xŒt � � f

0
0;y Œt �M.t/

�1Q.t/:

Integration by parts yields

Z tf

t0

Of0Œt �ˆ.t/

�Z t

t0

ˆ�1.�/h.�/d�

�
dt

D

Z tf

t0

�Z tf

t

Of0Œ� �ˆ.�/d�

�
ˆ�1.t/h.t/dt
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and (3.18) becomes

	�f .h1.�//C 	
�
g.h2.�//

D ��>h2.t0/ �

Z tf

t0

	f .t/
>h.t/dt �

Z tf

t0

Q	g.t/
>q.t/dt (3.19)

with

�> WD

�
�0x0 C �

0
xf
ˆ.tf /C

Z tf

t0

`0 Of0Œt �ˆ.t/dt

�
…;

	f .t/
> WD

�
�0xfˆ.tf /C

Z tf

t

`0 Of0Œ� �ˆ.�/d�

�
ˆ�1.t/;

Q	g.t/
> WD �`0f

0
0;y Œt �M.t/

�1:

Recall the definitions of h and q:

h.t/ D h1.t/ � f
0
y Œt �M.t/

�1q.t/;

q.t/ D Ph2.t/C g
0
xŒt �h1.t/:

Introducing these expressions into (3.19) and collecting terms yields

	�f .h1.�//C 	
�
g.h2.�// (3.20)

D ��>h2.t0/ �

Z tf

t0

.	f .t/
> C 	g.t/

>g0xŒt �/h1.t/dt �

Z tf

t0

	g .t/
> Ph2.t/dt

with

	g.t/
> WD Q	g.t/

> � 	f .t/
>f 0y Œt �M.t/

�1:

Setting h1 � ‚ or h2 � ‚, respectively, proves the following explicit representations
of the functionals 	�

f
and 	�g :

Corollary 3.1.7. Let the assumptions of Theorem 3.1.6 be valid. Then there exist
� 2 Rny and functions 	f 2 W

nx
1;1.I/, 	g 2 L

ny
1 .I/ with

	�f .h1.�// D �

Z tf

t0

.	f .t/
> C 	g.t/

>g0xŒt �/h1.t/dt;

	�g .h2.�// D ��
>h2.t0/ �

Z tf

t0

	g.t/
> Ph2.t/dt

for every h1 2 L
nx
1 .I/ and every h2 2 W

ny
1;1.I/.

Corollary 3.1.7 provides useful representations of the functionals 	�
f

and 	�g and
shows that these multipliers are more regular than only being elements of the dual
spaces of Lnx1 .I/ and W ny

1;1.I/.
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3.1.2 Local Minimum Principle

First order necessary optimality conditions in terms of a local minimum principle are
derived for Problem 3.1.1.

Definition 3.1.8 (Hamilton Function for Problem 3.1.1). Consider Problem 3.1.1.
The Hamilton function H W I � Rnx � Rny � Rnu � Rnx � Rny � R �! R is
defined by

H .t; x; y; u; 	f ; 	g ; `0/ WD `0f0.t; x; y; u/C 	
>
f f .t; x; y; u/

C 	>g .g
0
t .t; x/C g

0
x.t; x/f .t; x; y; u//:

We investigate the variational equalities and inequalities (3.10)–(3.12) and use the
representations of the functionals 	�

f
and 	�g provided by Corollary 3.1.7 with

� 2 Rny , 	f 2 W
nx
1;1.I/, and 	g 2 L

ny
1 .I/.

Investigation of (3.10):

The variational equation (3.10) holds for all x 2 W nx
1;1.I/ and becomes

0 D � 0x0x.t0/C �
0
xf
x.tf /C

Z tf

t0

`0f
0
0;xŒt �x.t/dt

C 	�f . Px.�/ � f
0
x Œ��x.�// � 	

�
g.g
0
xŒ��x.�//

D .�0x0 C �
>g0xŒt0�/x.t0/C �

0
xf
x.tf /C

Z tf

t0

`0f
0
0;x Œt �x.t/dt

C

Z tf

t0

.	f .t/
> C 	g.t/

>g0xŒt �/.f
0
x Œt �x.t/ � Px.t//dt

C

Z tf

t0

	g.t/
> d

dt
.g0xŒt �x.t//dt

D .�0x0 C �
>g0xŒt0�/x.t0/C �

0
xf
x.tf /

C

Z tf

t0

H 0xŒt �x.t/dt �

Z tf

t0

	f .t/
> Px.t/dt

D .� 0x0 C �
>g0xŒt0�C 	f .t0/

>/x.t0/C .�
0
xf
� 	f .tf /

>/x.tf /

C

Z tf

t0

. P	f .t/
> CH 0xŒt �/x.t/dt; (3.21)

where partial integration was used in the last step. In order to draw further conclusions
from this variational equation we need a variation lemma. The lemma is provided for
a more general setting than actually necessary at this stage, because we shall use it
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again in Section 3.2 in the presence of pure state constraints. For such problems,
functions of bounded variation enter the scene.

Lemma 3.1.9 (Variational Lemma). Let f; g 2L1.I/, s 2Cns .I/, and
2 BVns .I/.
If Z tf

t0

f .t/h.t/C g.t/ Ph.t/dt C

Z tf

t0

.s.t/h.t//> d
.t/ D 0

holds for every h 2 W1;1.I/ with h.t0/ D h.tf / D 0, then there exists a constant
c 2 R and a function Og 2 BV.I/ such that Og.t/ D g.t/ almost everywhere in I and

Og.t/ D �

Z tf

t

f .�/d� �

Z tf

t

s.�/>d
.�/ � c:

Moreover, if the Riemann–Stieltjes integral is not present, then

d

dt
Og.t/ D f .t/ a.e. in I:

Proof. Define

F.t/ WD

Z tf

t

f .�/d� and G.t/ WD

Z tf

t

s.�/>d
.�/:

With h.t0/ D h.tf / D 0 it holdsZ tf

t0

f .t/h.t/dt D �

Z tf

t0

h.t/dF.t/ D �ŒF .t/h.t/�
tf
t0
C

Z tf

t0

F.t/dh.t/

D

Z tf

t0

F.t/ Ph.t/dt

Z tf

t0

.s.t/h.t//> d
.t/ D �

Z tf

t0

h.t/dG.t/ D �ŒG.t/h.t/�
tf
t0
C

Z tf

t0

G.t/dh.t/

D

Z tf

t0

G.t/ Ph.t/dt:

Moreover, for any constant c and every function h 2 W1;1.I/ with h.t0/ D h.tf / D
0 it holds Z tf

t0

c Ph.t/dt D 0

and hence

0 D

Z tf

t0

.f .t/h.t/C .g.t/C c/ Ph.t//dt C

Z tf

t0

.s.t/h.t//> d
.t/

D

Z tf

t0

.F.t/CG.t/C g.t/C c/ Ph.t/dt:
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The choices

c D
1

tf � t0

Z tf

t0

.�F.t/ �G.t/ � g.t// dt;

h.t/ D

Z tf

t

.F.�/CG.�/C g.�/C c/ d�

satisfy h.t0/ D h.tf / D 0 and yield

0 D

Z tf

t0

.F.t/CG.t/C g.t/C c/2 dt:

Hence, the integrand vanishes almost everywhere in I and almost everywhere it holds

g.t/ D �F.t/ �G.t/ � c D �

Z tf

t

f .�/d� �

Z tf

t

s.�/>d
.�/ � c D Og.t/:

Application of Lemma 3.1.9 to (3.21) using variations x with x.t0/ D x.tf / D

0Rnx yields the condition

P	f .t/
> D �H 0xŒt � a.e. in I:

Using variations x.t0/ 6D 0Rnx and x.tf / 6D 0Rnx , respectively, then yields

	f .t0/
> D �

�
�0x0 C �

>g0xŒt0�
�
; 	f .tf /

> D �0xf :

Investigation of (3.11):

The variational equation (3.11) becomes

0 D

Z tf

t0

`0f
0
0;y Œt �y.t/dt C

Z tf

t0

�
	f .t/

> C 	g.t/
>g0xŒt �

�
f 0y Œt �y.t/dt

D

Z tf

t0

H 0y Œt �y.t/dt

and it holds for every y 2 L
ny
1 .I/. By Lemma 3.1.9 (with 
; g; s � ‚ and

W1;1.I/	 L1.I/) this immediately implies

0Rny D H 0y Œt �
> a.e. in I:

Investigation of (3.12): The variational inequality (3.12) becomes

0 �

Z tf

t0

`0f
0
0;uŒt �u.t/dt C

Z tf

t0

�
	f .t/

> C 	g.t/
>g0xŒt �

�
f 0uŒt �u.t/dt

D

Z tf

t0

H 0uŒt �u.t/dt

and it holds for every u 2 Uad � ¹ Ouº.
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Lemma 3.1.10 (see [171, p. 102]). Let

0 �

Z tf

t0

H 0uŒt �.u.t/ � Ou.t//dt

hold for every u 2 Uad. Then for almost every t 2 I it holds

0 � H 0uŒt �.u � Ou.t//

for every u 2 U.

Proof. Define the absolutely continuous functions

h1.t/ WD

Z t

t0

H 0uŒ� �d� and h2.t/ WD

Z t

t0

H 0uŒ� � Ou.�/d�:

Let J be the set of points t 2 .t0; tf / with

lim
"#0

h1.t C "/ � h1.t/

"
D lim
"#0

1

"

Z tC"

t

H 0uŒ� �d� D H 0uŒt �;

lim
"#0

h2.t C "/ � h2.t/

"
D lim
"#0

1

"

Z tC"

t

H 0uŒ� � Ou.�/d� D H 0uŒt � Ou.t/:

Since h1 and h2 are absolutely continuous and differentiable almost everywhere, the
sets J and I differ only on a set of measure zero. Now let t 2 J and u 2 U be
arbitrary and " > 0 sufficiently small. Define

u".�/ WD

´
u; for � 2 Œt; t C "�;

Ou.�/; for � 62 Œt; t C "�:

Then u" 2 Uad and the assertion yields

0 �
1

"

Z tf

t0

H 0uŒ� � .u".�/ � Ou.�// d� D
1

"

Z tC"

t

H 0uŒ� � .u � Ou.�// d�:

Taking the limit " # 0 yields the assertion.

We summarize our findings in

Theorem 3.1.11 (Local Minimum Principle for Problem 3.1.1). Let the following
assumptions hold for Problem 3.1.1:

(i) Assumptions 2.2.8 and 3.1.5 hold. g is twice continuously differentiable with
respect to all arguments.

(ii) U � Rnu is closed and convex with non-empty interior.

(iii) . Ox; Oy; Ou/ is a local minimum of Problem 3.1.1.
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Then there exist multipliers

`0 2 R; 	f 2 W
nx
1;1.I/; 	g 2 L

ny
1 .I/; � 2 Rny ; � 2 Rn 

such that the following conditions are satisfied:

(a) `0 
 0, .`0; �; �; 	f ; 	g/ 6D ‚,

(b) Adjoint equations: Almost everywhere in I it holds

P	f .t/ D �H 0x.t; Ox.t/; Oy.t/; Ou.t/; 	f .t/; 	g.t/; `0/
>; (3.22)

0Rny D H 0y.t; Ox.t/; Oy.t/; Ou.t/; 	f .t/; 	g.t/; `0/
>: (3.23)

(c) Transversality conditions:

	f .t0/
> D �.`0'

0
x0
. Ox.t0/; Ox.tf //C �

> 0x0. Ox.t0/; Ox.tf //

C �>g0x.t0; Ox.t0///; (3.24)

	f .tf /
> D `0'

0
xf
. Ox.t0/; Ox.tf //C �

> 0xf . Ox.t0/; Ox.tf //: (3.25)

(d) Stationarity of Hamilton function: Almost everywhere in I it holds

H 0u.t; Ox.t/; Oy.t/; Ou.t/; 	f .t/; 	g.t/; `0/.u � Ou.t// 
 0: (3.26)

for all u 2 U.

The adjoint equations (3.22) and (3.23) form a DAE of index one for 	f and 	g ,
where 	f is the differential variable and 	g denotes the algebraic variable. This fol-
lows from (3.23), which is given by

0Rny D `0.f
0
0;y Œt �/

> C .f 0y Œt �/
>	f .t/C .g

0
xŒt � � f

0
yŒt �/

>	g.t/:

Since g0xŒt � � f
0
y Œt � is non-singular, by Assumption 3.1.5 we obtain

	g .t/ D �..g
0
xŒt � � f

0
y Œt �/

�1/>.`0.f
0
0;y Œt �/

> C .f 0y Œt �/
>	f .t//:

Notice that the original DAE was index-two according to Assumption 3.1.5.

3.1.3 Constraint Qualifications and Regularity

The linear independence constraint qualification in Corollary 2.3.34 is translated into
the context of Problem 3.1.1. Please note that the linear independence constraint qual-
ification and the Mangasarian–Fromowitz condition in Corollary 2.3.35 coincide for
Problem 3.1.1, since no cone constraints are present. The constraint qualifications
ensure that the multiplier `0 in Theorem 3.1.11 is not zero and, without loss of gen-
erality, can be normalized to one. Surjectivity of the linear operator H 0. Ox; Oy; Ou/ is
guaranteed by



Section 3.1 Problems without Pure State and Mixed Control-State Constraints 119

Lemma 3.1.12. Let Assumption 3.1.5 be valid and let

rank.. 0x0ˆ.t0/C  
0
xf
ˆ.tf //�/ D n ;

where ˆ is the fundamental solution of the homogeneous linear differential equation

P̂ .t/ D QA.t/ˆ.t/; ˆ.t0/ D Inx ; t 2 I

and the columns of � constitute an orthonormal basis of the null-space of g0xŒt0� and

M.t/ D g0xŒt �f
0
y Œt �;

QA.t/ D f 0xŒt � � f
0
y Œt �M.t/

�1Q.t/;

Q.t/ D
d

dt
g0xŒt �C g

0
xŒt �f

0
xŒt �:

Then H 0. Ox; Oy; Ou/ with H in (3.1) is surjective.

Proof. Let h1 2 L
nx
1 .I/, h2 2 W

ny
1;1.I/, and h3 2 Rn be arbitrary. Consider the

boundary value problem

H 01. Ox; Oy; Ou/.x; y; u/.t/ D h1.t/ a.e. in I;

H 02. Ox; Oy; Ou/.x; y; u/.t/ D h2.t/ in I;

H 03. Ox; Oy; Ou/.x; y; u/ D h3:

Evaluation of the derivatives leads to the boundary value problem

� Px.t/C f 0x Œt �x.t/C f
0
y Œt �y.t/C f

0
uŒt �u.t/ D h1.t/ a.e. in I;

g0xŒt �x.t/ D h2.t/ a.e. in I;

 0x0x.t0/C  
0
xf
x.tf / D �h3:

By the rank assumption and Assumption 3.1.5 all assumptions of Lemma 3.1.4 are
satisfied and the boundary value problem is solvable. This shows the surjectivity of
the mapping H 0. Ox; Oy; Ou/.

In control theory the assumptions in Lemma 3.1.12 guarantee complete controlla-
bility of the linearized dynamics.

For a specific problem, rather than checking the conditions in Lemma 3.1.12, it is
often easier to either find a solution of the necessary optimality conditions in Theo-
rem 3.1.11 with `0 D 1 or to assume `0 D 0 and lead this assumption to a contradic-
tion.

We investigate some examples.
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Example 3.1.13. Consider the following index-two DAE optimal control problem (it
is equivalent with the minimum energy problem in Example 1.0.1):

Minimize

1

2

Z 1

0

u.t/2dt

subject to the constraints

Px1.t/ D u.t/ � y.t/; x1.0/ D x1.1/ D 0;

Px2.t/ D u.t/; x2.0/ D �x2.1/ D 1;

Px3.t/ D �x2.t/; x3.0/ D 0;

0 D x1.t/C x3.t/:

Differentiation of the algebraic constraint yields

0 D u.t/ � y.t/ � x2.t/” y.t/ D u.t/ � x2.t/:

Let . Ox; Oy; Ou/ be a local minimum. With x D .x1; x2; x3/
>, 	f D .	f;1; 	f;2; 	f;3/

>,
and the Hamilton function

H .x; y; u; 	f ; 	g ; `0/ D
`0

2
u2 C 	f;1.u � y/C 	f;2u � 	f;3x2 C 	g.u � y � x2/;

the necessary conditions in Theorem 3.1.11 read as follows:

P	f;1.t/ D 0; 	f;1.0/ D ��1 � �; 	f;1.1/ D �4;

P	f;2.t/ D 	f;3.t/C 	g.t/; 	f;2.0/ D ��2; 	f;2.1/ D �5;

P	f;3.t/ D 0; 	f;3.0/ D ��3 � �; 	f;3.1/ D 0;

0 D �	f;1.t/ � 	g .t/;

0 D `0 Ou.t/C 	f;1.t/C 	f;2.t/C 	g.t/:

The adjoint system has the solution

	f;3.t/ D 0; 	f;1.t/ D ��1 � �; 	g.t/ D �1 C �; 	f;2.t/ D .�1 C �/t � �2

for all t 2 Œ0; 1�. We investigate the case `0 D 1. Then:

Ou.t/ D �	f;1.t/ � 	f;2.t/ � 	g.t/ D �.�1 C �/t C �2

and hence

Ox2.t/ D �
1

2
.�1 C �/t

2 C �2t C c3 D Ou.t/ � Oy.t/;

Ox1.t/ D �
1

6
.�1 C �/t

3 C
1

2
�2t

2 C c3t C c4 D �Ox3.t/:
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With � WD 0 and the boundary conditions for Ox1, Ox2, and Ox3 we obtain c3 D 1, c4 D 0,
�1 D �3 D �4 D 0, �2 D ��5 D �2. Summarizing, the following functions satisfy
the necessary optimality conditions in Theorem 3.1.11:

Ou.t/ D �	f;2.t/ D �2;

Ox1.t/ D �Ox3.t/ D �t
2 C t;

Ox2.t/ D �2t C 1;

Oy.t/ D �3C 2t;

	f;1.t/ D 	f;3.t/ D 	g.t/ D 0;

� D .0;�2; 0; 0; 2/>; � D 0:

According to Theorem 2.3.41 this solution is opimal.

Example 3.1.14 (Discretized 2D Stokes Equation). Consider Example 1.1.12 without
control constraints:

Minimize

1

2

Z T

0

kvh.t/ � vd;h.t/k
2dt C

˛

2

Z T

0

kuh.t/k
2dt

subject to

Pvh.t/ D Ahvh.t/C Bhph.t/C uh.t/; vh.0/ D ‚;

‚ D B>h vh.t/:

The Hamilton function for the problem is given by

H .vh; ph; uh; 	f ; 	g ; `0/

WD
1

2
`0kvh � vd;hk

2 C
˛

2
`0kuhk

2 C .	f C Bh	g/
> .Ahvh C Bhph C uh/ :

Stationarity of the Hamilton function with respect to uh yields

‚ D ˛`0uh C .	f C Bh	g/: (3.27)

The adjoint DAE computes to

P	f D �`0.vh � vd;h/ � A
>
h .	f C Bh	g /;

‚ D B>h 	f C B
>
h Bh	g ;
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with the transversality condition

	f .T / D ‚:

Let us assume `0 D 0. Stationarity of the Hamilton function then yields

‚ D 	f C Bh	g

and the adjoint DAE and transversality condition reduce to

P	f D ‚; 	f .T / D ‚:

Consequently, 	f � ‚ and since B>
h
Bh is non-singular, also 	g � ‚. Hence, all

multipliers are zero, which contradicts the Fritz John conditions. Hence, `0 can be set
to one. The relation in (3.27) then yields

uh D �
1

˛
.	f C Bh	g/:

Introducing this into the Stokes equation yields a linear two-point DAE boundary
value problem that needs to be solved:

Pvh D Ahvh C Bhph �
1

˛
.	f C Bh	g/;

P	f D �.vh � vd;h/ � A
>
h .	f C Bh	g /;

‚ D B>h vh;

‚ D B>h 	f C B
>
h Bh	g

with boundary conditions

vh.0/ D ‚; 	f .T / D ‚:

Figures 3.1–3.2 show the numerical solution for T D 2, ˛ D 10�5, and the desired
flow

vd .t; x; y/ D

�
�q.t; x/q0y.t; y/

q.t; y/q0x.t; x/

�
; q.t; z/ D .1 � z/2.1 � cos.2�zt//:
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Figure 3.1. Optimal control of Stokes equations. Desired flow (left), controlled flow (middle)
and control (right) at t D 0:6, t D 1:0, t D 1:4 and t D 1:967.
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Figure 3.2. Optimal control of Stokes equations. Pressure at t D 0:6 (top left), t D 1:0 (top
right), t D 1:4 (bottom left), and t D 1:967 (bottom right).

The following example shows that the case `0 D 0 actually may occur:

Example 3.1.15 (Degenerated Problem).

Minimize Z 1

0

u.t/dt

subject to the constraints

Px.t/ D u.t/2; x.0/ D x.1/ D 0:

Obviously, only u � 0 satisfies the constraints and it is optimal.
With the Hamilton function H .x; u; 	; `0/ D `0uC 	u

2 it follows

0 D H 0u D `0 C 2	u;

P	 D 0 H) 	 D const:

Assume `0 6D 0. Then u D �`0=.2	/ D const 6D 0. But with this control, we obtain
x.1/ > 0 and u is not feasible. This contradiction shows `0 D 0.

Remark 3.1.16. Intuitively, one would expect that the necessary conditions hold with
the function QH WD `0f0 C 	

>
f
f C 	>g g instead of the Hamilton function H . The

following example in [17, Example 3.16] shows that this is not true:

Minimize

1

2
x21.tf /C

1

2

Z tf

0

y.t/2 C u.t/2dt
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subject to

Px1.t/ D u.t/; x1.0/ D a;

Px2.t/ D �y.t/C u.t/; x2.0/ D 0;

0 D x2.t/;

where a 6D 0.

This problem has the solution

x1.t/ D a

�
1 �

t

2C tf

�
; x2.t/ D 0; y.t/ D u.t/ D �

a

2C tf
;

but the optimality system with QH instead of the true Hamilton function turns out to
be not solvable.

3.2 Problems with Pure State Constraints

Many applications involve pure state constraints, which we now add to Problem 3.1.1:

Problem 3.2.1 (Index-Two DAE Optimal Control Problem with Pure State Con-
straints). Let I WD Œt0; tf � 	 R be a non-empty compact time interval with t0 < tf
fixed. Let

' W Rnx �Rnx �! R;

f0 W I �Rnx �Rny �Rnu �! R;

f W I �Rnx �Rny �Rnu �! Rnx ;

g W I �Rnx �! Rny ;

s W I �Rnx �! Rns ;

 W Rnx �Rnx �! Rn 

be sufficiently smooth functions and U � Rnu a closed convex set with non-empty
interior.

Minimize

'.x.t0/; x.tf //C

Z tf

t0

f0.t; x.t/; y.t/; u.t//dt
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with respect to x 2 W nx
1;1.I/, y 2 L

ny
1 .I/, u 2 L

nu
1 .I/ subject to the constraints

Px.t/ D f .t; x.t/; y.t/; u.t// a.e. in I;

0Rny D g.t; x.t// in I;

0Rn D  .x.t0/; x.tf //;

s.t; x.t// � 0Rns in I;

u.t/ 2 U a.e. in I:

Similarly as in Section 3.1 we interpret Problem 3.2.1 as the infinite optimization
problem

Minimize J.z/ subject to z 2 S , G.z/ 2 K, and H.z/ D ‚V

given in Section 2.2 with

Z D W
nx
1;1.I/ � L

ny
1 .I/ � L

nu
1 .I/;

V D Lnx1 .I/ �W
ny
1;1.I/ �Rn ;

W D Cns .I/;

J.x; y; u/ D '.x.t0/; x.tf //C

Z tf

t0

f0.t; x.t/; y.t/; u.t//dt;

H.x; y; u/ D

0
@H1.x; y; u/H2.x; y; u/

H3.x; y; u/

1
A D

0
@ f .�; x.�/; y.�/; u.�// � Px.�/;g.�; x.�//;

� .x.t0/; x.tf //;

1
A ;

G.x; y; u/ D �s.�; x.�//;

K D ¹k 2 Cns .I/ j k.t/ 
 0Rns in Iº;

S D W
nx
1;1.I/ � L

ny
1 .I/ � Uad;

Uad D ¹u 2 L
nu
1 .I/ j u.t/ 2 U almost everywhere in Iº:

Please note that K is a closed convex cone with non-empty interior. With the same
reasoning as in Section 3.1 the assumptions in Theorem 2.3.24 are satisfied at a local
minimum Oz D . Ox; Oy; Ou/ of Problem 3.2.1 and it holds

Theorem 3.2.2 (Necessary Conditions for Problem 3.2.1). Let the following assump-
tions be fulfilled for Problem 3.2.1:

(i) Assumptions 2.2.8 and 3.1.5 hold.

(ii) U � Rnu is closed and convex with non-empty interior.

(iii) . Ox; Oy; Ou/ is a local minimum of Problem 3.2.1.
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Then there exist non-trivial multipliers `0 
 0, 	� 2 V �, and 
� 2 W � with


� 2 KC and 
�.G. Ox; Oy; Ou// D 0; (3.28)

and

0 � `0J
0. Ox; Oy; Ou/.x; y; u/ � 
�.G0. Ox; Oy; Ou/.x; y; u//

� 	�.H 0. Ox; Oy; Ou/.x; y; u// (3.29)

for all .x; y; u/ 2 S � ¹. Ox; Oy; Ou/º.

Again, the multiplier 	� WD .	�
f
; 	�g ; �

�/ is an element of the dual space

V � D Lnx1 .I/
� �W

ny
1;1.I/

� � .Rn /�

and explicit representations are required. The multiplier 
� is in the dual space
W � D Cns .I/�. According to Riesz’ Representation Theorem 2.1.23 the functional

� possesses the explicit representation


�.h/ D

Z tf

t0

h.t/>d
.t/ WD

nsX
iD1

Z tf

t0

hi .t/d
i .t/ (3.30)

for every continuous vector function h 2 Cns .I/. Herein, 
i , i D 1; : : : ; ns , are
functions of bounded variation. To make the representations unique, we choose

 2 NBV ns .I/, compare Definition 2.1.24. With the explicit representation (3.30)
the variational inequality (3.29) yields the following three separate variational equali-
ties and inequalities

0 D �0x0x.t0/C �
0
xf
x.tf /C

Z tf

t0

`0f
0
0;xŒt �x.t/dt C

Z tf

t0

.s0xŒt �x.t//
>d
.t/

C 	�f . Px.�/ � f
0
x Œ��x.�// � 	

�
g.g
0
xŒ��x.�//; (3.31)

0 D

Z tf

t0

`0f
0
0;y Œt �y.t/dt � 	

�
f .f

0
yŒ��y.�//; (3.32)

0 �

Z tf

t0

`0f
0
0;uŒt �u.t/dt � 	

�
f .f

0
uŒ��u.�//; (3.33)

which hold for every x 2 W nx
1;1.I/, every y 2 Lny1 .I/, and every u 2 Uad � ¹ Ouº.

3.2.1 Representation of Multipliers

Explicit representations of the functionals 	�
f

and 	�g are obtained similarly as in

Subsection 3.1.1. Let h1 2 L
nx
1 .I/ and h2 2 W

ny
1;1.I/ be arbitrary.
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Consider the initial value problem (3.13)–(3.14) and its solution (3.15)–(3.16).
Adding equations (3.31) and (3.32), exploiting the linearity of the functionals, intro-
ducing the solution formulas (3.15)–(3.16), and using integration by parts as in (3.18)
yields

0 D

�
�0x0 C �

0
xf
ˆ.tf /C

Z tf

t0

`0 Of0Œt �ˆ.t/dt

C

�Z tf

t0

�
s0xŒt �ˆ.t/

�>
d
.t/

�> �
…h2.t0/

C

Z tf

t0

�
�0xfˆ.tf /C

Z tf

t

`0 Of0Œ� �ˆ.�/d�

�
ˆ�1.t/h.t/dt

�

Z tf

t0

`0f
0
0;y Œt �M.t/

�1q.t/dt C

Z tf

t0

�
s0xŒt �ˆ.t/

Z t

t0

ˆ�1.�/h.�/d�

�>
d
.t/

C 	�f .h1.�//C 	
�
g.h2.�//; (3.34)

where

Of0Œt � WD f
0
0;xŒt � � f

0
0;y Œt �M.t/

�1Q.t/:

The Riemann–Stieltjes integral is to be transformed using integration by parts. We
exploit

Lemma 3.2.3. Let a W I �! Rn be continuous, b W I �! Rn absolutely continuous
and 
 W I ! R of bounded variation. Then:Z tf

t0

a.t/>b.t/d
.t/

D

�Z tf

t0

a.�/d
.�/

�>
b.tf / �

Z tf

t0

�Z t

t0

a.�/d
.�/

�>
Pb.t/dt:

Proof. Using integration by parts for Riemann–Stieltjes integrals leads toZ tf

t0

a.t/>b.t/d
.t/

D

nX
iD1

Z tf

t0

ai .t/bi .t/d
.t/

D

nX
iD1

Z tf

t0

bi .t/d

�Z t

t0

ai .�/d
.�/

�

D

nX
iD1

�	�Z t

t0

ai .�/d
.�/

�
� bi .t/


tf
t0

�

Z tf

t0

�Z t

t0

ai .�/d
.�/

�
dbi .t/

�
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D

	�Z t

t0

a.�/d
.�/

�>
b.t/


tf
t0

�

Z tf

t0

�Z t

t0

a.�/d
.�/

�>
Pb.t/dt

D

�Z tf

t0

a.�/d
.�/

�>
b.tf / �

Z tf

t0

�Z t

t0

a.�/d
.�/

�>
Pb.t/dt:

Component wise application of Lemma 3.2.3 with

a.t/> D ai .t/
> D s0i;xŒt �ˆ.t/; i D 1; : : : ; ns; and b.t/ D

Z t

t0

ˆ�1.�/h.�/d�

yields Z tf

t0

�
s0xŒt �ˆ.t/

Z t

t0

ˆ�1.�/h.�/d�

�>
d
.t/

D

Z tf

t0

�Z tf

t

�
s0xŒ� �ˆ.�/

�>
d
.�/

�>
ˆ�1.t/h.t/dt:

Introducing this relation into (3.34), using the definitions of h and q, and collecting
terms yields

	�f .h1.�//C 	
�
g.h2.�//

D ��>h2.t0/ �

Z tf

t0

.	f .t/
> C 	g.t/

>g0xŒt �/h1.t/dt

�

Z tf

t0

	g.t/
> Ph2.t/dt (3.35)

with

�> WD

�
�0x0 C �

0
xf
ˆ.tf /C

Z tf

t0

`0 Of0Œt �ˆ.t/dt

C

�Z tf

t0

�
s0xŒt �ˆ.t/

�>
d
.t/

�> �
…;

	f .t/
> WD

�
�0xfˆ.tf /C

Z tf

t

`0 Of0Œ� �ˆ.�/d�

C

�Z tf

t

�
s0xŒ� �ˆ.�/

�>
d
.�/

�> �
ˆ�1.t/;

	g.t/
> WD �.`0f

0
0;y Œt �C 	f .t/

>f 0y Œt �/M.t/
�1:

Setting h1 � ‚ or h2 � ‚, respectively, proves the following explicit representa-
tions of the functionals 	�

f
and 	�g :
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Corollary 3.2.4. Let the assumptions of Theorem 3.2.2 be valid. Then there exist
� 2 Rny and functions 	f 2 BV nx .I/, 	g 2 L

ny
1 .I/ with

	�f .h1.�// D �

Z tf

t0

.	f .t/
> C 	g.t/

>g0xŒt �/h1.t/dt;

	�g .h2.�// D ��
>h2.t0/ �

Z tf

t0

	g.t/
> Ph2.t/dt

for every h1 2 L
nx
1 .I/ and every h2 2 W

ny
1;1.I/.

3.2.2 Local Minimum Principle

We investigate the variational equalities and inequalities (3.31)–(3.33) and use the
representations of the functionals 	�

f
and 	�g provided by Corollary 3.2.4 with

� 2 Rny , 	f 2 BVnx .I/, and 	g 2 L
ny
1 .I/.

Investigation of (3.31):

The variational equation (3.31) holds for all x 2 W nx
1;1.I/ and becomes

0 D � 0x0x.t0/C �
0
xf
x.tf /C

Z tf

t0

`0f
0
0;x Œt �x.t/dt C

Z tf

t0

�
s0xŒt �x.t/

�>
d
.t/

C 	�f . Px.�/ � f
0
xŒ��x.�// � 	

�
g.g
0
xŒ��x.�//

D .� 0x0 C �
>g0xŒt0�/x.t0/C �

0
xf
x.tf /C

Z tf

t0

`0f
0
0;xŒt �x.t/dt

C

Z tf

t0

.	f .t/
> C 	g.t/

>g0xŒt �/
�
f 0xŒt �x.t/ � Px.t/

�
dt

C

Z tf

t0

	g.t/
> d

dt
.g0xŒt �x.t//dt C

Z tf

t0

�
s0xŒt �x.t/

�>
d
.t/

D .� 0x0 C �
>g0xŒt0�/x.t0/C �

0
xf
x.tf /

C

Z tf

t0

H 0x Œt �x.t/dt C

Z tf

t0

.s0xŒt �x.t//
>d
.t/ �

Z tf

t0

	f .t/
> Px.t/dt: (3.36)

Let x 2 W
nx
1;1.I/ be an arbitrary variation with x.t0/ D x.tf / D 0Rnx . Then

Lemma 3.1.9 applied to (3.36) yields

C D 	f .t/ �

Z tf

t

H 0x Œ� �
>d� �

Z tf

t

s0xŒ� �
>d
.�/
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with some constant vector C 2 Rnx . Evaluation at t D tf yields C D 	f .tf / and

	f .t/ D 	f .tf /C

Z tf

t

H 0xŒ� �
>d� C

Z tf

t

s0xŒ� �
>d
.�/ (3.37)

for t 2 I.
Application of a computation rule for Riemann–Stieltjes integrals to Equation

(3.36) yields

0 D .�0x0 C �
>g0xŒt0�/x.t0/C �

0
xf
x.tf /

C

Z tf

t0

H 0xŒt �x.t/dt C

Z tf

t0

.s0xŒt �x.t//
>d
.t/ �

Z tf

t0

	f .t/
>dx.t/

and integration by parts of the last term yields

0 D .� 0x0 C �
>g0xŒt0�C 	f .t0/

>/x.t0/C .�
0
xf
� 	f .tf /

>/x.tf /

C

Z tf

t0

H 0xŒt �x.t/dt C

Z tf

t0

.s0xŒt �x.t//
>d
.t/C

Z tf

t0

x.t/>d	f .t/:

Introducing (3.37) into the last integral leads to

0 D .� 0x0 C �
>g0xŒt0�C 	f .t0/

>/x.t0/C .�
0
xf
� 	f .tf /

>/x.tf /;

which holds for every variation x. It follows

	f .t0/
> D �.�0x0 C �

>g0xŒt0�/; 	f .tf /
> D � 0xf :

Investigation of (3.32) and (3.33):

The variational equation (3.32) and the variational inequality (3.33) can be analyzed
literally as in Subsection 3.1.2.

Investigation of the complementarity condition (3.28):

The complementarity condition (3.28) reads as


� 2 KC”

Z tf

t0

k.t/>d
.t/ 
 0 for k 2 Cns .I/; k.t/ 
 0Rns in I;


�.G. Ox; Oy; Ou// D 0”

Z tf

t0

s.t; Ox.t//>d
.t/ D 0:

Lemma 3.2.5. Let 
 2 BV.I/. IfZ tf

t0

f .t/d
.t/ 
 0

holds for every non-negative f 2 C.I/, then 
 is non-decreasing in I.
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Proof. According to the assumption of the lemma, for every non-negative continuous
function f it holds

Sf WD

Z tf

t0

f .t/d
.t/ 
 0:

Hence, for every non-negative continuous function and every " > 0 there exists ı > 0
such that for every partition GN D ¹t0 < t1 < � � � < tN D tf º with

max
iD1;:::;N

¹ti � ti�1º < ı

it holds

�" � �"C Sf <

NX
iD1

f .
i/ .
.ti / � 
.ti�1// < "C Sf ; (3.38)

where 
i is an arbitrary point in Œti�1; ti �, i D 1; : : : ; N .
Assume 
 is not non-decreasing. Then there are points t < t with 
.t/ D 
.t/C�

and � > 0. Let " WD �=2 and ı > 0 be arbitrary and

GN WD ¹t0 < t1 < � � � < tp WD t < � � � < tq WD t < � � � < tN D tf º

with

max
iD1;:::;N

¹ti � ti�1º < ı:

Then there exists a continuous non-negative function f with f .t/ � 1 in Œtp; tq�1�,
f .ti / D 0 for i 62 ¹p; : : : ; q � 1º, and f linear in Œtp�1; tp� and Œtq�1; tq�. Then

NX
iD1

f .ti�1/ .
.ti / � 
.ti�1// D 
.t/ � 
.t/ D �� < �":

This contradicts (3.38).

Lemma 3.2.6. Let 
 2 BV.I/ be non-decreasing and let f 2 C.I/ be non-positive.
If Z tf

t0

f .t/d
.t/ D 0

holds, then 
 is constant on every interval Œa; b� � I with a < b and f .t/ < 0 in
Œa; b�.
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Proof. Since Sf D 0 by assumption, we find that for every " > 0 there exists ı > 0

such that for every partition GN D ¹t0 < t1 < � � � < tN D tf º with

max
iD1;:::;N

¹ti � ti�1º < ı

it holds

�" <

NX
iD1

f .
i / .
.ti / � 
.ti�1// < "; (3.39)

where 
i is an arbitrary point in Œti�1; ti �, i D 1; : : : ; N .
Assume 
 is not constant in intervals Œa; b� of the above type.
Then there exist points t < t with f .t/ � �˛ < 0 for all t 2 Œ t ; t � and 
. t / D


. t / � � , � > 0 (because 
 is non-decreasing). Choose " WD ˛�=2. Let ı > 0 be
arbitrary and

GN D ¹t0 < t1 < � � � < tp D t < � � � < tq D t < � � � < tN D tf º

with maxiD1;:::;N ¹ti � ti�1º < ı. Then,

NX
iD1

f .
i�1/ .
.ti / � 
.ti�1// D

pX
iD1

f .
i�1/„ ƒ‚ …
�0

.
.ti / � 
.ti�1//„ ƒ‚ …
�0

C

qX
iDpC1

f .
i�1/ .
.ti / � 
.ti�1//

C

NX
iDqC1

f .
i�1/„ ƒ‚ …
�0

.
.ti / � 
.ti�1//„ ƒ‚ …
�0

�

qX
iDpC1

f .
i�1/ .
.ti / � 
.ti�1//

� �˛

qX
iDpC1

.
.ti / � 
.ti�1//

D �˛
�

.t/ � 
.t/

�
D �˛� < �":

This contradicts (3.39).

Application of Lemma 3.2.5 and 3.2.6 to the complementarity system together with
our previous findings yields
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Theorem 3.2.7 (Local Minimum Principle for Problem 3.2.1). Let the following as-
sumptions hold for Problem 3.2.1:

(i) Assumptions 2.2.8 and 3.1.5 hold. g is twice continuously differentiable with
respect to all arguments.

(ii) U � Rnu is closed and convex with non-empty interior.

(iii) . Ox; Oy; Ou/ is a local minimum of Problem 3.2.1.

Then there exist multipliers

`0 2 R; 	f 2 BV nx .I/; 	g 2 L
ny
1 .I/; 
 2 NBV ns .I/; � 2 Rny ; � 2 Rn 

such that the following conditions are satisfied:

(a) `0 
 0, .`0; �; �; 	f ; 	g ; 
/ 6D ‚,

(b) Adjoint equations: Almost everywhere in I it holds

	f .t/ D 	f .tf /C

Z tf

t

H 0x.�; Ox.�/; Oy.�/; Ou.�/; 	f .�/; 	g.�/; `0/
>d�;

C

Z tf

t

s0x.�; Ox.�//
>d
.�/ (3.40)

0Rny D H 0y.t; Ox.t/; Oy.t/; Ou.t/; 	f .t/; 	g.t/; `0/
>: (3.41)

(c) Transversality conditions:

	f .t0/
> D �.`0'

0
x0
. Ox.t0/; Ox.tf //C �

> 0x0. Ox.t0/; Ox.tf //

C �>g0x.t0; Ox.t0///; (3.42)

	f .tf /
> D `0'

0
xf
. Ox.t0/; Ox.tf //C �

> 0xf . Ox.t0/; Ox.tf //: (3.43)

(d) Stationarity of Hamilton function: Almost everywhere in I it holds

H 0u.t; Ox.t/; Oy.t/; Ou.t/; 	f .t/; 	g.t/; `0/.u � Ou.t// 
 0: (3.44)

for all u 2 U.

(e) Complementarity condition: 
i , i 2 ¹1; : : : ; nsº, is non-decreasing on I and
constant on every interval .t1; t2/ with t1 < t2 and si .t; Ox.t// < 0 for all
t 2 .t1; t2/.

The constraint qualification of Mangasarian–Fromowitz in Corollary 2.3.35 togeth-
er with Lemma 3.1.12 translates as follows for Problem 3.2.1, since the interior of

K D ¹k 2 Cns .I/ j k.t/ 
 0Rns in Iº

is given by

int.K/ D ¹k 2 Cns .I/ j k.t/ > 0Rns in Iº :
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Lemma 3.2.8. Let the assumptions of Theorem 3.2.7 and Lemma 3.1.12 hold. Let
there exist x 2 W nx

1;1.I/, y 2 L
ny
1 .I/, and u 2 int.Uad � ¹ Ouº/ with

sŒt �C s0xŒt �x.t/ < 0Rns in I;

f 0x Œt �x.t/C f
0
y Œt �y.t/C f

0
uŒt �u.t/ � Px.t/ D 0Rnx a.e. in I;

g0x Œt �x.t/ D 0Rny in I;

 0x0x.t0/C  
0
xf
x.tf / D 0Rn :

Then the Mangasarian–Fromowitz constraint qualification holds for Problem 3.2.1
and `0 D 1 can be chosen in Theorem 3.2.7.

3.2.3 Finding Controls on Active State Constraint Arcs

We outline how the control can be computed on an active state constraint arc and need
some terminology, which is illustrated in Figure 3.3.

Definition 3.2.9 (Active and Inactive Arcs, Boundary Arc, Junction Points, Contact
Point, Touch Point). Let .x.t/; y.t/; u.t// be feasible for Problem 3.2.1.

(a) The constraint sj , j 2 ¹1; : : : ; nsº, is called active for t 2 Œt1; t2� � I, if
sj .t; x.t// D 0 holds for t 2 Œt1; t2�. If sj .t; x.t// < 0 at t 2 I, then sj is called
inactive at t .

(b) If sj is active on Œt1; t2� � I with t1 < t2, then Œt1; t2� is called boundary arc of
sj .

If sj is inactive on Œt1; t2� � I with t1 < t2, then Œt1; t2� is called free arc of sj .

The point t1 is called junction point of the boundary arc Œt1; t2� of sj , if there is
ı > 0 such that sj is inactive for all t 2 Œt1 � ı; t1/.

Likewise t2 is called junction point, if a similar condition holds at t2.

(c) A point t1 2 I is called contact point of sj , if sj is active at t1 and there is ı > 0
such that sj is inactive for all t 2 Œt1 � ı; t1 � ı� n ¹t1º.

(d) A contact point t1 of sj is called touch point, if d
dt
sj is continuous at t1.
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t0 tft1 t2 t3 t4

0

sj Œt �

Figure 3.3. Boundary arc Œt1; t2�, touch point t3, and contact point t4.

Applying the idea of the differentiation index for DAEs to boundary arcs of state
constraints yields the order of a state constraint. The order counts how often the
active constraint needs to be differentiated with respect to time until the respective
derivative can be solved for the control. In this respect, a boundary arc of a state
constraint can be interpreted as a DAE itself with the control playing the role of an
algebraic variable.

To simplify notation, we restrict the discussion to scalar controls (nu D 1) and a
single state constraint (ns D 1). The multi-dimensional case essentially inherits the
same structural difficulties as for general DAEs.

Let Œt1; t2� � I be a boundary arc of the state constraint s.t; Ox.t// � 0, that is

s.t; Ox.t// D 0 for all t 2 Œt1; t2�:

We exploit that the algebraic variable Oy D Y.t; Ox; Ou/ under Assumption 3.1.5 can
be expressed by the implicit function theorem as a function of t , Ox and Ou, which is
determined by the first derivative of the algebraic constraint

0Rny D g
0
t .t; Ox.t//C g

0
x.t; Ox.t//f .t; Ox.t/; Oy.t/; Ou.t//:

Define the functions S .k/.t; x; u/, 0 � k � 1, recursively by

S .0/.t; x; u/ WD s.t; x/

and

S .kC1/.t; x; u/ WD rtS
.k/.t; x; u/CrxS

.k/.t; x; u/>f .t; x; Y.t; x; u/; u/

for k D 0; 1; : : : :
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Until u appears explicitly for the first time, S .k/ evaluated at Ox.t/ and Ou.t/ is just
the k-th time derivative of s on the boundary arc and it holds

S .k/.t; Ox.t/; Ou.t// D 0 for all t 2 Œt1; t2�; k D 0; 1; 2; : : : :

Two cases may occur:

(a) There exists k <1 with

@

@u
S .j /.t; x; u/ D 0 for all 0 � j � k � 1; (3.45)

and

@

@u
S .k/.t; x; u/ 6D 0: (3.46)

In this case, the equation

S .k/.t; x; u/ D 0 for t 2 Œt1; t2� (3.47)

can be solved for u by the implicit function theorem. The boundary control is
thus given implicitly by u D uboundary.t; x/ as a function of t and x.

(b) For every 0 � k � 1 it holds

@

@u
S .k/.t; x; u/ D 0:

In this case, Ou cannot be determined on the boundary arc.

Definition 3.2.10 (Order of a State Constraint). Let there exist k < 1 with (3.45)
and (3.46). Then k is called order of the state constraint. The special case k D 0

corresponds to a mixed control-state constraint.

We find

Corollary 3.2.11. Let there exist k < 1 with (3.45) and (3.46). Then the boundary
control in Œt1; t2� is implicitly defined by (3.47) with

Ou.t/ D uboundary.t; Ox.t//; t 2 Œt1; t2�:

3.2.4 Jump Conditions for the Adjoint

The integral equation (3.40) involves a Riemann–Stieltjes integral, which makes the
evaluation of the necessary optimality conditions in Theorem 3.2.7 difficult. Since
	f is a function of bounded variation, it is differentiable almost everywhere and this
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allows to derive a piecewise defined differential equation for 	f with additional jump
conditions.

To this end, recall that the multiplier
 is of bounded variation. Hence, it has at most
countably many jump points and 
 can be expressed as 
 D 
a C 
d C 
s , where

a is absolutely continuous, 
d is a jump function, and 
s is singular (continuous,
non-constant, P
s.t/ D 0 almost everywhere in I). Hence, the adjoint equation (3.40)
can be written as

	f .t/ D 	f .tf /C

Z tf

t

H 0xŒ� �
>d� C

Z tf

t

s0xŒ� �
>d
a.�/

C

Z tf

t

s0xŒ� �
>d
d .�/C

Z tf

t

s0xŒ� �
>d
s.�/

for all t 2 I. Notice that 	f is continuous from the right in the open interval .t0; tf /,
since 
 is normalized. Let ¹tj º, j 2 J, be the set of jump points of 
. Then at every
jump point tj it holds

lim
"#0

�Z tf

tj

s0xŒ� �
>d
d .�/ �

Z tf

tj�"

s0xŒ� �
>d
d .�/

�
D �s0xŒtj �

>.
d .tj / � 
d .tj�//;

according to (2.3), where 
d .tj�/ denotes the left-sided limit of 
d at tj . Since 
a
is absolutely continuous and 
s is continuous, we obtain the jump-condition

	f .tj / � 	f .tj�/ D �s
0
xŒtj �

>
�

.tj / � 
.tj�/

�
; j 2 J:

Since every function of bounded variation is differentiable almost everywhere, 
 and
	f are differentiable almost everywhere. Exploitation of Lemma 2.1.26 proves

Corollary 3.2.12. Let the assumptions of Theorem 3.2.7 hold. Then 	f is differen-
tiable almost everywhere in I with

P	f .t/ D �H 0x.t; Ox.t/; Oy.t/; Ou.t/; 	f .t/; 	g.t/; `0/
> � s0x.t; Ox.t//

> P
.t/: (3.48)

Furthermore, the jump conditions

	f .tj / � 	f .tj�/ D �s
0
x.tj ; Ox.tj //

>.
.tj / � 
.tj�// (3.49)

hold at every point tj 2 .t0; tf / of discontinuity of the multiplier 
.

Notice that 
 in (3.48) can be replaced by the absolutely continuous component

a, since the derivatives of the jump component 
d and the singular component 
s
are zero almost everywhere. It should be noted that (3.48) and (3.49) are implications
from the integral equation (3.40), but singular components get lost in the former and
both systems are not necessarily equivalent. Notice further that the jump points of 

are located on boundary arcs of active state constraints.
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Example 3.2.13. We add a pure state constraint to Example 3.1.13 and obtain:

Minimize

1

2

Z 1

0

u.t/2dt

subject to the constraints

Px1.t/ D u.t/ � y.t/; x1.0/ D x1.1/ D 0;

Px2.t/ D u.t/; x2.0/ D �x2.1/ D 1;

Px3.t/ D �x2.t/; x3.0/ D 0;

0 D x1.t/C x3.t/;

x1.t/ � ` � 0:

For ` > 1=4 the state constraint does not get active and the optimal solution is
provided in Example 3.1.13. Hence, let 0 < ` � 1=4.

Differentiation of the algebraic constraint yields

0 D u � y � x2 H) y D u � x2 DW Y.u; x2/:

Suppose the optimal solution possesses exactly one boundary arc Œt1; t2� � Œ0; 1� with
Ox1.t/ D ` for t 2 Œt1; t2�. We obtain

S .0/.x; u/ D x1 � `;

S .1/.x; u/ D u � y D u � .u � x2/ D x2;

S .2/.x; u/ D u:

Hence, the order of the state constraint is k D 2 and the boundary control is given by
u D uboundary � 0. In particular, it holds Ox1.t/ D ` and Ox2.t/ D 0 on the boundary
arc Œt1; t2�.

Owing to the boundary conditions x1.0/ D x1.1/ D 0, the state constraint is
not active in neighborhoods of t D 0 and t D 1. Hence, 
.t/ is constant in these
neighborhoods, P
.t/ � 0, and the integral adjoint equation reduces to an adjoint
differential equation, which has been analyzed in Example 3.1.13 already. Together
with the initial conditions we obtain

Ou.t/ D

8<
:
c1t C c2; if t 2 Œ0; t1/;
0; if t 2 .t1; t2/;
Nc1t C Nc2; if t 2 .t1; 1�;
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Ox1.t/ D �Ox3.t/ D

8<
:
1
6
c1t

3 C 1
2
c2t

2 C t; if t 2 Œ0; t1/;
`; if t 2 Œt1; t2�;
1
6
Nc1t

3 C 1
2
Nc2t

2 C Nc3t C Nc4; if t 2 .t1; 1�;

Ox2.t/ D

8<
:
1
2
c1t

2 C c2t C 1; if t 2 Œ0; t1/;
0; if t 2 Œt1; t2�;
1
2
Nc1t

2 C Nc2t C Nc3; if t 2 .t1; 1�

with suitable constants c1; c2; Nc1; Nc2; Nc3; Nc4 2 R.
The boundary conditions yield

0 D Ox1.1/ D
1

6
Nc1 C

1

2
Nc2 C Nc3 C Nc4;

�1 D Ox2.1/ D
1

2
Nc1 C Nc2 C Nc3:

Continuity conditions at t1 and t2 yield

` D Ox1.t1/ D
1

6
c1t

3
1 C

1

2
c2t

2
1 C t1;

` D Ox1.t2/ D
1

6
Nc1t

3
2 C

1

2
Nc2t

2
2 C Nc3t2 C Nc4;

0 D Ox2.t1/ D
1

2
c1t

2
1 C c2t1 C 1;

0 D Ox2.t2/ D
1

2
Nc1t

2
2 C Nc2t2 C Nc3:

The stationarity condition for the Hamilton function (3.44) with `0 D 1 and the alge-
braic adjoint equation (3.41) yield

	f;2.t/ D �Ou.t/:

As 	f;2 is continuous from the right it follows

	f;2.t1/ D 	f;2.t2�/ D 0; 	f;2.t1�/ D �.c1t1 C c2/; 	f;2.t2/ D �. Nc1t2 C Nc2/:

Moreover, the jump condition (3.49) yields

0 D 	f;2.t1/ � 	f;2.t1�/ D c1t1 C c2;

0 D 	f;2.t2/ � 	f;2.t2�/ D �. Nc1t2 C Nc2/;

and hence Ou is continuous at t1 and t2. The boundary conditions, continuity condi-
tions, and jump conditions provide eight conditions for the eight unknowns c1, c2, Nc1,
Nc2, Nc3, Nc4, t1, t2.
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A solution is given by t1 D 3`, t2 D 1 � 3`, and

.c1; c2; Nc1; Nc2; Nc3; Nc4/

D

�
2

9`2
;�

2

3`
;�

2

9`2
;�
2.3` � 1/

9`2
;�
1 � 6`C 9`2

9`2
;
�9`C 27`2 C 1

27`2

�
:

This solution holds for 0 < t1 � t2 < 1, which implies 0 < ` � 1=6.
For 1=6 < ` � 1=4 the solution possesses a contact point at t D 1=2 and it can be

computed in a similar way. We leave the details to the reader.

A further example with pure state constraints working directly with the multiplier

 is discussed in full detail in Subsection 5.4.1.

3.3 Problems with Mixed Control-State Constraints

Many applications involve mixed control-state constraints, which we now add to Prob-
lem 3.1.1:

Problem 3.3.1 (Index-Two DAE Optimal Control Problem with Mixed Control-State
Constraints). Let I WD Œt0; tf � 	 R be a non-empty compact time interval with
t0 < tf fixed. Let

' W Rnx �Rnx �! R;

f0 W I �Rnx �Rny �Rnu �! R;

f W I �Rnx �Rny �Rnu �! Rnx ;

g W I �Rnx �! Rny ;

c W I �Rnx �Rny �Rnu �! Rnc ;

 W Rnx �Rnx �! Rn 

be sufficiently smooth functions.

Minimize

'.x.t0/; x.tf //C

Z tf

t0

f0.t; x.t/; y.t/; u.t//dt

with respect to x 2 W nx
1;1.I/, y 2 L

ny
1 .I/, u 2 L

nu
1 .I/ subject to the constraints

Px.t/ D f .t; x.t/; y.t/; u.t// a.e. in I;

0Rny D g.t; x.t// in I;

0Rn D  .x.t0/; x.tf //;

c.t; x.t/; y.t/; u.t// � 0Rnc a.e. in I:
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Similarly as in Section 3.1 we interpret Problem 3.3.1 as the infinite optimization
problem

Minimize J.z/ subject to z 2 S , G.z/ 2 K, and H.z/ D ‚V

given in Section 2.2 with S D Z and

Z D W
nx
1;1.I/ � L

ny
1 .I/ � L

nu
1 .I/;

V D Lnx1 .I/ �W
ny
1;1.I/ �Rn ;

W D Lnc1.I/;

J.x; y; u/ D '.x.t0/; x.tf //C

Z tf

t0

f0.t; x.t/; y.t/; u.t//dt;

H.x; y; u/ D

0
@H1.x; y; u/H2.x; y; u/

H3.x; y; u/

1
A D

0
@ f .�; x.�/; y.�/; u.�// � Px.�/;g.�; x.�//;

� .x.t0/; x.tf //;

1
A ;

G.x; y; u/ D �c.�; x.�/; y.�/; u.�//;

K D ¹k 2 Lnc1.I/ j k.t/ 
 0Rnc a.e. in Iº:

Please note that K is a closed convex cone with non-empty interior. With the same
reasoning as in Section 3.1 the assumptions in Theorem 2.3.24 are satisfied at a local
minimum Oz D . Ox; Oy; Ou/ of Problem 3.3.1. Taking into account S D Z, the variational
inequality in Theorem 2.3.24 becomes an equation and it holds

Theorem 3.3.2 (Necessary Conditions for Problem 3.3.1). Let the following assump-
tions be fulfilled for Problem 3.3.1:

(i) Assumptions 2.2.8 and 3.1.5 hold.

(ii) . Ox; Oy; Ou/ is a local minimum of Problem 3.3.1.

Then there exist non-trivial multipliers `0 
 0, 	� 2 V �, and �� 2 W � with

�� 2 KC and ��.G. Ox; Oy; Ou// D 0; (3.50)

and

0 D `0J
0. Ox; Oy; Ou/.x; y; u/ � ��.G0. Ox; Oy; Ou/.x; y; u//

� 	�.H 0. Ox; Oy; Ou/.x; y; u// (3.51)

for all .x; y; u/ 2 Z.
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The multipliers 	� WD .	�
f
; 	�g ; �

�/ and �� are elements of the dual spaces

V � D Lnx1 .I/
� �W

ny
1;1.I/

� �
�
Rn 

��
and W � D Lnc1.I/

�

and explicit representations are required. The variational equation (3.51) yields

0 D �0x0x.t0/C �
0
xf
x.tf /C

Z tf

t0

`0f
0
0;x Œt �x.t/dt

C 	�f . Px.�/ � f
0
x Œ��x.�// � 	

�
g.g
0
xŒ��x.�//C �

�.c0xŒ��x.�//; (3.52)

0 D

Z tf

t0

`0f
0
0;y Œt �y.t/dt � 	

�
f .f

0
y Œ��y.�//C �

�.c0y Œ��y.�//; (3.53)

0 D

Z tf

t0

`0f
0
0;uŒt �u.t/dt � 	

�
f .f

0
uŒ��u.�//C �

�.c0uŒ��u.�//; (3.54)

which hold for every x 2 W nx
1;1.I/, every y 2 L

ny
1 .I/, and every u 2 Lnu1 .I/.

3.3.1 Representation of Multipliers

Explicit representations of the functionals 	�
f

, 	�g , and �� are obtained similarly as in

Subsection 3.1.1. Let h1 2 L
nx
1 .I/, h2 2 W

ny
1;1.I/, and h3 2 L

nc
1.I/ be arbitrary.

Consider the initial value problem

Px.t/ D f 0x Œt �x.t/C f
0
y Œt �y.t/C f

0
uŒt �u.t/C h1.t/; x.t0/ D …h2.t0/; (3.55)

0Rny D g
0
xŒt �x.t/C h2.t/; (3.56)

and the equation

h3.t/ D c
0
xŒt �x.t/C c

0
y Œt �y.t/C c

0
uŒt �u.t/: (3.57)

We aim at solving (3.55)–(3.57) for x, y, and u and need regularity assumptions.

Assumption 3.3.3 (Pseudo-Inverse). It holds rank.c0uŒt �/ D nc almost everywhere in
I and the pseudo-inverse of c0uŒt �,

.c0uŒt �/
C WD c0uŒt �

>.c0uŒt �c
0
uŒt �
>/�1;

is essentially bounded in I.

Assumption 3.3.3 allows to solve (3.57) for u and almost everywhere it holds

u.t/ D .c0uŒt �/
C.h3.t/ � c

0
x Œt �x.t/ � c

0
y Œt �y.t//:
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Introducing this into (3.55) yields

Px.t/ D OfxŒt �x.t/C Ofy Œt �y.t/C Oh1.t/; x.t0/ D …h2.t0/; (3.58)

0Rny D g
0
xŒt �x.t/C h2.t/ (3.59)

with

OfxŒt � WD f
0
xŒt � � f

0
uŒt �.c

0
uŒt �/

Cc0xŒt �;

Ofy Œt � WD f
0
yŒt � � f

0
uŒt �.c

0
uŒt �/

Cc0y Œt �;

Oh1.t/ WD f
0
uŒt �.c

0
uŒt �/

Ch3.t/C h1.t/:

Differentiation of (3.59) yields

0Rny D OQ.t/x.t/C g
0
xŒt �.

Ofy Œt �y.t/C Oh1.t//C Ph2.t/

with

OQ.t/ WD

�
d

dt
g0xŒt �

�
C g0xŒt �

Ofx Œt �

and the DAE (3.58)- (3.59) has index two under

Assumption 3.3.4 (Compatibility). The matrix

OM.t/ WD g0xŒt � �
Ofy Œt � D g

0
xŒt � � .f

0
y Œt � � f

0
uŒt �.c

0
uŒt �/

Cc0y Œt �/ (3.60)

is non-singular with essentially bounded inverse OM�1 almost everywhere in I.

Now we are in the same setting as in Subsection 3.1.1. Using the solution formulas
in Lemma 3.1.4 for (3.58)–(3.59), adding equations (3.52)–(3.54), exploiting the lin-
earity of the functionals, introducing the solution formulas, and using integration by
parts as in (3.18) finally yields

	�f .h1.�//C 	
�
g.h2.�//C �

�.h3.�//

D ��>h2.t0/ �

Z tf

t0

.	f .t/
> C 	g.t/

>g0xŒt �/h1.t/dt

�

Z tf

t0

	g.t/
> Ph2.t/dt C

Z tf

t0

�.t/>h3.t/dt
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with

�> WD

�
�0x0 C �

0
xf
ˆ.tf /C

Z tf

t0

`0 Of0Œt �ˆ.t/dt

�
…;

	f .t/
> WD

�
�0xfˆ.tf /C

Z tf

t

`0 Of0Œ� �ˆ.�/d�

�
ˆ�1.t/;

	g.t/
> WD �`0�0.t/ OM.t/�1 � 	f .t/

> Ofy Œt � OM.t/�1;

�.t/> D �`0f
0
0;uŒt �.c

0
uŒt �/

C � .	f .t/
> C 	g.t/

>g0xŒt �/f
0
uŒt �.c

0
uŒt �/

C;

�0.t/ WD f
0
0;y Œt � � f

0
0;uŒt �.c

0
uŒt �/

Cc0y Œt �;

Of0Œt � WD f
0
0;xŒt � � �0.t/

OM.t/�1 OQ.t/ � f 00;uŒt �.c
0
uŒt �/

Cc0xŒt �:

Setting h1 � ‚, h2 � ‚, or h3 � ‚, respectively, proves

Corollary 3.3.5. Let Assumptions 3.3.3, 3.3.4, and the assumptions of Theorem 3.3.2
hold.

Then there exist � 2 Rny and functions 	f 2 W
nx
1;1.I/, 	g 2 L

ny
1 .I/, and

� 2 L
nc
1.I/ with

	�f .h1.�// D �

Z tf

t0

.	f .t/
> C 	g.t/

>g0xŒt �/h1.t/dt; (3.61)

	�g .h2.�// D ��
>h2.t0/ �

Z tf

t0

	g.t/
> Ph2.t/dt; (3.62)

��.h3.�// D

Z tf

t0

�.t/>h3.t/dt (3.63)

for every h1 2 L
nx
1 .I/, every h2 2 W

ny
1;1.I/, and every h3 2 L

nc
1.I/.

3.3.2 Local Minimum Principle

The variational equations (3.52)–(3.54) can be analyzed as in Subsection 3.1.2 using
the representations of the functionals 	�

f
, 	�g , and �� provided by Corollary 3.3.5, if

the augmented Hamilton function is used instead of the Hamilton function.

Definition 3.3.6 (Augmented Hamilton Function for Problem 3.3.1). Consider Prob-
lem 3.3.1. The augmented Hamilton function OH W I � Rnx � Rny � Rnu � Rnx �
Rny �Rnc �R �! R is defined by

OH .t; x; y; u; 	f ; 	g ; �; `0/ WD H .t; x; y; u; 	f ; 	g ; `0/C �
>c.t; x; y; u/:
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Investigation of the complementarity condition (3.50):

The complementarity condition (3.50) reads as

�� 2 KC”

Z tf

t0

�.t/>k.t/dt 
 0 for k 2 Lnc1.I/;

k.t/ 
 0Rns a.e. in I;

��.G. Ox; Oy; Ou// D 0”

Z tf

t0

�.t/>c.t; Ox.t/; Oy.t/; Ou.t//dt D 0:

Lemma 3.3.7. Let f 2 L1.I/. IfZ tf

t0

f .t/h.t/dt 
 0

holds for every h 2 L1.I/ with h.t/ 
 0 almost everywhere in I, then f .t/ 
 0

almost everywhere in I.

Proof. Assume the contrary, i.e. there is a set N � I with positive measure and
f .t/ < 0 for t 2 N . Choose h to be one on N and zero otherwise. ThenZ tf

t0

f .t/h.t/dt D

Z
N

f .t/dt < 0

in contradiction to the assumption.

Application of Lemma 3.3.7 to the complementarity system together with our pre-
vious findings yields

Theorem 3.3.8 (Local Minimum Principle for Problem 3.3.1). Let the following as-
sumptions hold for Problem 3.3.1:

(i) Assumptions 2.2.8, 3.1.5, 3.3.3, and 3.3.4 hold. g is twice continuously differen-
tiable with respect to all arguments.

(ii) . Ox; Oy; Ou/ is a local minimum of Problem 3.3.1.

Then there exist multipliers

`0 2 R; 	f 2 W
nx
1;1.I/; 	g 2 L

ny
1 .I/; � 2 L

nc
1.I/; � 2 Rny ; � 2 Rn 

such that the following conditions are satisfied:

(a) `0 
 0, .`0; �; �; 	f ; 	g ; �/ 6D ‚,

(b) Adjoint equations: Almost everywhere in I it holds

P	f .t/ D � OH
0
x.t; Ox.t/; Oy.t/; Ou.t/; 	f .t/; 	g .t/; �.t/; `0/

>; (3.64)

0Rny D OH 0y.t; Ox.t/; Oy.t/; Ou.t/; 	f .t/; 	g.t/; �.t/; `0/
>: (3.65)
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(c) Transversality conditions:

	f .t0/
> D �.`0'

0
x0
. Ox.t0/; Ox.tf //C �

> 0x0. Ox.t0/; Ox.tf //

C �>g0x.t0; Ox.t0///; (3.66)

	f .tf /
> D `0'

0
xf
. Ox.t0/; Ox.tf //C �

> 0xf . Ox.t0/; Ox.tf //: (3.67)

(d) Stationarity of Hamilton function: Almost everywhere in I it holds

OH 0u.t; Ox.t/; Oy.t/; Ou.t/; 	f .t/; 	g.t/; �.t/; `0/ D 0
>
Rnu : (3.68)

(e) Complementarity condition: Almost everywhere in I it holds

�.t/ 
 0Rnc and �.t/>c.t; Ox.t/; Oy.t/; Ou.t// D 0:

Remark 3.3.9.

(a) The necessary optimality conditions of Theorems 3.3.8 and 3.2.7 can be com-
bined, if additional pure state constraints are added to Problem 3.3.1, see [115].

(b) The rank assumption on c0u in Assumption 3.3.3 is often too strong – it even does
not hold for simple box constraints – but it can be weakened. It is sufficient to
assume that there exist ˛ > 0 and ˇ > 0 with

kA˛.t/
>dk 
 ˇkdk for all d;

where

I˛.t/ WD ¹i 2 ¹1; : : : ; ncº j ci .t; Ox.t/; Oy.t/; Ou.t// 
 �˛º;

A˛.t/ WD
�
c0i;u.t; Ox.t/; Oy.t/; Ou.t//

�
i2I˛.t/

;

compare [211].

The constraint qualification of Mangasarian–Fromowitz in Corollary 2.3.35 togeth-
er with Lemma 3.1.12 translates as follows for Problem 3.3.1, since the interior of

K D ¹k 2 Lnc1.I/ j k.t/ 
 0Rnc a.e. in Iº

is given by

int.K/ D ¹k 2 Lnc1.I/ j there exists " > 0 with B".k/ � Kº

D ¹k 2 Lnc1.I/ j there exists " > 0 with ki .t/ 
 " a.e. in I; i D 1; : : : ; ncº :
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Lemma 3.3.10. Let the assumptions of Theorem 3.3.8 and Lemma 3.1.12 hold. Let
there exist x 2 W nx

1;1.I/, y 2 L
ny
1 .I/, and u 2 Lnu1 .I/ with

cŒt �C c0xŒt �x.t/C c
0
y Œt �y.t/C c

0
uŒt �u.t/ � �" � e a.e. in I;

f 0x Œt �x.t/C f
0
y Œt �y.t/C f

0
uŒt �u.t/ � Px.t/ D 0Rnx a.e. in I;

g0xŒt �x.t/ D 0Rny in I;

 0x0x.t0/C  
0
xf
x.tf / D 0Rn ;

where e D .1; : : : ; 1/> 2 Rnc .
Then the Mangasarian–Fromowitz constraint qualification holds for Problem 3.3.1

and `0 D 1 can be chosen in Theorem 3.3.8.

3.4 Summary of Local Minimum Principles for Index-One
Problems

We summarize local minimum principles for optimal control problems subject to
index-one DAEs.

Problem 3.4.1 (Index-One DAE Optimal Control Problem). Let I WD Œt0; tf � 	 R
be a compact interval with t0 < tf fixed.

Minimize

'.x.t0/; x.tf //C

Z tf

t0

f0.t; x.t/; y.t/; u.t//dt

with respect to x 2 W nx
1;1.I/, y 2 L

ny
1 .I/, u 2 L

nu
1 .I/ subject to the constraints

Px.t/ D f .t; x.t/; y.t/; u.t// a.e. in I;

0Rny D g.t; x.t/; y.t/; u.t// a.e. in I;

 .x.t0/; x.tf // D 0Rn ; (3.69)

c.t; x.t/; y.t/; u.t// � 0Rnc a.e. in I; (3.70)

s.t; x.t// � 0Rns in I;

u.t/ 2 U a.e. in I:

Let . Ox; Oy; Ou/ be a local minimum of Problem 3.4.1. We assume:

Assumption 3.4.2 (Index-One Assumption). Almost everywhere in I the matrix

M.t/ WD g0y.t; Ox.t/; Oy.t/; Ou.t//

is non-singular and M�1 is essentially bounded.
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Since the proof of the local minimum principles for Problem 3.4.1 works basically
the same way as in the index-two case, we leave the details to the reader.

The Hamilton function and the augmented Hamilton function for Problem 3.4.1
read as

H .t; x; y; u; 	f ; 	g ; `0/ WD `0f0.t; x; y; u/C 	
>
f f .t; x; y; u/C 	

>
g g.t; x; y; u/;

OH .t; x; y; u; 	f ; 	g ; �; `0/ WD H .t; x; y; u; 	f ; 	g ; `0/C �
>c.t; x; y; u/:

Theorem 3.4.3 (Local Minimum Principle for Index-One Optimal Control Problems
without Mixed Control-State Constraints). Let the following assumptions hold for
Problem 3.4.1:

(i) Assumptions 2.2.8 and 3.4.2 hold.

(ii) U � Rnu is a closed and convex set with non-empty interior.

(iii) . Ox; Oy; Ou/ is a local minimum of Problem 3.4.1.

(iv) There are no mixed control-state constraints (3.70) in Problem 3.4.1.

Then there exist multipliers

`0 2 R; � 2 Rn ; 	f 2 BV nx .I/; 	g 2 L
ny
1 .I/; 
 2 NBV ns .I/;

such that the following conditions are satisfied:

(a) `0 
 0, .`0; �; 	f ; 	g ; 
/ 6D ‚,

(b) Adjoint equations: Almost everywhere in I it holds

	f .t/ D 	f .tf /C

Z tf

t

H 0x.�; Ox.�/; Oy.�/; Ou.�/; 	f .�/; 	g.�/; `0/
>d�

C

Z tf

t

s0x.�; Ox.�//
>d
.�/; (3.71)

0Rny D H 0y.t; Ox.t/; Oy.t/; Ou.t/; 	f .t/; 	g.t/; `0/
>: (3.72)

(c) Transversality conditions:

	f .t0/
> D �.`0'

0
x0
. Ox.t0/; Ox.tf //C �

> 0x0. Ox.t0/; Ox.tf ///; (3.73)

	f .tf /
> D `0'

0
xf
. Ox.t0/; Ox.tf //C �

> 0xf . Ox.t0/; Ox.tf //: (3.74)

(d) Stationarity of Hamilton function: Almost everywhere in I it holds

H 0u.t; Ox.t/; Oy.t/; Ou.t/; 	f .t/; 	g .t/; `0/.u � Ou.t// 
 0 (3.75)

for all u 2 U.



150 Chapter 3 Local Minimum Principles

(e) Complementarity condition: 
i , i 2 ¹1; : : : ; nsº, is monotonically increasing
on I and constant on every interval .t1; t2/ with t1 < t2 and si .t; Ox.t// < 0 for
all t 2 .t1; t2/.

In the presence of mixed control-state constraints the following result holds:

Theorem 3.4.4 (Local Minimum Principle for Index-One Optimal Control Problems
with Mixed Control-State Constraints). Let the following assumptions hold for Prob-
lem 3.4.1:

(i) Assumptions 2.2.8 and 3.4.2 hold.

(ii) U D Rnu .

(iii) . Ox; Oy; Ou/ is a local minimum of Problem 3.4.1.

(iv) Almost everywhere in I it holds

rank.c0u.t; Ox.t/; Oy.t/; Ou.t/// D nc:

(v) The pseudo-inverse of c0uŒt �,

.c0uŒt �/
C D c0uŒt �

>.c0uŒt �c
0
uŒt �
>/�1;

is essentially bounded and the matrix

g0y Œt � � g
0
uŒt �.c

0
uŒt �/

Cc0y Œt �

is non-singular almost everywhere with essentially bounded inverse in I.

Then there exist multipliers

`0 2 R; � 2 Rn ; 	f 2 BV nx .I/; 	g 2 L
ny
1 .I/; � 2 L

nc
1.I/; 
 2 NBV ns .I/;

such that the following conditions are satisfied:

(a) `0 
 0, .`0; �; 	f ; 	g ; �; 
/ 6D ‚,

(b) Adjoint equations: Almost everywhere in I it holds

	f .t/ D 	f .tf /C

Z tf

t

OH 0x.�; Ox.�/; Oy.�/; Ou.�/; 	f .�/; 	g.�/; �.�/; `0/
>d�

C

Z tf

t

s0x.�; Ox.�//
>d
.�/;

0Rny D OH 0y.t; Ox.t/; Oy.t/; Ou.t/; 	f .t/; 	g.t/; �.t/; `0/
>:

(c) Transversality conditions:

	f .t0/
> D �.`0'

0
x0
. Ox.t0/; Ox.tf //C �

> 0x0. Ox.t0/; Ox.tf ///;

	f .tf /
> D `0'

0
xf
. Ox.t0/; Ox.tf //C �

> 0xf . Ox.t0/; Ox.tf //:
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(d) Stationarity of augmented Hamilton function: Almost everywhere in I it holds

OH 0u.t; Ox.t/; Oy.t/; Ou.t/; 	f .t/; 	g.t/; �.t/; `0/ D 0
>
Rnu :

(e) Complementarity conditions: Almost everywhere in I it holds

�.t/>c.t; Ox.t/; Oy.t/; Ou.t// D 0 and �.t/ 
 0Rnc :


i , i 2 ¹1; : : : ; nsº, is monotonically increasing on I and constant on every
interval .t1; t2/ with t1 < t2 and si .t; Ox.t// < 0 for all t 2 .t1; t2/.

Remark 3.4.5. 	f in Theorem 3.4.3 is differentiable almost everywhere in I with

P	f .t/ D �H 0x.t; Ox.t/; Oy.t/; Ou.t/; 	f .t/; 	g.t/; `0/
> � s0x.t; Ox.t//

> P
.t/:

Furthermore, the jump conditions

	f .tj / � 	f .tj�/ D �s
0
x.tj ; Ox.tj //

>.
.tj / � 
.tj�// (3.76)

hold at every point tj 2 .t0; tf / of discontinuity of the multiplier 
. An analog result
holds for Theorem 3.4.4.

Finally, we state a regularity condition that allows to set `0 D 1.

Theorem 3.4.6. Let the assumptions of Theorems 3.4.3 or 3.4.4 hold and let

rank. 0x0ˆ.t0/C  
0
xf
ˆ.tf // D n ;

where ˆ is the fundamental solution of the homogeneous linear differential equation

P̂ .t/ D QA.t/ˆ.t/; ˆ.t0/ D Inx ; t 2 I;

with

QA.t/ WD f 0x Œt � � f
0
y Œt �.g

0
y Œt �/

�1g0xŒt �:

Furthermore, let there exist " > 0, x 2 W nx
1;1.I/, y 2 L

ny
1 .I/, and u 2 int.Uad�¹ Ouº/

satisfying

cŒt �C c0xŒt �x.t/C c
0
y Œt �y.t/C c

0
uŒt �u.t/ � �" � e a.e. in I;

sŒt �C s0xŒt �x.t/ < 0Rns in I;

f 0x Œt �x.t/C f
0
y Œt �y.t/C f

0
uŒt �u.t/ � Px.t/ D 0Rnx a.e. in I;

g0xŒt �x.t/C g
0
y Œt �y.t/C g

0
uŒt �u.t/ D 0Rny a.e. in I;

 0x0x.t0/C  
0
xf
x.tf / D 0Rn ;

where e D .1; : : : ; 1/> 2 Rnc . Then it holds `0 D 1 in Theorems 3.4.3 or 3.4.4,
respectively.
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Remark 3.4.7. The necessary conditions in Theorem 3.1.11 are identical with the
necessary conditions in Theorem 3.4.3, if the latter are applied in the index-two DAE
optimal control problem 3.1.1 to the mathematically equivalent index reduced index-
one DAE

Px.t/ D f .t; x.t/; y.t/; u.t//;

0Rny D g
0
t .t; x.t//C g

0
x.t; x.t//f .t; x.t/; y.t/; u.t//

together with the additional boundary condition g.t0; x.t0// D 0Rny .

3.5 Exercises

Exercise 3.5.1. Solve the following optimal control problem:

Minimize

1

2

Z 2

0

u.t/2dt

subject to

Px1.t/ D x2.t/; x1.0/ D 0; x1.2/ D 1;

Px2.t/ D �4C 0:8 � x2.t/C u.t/; x2.0/ D 0; x2.2/ D 0:

Exercise 3.5.2. Solve the following optimal control problem with free final time tf
and control ˇ:

Minimize

tf D

Z tf

0

1 dt

subject to

Px.t/ D u.t/; x.0/ D 1; x.tf / D 0;

Pu.t/ D cos.ˇ.t//; u.0/ D 1;

Py.t/ D v.t/; y.0/ D �1; y.tf / D 0;

Pv.t/ D sin.ˇ.t//; v.0/ D 1:

Exercise 3.5.3. Solve the following optimal control problem:

Minimize

tf D

Z tf

0

1 dt
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subject to

Px.t/ D v.t/; x.0/ D 1; x.tf / D 0;

Pv.t/ D u.t/; v.0/ D 0; v.tf / D 0;

and

�1 � u.t/ � 1:

Exercise 3.5.4. Solve the following optimal control problem:

Minimize

tf D

Z tf

0

1 dt

subject to

Ph.t/ D v.t/; h.0/ D 0; h.tf / D hf ;

Pv.t/ D �g C u.t/; v.0/ D 0;

Px.t/ D u.t/; x.0/ D 0; x.tf / D xf ;

u.t/ 2 Œ0; umax�;

where g denotes acceleration due to gravity.

Exercise 3.5.5 (Rolling Disc by H. Gruschinski). Write down and evaluate necessary
optimality conditions for the following optimal control problem:

Minimize

1

2

Z 1

0

u.t/2dt

subject to the constraints

Px1.t/ D x3.t/ � y1.t/r; x1.0/ D 0; x1.1/ D 4;

Px2.t/ D x4.t/C y1.t/; x2.0/ D 0; x2.1/ D 1;

J Px3.t/ D u.t/ � ry2.t/; x3.0/ D 0; x3.1/ D 0;

m Px4.t/ D �cDx4.t/ � cSx2.t/C y2.t/; x4.0/ D 0; x4.1/ D 0;

0 D rx1.t/ � x2.t/;

0 D rx3.t/ � x4.t/:

Parameters: r D 0:25, J D 0:05, m D 0:05, cD D 0:05, cS D 2:5.
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Exercise 3.5.6. Solve Example 3.2.13 with 1=6 < ` < 1=4.

Exercise 3.5.7. Write down and evaluate necessary optimality conditions for the fol-
lowing optimal control problem:

Minimize

1

2

Z 1

0

u.t/2dt

subject to the constraints

Px1.t/ D x2.t/; x1.0/ D x1.1/ D 0;

Px2.t/ D y.t/; x2.0/ D �x2.1/ D 1;

0 D y.t/ � u.t/;

u.t/ � 10.t � 0:5/2 � 2:5:

Exercise 3.5.8. Let I WD Œt0; tf � be a compact interval with t0 < tf . Let
Ox 2 W

nx
1;1.I/, Ou 2 L

nu
1 .I/, and s 2 Lnc1.I/, s non-negative, be functions with

ci . Ox.t/; Ou.t// � 0; i D 1; : : : ; nc;

ci . Ox.t/; Ou.t//C
1

2
si .t/

2 D 0; i D 1; : : : ; nc :

For ˛ > 0 and t 2 I define

I˛.t/ WD ¹i 2 ¹1; : : : ; ncº j ci . Ox.t/; Ou.t// 
 �˛º;

A.t/ WD c0u. Ox.t/; Ou.t//;

A˛.t/ WD .c
0
i;u. Ox.t/; Ou.t///i2I˛.t/;

S.t/ WD diag .si .t/; i D 1; : : : ; nc/ ;

S˛.t/ WD diag .si .t/; i 2 I˛.t// :

Prove that the following statements are equivalent:

(a) There exists ˇ > 0 such that

k. A.t/ S.t/ />dk 
 ˇkdk

holds for every d 2 Rnc for almost every t 2 I.

(b) There exists Ǫ > 0 and Ǒ > 0 such that

kA Ǫ .t/
>dk 
 Ǒkdk

holds for every d of appropriate dimension for almost every t 2 I.
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Exercise 3.5.9. The mixed control-state inequality constraints

ci .x.t/; u.t// � 0; i D 1; : : : ; nc;

can be equivalently replaced by the equality constraints

0 D �i .x.t/; u.t/; s.t// WD ci .x.t/; u.t//C
1

2
si .t/

2; i D 1; : : : ; nc;

where si , i D 1; : : : ; nc , denote slack variables.
Apply and evaluate the Fritz John conditions in Theorem 2.3.24 under the usual

Assumption 2.2.8 to the following equality constrained optimal control problem on
I WD Œ0; 1� with x0 2 Rnx given. To this end, use the linear independence constraint
qualification, compare Exercise 3.5.8.

Minimize

'.x.t0/; x.tf //C

Z 1

0

f0.x.t/; u.t//dt

with respect to x 2 W nx
1;1.I/, u 2 L

nu
1 .I/, s 2 L

nc
1.I/ subject to the constraints

Px.t/ D f .x.t/; u.t//; x.0/ D x0;

0 D �i .x.t/; u.t/; s.t//; i D 1; : : : ; nc :

Exercise 3.5.10. Consider the variational problemZ b

a

f .t; x.t/; x0.t//dt �! min :

(a) Restate the variational problem as an optimal control problem.

(b) Evaluate the local minimum principle for the optimal control problem in (a).

(c) Solve the following problems:

(a) f .t; x; x0/ D 1 � .x0/2;

(b) f .t; x; x0/ D .1 � .x0/2/2;

(c) f .t; x; x0/ D .x0/2 � x2;

(d) f .t; x; x0/ D sin.tx0/:

Exercise 3.5.11. Consider the following optimal control problem with interior point
conditions:

Minimize

'.ts; x.t0/; x.ts/; x.tf //
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with respect to ts 2 Œt0; tf �, x 2 W
nx
1;1.Œt0; tf �/, u 2 L

nu
1 .Œt0; tf �/ subject to

Px.t/ D

²
f1.x.t/; u.t//; if t 2 Œt0; ts/;
f2.x.t/; u.t//; if t 2 Œts; tf �;

0Rn D  .ts; x.t0/; x.ts/; x.tf //:

Herein, ts 2 Œt0; tf � is free and '; ; fi , i D 1; 2, are sufficiently smooth functions.

(a) Use the transformation techniques of Section 1.2 to transform the problem into
an equivalent optimal control problem on the time interval Œ0; 1�.

(b) Apply the minimum principle to the transformed problem in (a) and formulate
the resulting two-point boundary value problem.

(c) Transform the conditions in (b) back to the original formulation.

Exercise 3.5.12. Prove Theorems 3.4.3 and 3.4.4 by repeating the steps in Sections
3.1, 3.2, and 3.3. To this end, formulate and prove a similar result as in Lemma 3.1.4
for the index-one case.

Exercise 3.5.13. Consider the linear operator T W W nx
1;2.Œt0; tf �/ �! L

nx
2 .Œt0; tf �/ �

Rnx defined by

T .x/.�/ WD

�
Px.�/ � A.�/x.�/

x.0/

�
;

where A 2 Lnx�nx1 .Œt0; tf �/ is a given matrix function.
Compute the adjoint operator T � W Lnx2 .Œt0; tf �/

��Rnx �! W
nx
1;2.Œt0; tf �/

�, which
is defined in part (g) of Definition 2.1.9.



Chapter 4

Discretization Methods for ODEs and DAEs

Discretization methods for ODEs and DAEs are a key tool for the numerical simula-
tion of dynamic systems, but they are also the basis of most numerical algorithms in
optimal control. For instance, the indirect method requires to solve boundary value
problems by, e.g., a multiple shooting technique, the direct discretization method for
optimal control problems in Chapter 5 and the function space approaches in Chap-
ter 8 require to solve the dynamic equations (and adjoint equations) repeatedly for
given control inputs. Moreover, gradient information is often provided by a sensitiv-
ity analysis of the dynamic system with respect to input parameters.

Many discretization methods originally designed for ODEs, e.g. Runge–Kutta
methods, multi-step methods, or extrapolation methods, can be adapted in a fairly
straight forward way to solve DAEs as well. Naturally, the resulting methods are im-
plicit methods due to the inherently implicit character of DAEs and it is necessary to
solve nonlinear systems of equations in each integration step. The nonlinear systems
typically are solved by Newton’s method or well-known variants thereof, e.g. global-
ized or simplified Newton’s method or quasi-Newton methods. To reduce the com-
putational effort of Newton’s method for nonlinear equations, methods based on a
suitable linearization are considered, e.g. linearized implicit Runge–Kutta methods.

For notational convenience, we will write down the methods for general DAE initial
value problems of the following type:

Problem 4.0.1 (DAE Initial Value Problem). Let I WD Œt0; tf � 	 R be a compact time
interval with t0 < tf , F W I � Rnz � Rnz �! Rnz a sufficiently smooth function,
and z0 a consistent initial value.

Find a solution z of the DAE initial value problem

F.t; z.t/; Pz.t// D 0Rnz ; z.t0/ D z0: (4.1)

Although most methods can be conveniently motivated for (4.1), it is important
to point out, that this does not imply automatically that the resulting discretizations
actually converge to a solution. In contrast to the ODE case, where a quite general
convergence theory exists, for DAEs convergence depends on the structure of the
system in general. Convergence results assume a certain index or a special structure
of (4.1), for instance Hessenberg structure.

The discretization methods can be classified as one-step and multi-step methods.
In the sequel we will discuss Runge–Kutta methods (one-step) and BDF methods
(multi-step), both being well investigated in the literature, see [12, 14, 36, 37, 55, 98,
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99, 102, 103, 145, 149, 165, 166, 183, 207, 221, 222, 257, 259, 289, 292, 309] and the
monographs [34,148,185]. As we will use integration methods merely as a tool within
optimal control algorithms it is not our intention to provide a detailed convergence
analysis. We rather motivate the construction of methods and provide some general
concepts for a possible convergence analysis. A general discretization theory can be
found in [296].

All subsequent discretization methods for the approximate solution of Problem
4.0.1 have in common a discretization of the time interval I by a grid

GN WD ¹t0 < t1 < t2 < � � � < tN�1 < tN D tf º (4.2)

with grid points ti , i D 0; 1; : : : ; N , N 2 N, and step-sizes hi WD tiC1 � ti ,
i D 0; 1; : : : ; N � 1. Often equidistant grids with step-sizes hi WD h WD .tf � t0/=N
for i D 0; : : : ; N � 1 are considered for optimal control problems. Equidistant grids,
however, are not efficient in many practical applications and instead adaptive grids
are chosen, which are designed automatically depending on the solution by suitable
step-size selection algorithms. The working principle of such step-size selection algo-
rithms is illustrated in Section 4.4.

A discretization method constructs a grid function zN W GN �! Rnz with
t 7! zN .t/ for t 2 GN , which approximates the solution Oz of the initial value prob-
lem (4.1) at least on the grid GN , that is

zN .ti / � Oz.ti /; i D 0; : : : ; N:

As the grid function is only defined on the grid GN by its N C 1 values, the abbrevi-
ation

zi WD zN .ti /; i D 0; : : : ; N;

is used.
The interpretation of the values zi , i D 0; : : : ; N , as a grid function is nevertheless

useful, since for the approximation error a grid function zN has to be related to a solu-
tion Oz of the initial value problem defined on I. This relation can be done in two ways:
Either a grid function zN is extended to the whole interval I by suitable interpolation
schemes, or the solution of the initial value problem is restricted to the grid GN . We
follow the latter approach. From a mathematical point of view it is particularly inter-
esting, whether the sequence ¹zN ºN2N of grid functions for N �! 1 converges to
a solution Oz of the initial value problem 4.1. This requires that the grid size

h WD max
iD0;:::;N�1

hi

tends to zero such that the whole of the interval I is actually covered by grid points.
But before we analyze the convergence of discretization methods, we have a look at
common one-step methods.
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4.1 Discretization by One-Step Methods

We discuss so-called one-step methods and in particular Runge–Kutta methods for the
numerical solution of ODEs and DAEs.

4.1.1 The Euler Method

The working principle of a one-step method is illustrated using the simplest one-step
method – the explicit Euler method – for the ODE initial value problem

Pz.t/ D f .t; z.t//; z.t0/ D z0; (4.3)

which is a special case of (4.1).
The explicit Euler method works step-by-step through the grid points in GN start-

ing at t0 with the given initial value Oz.t0/ D z0, which defines the value of the
grid function zN .t0/ WD z0. In t0 the derivative of the solution is known, it is
d
dt
Oz.t0/ D f .t0; z0/. At t1 D t0 C h0 the solution can be approximated by Tay-

lor expansion (sufficient smoothness is assumed) by

Oz.t1/ � Oz.t0/C
d

dt
Oz.t0/.t1 � t0/ D z0 C h0f .t0; z0/:

This value is used as an approximation at t1:

z1 D zN .t1/ WD z0 C h0f .t0; z0/:

In the approximation z1 one can evaluate f again in order to obtain an approximation
z2 at t2. This procedure is repeated until the end point tN D tf is reached, compare
Figure 4.1.

t0 t1 t2 t3 t4 t5

zN .t0/

zN .t1/
zN .t2/ zN .t3/

zN .t4/

zN .t5/

Oz.t/

Figure 4.1. Idea of the explicit Euler method: Approximation by local linearization.
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Summarizing, the explicit Euler method works as follows:

Algorithm 4.1.1 (Explicit Euler Method).

(0) Let the initial value problem (4.3) be given. Choose a grid GN according to
(4.2).

(1) Set zN .t0/ D z0.

(2) Compute for i D 0; 1; : : : ; N � 1:

zN .tiC1/ WD zN .ti /C hif .ti ; zN .ti //:

The computation of zN .tiC1/ in Algorithm 4.1.1 only depends on the value zN .ti /
at the previous grid point. Hence, the method is a one-step method. In contrast, multi-
step methods not only use zN .ti /, but also zN .ti�1/; zN .ti�2/; : : : :

Remark 4.1.2 (Alternative Motivations).

(a) The Euler method can be motivated alternatively by approximating the deriva-
tive Pz.ti / by the finite difference scheme

f .ti ; z.ti // D Pz.ti / �
z.tiC1/ � z.ti /

hi
:

(b) A further motivation is based on the expression

z.tiC1/ � z.ti / D

Z tiC1

ti

f .t; z.t//dt

for the solution z of (4.3). The explicit Euler method appears, if the integral is
approximated by .tiC1 � ti /f .ti ; z.ti //.

Instead of using Taylor expansion at tiC1 around ti , we could have used Taylor
expansion in a backward sense as follows:

z0 D Oz.t0/ � Oz.t1/C
d

dt
Oz.t1/.t0 � t1/ D z1 � h0f .t1; z1/;

and

z1 D z0 C h0f .t1; z1/;

respectively. This rule yields the implicit Euler method:
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Algorithm 4.1.3 (Implicit Euler Method).

(0) Let the initial value problem (4.3) be given. Choose a grid GN according to
(4.2).

(1) Set zN .t0/ D z0.

(2) Compute for i D 0; 1; : : : ; N � 1:

zN .tiC1/ WD zN .ti /C hif .tiC1; zN .tiC1//: (4.4)

The difficulty for the implicit Euler method is that (4.4) is a nonlinear equation
for the unknown value zN .tiC1/. This nonlinear equation can be solved by fixed-
point iteration or by Newton’s method. Since this has to be done in every step, the
computational effort for the implicit Euler method is much higher than for the explicit
Euler method.

The implicit Euler method however has better stability properties (A-stability) as
the explicit Euler method. Moreover, the explicit Euler method is useful for ODEs,
but its application to DAEs is crucial. For instance, consider the semi-explicit DAE

Px.t/ D f .t; x.t/; y.t//;

0Rny D g.t; x.t//

with a consistent initial value .x0; y0/>. Application of the explicit Euler method to
the differential equation yields

xiC1 D xi C hif .ti ; xi ; yi /; i D 0; 1; : : : ; N � 1:

But no indication is given on how yi should be chosen, and for an insufficient choice
of yi , the approximations xiC1, i D 0; 1; : : : ; N � 1, in general do not satisfy the
algebraic constraints g.tiC1; xiC1/ D 0Rny , i D 0; 1; : : : ; N � 1, anymore.

Application of the implicit Euler method yields

xiC1 D xi C hif .tiC1; xiC1; yiC1/;

0Rny D g.tiC1; xiC1/;

for i D 0; 1; : : : ; N � 1. This is a nonlinear equation for xiC1 and yiC1 and its
solution satisfies the algebraic constraint. Hence, the implicit Euler method can be
extended to the general DAE in Problem 4.0.1 in a straightforward way by exploiting
the relation

Pz.tiC1/ �
z.tiC1/ � z.ti /

hi
:
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Algorithm 4.1.4 (Implicit Euler Method for Problem 4.0.1).

(0) Let the initial value problem 4.0.1 be given. Choose a grid GN according to
(4.2).

(1) Set zN .t0/ D z0.

(2) Solve the nonlinear equation

F

�
tiC1; zN .tiC1/;

zN .tiC1/ � zN .ti /

hi

�
D 0Rnz (4.5)

with respect to zN .tiC1/ for i D 0; 1; : : : ; N � 1.

The implicit Euler method is a one-step method, since the computation of zN .tiC1/
only depends on the previous value zN .ti /, but the dependence is given implicitly.

4.1.2 Runge–Kutta Methods

Already the first approximation z1 in the Euler method is subject to an approxima-
tion error with respect to the true solution Oz.t1/. This approximation error is further
propagated in every step. Runge–Kutta methods aim at reducing the approximation
error by using higher order approximations in each step. We motivate the construction
principle of Runge–Kutta methods at first for the ODE (4.3) and extend it later to the
DAE in Problem 4.0.1.

To this end, consider the integral representation

z.tiC1/ � z.ti / D

Z tiC1

ti

f .t; z.t//dt

for a solution of the ODE (4.3).
Approximation of the integral by the trapezoidal rule yields

z.tiC1/ � z.ti / D

Z tiC1

ti

f .t; z.t//dt �
hi

2
.f .ti ; z.ti //C f .tiC1; z.tiC1/// :

As z.tiC1/ is determined implicitly by this equation, z.tiC1/ in the latter term is
approximated by an explicit Euler step and we obtain

z.tiC1/ � z.ti / �
hi

2
.f .ti ; z.ti //C f .tiC1; z.ti /C hif .ti ; z.ti //// :

This is an explicit method – Heun’s method.
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Algorithm 4.1.5 (Method of Heun).

(0) Let the initial value problem (4.3) be given. Choose a grid GN according to
(4.2).

(1) Set zN .t0/ D z0.

(2) Compute for i D 0; 1; : : : ; N � 1:

k1 WD f .ti ; zN .ti //;

k2 WD f .ti C hi ; zN .ti /C hik1/;

zN .tiC1/ WD zN .ti /C
hi

2
.k1 C k2/:

As the trapezoidal rule is a better approximation compared to the Riemann sum
approximation used in Euler’s method, one can expect that Heun’s method possesses
better approximation properties as the explicit Euler method. The method of Heun and
both of the Euler methods are particular examples of Runge–Kutta methods defined in

Definition 4.1.6 (Runge–Kutta Method for ODEs). Consider (4.3). Let GN be a grid
as in (4.2). For s 2 N and coefficients bj ; cj ; aij , i; j D 1; : : : ; s, the s-stage Runge–
Kutta method is defined by

zN .tiC1/ WD zN .ti /C hi

sX
jD1

bj kj .ti ; zN .ti /I hi / (4.6)

with the stage derivatives

kj .ti ; zN .ti /I hi / WD f
�
ti C cjhi ; zN .ti /C hi

sX
`D1

aj`k`.ti ; zN .ti /I hi/
�

for j D 1; : : : ; s.
The s-stage Runge–Kutta method is called explicit, if aij D 0 for j 
 i . Otherwise

it is called implicit.

The stage derivative kj in an explicit Runge–Kutta method depends only on
k1; : : : ; kj�1 and thus the stage derivatives can be computed one after the other start-
ing with k1.

Implicit Runge–Kutta methods require the solution of a system of nz � s nonlinear
equations in each integration step.

Runge–Kutta methods are defined by the so-called Butcher array:

c1 a11 a12 � � � a1s
c2 a21 a22 � � � a2s
:::

:::
:::
: : :

:::

cs as1 as2 � � � ass
b1 b2 � � � bs

,
c A

b>
:
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For explicit methods only the left lower triangular part of the matrix A without the
diagonal is non-zero and the Butcher array reduces to

c1

c2 a21

c3 a31 a32
:::

:::
:::
: : :

cs as1 as2 � � � as;s�1

b1 b2 � � � bs�1 bs

Example 4.1.7 (Classic 4-stage Runge–Kutta Method). The classic explicit 4-stage
Runge–Kutta method has the Butcher array

0

1=2 1=2

1=2 0 1=2

1 0 0 1

1=6 1=3 1=3 1=6

and the method is given by

zN .tiC1/ D zN .ti /C hi

�
1

6
k1 C

1

3
k2 C

1

3
k3 C

1

6
k4

�
k1 D f .ti ; zN .ti //;

k2 D f

�
ti C

hi

2
; zN .ti /C

hi

2
k1

�
;

k3 D f

�
ti C

hi

2
; zN .ti /C

hi

2
k2

�
;

k4 D f .ti C hi ; zN .ti /C hik3/ :

Example 4.1.8 (RADAUIIA Method). A commonly used implicit 2-stage Runge–
Kutta method is the RADAUIIA method with the Butcher array

1=3 5=12 �1=12

1 3=4 1=4

3=4 1=4
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and

zN .tiC1/ D zN .ti /C hi

�
3

4
k1 C

1

4
k2

�

k1 D f

�
ti C

hi

3
; zN .ti /C hi

�
5

12
k1 �

1

12
k2

��
;

k2 D f

�
ti C hi ; zN .ti /C hi

�
3

4
k1 C

1

4
k2

��
:

Example 4.1.9. The initial value problem

Pz1.t/ D z2.t/; z1.0/ D 0;

Pz2.t/ D �4z1.t/C 3 cos.2t/; z2.0/ D 0;

possesses the solution

Oz1.t/ D
3

4
t sin.2t/;

Oz2.t/ D
3

4
sin.2t/C

3

2
t cos.2t/:
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at

e 
2

t

State 2 vs time

Approximations zN are computed for the explicit Euler method, the method of Heun,
and the classic Runge–Kutta method for I D Œ0; �� on grids GN with N D 5, 10, 20,
40, 80, 160, 320, 640, 1280.

We compare the errors

kzN � Ozk1 D max
ti2GN

kzN .ti / � Oz.ti /k2;

estimate the approximation order p with the ansatz kzN � Ozk1 D C.1=N/p by

kzN � Ozk1

kz2N � Ozk1
D

1=N p

1=.2N /p
D 2p H) p D log2

�
kzN � Ozk1

kz2N � Ozk1

�
;

and obtain the following values:
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----------------------------------------------------------------------------------
N EULER HEUN RK

ERR P ERR P ERR P
----------------------------------------------------------------------------------

5 0.1892E+02 0.0000E+00 0.6117E+01 0.0000E+00 0.3301E+00 0.0000E+00
10 0.6456E+01 0.1551E+01 0.1024E+01 0.2578E+01 0.2184E-01 0.3918E+01
20 0.2808E+01 0.1201E+01 0.2453E+00 0.2062E+01 0.1327E-02 0.4040E+01
40 0.1374E+01 0.1031E+01 0.6058E-01 0.2018E+01 0.8146E-04 0.4026E+01
80 0.6604E+00 0.1057E+01 0.1506E-01 0.2008E+01 0.5041E-05 0.4014E+01

160 0.3219E+00 0.1037E+01 0.3753E-02 0.2005E+01 0.3136E-06 0.4007E+01
320 0.1587E+00 0.1020E+01 0.9364E-03 0.2003E+01 0.1955E-07 0.4004E+01
640 0.7879E-01 0.1010E+01 0.2339E-03 0.2001E+01 0.1221E-08 0.4002E+01

1280 0.3925E-01 0.1005E+01 0.5845E-04 0.2001E+01 0.7624E-10 0.4001E+01

It can be observed nicely that Euler’s method has approximation order one, Heun’s
method has order 2, and the classic Runge–Kutta method has order four. Euler’s
method reaches an accuracy of approximately 4 � 10�2 for N D 1280 and requires
1280 function evaluations of the right hand-side f . Heun’s method reaches this ac-
curacy already with N D 80 and needs only 160 function evaluations. The classic
Runge–Kutta method reaches the same accuracy already with N D 10 with only 40
function evaluations and hence, it is the most efficient method of the three methods.

Implicit Runge–Kutta methods are suitable for the general DAE in Problem 4.0.1, if
the stage derivatives kj , j D 1; : : : ; s, in Definition 4.1.6 are interpreted as derivatives
of the solution at intermediate points ti C cjhi :

Definition 4.1.10 (Runge–Kutta Method for DAEs). Consider Problem 4.0.1. Let
GN be a grid as in (4.2). For s 2 N and coefficients bj ; cj ; aij , i; j D 1; : : : ; s, the
s-stage Runge–Kutta method is defined by

zN .tiC1/ WD zN .ti /C hi

sX
jD1

bjkj .ti ; zN .ti /I hi /; (4.7)

where the stage derivatives kj D kj .ti ; zN .ti /I hi /, j D 1; : : : ; s, are implicitly de-
fined by the nonlinear system of equations

G.k; ti ; zN .ti /; hi / WD

0
BBB@
F
�
ti C c1hi ; z

.1/
iC1; k1

�
:::

F
�
ti C cshi ; z

.s/
iC1; ks

�
1
CCCA D 0Rs�nz (4.8)

for k D .k1; : : : ; ks/> 2 Rs�nz and the stage approximations

z
.`/
iC1 D zN .ti /C hi

sX
jD1

a j̀ kj .ti ; zN .ti /I hi /: ` D 1; : : : ; s: (4.9)
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Equation (4.8) is solved numerically by the (globalized) Newton method defined
by

G0k.k
.`/; ti ; zN .ti /; hi /�

.`/ D �G.k.`/; ti ; zN .ti /; hi /;

k.`C1/ D k.`/ C 	`�
.`/; ` D 0; 1; : : : ;

(4.10)

with a suitable step-size 0 < 	` � 1, provided that the Jacobian matrix G0
k

is non-
singular. The Jacobian matrix G 0

k
at .k.`/; ti ; zN .ti /; hi / is given by

G0k D

0
B@ F

0
Pz
.

.`/
1 /

: : :

F 0
Pz
.

.`/
s /

1
CAC hi

0
B@ a11F

0
z.


.`/
1 / � � � a1sF

0
z.


.`/
1 /

:::
: : :

:::

as1F
0
z.


.`/
s / � � � assF

0
z.


.`/
s /

1
CA ; (4.11)

where


.`/� D

0
@ti C c�hi ; zN .ti /C hi sX

jD1

a�jk
.`/
j ; k.`/�

1
A ; � D 1; : : : ; s:

A Runge–Kutta method is called stiffly accurate, if it satisfies

cs D 1 and asj D bj for j D 1; : : : ; s;

see [149, 300]. For instance, the RADAUIIA method is stiffly accurate. These meth-
ods are particularly well-suited for DAEs, since the stage z.s/iC1 and the new approxi-

mation zN .tiC1/ coincide. Since z.s/iC1 satisfies the DAE at ti C h, so does zN .tiC1/.
Given a Runge–Kutta method that is not stiffly accurate, the approximation (4.7)

usually will not satisfy the DAE (4.1), although the stages z.`/iC1, ` D 1; : : : ; s, satisfy
it. A projected Runge–Kutta methods for semi-explicit DAEs is used in [14] to cir-
cumvent this problem. Herein, zN .tiC1/ is projected onto the algebraic equations and
the projected value is used as approximation at tiC1.

The dimension of the equation (4.10) can be reduced for half-explicit Runge–Kutta
methods, see [11,12]. Implicit Runge–Kutta method in connection with implicit index-
one DAEs of type F. Px; x; y/ D 0 are considered in [263]. Convergence of implicit
Runge–Kutta methods for index-one DAEs (4.1) was shown in [34], for semi-explicit
index-two DAEs in [37], and for semi-explicit Hessenberg index-three DAEs in [165,
166]. Consistent initial values and certain regularity and stability conditions of the
Runge–Kutta methods are assumed in the proofs, compare [149].
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4.1.3 General One-Step Method

The Euler methods and Runge–Kutta methods are one-step methods:

Definition 4.1.11 (One-Step Method). Let ˆ W R � Rnz � R �! Rnz be a given
continuous function and GN a grid according to 4.2. The method

zN .t0/ D z0; (4.12)

zN .tiC1/ D zN .ti /C hiˆ.ti ; zN .ti /; hi /; i D 0; : : : ; N � 1; (4.13)

for the approximate solution of Problem 4.0.1 is called one-step method and ˆ is
called increment function.

The notion ‘one-step method’ refers to the fact thatˆ only depends on the previous
approximation zN .ti / and not on zN .ti�1/, zN .ti�2/, : : : :

Example 4.1.12 (Increment Functions). The increment function of the explicit Euler
method applied to (4.3) is

ˆ.t; z; h/ WD f .t; z/;

that of Heun’s method is

ˆ.t; z; h/ D
1

2
.f .t; z/C f .t C h; z C hf .t; z/// :

The increment function of the implicit Euler method for (4.3) is formally defined
implicitly by

ˆ.t; z; h/ D f .t C h; z C hˆ.t; z; h//:

The increment function of a Runge–Kutta method is given by

ˆ.t; z; h/ D

sX
jD1

bjkj .t; z; h/

where the stage derivatives for implicit methods are defined implicitly.

4.1.4 Consistency, Stability, and Convergence of One-Step Methods

In the sequel, the discussion is restricted to equidistant grids GN with step-sizes
h D .tf � t0/=N , N 2 N, for the one-step method (4.12)–(4.13).

Let Oz denote the exact solution of Problem 4.0.1. Define the restriction operator
onto the grid GN by

�N W ¹z W I �! Rnz º �! ¹zN W GN �! Rnz º; �N .z/.t/ D z.t/ for t 2 GN :
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On the space of all grid functions a norm is defined by

kzN k1 D max
ti2GN

kzN .ti /k2:

With this norm the global error and the term convergence can be defined:

Definition 4.1.13 (Global Error, Convergence). The global error eN W GN �! Rnz

is defined by

eN WD zN ��N . Oz/:

The one-step method (4.12)–(4.13) is called convergent, if

lim
N!1

keN k1 D 0:

The one-step method (4.12)–(4.13) has order of convergence p, if

keN k1 D O

�
1

Np

�
as N �!1:

Next to the global error, the local discretization error is important.

Definition 4.1.14 (Local Discretization Error, Consistency). Let Oz 2 Rnz be a consis-
tent initial value for the DAE in (4.1) and Ot 2 I. Consider the one-step method (4.12)–
(4.13). Let y denote the solution of the initial value problem

F.t; y.t/; Py.t// D 0Rnz ; y.Ot / D Oz:

The local discretization error at .Ot ; Oz/ is defined by

`h.Ot ; Oz/ WD
y.Ot C h/ � Oz

h
�ˆ.Ot ; Oz; h/:

The one-step method is called consistent in a solution z of Problem 4.0.1, if

lim
h!0

�
max

t2Œt0;tf �h�
k`h.t; z.t//k

�
D 0:

The one-step method has order of consistency p in a solution z of Problem 4.0.1, if
there exist constants C > 0 and h0 > 0 independent of h with

max
t2Œt0;tf �h�

k`h.t; z.t//k � Ch
p for all 0 < h � h0:
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The local discretization error indicates how good the true solution y of the initial
value problem with consistent initial value .Ot ; Oz/ satisfies the one-step method, com-
pare Figure 4.2. Notice that it is not enough for consistency, if merely the local error
ky.Ot C h/ � zN .Ot C h/k tends to zero as h �! 0.

Ot Ot C h

Oz

y.Ot C �/

zN .Ot C �/

slope y.OtCh/�Oz
h

slope zN .OtCh/�Oz
h

Figure 4.2. Local discretization error and consistency: zN .Ot C �/ denotes the solution of the
one-step method as a function of the step-size h. The slopes need to converge towards each
other as h tends to zero in order to have a consistent one-step method.

Remark 4.1.15.

(a) Since

`h.Ot ; Oz/ D
y.Ot C h/ � . Oz C hˆ.Ot ; Oz; h//

h
D
y.Ot C h/ � zN .Ot C h/

h
;

the local discretization error can be regarded as local error per unit step. Note
that the local error in the numerator is of order p C 1, if the method has order
of consistency p.

(b) Consistency can be defined independently of the solution z of Problem 4.0.1.
To this end, it needs to hold a condition like

lim
h!0

�
sup

.Ot ; Oz/2I�D

k`h.Ot ; Oz/k
�
D 0

for a suitable set D � Rnz .

(c) In the ODE case (4.3), consistency is equivalent with

lim
h!0

ˆ.t; z.t/; h/ D f .t; z.t//
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that has to hold uniformly in t , since

lim
h!0

z.t C h/ � z.t/

h
D Pz.t/ D f .t; z.t//:

Example 4.1.16. Let z denote the solution of the initial value problem (4.3). It satis-
fies

lim
h!0

z.t C h/ � z.t/

h
D Pz.t/ D f .t; z.t//:

Consider the explicit Euler method

zN .tiC1/ D zN .ti/C hf .ti ; zN .ti //

with f being continuous. It holds

lim
h!0
k`h.t; z.t//k D lim

h!0

����z.t C h/ � z.t/h
� f .t; z.t//

���� D 0
uniformly in t , since Pz is continuous in the compact set I. Hence, the explicit Euler
method is consistent in the ODE case.

If f is continuously differentiable (and z twice continuously differentiable), then
Taylor expansion of z at t 2 Œt0; tf � h� with h > 0 yields

k`h.t; z.t//k D

����z.t C h/ � z.t/h
� f .t; z.t//

����
D

����� Pz.t/hC
1
2

R 1
0 Rz.t C sh/h

2ds

h
� f .t; z.t//

�����
D

�����f .t; z.t//hC
1
2

R 1
0 Rz.t C sh/h

2ds

h
� f .t; z.t//

�����
� Ch

with C D maxt2I kRz.t/k. Hence, it holds

max
t2Œt0;tf �h�

k`h.t; z.t//k � Ch

and the explicit Euler method is consistent of order one in the ODE case. A higher
order cannot be achieved by the explicit Euler method in general.

Taylor expansion is used to prove order of consistency for Runge–Kutta methods.
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Example 4.1.17. Consider again (4.3). Let f be twice continuously differentiable
(and z three times continuously differentiable). Taylor expansion of z at t 2 Œt0; tf �h�
with h > 0 yields

z.t C h/ D z.t/C h Pz.t/C
h2

2
Rz.t/CO.h3/

D z.t/C hf C
h2

2
.ft C fz � f /CO.h3/;

where f and its derivatives are evaluated at .t; z.t//. The increment function of
Heun’s method is given by

ˆ.t; z; h/ D
1

2
.f .t; z/C f .t C h; z C hf .t; z/// :

Taylor expansion of the right-hand side yields

f .t C h; z.t/C hf .t; z.t/// D f C h .ft C fz � f /CO.h2/;

where f and its derivatives are evaluated at .t; z.t//. The local discretization error
computes to

k`h.t; z.t//k D

����z.t C h/ � z.t/h
�ˆ.t; z.t/; h/

����
D

����f C h

2
.ft C fz � f / �

1

2
.f C f C hft C hfz � f /CO.h2/

����
D O.h2/:

Hence, Heun’s method has consistency order two, if f is twice continuously differen-
tiable.

Example 4.1.18. Given a sufficient smoothness of f in (4.3) by Taylor expansion the
following order conditions for Runge–Kutta methods can be obtained, compare [300,
p. 50]:

p D 1 W

sX
iD1

bi D 1;

p D 2 W

sX
iD1

bici D
1

2
;

p D 3 W

sX
iD1

bic
2
i D

1

3
;

sX
i;jD1

biaij cj D
1

6
;
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p D 4 W

sX
iD1

bic
3
i D

1

4
;

sX
i;jD1

biciaij cj D
1

8
;

sX
i;jD1

biaij c
2
j D

1

12
;

sX
i;j;kD1

biaijajkck D
1

24
:

Herein, the node conditions

ci D

sX
jD1

aij ; i D 1; : : : ; s

are supposed to hold and for order p all conditions for order 1; : : : ; p�1 are supposed
to be satisfied as well.

Consistency alone is not sufficient for convergence of a one-step method. Stability
is required on top of it.

Definition 4.1.19 (Stability). Let ¹zN ºN2N be a sequence of grid functions with
(4.12)–(4.13) and h D .tf � t0/=N , N 2 N. Moreover, let ¹yN ºN2N be grid func-
tions yN W GN �! Rn with

ıN .t0/ WD yN .t0/ � z0;

ıN .ti / WD
yN .ti / � yN .ti�1/

h
�ˆ.ti�1; yN .ti�1/; h/; i D 1; : : : ; N:

The function ıN W GN �! Rnz is called defect of yN .
The one-step method is called stable at ¹zN ºN2N , if there exist constants S;R 
 0

independent of N such that for almost all h D .tf � t0/=N , N 2 N, it holds:
Given

kıN k1 < R;

it holds

kyN � zN k1 � SkıN k1:

The constant R is called stability threshold and S is called stability bound.

Consistency and stability ensure convergence of the one-step method.

Theorem 4.1.20 (Convergence). Let the one-step method be consistent in a solution
Oz of Problem 4.0.1 and stable in the sequence ¹zN ºN2N generated by the one-step
method.

Then the one-step method is convergent.
If the one-step method is consistent of order p in Oz, then it is convergent of order p.
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Proof. A solution Oz of the initial value problem does not satisfy the computation rule
of the one-step method with step-size h exactly and yields a defect

ıN .t0/ D Oz.t0/ � z0 D 0;

ıN .ti / D
Oz.ti / � Oz.ti�1/

h
�ˆ.ti�1; Oz.ti�1/; h/; i D 1; : : : ; N:

For sufficiently small step-sizes h D .tf � t0/=N it is always possible to guarantee
kıN k1 < R as the method is consistent and with ıN .tiC1/ D `h.ti ; Oz.ti // it follows

0 D lim
h!0

�
max

iD0;:::;N�1
k`h.ti ; Oz.ti //k

�
D lim
N!1

�
max

iD0;:::;N�1
kıN .tiC1/k

�
:

Since the method is stable, it follows (with yN D �N . Oz/ in Definition 4.1.19)

keN k1 D kzN ��N . Oz/k1 � SkıN k1:

Since ıN .t0/ D 0 and ıN .ti / D `N .ti�1; Oz.ti�1//, i D 1; : : : ; N , consistency implies

lim
N!1

kıN k1 D 0

and consistency of order p yields

kıN k1 D O

�
1

Np

�
as N �!1:

This proves convergence and convergence of order p, respectively.

The stability definition is somewhat abstract. In order to find a sufficient condition
for stability we exploit the following auxiliary result.

Lemma 4.1.21 (Discrete Gronwall Lemma). For figures h > 0, L > 0, ak 
 0,
dk 
 0, k D 1; : : : ; N , related by

ak � .1C hL/ak�1 C hdk ; k D 1; : : : ; N;

it holds

ak � exp.khL/
�
a0 C kh max

jD1;:::;k
dj

�
; k D 0; : : : ; N:
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Proof. We use the induction principle to proof the assertion.
For k D 0 the assertion is true. Let the assertion hold for k 2 N0. Then

akC1 � .1C hL/ak C hdkC1

1ChL>0
� .1C hL/ exp.khL/

�
a0 C kh max

jD1;:::;k
dj

�
C hdkC1

1ChL�exp.hL/
� exp..k C 1/hL/

�
a0 C kh max

jD1;:::;k
dj

�
C hdkC1

exp..kC1/hL/�1
� exp..k C 1/hL/

�
a0 C kh max

jD1;:::;k
dj C hdkC1

�
� exp..k C 1/hL/

�
a0 C .k C 1/h max

jD1;:::;kC1
dj

�
:

The following result provides a sufficient condition for stability.

Lemma 4.1.22. Let constants h0 > 0 and L > 0 be given such that the increment
function ˆ of the one-step method satisfies the Lipschitz condition

kˆ.t; y; h/ �ˆ.t; z; h/k � Lky � zk

for all y; z 2 Rnz , all 0 < h � h0, and all t 2 I.
Then the one-step method is stable.

Proof. Let GN be a grid with 0 < h D
tf �t0
N
� h0. Moreover, let yN be a grid

function with defect ıN and

kıN k1 < R:

Then for all j D 1; : : : ; N it holds

kyN .t0/ � zN .t0/k D kz0 C ıN .t0/ � z0k D kıN .t0/k;

kyN .tj / � zN .tj /k D kyN .tj�1/C hˆ.tj�1; yN .tj�1/; h/C hıN .tj /

� zN .tj�1/ � hˆ.tj�1; zN .tj�1/; h/k

� kyN .tj�1/ � zN .tj�1/k

C hkˆ.tj�1; yN .tj�1/; h/ �ˆ.tj�1; zN .tj�1/; h/k

C hkıN .tj /k

� .1C hL/kyN .tj�1/ � zN .tj�1/k C hkıN .tj /k:
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Application of the discrete Gronwall Lemma 4.1.21 with ak WD kyN .tk/ � zN .tk/k,
dk WD kıN .tk/k yields

kyN .tj / � zN .tj /k � exp.jhL/
�
kyN .t0/ � zN .t0/k C jh max

kD1;:::;j
kıN .tk/k

�
D exp.jhL/

�
kıN .t0/k C jh max

kD1;:::;j
kıN .tk/k

�
� Cj exp.jhL/ max

kD0;:::;j
kıN .tk/k

with Cj D 1C jh for j D 0; : : : ; N . With tj � t0 D jh � Nh D tf � t0 it follows

kyN � zN k1 � SkıN k1

with S WD CN exp..tf � t0/L/.

For (explicit) Runge–Kutta methods Lipschitz continuity of ˆ follows from Lips-
chitz continuity of f in (4.3).

Remark 4.1.23.

(a) The assumptions in Lemma 4.1.22 can be weakened. It is sufficient that ˆ
satisfies the Lipschitz condition only locally around the true solution Oz of the
initial value problem.

(b) The definition of stability implicitly assumes that zN satisfies (4.12)–(4.13) ex-
actly, but in practice rounding errors occur. The above convergence concept can
be extended such that perturbations are taken into account, see [64,296]. A very
general discretization theory has been developed in [296].

(c) In addition to the stability definition used here, further (and different) stability
definitions play an important role for the numerical solution. For stiff ODEs and
DAEs A-stable or A(˛)-stable methods are required

4.2 Backward Differentiation Formulas (BDF)

The Backward Differentiation Formulas (BDF) were introduced in [62] and [99] and
belong to the class of implicit linear multi-step methods.

We consider the integration step from tiCk�1 to tiCk. Given approximations

zN .ti /; zN .tiC1/; : : : ; zN .tiCk�1/

for

Oz.ti /; Oz.tiC1/; : : : ; Oz.tiCk�1/
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and the approximation zN .tiCk/ for Oz.tiCk/, which has to be determined, we compute
the interpolating polynomial Q.t/ of degree k with

Q.tiCj / D zN .tiCj /; j D 0; : : : ; k:

The unknown value zN .tiCk/ is determined by the postulation that the interpolating
polynomial Q satisfies the DAE (4.1) at the time point tiCk , i.e. zN .tiCk/ satisfies

F.tiCk;Q.tiCk/; PQ.tiCk// D 0Rnz : (4.14)

The derivative PQ.tiCk/ can be expressed as

PQ.tiCk/ D
1

hiCk�1

kX
jD0

j̨ zN .tiCj /; (4.15)

where the coefficients j̨ depend on the step sizes hiCj�1 D tiCj � tiCj�1,
j D 1; : : : ; k. Equation (4.14) together with (4.15) yields

F
�
tiCk; zN .tiCk/;

1

hiCk�1

kX
jD0

j̨ zN .tiCj /
�
D 0Rnz ; (4.16)

which is a nonlinear equation for z D zN .tiCk/. Equation (4.16) is solved numeri-
cally by the (globalized) Newton method given by�

F 0z C
˛k

hiCk�1
F 0Pz

�
�.`/ D �F;

z.`C1/ D z.`/ C 	`�
.`/; ` D 0; 1; : : : ;

(4.17)

where 0 < 	` � 1 is a suitable step-size and the functions are evaluated at

�
tiCk; z

.`/;
1

hiCk�1

�
˛kz

.`/ C

k�1X
jD0

j̨ zN .tiCj /
��
:

BDF methods are appealing, since they only require to solve an nz-dimensional
nonlinear system instead of an .nz �s/-dimensional system that arises for Runge–Kutta
methods.

Brenan et al. [34] develop in their code DASSL an efficient algorithm to set up
the interpolating polynomial by use of a modified version of Newton’s divided differ-
ences. In addition, an automatic step size and order control algorithm based on the
estimation of the local discretization error is implemented. A further improvement
of the numerical performance is achieved by using some sort of simplified Newton’s
method, where the iteration matrix

F 0z C
˛k

hiCk�1
� F 0Pz



178 Chapter 4 Discretization Methods for ODEs and DAEs

is held constant as long as possible, even for several integration steps. For higher index
systems the estimation procedure for the local discretization error has to be modified,
see [258]. In practice, the higher index algebraic components are assigned very large
error tolerances or are simply neglected in the error estimator. BDF methods are
applied to overdetermined DAEs in [96, 97]. The implementation is called ODASSL
and is an extension of DASSL.

Convergence of BDF methods up to order 6 for index-one DAEs (4.1) assuming
constant step-sizes was proven in [103,259]. Convergence results up to order 6 assum-
ing constant step-sizes for DAEs arising in electric circuit simulation, fluid mechanics,
and mechanics can be found in [207]. Convergence of Hessenberg DAEs (1.39) with
index two and three and constant step-sizes is shown in [36]. Convergence results
using non-constant step-sizes and non-constant order for index-two DAEs (1.39) and
index-one DAEs (1.37)–(1.38) are obtained in [102]. Herein, it is also shown that
BDF with non-constant step-sizes applied to index-three Hessenberg DAEs may yield
wrong results in certain components of z. All these results assume consistent initial
values.

4.3 Linearized Implicit Runge–Kutta Methods

The nonlinear system (4.8) has to be solved in each integration step of an implicit
Runge–Kutta method. On top of that, the DAE (4.1) itself has to be solved many times
during the iterative solution of discretized optimal control problems. Since large step
sizes h may cause Newton’s method to fail, the implicit Runge–Kutta method typ-
ically is extended by an algorithm for automatic step size selection. The resulting
method may be quite time consuming in practical computations. To reduce the com-
putational cost for integration of (4.1), we introduce linearized implicit Runge–Kutta
(LRK) methods, which only require to solve linear equations in each integration step
and allow to use fixed step-sizes during integration. A related idea is used for the
construction of Rosenbrock–Wanner (ROW) methods, compare [147, 266, 270].

Numerical experiments show that these methods often lead to a speed-up in the
numerical solution (with a reasonable accuracy) when compared to nonlinear implicit
Runge–Kutta methods or BDF methods with step-size and order selection discussed
in Section 4.2.

Consider the implicit Runge–Kutta method (4.6) with stage derivatives defined im-
plicitly by (4.8). The linearized implicit Runge–Kutta method is based on the idea to
perform only one iteration of Newton’s method for (4.8). This leads to

G0k.k
.0/; ti ; zN .ti /; hi / � .k � k

.0// D �G.k.0/; ti ; zN .ti /; hi /; (4.18)

which is a linear equation for the stage derivatives k D .k1; : : : ; ks/. The derivative
G 0
k

is given by (4.11) and the new approximation zN .tiC1/ by (4.6).
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The vector k.0/ D .k.0/1 ; : : : ; k
.0/
s / denotes an initial guess for k and will be speci-

fied in the sequel. It turns out that the choice of k.0/ is important in view of the order
of convergence.

To gain more insights into the convergence properties of the linearized Runge–
Kutta method, the discussion is restricted to the ODE (4.3). Later on, an extension to
DAEs is suggested, which yields promising numerical results although a convergence
proof could not be obtained yet.

For the explicit ODE in (4.3) the derivative G0
k

becomes

G0k.k
.0/; ti ; zN .ti /; hi / D

0
B@ I : : :

I

1
CA � hi

0
B@ a11f

0
z.�1/ � � � a1sf

0
z.�1/

:::
: : :

:::

as1f
0
z.�s/ � � � assf

0
z.�s/

1
CA ;
(4.19)

where

�` D
�
ti C c`hi ; zN .ti /C hi

sX
jD1

a j̀k
.0/
j

�
; ` D 1; : : : ; s:

Writing down the linear equation (4.18) in its components, we obtain

k` D f .�`/C hi

sX
jD1

a j̀f
0
z.�`/.kj � k

.0/
j /; ` D 1; : : : ; s: (4.20)

It turns out that depending on the choice of the initial guess k.0/ different methods
with different approximation properties arise.

The simplest idea is to use k.0/ WD 0Rs�nz , i.e. zi is used as predictor for z.`/iC1,
` D 1; : : : ; s, in (4.9). It turns out that the resulting method has a maximum order of
consistency equal to two. But the method is not invariant under autonomization, i.e. it
will not produce the same results for (4.3) and the equivalent autonomous system�

Pz.t/
PT .t/

�
D

�
f .T .t/; z.t//

1

�
;

�
z.0/

T .0/

�
D

�
z0
t0

�
; (4.21)

see [110]. Hence, we do not follow this choice.
Instead, we use the initial guess k.0/ D .k

.0/
1 ; : : : ; k

.0/
s / with k.0/

`
WD f .ti ; zi / for

all ` D 1; : : : ; s, which means, that we use

zi C hi

sX
jD1

a j̀f .ti ; zi /
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as predictor for z.`/iC1, ` D 1; : : : ; s, in (4.9). Equation (4.20) reduces to

k` D f .�`/C hi

sX
jD1

a j̀f
0
z.�`/.kj � f .ti ; zi //; ` D 1; : : : ; s; (4.22)

where

�` D
�
ti C c`hi ; zi C hi

sX
jD1

a j̀f .ti ; zi /
�
; ` D 1; : : : ; s:

It turns out that the method (4.22) is invariant under autonomization under appro-
priate assumptions, which are identical to those in [68, Lemma 4.16, p. 138]:

Lemma 4.3.1. Let the coefficients fulfill the conditions

sX
jD1

bj D 1 (4.23)

and

c` D

sX
jD1

a j̀ ; ` D 1; : : : ; s: (4.24)

Then the LRK method (4.22) is invariant under autonomization.

Proof. Application of the LRK method to (4.3) and (4.21) yields (4.22) and

 
kz
`

kT
`

!
D

0
B@ f . Q�`/C hi

sX
jD1

a j̀ .f
0
z. Q�`/.k

z
j � f .Ti ; zi //C f

0
t . Q�`/.k

T
j � 1//

1

1
CA

for ` D 1; : : : ; s, respectively, where

Q�` D
�
Ti C hi

sX
jD1

a j̀ � 1; zi C hi

sX
jD1

a j̀f .Ti ; zi /
�
; ` D 1; : : : ; s:

kz
`

is equal to k` in (4.22), if Q�` D �` and Ti D ti hold for all ` and all i . The latter is
fulfilled if (4.23) holds, since then

TiC1 D Ti C hi

sX
jD1

bjk
T
j D Ti C hi

sX
jD1

bj D Ti C hi D tiC1:
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The first condition requires that

Ti C hi

sX
jD1

a j̀ D ti C c`hi ;

which is satisfied if (4.24) holds.

Equation (4.22) in matrix notation is given by

.Is�nz � hiB2.ti ; zi ; hi // k D r.ti ; zi ; hi /; (4.25)

where

B2.ti ; zi ; hi / WD

0
B@ a

1 ˝ f 0z.ti C c1hi ; zi C hic1f .ti ; zi //
:::

as ˝ f 0z.ti C cshi ; zi C hicsf .ti ; zi //

1
CA ;

r.ti ; zi ; hi / WD �hiB2.ti ; zi ; hi / � .e ˝ f .ti ; zi //

C

0
B@ f .ti C c1hi ; zi C hic1f .ti ; zi //:::

f .ti C cshi ; zi C hicsf .ti ; zi //

1
CA ;

(4.26)

a` denotes the `-th row of A D .a j̀ /`;jD1;:::;s , e D .1; : : : ; 1/> 2 Rs , (4.24) is
exploited, and˝ is the Kronecker product defined in

Definition 4.3.2 (Kronecker Product). LetA 2 Rm�n andB 2 Rp�q . The Kronecker
product ˝ is defined as follows:

A˝ B WD

0
BBB@
a11B a12B � � � a1mB

a21B a22B � � � a2mB
:::

:::
: : :

:::

an1B an2B � � � anmB

1
CCCA 2 R.np/�.mq/:

A detailed investigation of the local discretization error reveals that the maximal
attainable order of consistency is 4:

Theorem 4.3.3 (see [110]). Let f possess continuous and bounded partial deriva-
tives up to order four and let (4.24) be valid. The LRK method (4.22) is consistent of
order 1, if

sX
jD1

bj D 1
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holds. It is consistent of order 2, if in addition

sX
jD1

bj cj D
1

2

holds. It is consistent of order 3, if in addition

sX
i;jD1

biaij cj D
1

6
;

sX
iD1

bic
2
i D

1

3

hold. It is consistent of order 4, if in addition

sX
i;j;lD1

biaijajlcl D
1

24
;

sX
i;jD1

biaij c
2
j D

1

12
;

sX
i;jD1

biciaij cj D
1

8
;

sX
iD1

bic
3
i D

1

4
:

hold. p D 4 is the maximal attainable order of consistency.

The above consistency conditions are the usual conditions known for general im-
plicit Runge–Kutta (IRK) methods. It has to be mentioned that the LRK method is
A-stable, if the nonlinear IRK method (4.6) is A-stable, since A-stability is defined for
linear differential equations. For linear differential equations the LRK method coin-
cides with the IRK method. Notice that the LRK method (4.22) is an one-step method.
Moreover, it can be shown that the increment function is locally Lipschitz continuous
and hence, the method is stable and convergent.

The method can be extended to the DAE in (4.1). To this end, consider the integra-
tion step from ti to tiC1. The choice k.0/

`
D f .ti ; zN .ti //, ` D 1; : : : ; s, in the ODE

case cannot be applied directly to DAEs as the right hand-side f defining the deriva-
tive of z is not explicitly available. Numerical experiments suggest that for stiffly
accurate Runge–Kutta methods the choice

k
.0/

`
WD ks.ti�1; zN .ti�1/I hi�1/; ` D 1; : : : ; s; (4.27)

seems to be reasonable. Recall that stiffly accurate methods, for instance the
RADAUIIA method, satisfy

cs D 1 and asj D bj ; j D 1; : : : ; s:

The quantity ks.ti�1; zN .ti�1/I hi�1/ is calculated in the previous integration step
from ti�1 to ti and can be interpreted as a derivative at the time point ti�1Ccshi�1 D
ti and hence plays at least approximately the role of f in the ODE case. For Runge–
Kutta methods, which are not stiffly accurate, an initial guess of type

k
.0/

`
WD

zN .ti / � zN .ti�1/

hi�1
; ` D 1; : : : ; s;

seems to be reasonable, since the right side is an approximation of the derivative at ti .
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A formal proof of convergence has not been established by now for these DAE
extensions. In numerical computations, however, the method has performed well as
the following example indicates.

Example 4.3.4 (Pendulum Problem). Computational results for the mathematical
pendulum problem with m D 1 Œkg�, ` D 1 Œm� are to be presented, compare [110].
The equations of motion of the pendulum are given by the index-three Hessenberg
DAE

0 D Px1.t/ � x3.t/;

0 D Px2.t/ � x4.t/;

0 D Px3.t/ � .�2 � x1.t/ � y.t//;

0 D Px4.t/ � .�g � 2 � x2.t/ � y.t//;

0 D x1.t/
2 C x2.t/

2 � 1:

The index reduced index-two DAE arises, if the last equation is replaced by its time
derivative

0 D 2.x1.t/x3.t/C x2.t/x4.t//:

For the following numerical tests we used the initial value

.x1.0/; x2.0/; x3.0/; x4.0/; y.0// D .1; 0; 0; 0; 0/:

Table 4.1 shows computational results for the linearized 2-stage RADAUIIA method
with Butcher array

1=3 5=12 �1=12

1 3=4 1=4

3=4 1=4

applied to the index reduced index-two pendulum example with initial guess given by
(4.27) and fixed step-sizes h D 1=N on the time interval Œ0; 1�. The estimated order
of convergence is in agreement with the order for the nonlinear RADAUIIA method
derived in [149] for Hessenberg systems, i.e. order three for the differential variables
x1; x2; x3; x4 and order two for the algebraic variable y.

Table 4.2 shows computational results for the linearized 2-stage RADAUIIA
method applied to the index-three pendulum example with initial guess given by (4.27)
and fixed step-sizes h D 1=N on the time interval Œ0; 1�. The computed order of con-
vergence is in agreement with the order for the nonlinear RADAUIIA method in [149]
for Hessenberg systems, i.e. order three for the positions x1; x2, order two for the ve-
locities x3; x4, and order one for the algebraic variable y.
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N max. ERR max. ERR Order Order

x1; : : : ; x4 y x1; : : : ; x4 y

10 0:48083E�01 0:72142EC00 0:29990EC01 0:19993EC01

20 0:60145E�02 0:18044EC00 0:29999EC01 0:20000EC01

40 0:75184E�03 0:45111E�01 0:30000EC01 0:20000EC01

80 0:93981E�04 0:11278E�01 0:30000EC01 0:20000EC01

160 0:11748E�04 0:28194E�02 0:30000EC01 0:20000EC01

320 0:14684E�05 0:70485E�03 0:30000EC01 0:20000EC01

640 0:18356E�06 0:17621E�03 0:30000EC01 0:20000EC01

1280 0:22944E�07 0:44053E�04 0:30000EC01 0:20000EC01

2560 0:28681E�08 0:11013E�04 0:30000EC01 0:20000EC01

Table 4.1. Order of convergence for the linearized 2-stage RADAUIIA method applied to the
index reduced index-two pendulum test example.

N max. ERR max. ERR max ERR Order Order Order

x1; x2 x3; x4 y x1; x2 x3; x4 y

10 0:63312E�01 0:35222EC00 0:18016EC02 0:30701EC01 0:33231EC01 0:29223EC01

20 0:75389E�02 0:35195E�01 0:23766EC01 0:31923EC01 0:25480EC01 0:14415EC01

40 0:82474E�03 0:60181E�02 0:87504EC00 0:30845EC01 0:22292EC01 0:11858EC01

80 0:97231E�04 0:12835E�02 0:38465EC00 0:30349EC01 0:20446EC01 0:10938EC01

160 0:11863E�04 0:31110E�03 0:18022EC00 0:30153EC01 0:20205EC01 0:10480EC01

320 0:14672E�05 0:76676E�04 0:87158E�01 0:30071EC01 0:20097EC01 0:10243EC01

640 0:18251E�06 0:19041E�04 0:42850E�01 0:30033EC01 0:20046EC01 0:10123EC01

1280 0:22762E�07 0:47451E�05 0:21243E�01 0:29948EC01 0:20019EC01 0:10061EC01

2560 0:28556E�08 0:11847E�05 0:10577E�01 0:28912EC01 0:19995EC01 0:10028EC01

Table 4.2. Order of convergence for the linearized 2-stage RADAUIIA method applied to the
index-three pendulum test example.

Similar computations for the linearized implicit Euler method always yield order
one for all components. Similar computations for the linearized 3-stage RADAUIIA
method for the index reduced index-two pendulum example yield only order three
for the differential components x1; x2 and x3; x4, and order two for y. According
to [149] the nonlinear method has orders 5 and 3, respectively.

In each case the reference solution was obtained by RADAU5 with absolute and
relative integration tolerance atol D rtol D 10�12 and GGL-stabilization.

The use of the linearized implicit Runge–Kutta method for the discretization of op-
timal control problems often allows to speed up the solution process significantly. An
illustration of this statement can be found in [113], where an optimal control problem
resulting from automobile test-driving is solved numerically. Table 4.3 summarizes
the CPU times for the numerical solution of the latter optimal control problem ob-
tained by the third order linearized 2-stage RADAUIIA method with constant step
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size h and a standard BDF method (DASSL) with automatic step size and order selec-
tion. The relative error in Table 4.3 denotes the relative error in the respective optimal
objective function values of the discretized optimal control problem. The number
N denotes the number of discretization points used to discretize the optimal control
problem. The speedup is the ratio of columns 4 and 2. Table 4.3 shows that the LRK
method in average is 10 times faster than the BDF method. A comparison of the ac-
curacies of the respective solutions reveals that the quality of the LRK solution is as
good as the BDF solution in this example.

N CPU LRK OBJ LRK CPU BDF OBJ BDF RELERR SPEEDUP

(in [s]) (in [sec]) OBJ FACTOR

26 2.50 7.718303 26.63 7.718305 0.00000026 10.7

51 8.15 7.787998 120.99 7.787981 0.00000218 14.8

101 18.02 7.806801 208.40 7.806798 0.00000038 11.6

201 21.24 7.819053 171.31 7.819052 0.00000013 8.1

251 198.34 7.817618 1691.15 7.817618 0.00000000 8.5

401 615.31 7.828956 4800.09 7.828956 0.00000000 7.8

Table 4.3. CPU times for the numerical solution of a discretized optimal control problem by
the linearized 2-stage RADAUIIA method and the BDF method, respectively, for different
numbers N of control grid points.

4.4 Automatic Step-size Selection

Owing to efficiency reasons, it is often not advisable to use a fixed step-size h. Instead,
algorithms for automatic and adapted step-size selection are required. We demonstrate
the benefit of such a strategy with the following example.

Example 4.4.1. The following initial value problem is a model for the motion of a
satellite in the earth-moon system and yields a periodic orbit, the so-called Ahrenstorf-
Orbit:

Rx.t/ D x.t/C 2 Py.t/ � N

x.t/C 


D1
� 


x.t/ � N


D2
;

Ry.t/ D y.t/ � 2 Px.t/ � N

y.t/

D1
� 


y.t/

D2
;

with 
 D 0:012277471, N
 D 1 � 
,

D1 D

q
..x.t/C 
/2 C y.t/2/3; D2 D

q
..x.t/ � N
/2 C y.t/2/3;

and

x.0/ D 0:994; y.0/ D 0;

Px.0/ D 0; Py.0/ D �2:001585106379:
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The second order ODE can be transformed into an equivalent first order ODE letting
x1 WD x, x2 WD y, x3 WD Px D Px1, and x4 WD Py D Px2:

Px1.t/ D x3.t/;

Px2.t/ D x4.t/;

Px3.t/ D x.t/C 2x4.t/ � N

x1.t/C 


D1
� 


x1.t/ � N


D2
;

Px4.t/ D x2.t/ � 2x3.t/ � N

x2.t/

D1
� 


x2.t/

D2
;

where

D1 D

q
..x1.t/C 
/2 C x2.t/2/3; D2 D

q
..x1.t/ � N
/2 C x2.t/2/3;

and

x1.0/ D 0:994; x2.0/ D 0;

x3.0/ D 0; x4.0/ D �2:001585106379:

Figure 4.3 shows the components .x1.t/; x2.t// of the numerical solution, which
was obtained by the classic Runge–Kutta method on the interval Œ0; tf � with
tf D 17:065216560158 and fixed step-size h D tf =N . Only for N D 10000 (or
larger values of N ) the numerical solution coincides with the reference solution be-
low. For N D 10000 about 40000 evaluations of the right hand-side of the ODE
are necessary. The reference solution in Figure 4.4 has been obtained by a Runge–
Kutta method of order two that uses an automatic step-size selection strategy and only
requires 6368 function evaluations.

The example shows that a fairly small step-size is needed to obtain a sufficiently
good approximation, if a fixed step-size is used. The algorithm with automatic step-
size selection is much more efficient as it chooses appropriate step-sizes whose size
can be estimated by the distance of the points in the figure.

Common step-size selection strategies are based on numerical estimates of the lo-
cal discretization error with the aim to keep this error below a given tolerance. In
those regions, where the solution does not change dramatically, a comparatively large
step-size can be used. In those regions, where the solution changes substantially, a
comparatively small step-size has to be chosen in order to achieve a certain accuracy.

What ought an automatic step-size selection strategy be able to achieve? To answer
this, assume that a single step method has reached grid point ti . Furthermore, let h
be a suggested step-size for the next integration step. Then an automatic step-size
selection strategy should be able to achieve the following items:
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Figure 4.3. Numerical solutions for N D 100; 1000; 10000.
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Figure 4.4. Reference solution with step-size selection.
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(1) With regard to the step from ti to tiC1 D ti C h with step-size h it has to be
decided whether h is acceptable. If so, then the integration step will be performed
with the underlying single-step method and step-size h.

(2) If h is accepted, then a new step-size hnew for the next step from tiC1 to tiC1Chnew

has to be suggested.

(3) If h is not accepted, then a new step-size hnew has to be suggested and the step
from ti to ti C hnew has to be repeated.

So-called embedded Runge–Kutta methods are used to achieve the above require-
ments. Two Runge–Kutta methods are called embedded, if they possess neighboring
order p and q D pC1 or p and q D p�1 and if they differ only in the weight vector
b, but otherwise use the same vector c and matrix A in the Butcher array.

An example is given by the following embedded method of order p.q/ D 2.3/:

0

1=4 1=4

27=40 �189=800 729=800

1 214=891 1=33 650=891

RK1 214=891 1=33 650=891 0

RK2 533=2106 0 800=1053 �1=78

The computation of approximations �iC1 with RK1 and O�iC1 with RK2 for the same
step-size h is not expensive as the node vector c and the matrix A coincide for both
methods and thus the stage approximations have to be computed only once.

Now let two Runge–Kutta methods of neighboring orders p and p C 1 and incre-
ment functions ˆ and N̂ , respectively, be given.

Assume, the one-step method has reached ti with approximation zi .
Applying both methods in .ti ; zi / with step-size h yields approximations

�h D zi C hˆ.ti ; zi ; h/;

N�h D zi C h N̂ .ti ; zi ; h/:

The local errors satisfy

y.ti C h/ � �h D C.ti /h
pC1 CO.hpC2/;

y.ti C h/ � N�h D NC.ti /h
pC2 CO.hpC3/;

where y denotes the true solution of the IVP

F.t; y.t/; Py.t// D 0Rnz ; y.ti / D zi :
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Subtracting the second equation from the first yields

C.ti / D
1

hpC1
. N�h � �h/CO.h/:

This yields an estimate of the local error for the first method with lower order p:

y.ti C h/ � �h D . N�h � �h/CO.hpC2/:

Is h acceptable?

If

err WD k N�h � �hk � tol

is satisfied for a user defined tolerance tol > 0, then the step-size h is considered to
be acceptable and the step is accepted.

If not, then h needs to be adapted. With the above considerations we obtain

y.ti C hnew/ � �hnew D C.ti /h
pC1
new CO.hpC2new /

D . N�h � �h/

�
hnew

h

�pC1
CO.hhpC1new /CO.hpC2new /

for the step from ti to ti C hnew using step-size hnew. Neglecting higher order terms
and forcing the local error to be less than or equal to a user-defined tolerance tol yields

k N�h � �hk

�
hnew

h

�pC1
� tol

and finally, the new step-size has to satisfy

hnew �

�
tol

err

� 1
pC1

� h: (4.28)

How to choose hnew after a successful step?

For the step from tiC1 with approximation ziC1 to tiC1 C hnew it holds

y.tiC1 C hnew/ � �hnew
D C.tiC1/h

pC1
new CO.hpC2new /:

If C is differentiable, i.e. if ˆ is sufficiently smooth, then C.tiC1/ D C.ti C h/ D

C.ti /CO.h/ and thus

y.tiC1 C hnew/ � �hnew D C.ti/h
pC1
new CO.hhpC1new /CO.hpC2new /:
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Using a similar reasoning as above, we obtain again the step-size suggestion hnew ac-
cording to (4.28) .

Together with some additional technical details regarding scaling and security fac-
tors to prevent frequent step-size changes, we obtain the following step-size selection
algorithm that is specifically designed for the ODE initial value problem (4.3), com-
pare [300, p. 62].

Algorithm 4.4.2 (Automatic Step-Size Selection).

(0) Initialization: t D t0, z D z0. Choose initial step-size h.

(1) If t C h > tf , set h D tf � t .

(2) Starting with z, compute with RK1 and RK2, respectively, approximations �
and N� at t C h.

(3) Compute err and hnew according to

err D max
iD1;:::;nz

�
j�i � N�i j

ski

�

with scaling factors ski D atolC max.j�i j; jzi j/ � rtol, absolute error tolerance
atol D 10�7, and relative error tolerance rtol D 10�7 (�i , N�i , and zi denote the
components of �, N�, and z, respectively), as well as

hnew D min.˛max;max.˛min; ˛ � .1=err/1=.1Cp/// � h

with ˛max D 1:5, ˛min D 0:2, and ˛ D 0:8.

(4) If hnew < hmin WD 10
�8, STOP with error message.

(5) If err � 1 (step is accepted):

(i) Set z D �, t D t C h.

(ii) If jt � tf j < 10�8, STOP with success.

(iii) Set h D hnew and go to (1).

If err > 1 (step is repeated): Set h D hnew and go to (1).

Specific automatic step-size selection algorithms for DAEs often require additional
safeguards taking into account different approximation orders of the differential and
algebraic state components, see [34,148,149,257]. Owing to the different approxima-
tion orders of differential and algebraic states, the error estimator needs to be scaled
by suitable powers of h for the different state components.
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4.5 Computation of Consistent Initial Values

The computation of consistent initial values for a given DAE is a pre-requisite for
solving boundary value problems and optimal control problems.

Several attempts have been made for consistent initialization of general DAEs,
see [9,38,54,84,106,118,136,151,197,249]. The main difficulty in the context of gen-
eral unstructured DAEs is to identify differential equations and algebraic constraints.
Once this has been achieved, most methods typically use projection methods.

We restrict the discussion to Hessenberg DAEs of order k > 1 as in (1.39) in Def-
inition 1.1.15. Furthermore, in view of the subsequent Chapter 5 on discretization
methods for DAE optimal control problems, we assume that the control u in (1.39)
is parameterized (respectively discretized) by a finite dimensional vector Nw 2 Rnw

leading to a functional relation of type u D u.t I Nw/. Moreover, the control parameter-
ization u.t I Nw/ is supposed to be k � 1 times continuously differentiable with respect
to time t and Nw is supposed to be a fixed vector in the sequel:

Px1.t/ D f1.t; y.t/; x1.t/; x2.t/; : : : ; xk�2.t/; xk�1.t/; u.t I Nw//;

Px2.t/ D f2.t; x1.t/; x2.t/; : : : ; xk�2.t/; xk�1.t/; u.t I Nw//;

:::
: : :

:::
:::

:::

Pxk�1.t/ D fk�1.t; xk�2.t/; xk�1.t/; u.t I Nw//;

0Rny D g.t; xk�1.t/; u.t I Nw//:

(4.29)

Herein, the differential variable is x.t/ WD .x1.t/; : : : ; xk�1.t//
> 2 Rnx and the

algebraic variable is y.t/ 2 Rny .
According to Definition 1.1.18, a consistent initial value . Nx; Ny/ WD .x.t0/; y.t0//

for the Hessenberg DAE at t D t0 has to satisfy not only the algebraic constraint but
also the hidden constraints

0Rny D Gj . Nx; Nw/

WD g.j /.t0; Nxk�1�j ; : : : ; Nxk�1; u.t0I Nw/; Pu.t0I Nw/; : : : ; u
.j /.t0I Nw// (4.30)

for j D 0; 1; : : : ; k � 2, and

0Rny D Gk�1. Ny; Nx; Nw/

WD g.k�1/.t0; Ny; Nx; u.t0I Nw/; Pu.t0I Nw/; : : : ; u
.k�1/.t0I Nw//; (4.31)

compare (1.43)–(1.44).
Notice that only Gk�1 depends on the algebraic variable y, while Gj , j D 0; : : : ;

k � 2, do not depend on y. The matrix

@

@y
Gk�1.y; x; Nw/ D g

0
xk�1

.�/ � f 0k�1;xk�2.�/ � � �f
0
2;x1

.�/ � f 01;y.�/; (4.32)

compare (1.40), is supposed to be non-singular.



192 Chapter 4 Discretization Methods for ODEs and DAEs

4.5.1 Projection Method for Consistent Initial Values

A projection technique is used to compute a consistent initial value for a given (incon-
sistent) vector, compare [106, 107, 118]. To this end, consider the Hessenberg DAE
(4.29) and let . Nx; Ny/ be an arbitrary (inconsistent) vector.

The computation of a consistent pair x WD x.t0/ and y WD y.t0/ at t D t0 is
performed consecutively. Firstly, x is computed such that the hidden algebraic con-
straints (4.30) are satisfied. Secondly, y is computed such that (4.31) is satisfied for a
given x:

Algorithm 4.5.1 (Projection Algorithm for Consistent Initial Values).

(0) Consider the DAE (4.29). Let . Nx; Ny/ be given.

(1) Solve the constrained least-squares problem LSQ( Nx; Nw):

Minimize
1

2
kx � Nxk2

with respect to x 2 Rnx subject to the constraints

Gj .x; Nw/ D 0Rny ; j D 0; : : : ; k � 2:

Let X0. Nx; Nw/ denote the solution of the least-squares problem LSQ( Nx; Nw).

(2) Solve the nonlinear equation

Gk�1.y;X0. Nx; Nw/; Nw/ D 0Rny

with respect to y. Let Y0. Nx; Nw/ denote the solution.

(iv) Use x D X0. Nx; Nw/ and y D Y0. Nx; Nw/ as consistent initial value for (4.29) at
t0.

The least-squares problem LSQ( Nx; Nw) in step (1) is a parametric nonlinear opti-
mization problem with parameters Nx and Nw entering the problem. Under certain reg-
ularity assumptions, see Theorem 6.1.4 in Section 6.1.1, it can be shown that the so-
lution X0. Nx; Nw/ depends continuously differentiable on the parameters Nx and Nw and
the sensitivities X 00;x. Nx; Nw/ and X 00;w. Nx; Nw/ can be computed by solving the linear
system (6.3) in Theorem 6.1.4.

As the Jacobian matrix in (4.32) is supposed to be non-singular, by the implicit
function theorem there exists a function Y W Rnx �Rnw �! Rny with

Gk�1.Y.x;w/; x; w/ D 0Rny

for all .x; w/ in some neighborhood of .X0. Nx; Nw/; Nw/. Differentiation with respect to
x and w and exploitation of the non-singularity of G0

k�1;y
yields

Y 0x.x; w/ D �G
0
k�1;y.y; x; w/

�1G0k�1;x.y; x; w/;

Y 0w.x; w/ D �G
0
k�1;y.y; x; w/

�1G0k�1;w.y; x; w/

at y D Y.x;w/ in this neighborhood.
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Differentiation of Y0.x; w/ WD Y.X0.x; w/; w/ with respect to x and w yields

Y 00;x. Nx; Nw/ D Y
0
x.X0. Nx; Nw/; Nw/ �X

0
0;x. Nx; Nw/;

Y 00;w. Nx; Nw/ D Y
0
x.X0. Nx; Nw/; Nw/ �X

0
0;w. Nx; Nw/C Y

0
w.X0. Nx; Nw/; Nw/:

Hence, Algorithm 4.5.1 not only provides the consistent initial value .X0. Nx; Nw/,
Y0. Nx; Nw// for the Hessenberg DAE (4.29), but, by the sensitivity analysis outlined
above, it also provides the derivatives

X 00;x; X 00;w ; Y 00;x; Y 00;w :

The projection algorithm 4.5.1 can be extended to general DAEs (4.1), provided
it is possible to identify the algebraic constraints and the hidden constraints. Hence,
from now on it is tacitly assumed that there exists a method to compute a consistent
initial value Z0.z; w/ for the general DAE (4.1) for given initial guess z and control
parameterization w. The function Z0 is assumed to be at least continuously differen-
tiable.

4.5.2 Consistent Initial Values via Relaxation

A relaxation approach was suggested in [289] for DAE boundary value problems.
Instead of projecting inconsistent initial values onto algebraic constraints, the idea is
to modify the algebraic constraints in such a way that the modified constraints become
consistent for given initial values. Hence, not the initial value is changed, but the DAE
itself is changed.

Theorem 4.5.2. Let Nx D . Nx1; : : : ; Nxk�1/
> 2 Rnx and Ny 2 Rny be arbitrary vectors.

Then x.t0/ WD Nx and y.t0/ WD Ny are consistent with the relaxed Hessenberg DAE
of order k defined by

Px1.t/ D f1.t; y.t/; x1.t/; x2.t/; : : : ; xk�2.t/; xk�1.t/; u.t I Nw//;

Px2.t/ D f2.t; x1.t/; x2.t/; : : : ; xk�2.t/; xk�1.t/; u.t I Nw//;

:::
: : :

:::
:::

:::

Pxk�1.t/ D fk�1.t; xk�2.t/; xk�1.t/; u.t I Nw//;

0Rny D grel.t; xk�1.t/; u.t I Nw//:

(4.33)

with

grel.t; xk�1.t/; u.t I Nw// WD g.t; xk�1.t/; u.t I Nw// �

k�2X
jD0

.t � t0/
j

j Š
Gj . Nx; Nw/

�
.t � t0/

k�1

.k � 1/Š
Gk�1. Ny; Nx; Nw/: (4.34)
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Proof. The hidden constraints of the relaxed algebraic constraint (4.34) evaluated at
t D t0, Nx, and Ny compute to

d j

dtj
grel.t; xk�1.t/; u.t I Nw// D Gj . Nx; Nw/ �Gj . Nx; Nw/ D 0Rny ; j D 0; : : : ; k � 2;

dk�1

dtk�1
grel.t; xk�1.t/; u.t I Nw// D Gk�1. Ny; Nx; Nw/ �Gk�1. Ny; Nx; Nw/ D 0Rny :

Hence, . Nx; Ny/ is consistent.

Typically, the relaxation approach is used within some superordinate iterative algo-
rithm like the multiple shooting method, which requires to solve many initial value
problems. The advantage of the relaxation approach is that time consuming projec-
tion onto algebraic constraints in order to achieve consistency is not necessary in each
iteration of the superordinate algorithm. There is a downside, though.

Apparently solutions of (4.29) and (4.33) do not coincide, if . Nx; Ny/ is not consistent,
since different DAEs are solved. Hence, consistency of . Nx; Ny/ has to be enforced by
adding the equality constraints

Gj . Nx; Nw/ D 0Rny ; j D 0; : : : ; k � 2; Gk�1. Ny; Nx; Nw/ D 0Rny (4.35)

to the superordinate algorithm in order to ensure consistency at least in a solution of
the algorithm, but not necessarily at intermediate steps. So, the difficulty of comput-
ing consistent initial values is not solved by the relaxation, but it is shifted to another
level. It depends on the superordinate algorithm how it deals with these constraints.
For instance, if the superordinate algorithm is an optimization algorithm, then the
constraints (4.35) can be added simply to the problem formulation. If the superordi-
nate algorithm is a multiple shooting algorithm, then the constraint violation can be
minimized using a Gauss–Newton algorithm, see [289] for details.

Remark 4.5.3.

(a) The term Gk�1. Ny; Nx; Nw/ in (4.34) can be omitted, if a consistent algebraic vari-
able Ny for a given Nx is computed by solving equation (4.31) for Ny.

(b) Consistent initial values for the differential components of the so-called sensi-
tivity DAE associated with the relaxed DAE (4.33), see Subsections 4.6.1 and
5.3.1, are given by

Sx.t0/ WD
@x.t I Nx; Nw/

@. Nx; Nw/
WD .Inx ‚nx�nw /:
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4.6 Shooting Techniques for Boundary Value Problems

The knowledge of necessary conditions in terms of a minimum principle for optimal
control problems subject to state and/or control constraints gives rise to the indirect
approach. The indirect approach attempts to exploit the minimum principle and usu-
ally results in a boundary value problem for the state and adjoint variables.

Example 4.6.1. Evaluation of the local minimum principle in Theorem 3.1.11 with
U D Rnu yields the two-point DAE boundary value problem

Px.t/ D f .t; x.t/; y.t/; u.t//;

P	f .t/ D �H 0x.t; x.t/; y.t/; u.t/; 	f .t/; 	g.t/; `0/
>;

0Rny D g.t; x.t//;

0Rny D H 0y.t; x.t/; y.t/; u.t/; 	f .t/; 	g.t/; `0/
>;

0Rnu D H 0u.t; x.t/; y.t/; u.t/; 	f .t/; 	g.t/; `0/
>;

0Rn D  .x.t0/; x.tf //;

	f .t0/
> D �.`0'

0
x0
.x.t0/; x.tf //C �

> 0x0.x.t0/; x.tf //C �
>g0x.t0; Ox.t0///;

	.tf /
> D `0'

0
xf
.x.t0/; x.tf //C �

> 0xf .x.t0/; x.tf //:

Herein, y, 	g , and u are algebraic variables and x, 	f are differential variables. A
particular example for the pendulum is given in Example 4.6.5.

We consider

Problem 4.6.2 (Two-Point DAE Boundary Value Problem). Let I WD Œt0; tf � 	 R be
a compact interval with t0 < tf , f W I�Rnx �Rny �! Rnx , g W I�Rnx �Rny �!
Rny , and r W Rnx � Rnx �! Rnx be sufficiently smooth functions. Find a solution
.x; y/ of the boundary value problem

Px.t/ D f .t; x.t/; y.t//;

0Rny D g.t; x.t/; y.t//;

0Rnx D r.x.t0/; x.tf //

in the interval I.

If state or control constraints are present in the optimal control problem, then addi-
tional interior point conditions at unknown switching points occur and the necessary
optimality conditions lead to a multi-point point boundary value problem. By the
same transformation techniques as in Section 1.2, multi-point boundary value prob-
lems can be transformed to equivalent two-point boundary value problems.
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4.6.1 Single Shooting Method using Projections

Consider the two-point boundary value problem 4.6.2. The single shooting method
is based on the repeated solution of initial value problems for different initial values.
The initial values are iteratively updated until the boundary conditions are satisfied,
see Figure 4.5.

t0 tf

�.i/

8<
:

x.tf I �
.i//

y.tf I �
.i//

9>>>>>>>>=
>>>>>>>>;

Figure 4.5. Idea of the single shooting method: Repeated solution of initial value problems
with different initial values �.i/. The solution of the boundary value problem is colored red.

In the sequel, we assume that a procedure for the computation of a consistent initial
value for the DAE in Problem 4.6.2 is available. More specifically, the method needs
to be able to provide a consistent initial value x.t0/ D X0.�/ and y.t0/ D Y0.�/

for a given estimate � 2 Rnx of the differential component x.t0/. The mappings
X0 and Y0 are supposed to be continuously differentiable. The projection method in
Section 4.5.1 can be used to realize X0 and Y0 for Hessenberg DAEs.

For a given estimate � 2 Rnx let x.t IX0.�// and y.t IY0.�// denote the solution
of the initial value problem

Px.t/ D f .t; x.t/; y.t//; x.t0/ D X0.�/;

0Rny D g.t; x.t/; y.t//; y.t0/ D Y0.�/

on I.
In order to satisfy the boundary condition, � has to be chosen such that

T .�/ WD r.x.t0IX0.�//; x.tf IX0.�///

D r.X0.�/; x.tf IX0.�///

D 0Rnx : (4.36)
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Equation (4.36) is a nonlinear equation for � and application of Newton’s method
yields

Algorithm 4.6.3 (Single Shooting Method using Projections).

(0) Choose �.0/ 2 Rnx and set i WD 0.

(1) Compute the projections X0.�.i// and Y0.�.i// and solve the initial value prob-
lem

Px.t/ D f .t; x.t/; y.t//; x.t0/ D X0.�
.i//;

0Rny D g.t; x.t/; y.t//; y.t0/ D Y0.�
.i//

on I.
Compute T .�.i// and the Jacobian matrix

T 0.�.i// D r 0x0 Œ�
.i/� �X 00.�

.i//C r 0xf Œ�
.i/� � Sx.tf /;

where

r 0x0 Œ�
.i/� WD r 0x0.X0.�

.i//; x.tf IX0.�
.i////;

r 0xf Œ�
.i/� WD r 0xf .X0.�

.i//; x.tf IX0.�
.i////;

Sx.tf / WD
@x

@�
.tf IX0.�

.i///:

(2) If T .�.i// D 0Rnx , STOP.

(3) Compute the Newton direction d .i/ from the linear equation

T 0.�.i//d D �T .�.i//:

(4) Set �.iC1/ D �.i/ C d .i/, i D i C 1, and go to (1).

The derivative T 0.�.i// in step (1) of Algorithm 4.6.3 can be computed as follows:

(i) Finite difference approximation:

@T

@�j
.�.i// �

T .�.i/ C hej / � T .�
.i//

h
; j D 1; : : : ; nx;

with the j -th unity vector ej 2 Rnx .

(ii) Sensitivity DAE: Formal differentiation of the DAE in I with respect to � yields
the linear matrix DAE

PSx.t/ D f 0xŒt �S
x.t/C f 0yŒt �S

y.t/; Sx.t0/ D X
0
0.�

.i//;

0Rny�nx D g
0
xŒt �S

x.t/C g0y Œt �S
y.t/; Sy.t0/ D Y

0
0.�

.i//
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for the sensitivities

Sx.t/ WD
@x

@�
.t IX0.�

.i///; Sy.t/ WD
@y

@�
.t IY0.�

.i///;

where the derivatives of f and g are evaluated at x.t IX0.�.i/// and
y.t IY0.�

.i///.

The finite difference approach in (i) requires to solve nx C 1 nonlinear DAE initial
value problems, while the sensitivity DAE in (ii) requires to solve one nonlinear DAE
initial value problem and nx linear DAE initial value problems. Hence, the sensitivity
DAE approach can be considered to be more efficient.

Since the single shooting method in Algorithm 4.6.3 essentially is Newton’s method
applied to the nonlinear equation T .�/ D 0Rnx , the well-known convergence results
of Newton’s method hold and one can expect a locally superlinear convergence rate,
if T 0. O�/ is non-singular in a zero O� of T , and a locally quadratic convergence rate, if
in addition T 0 is locally Lipschitz continuous in O�.

The Jacobian T 0.�.i// in step (1) is non-singular, if the matrix

r 0x0 Œ�
.i/� � Sx.t0/C r

0
xf
Œ�.i/� � Sx.tf /

is non-singular. The non-singularity of this matrix is closely related to the regularity
condition of Mangasarian–Fromowitz for optimal control problems in Lemma 3.1.12!

We consider a simple example with an ODE.

Example 4.6.4. Consider the following optimal control problem:

Minimize

5

2
.x.1/ � 1/2 C

1

2

Z 1

0

u.t/2 C x.t/3dt

subject to

Px.t/ D u.t/ � r.t/; x.0/ D 4

with r.t/ D 15 exp.�2t/.

The minimum principle leads to the boundary value problem

Px.t/ D �	.t/ � r.t/; x.0/ � 4 D 0;

P	.t/ D �
3

2
x.t/2; 	.1/ � 5.x.1/ � 1/ D 0:

The single shooting method in Algorithm 4.6.3 is applied with initial guess
�.0/ WD .4;�5/> and yields the output in Figure 4.6.
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 0
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 3.5
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 0  0.2  0.4  0.6  0.8  1

x(
t)

-3.5
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-2.5

-2

-1.5

-1

-0.5

 0

 0  0.2  0.4  0.6  0.8  1

la
m

bd
a(

t)

ITER L2 NORM OF T(ETA)
-------------------------------- FINAL L2 NORM OF THE RESIDUALS
0 0.1365880904004445E+03 0.4796163466380676E-13
1 0.4463547394101207E+02
2 0.2131159394952761E+02
3 0.7013694189715319E+01 FINAL APPROXIMATE SOLUTION
4 0.1805812051907271E+01 0.4000000000000000E+01
5 0.2290634287968683E+00 -0.1260067289470856E+00
6 0.9082950071709561E-02
7 0.4847021605636215E-04
8 0.1033707919262383E-07
9 0.1119104808822158E-12

10 0.4796163466380676E-13

Figure 4.6. Output of Newton method in single shooting method: State x (top left), adjoint
	 D �u (top right), and norm kT .�.i//k for iterations i D 0; : : : ; 10 of the method (bottom).

Example 4.6.5. We apply the local minimum principle in Theorem 3.1.11 to the fol-
lowing index-two DAE optimal control problem:

Minimize Z 3

0

u.t/2dt

subject to the constraints

Px1.t/ D x3.t/ � 2x1.t/y2.t/; (4.37)

Px2.t/ D x4.t/ � 2x2.t/y2.t/; (4.38)

Px3.t/ D �2x1.t/y1.t/C u.t/x2.t/; (4.39)

Px4.t/ D �g � 2x2.t/y1.t/ � u.t/x1.t/; (4.40)

0 D x1.t/x3.t/C x2.t/x4.t/; (4.41)

0 D x1.t/
2 C x2.t/

2 � 1; (4.42)

and

 .x.0/; x.3// WD .x1.0/ � 1; x2.0/; x3.0/; x4.0/; x1.3/; x3.3//
> D 0R6 : (4.43)
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Herein g D 9:81 denotes acceleration due to gravity. The control u is not restricted
and U D R. With x D .x1; x2; x3; x4/>, y D .y1; y2/>, f0.u/ D u2, and

f .x; y; u/ D .x3 � 2x1y2; x4 � 2x2y2;�2x1y1 C ux2;�g � 2x2y1 � ux1/
> ;

g.x/ D .x1x3 C x2x4; x
2
1 C x

2
2 � 1/

>

the problem has the structure of Problem 3.1.1. The matrix

g0x.x/ � f
0
y.x; y; u/ D

�
x3 x4 x1 x2
2x1 2x2 0 0

�0BB@
0 �2x1
0 �2x2
�2x1 0

�2x2 0

1
CCA

D

�
�2.x21 C x

2
2/ �2.x1x3 C x2x4/

0 �4.x21 C x
2
2/

�

D

�
�2 0

0 �4

�

is non-singular in a local minimum, hence, the DAE has index two and Assump-
tion 3.1.5 is satisfied. The remaining assumptions of Theorem 3.1.11 are satisfied as
well and necessarily there exist functions

	f D .	f;1; 	f;2; 	f;3; 	f;4/
> 2 W 4

1;1.Œ0; 3�/; 	g D .	g;1; 	g;2/
> 2 L21.Œ0; 3�/;

and vectors � D .�1; �2/
> and � D .�1; : : : ; �6/

> such that the adjoint equations
(3.22)–(3.23), the transversality conditions (3.24)–(3.25), and the optimality condition
(3.26) are satisfied. The Hamilton function is given by

H .x; y; u; 	f ; 	g ; `0/

D `0u
2 C 	f;1 .x3 � 2x1y2/C 	f;2 .x4 � 2x2y2/

C 	f;3 .�2x1y1 C ux2/C 	f;4 .�g � 2x2y1 � ux1/

C 	g;1.�gx2 � 2y1.x
2
1 C x

2
2/C x

2
3 C x

2
4 � 2y2.x1x3 C x2x4//

C 	g;2.2.x1x3 C x2x4/ � 4y2.x
2
1 C x

2
2//:

In the sequel we assume `0 D 1. Then the stationarity condition (3.26) yields

0 D 2uC 	f;3x2 � 	f;4x1 H) u D
	f;4x1 � 	f;3x2

2
: (4.44)

The transversality conditions (3.24)–(3.25) are given by

	f .0/ D .��1 � 2�2;��2;��3 � �1;��4/
> ; 	f .3/ D .�5; 0; �6; 0/

> :
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The adjoint equations (3.22)–(3.23) yield

P	f;1 D 2
�
	f;1y2 C 	f;3y1

�
C 	f;4u

� 	g;1 .�4y1x1 � 2y2x3/ � 	g;2 .2x3 � 8y2x1/ ; (4.45)

P	f;2 D 2
�
	f;2y2 C 	f;4y1

�
� 	f;3u

� 	g;1 .�g � 4y1x2 � 2y2x4/ � 	g;2 .2x4 � 8y2x2/ ; (4.46)

P	f;3 D �	f;1 � 	g;1 .2x3 � 2x1y2/ � 2	g;2x1; (4.47)

P	f;4 D �	f;2 � 	g;1 .2x4 � 2x2y2/ � 2	g;2x2; (4.48)

0 D �2
�
	f;3x1 C 	f;4x2 C 	g;1.x

2
1 C x

2
2/
�
; (4.49)

0 D �2
�
	f;1x1 C 	f;2x2 C 	g;1.x1x3 C x2x4/C 2	g;2.x

2
1 C x

2
2/
�
: (4.50)

Notice that consistent initial values for 	g;1.0/ and 	g;2.0/ could be calculated from
(4.49)–(4.50) and (4.41)–(4.42) by

	g;1 D �	f;3x1 � 	f;4x2; 	g;2 D
�	f;1x1 � 	f;2x2

2
:

The differential equations (4.37)–(4.42) and (4.45)–(4.50) with u replaced by (4.44)
together with the boundary conditions (4.43) and 	f;2.3/ D 0, 	f;4.3/ D 0 form a
two point boundary value problem (BVP). Notice that the DAE system has index-one
constraints (4.49)–(4.50) for 	g as well as index-two constraints (4.41)–(4.42) for y.

The BVP is solved numerically by the single shooting method.
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Figure 4.7. Numerical solution of BVP resulting from the minimum principle: Differential
state x.t/ and algebraic state y.t/ for t 2 Œ0; 3�.
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Figure 4.8. Numerical solution of BVP resulting from the minimum principle: Adjoint vari-
ables 	f .t/ and 	g.t/ for t 2 Œ0; 3�.
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Figure 4.9. Numerical solution of BVP resulting from the minimum principle: Control u.t/
for t 2 Œ0; 3�.

The sensitivity DAE is used to compute the Jacobian. Figures 4.7-4.9 show the
numerical solution obtained from Newton’s method. Notice that the initial conditions
in (4.43) and the algebraic equations (4.41) and (4.42) contain redundant information.
Hence, the multipliers � and � are not unique, e.g. one may set � D 0R2 . In order to
obtain unique multipliers, one could dispense with the first and third initial condition
in (4.43), since these are determined by (4.41) and (4.42).

Finally, the output of Newton’s method is depicted.

ITER L2 NORM OF RESIDUALS FINAL L2 NORM OF THE RESIDUALS
-------------------------------- 0.3975362397848623E-10
0 0.4328974468004262E+01
1 0.4240642504525387E+01 FINAL APPROXIMATE SOLUTION (SIGMA1-4)
2 0.4193829901526831E+01 0.1520606630397864E+02
3 0.4144234257066851E+01 -0.1310630040572912E+02
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4 0.4112295471233999E+01 0.1962000001208976E+02
5 0.4044231539950495E+01 -0.2769958914561794E+00

...
29 0.1478490489094870E-06
30 0.4656214333457540E-08
31 0.3079526214273727E-09
32 0.1222130887100730E-09
33 0.1222130887100730E-09
34 0.4512679350279913E-10
35 0.4512679350279913E-10
36 0.3975362397848623E-10

4.6.2 Single Shooting Method using Relaxations

If it is not possible or too expensive to use projections onto consistent initial values,
then alternatively the relaxation approach in Section 4.5.2 can be exploited to solve
the boundary value problem 4.6.2, compare [289].

To this end, we assume that a relaxation procedure is available that relaxes the
algebraic constraint in Problem 4.6.2 in such a way that arbitrary 
x 2 Rnx and

y 2 Rny become consistent for the relaxed DAE

0Rny D grel.t; x.t/; y.t//; t 2 I:

For Hessenberg DAEs the relaxation in (4.33) can be used.
For a given estimate 
 WD .
x; 
y/> 2 RnxCny let x.t I
/ and y.t I
/ denote the

solution of the initial value problem

Px.t/ D f .t; x.t/; y.t//; x.t0/ D 
x;

0Rny D grel.t; x.t/; y.t//; y.t0/ D 
y

on I.
In order to satisfy the boundary condition, 
 has to fulfill the nonlinear equation

QT .
/ D r.
x; x.tf I
// D 0Rnx :

But solving this equation is not sufficient to solve the boundary value problem 4.6.2,
because a solution O
 with QT . O
/ D 0Rnx is in general not consistent with the original
DAE. Hence, consistency has to be enforced by additional measures. For the Hessen-
berg DAE (4.29) with hidden algebraic constraints (4.30) and (4.31) and its relaxation
(4.33) enforcing consistency can be approached by solving the following constrained
optimization problem:

Minimize

J.
/ WD

k�2X
jD0

kGj .
x/k
2 C kGk�1.
y ; 
x/k

2
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with respect to 
 2 RnxCny subject to the constraint

QT .
/ D 0Rnx :

This optimization problem can be solved by, e.g., the SQP method in Section 5.2.2.
But recall that a solution O
 of the above optimization problem solves the boundary
value problem 4.6.2 only if J. O
/ D 0, otherwise O
 is not consistent. Hence, a global
minimum is sought, but SQP methods – depending on the initial guess – are likely to
end in a local minimum only.

4.6.3 Multiple Shooting Method

The single shooting method in Section 4.6.1 occasionally suffers from instability prob-
lems. In the worst case, it might even not be possible to solve the initial value problem
for a given initial guess �.i/ on the whole interval I.

The multiple shooting method tries to circumvent this difficulty by introducing in-
termediate shooting nodes

t0 < t1 < � � � < tN�1 < tN D tf

and solving initial value problems on each subinterval Œtj ; tjC1�, j D 0; 1; : : : ; N � 1,
with initial values �j , j D 0; 1; : : : ; N � 1, given at each time point tj ,
j D 0; 1; : : : ; N � 1.

The number and position of required shooting nodes depend on the problem.

t0 tf D t3t1 t2

�0

x0.t I �0/

y0.t I �0/

�1

x1.t I �1/

y1.t I �1/

�2

x2.t I �2/

y2.t I �2/

Figure 4.10. Idea of the multiple shooting method: Subsequent solution of initial value prob-
lems on subintervals.



Section 4.6 Shooting Techniques for Boundary Value Problems 205

As in Section 4.6.1 we make use of the procedure for the computation of a consis-
tent initial value for the DAE in Problem 4.6.2 by means of the functions X0.�/ and
Y0.�/. In the multiple shooting approach each of the values �j , j D 0; 1; : : : ; N � 1,
needs to be projected onto a consistent initial value before integration can take place.

As indicated in Figure 4.10, the initial value problem

Px.t/ D f .t; x.t/; y.t//; x.tj / D X0.�j /;

0Rny D g.t; x.t/; y.t//; y.tj / D Y0.�j /

has to be solved in each subinterval Ij WD Œtj ; tjC1/, j D 0; : : : ; N � 1.
Let xj .t IX0.�j // and yj .t IY0.�j // denote the solution in Ij . The composite func-

tions

x.t IX0.�0/; : : : ; X0.�N�1//

WD

´
xj .t IX0.�j //; if t 2 Ij ; j D 0; : : : ; N � 1;

xN�1.tN IX0.�N�1//; if t D tf ;

y.t IY0.�0/; : : : ; Y0.�N�1//

WD

´
yj .t IY0.�j //; if t 2 Ij ; j D 0; : : : ; N � 1;

yN�1.tN IY0.�N�1//; if t D tf

have to satisfy the boundary conditions and continuity conditions for the differential
states at the shooting nodes:

T .�0; : : : ; �N�1/ WD

0
BBBBB@

x0.t1IX0.�0// � �1
x1.t2IX0.�1// � �2

:::

xN�2.tN�1IX0.�N�2// � �N�1
r.X0.�0/; xN�1.tN IX0.�N�1///

1
CCCCCA D 0RN �nx : (4.51)

Equation (4.51) is again a nonlinear equation for the function T in the variable
� WD .�0; : : : ; �N�1/

> 2 RN �nx . The single shooting method arises as a special
case for N D 1. Note that O�j , j D 1; : : : ; N � 1, are consistent in a zero O� of T
because of the continuity conditions.

The dimension of the nonlinear equation (4.51) grows with the number of shooting
nodes. The Jacobian T 0.�/, however, exhibits a sparse structure, which should be
exploited in numerical computations:

T 0.�/ D

0
BBBBB@

Sx0 .t1/ �Inx
Sx1 .t2/ �Inx

: : :
: : :

SxN�2.tN�1/ �Inx
A �X 00.�0/ B � SxN�1.tN /

1
CCCCCA (4.52)
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with

Sxj .tjC1/ WD
@xj

@�j
.tjC1IX0.�j //; j D 0; 1; : : : ; N � 1;

A WD r 0x0.X0.�0/; xN�1.tN IX0.�N�1///;

B WD r 0xf .X0.�0/; xN�1.tN IX0.�N�1///:

Application of Newton’s method to the nonlinear equation (4.51) yields

Algorithm 4.6.6 (Multiple Shooting Method).

(0) Choose an initial guess �.0/ D .�.0/0 ; : : : ; �
.0/
N�1/

> 2 RN �nx and set i WD 0.

(1) For j D 0; : : : ; N � 1 solve the initial value problems

Pxj .t/ D f .t; xj .t/; yj .t//; xj .tj / D X0.�
.i/
j /;

0Rny D g.t; xj .t/; yj .t//; yj .tj / D Y0.�
.i/
j /

and the sensitivity DAEs

PSxj .t/ D f
0
xŒt �S

x
j .t/C f

0
yŒt �S

y
j .t/; Sxj .tj / D X

0
0.�

.i/
j /;

0Rny�nx D g
0
xŒt �S

x
j .t/C g

0
y Œt �S

y
j .t/; S

y
j .tj / D Y

0
0.�

.i/
j /

in Ij , where the derivatives of f and g are evaluated at xj and yj .

Compute T .�.i// and T 0.�.i// according to (4.51) and (4.52), respectively.

(2) If T .�.i// D 0RN �nx , STOP.

(3) Compute the Newton direction d .i/ from the linear equation

T 0.�.i//d D �T .�.i//:

(4) Set �.iC1/ WD �.i/ C d .i/, i WD i C 1, and go to (1).

Example 4.6.7. Consider again Example 4.6.4 and the boundary value problem

Px.t/ D �	.t/ � r.t/; x.0/ � 4 D 0;

P	.t/ D �
3

2
x.t/2; 	.1/ � 5.x.1/ � 1/ D 0:

The multiple shooting method in Algorithm 4.6.6 is applied with N D 5 and initial
guess �.0/j WD .4;�5/

>, j D 0; : : : ; 4. It yields the output in Figure 4.11.
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ITER L2 NORM OF T(ETA)
--------------------------- FINAL L2 NORM OF THE RESIDUALS
0 0.3106E+02 0.1044053732357497E-11
1 0.1099E+02
2 0.2869E+01
3 0.3732E+00 FINAL APPROXIMATE SOLUTION
4 0.7544E-02 0.4000000000000000E+01
5 0.3530E-05 -0.1260066114013076E+00
6 0.1044E-11 0.1861143297606159E+01

-0.2605573076115534E+01
0.7891680325046858E+00
-0.3111928004046596E+01
0.3114814172994038E+00
-0.3196300177167728E+01
0.2079390985650282E+00
-0.3213118469008610E+01

Figure 4.11. Output of Newton method in multiple shooting method: State x (top left), adjoint
	 D �u (top right), and norm kT .�.i//k for iterations i D 0; : : : ; 6 of the method (bottom).

Various other numerical solution approaches for boundary value problems are avail-
able, e.g. finite difference methods, collocation methods, and finite element methods.
Details can be found in [13,298]. Detailed descriptions on boundary value solvers for
DAEs can be found in [15, 181, 182, 187, 191, 192, 299]. Multiple shooting methods
and particularly the implementations MUMUS, see [157], and BNDSCO, see [246],
have shown their capability in several practical applications from optimal control.

Remark 4.6.8.

(a) The damped Newton method can be used to extend the radius of convergence of
the Newton method. To this end, a step-size ˛i > 0 is introduced in

�.iC1/ WD �.i/ C ˛id
.i/; i D 0; 1; 2; : : : :

The step-size can be obtained by one-dimensional (approximate) minimization
of the function

'.˛/ WD
1

2
kT .�.i/ C ˛d .i//k22:
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(b) Instead of using the true Jacobian matrix T 0.�.i//, whose computation is costly
as the sensitivity DAE has to be solved, one can replace it in iteration i by a
matrix Ji , which is updated by a Broyden rank-1 update:

JiC1 WD Ji C
.z � Jid/d

>

d>d
; d WD �.iC1/ � �.i/; z WD T .�.iC1// � T .�.i//:

(c) A substantial problem in solving the boundary value problem resulting from
an optimal control problem should not be underestimated: A sufficiently good
initial guess of the switching structure (sequence of active, inactive, and singular
arcs) and the state and adjoint variables at the shooting nodes is required.
There is no general rule on how to obtain such an initial guess. Often, homo-
topy methods are used, for which a sequence of neighboring problems is solved
depending on a homotopy parameter.
The direct discretization methods in Chapter 5 can be used alternatively to com-
pute a sufficiently good approximation, which is then refined by indirect meth-
ods.

4.7 Exercises

Exercise 4.7.1. Verify that z1.t/ D t2 � t cos t C sin t , z2.t/ D �t C cos t solve the
linear DAE �

1 t

0 0

��
Pz1.t/

Pz2.t/

�
C

�
0 0

1 t

��
z1.t/

z2.t/

�
�

�
t

sin t

�
D 0R2 :

What happens if the implicit Euler method is applied to the DAE?

Exercise 4.7.2 (compare [34]). Let c 2 R, c 6D �1, be a constant and u1.�/ and u2.�/
sufficiently smooth functions. Consider the DAE�

1 ct

0 0

��
Pz1.t/

Pz2.t/

�
C

�
0 1C c

1 ct

��
z1.t/

z2.t/

�
�

�
u1.t/

u2.t/

�
D 0R2 :

(a) Compute the solution of the DAE for given c, u1.�/, and u2.�/.

(b) Find the perturbation index and the differentiation index on a compact interval
Œt0; tf � with t0 < tf .

(c) Let u1.t/ D exp.�t / and u2.t/ � 0. Investigate the limit of the solution z1.t/
and z2.t/ in (a) as t !1.

Apply the implicit Euler method with step-size h > 0 for the grid points ti D ih,
i 2 N0, and investigate the limit of the numerical solution z1;i � z1.ti / and
z2;i � z2.ti/ as i !1 depending on the constant c.
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Exercise 4.7.3 (Solvability of Implicit Runge–Kutta Methods for Explicit ODEs). Let
f W Œt0; tf � � Rnz ! Rnz , .t; z/ 7! f .t; z/, be Lipschitz continuous with respect to
z with Lipschitz constant L.

(a) Show that there exists h0 > 0 such that the equation

z D x C hf .t; z/

possesses a unique solution for all x 2 Rn, all t0 � t � tf , and all 0 < h � h0.

(b) Let constants ci 2 R and aij 2 R for 1 � i; j � s and s 2 N be given. Show
that there exists h0 > 0 such that the nonlinear equations

ki D f
�
t C cih; x C h

sX
jD1

aijkj

�
; i D 1; : : : ; s;

possess a unique solution k D .k1; : : : ; ks/ for all x 2 Rn, all t0 � t � tf , and
all 0 < h � h0.

Exercise 4.7.4. Consider the initial value problem (4.3), where f W R�Rnz �! Rnz

is continuous and has continuous and bounded partial derivatives up to order three.
Use Taylor expansion of the local discretization error to show that the Runge–Kutta

method

ziC1 D zi C
h

6
.k1 C 4k2 C k3/ ;

k1 D f .ti ; zi /;

k2 D f

�
ti C

h

2
; zi C

h

2
k1

�
;

k3 D f .ti C h; zi � hk1 C 2hk2/ ;

has order of consistency three.

Exercise 4.7.5 (Collocation and Implicit Runge–Kutta Method). The idea of the col-
location method for the solution of the initial value problem (4.3) is to construct for
the integration step ti ! tiC1 a polynomial p W Œti ; tiC1� �! Rnz of maximum
degree s, which satisfies the following conditions:

p.ti / D zi ;

Pp.�k/ D f .�k; p.�k//; k D 1; : : : ; s;

where ti � �1 < �2 < � � � �s � tiC1 are given collocation points. As an approximation
of z.tiC1/ at tiC1 one uses the value ziC1 WD p.tiC1/.

Show that the collocation method with s D 2, �1 D ti , and �2 D tiC1 actually is
an implicit Runge–Kutta method (the implicit trapezoidal rule).
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Exercise 4.7.6. Let I D Œt0; tf �, t0 < tf , A 2 Lnx�nx1 .I/, B 2 Lnx�ny1 .I/, C 2
L
ny�nx
1 .I/, and D 2 Lny�ny1 .I/ with D non-singular and D�1 2 Lny�ny1 .I/ be

given.
Consider the linear index-one DAE

Px.t/ D A.t/x.t/C B.t/y.t/;

0Rny D C.t/x.t/CD.t/y.t/:

(a) Apply the implicit Euler method to the DAE and find the increment function.

(b) Show that the implicit Euler method is consistent of order one.

(c) Show that the implicit Euler method is convergent of order one.

Exercise 4.7.7. Implement Algorithm 4.4.2 and test it for the initial value problem in
Example 4.4.1. Use the embedded Runge–Kutta method of order p.q/ D 2.3/ given
by the following Butcher array:

0

1=4 1=4

27=40 �189=800 729=800

1 214=891 1=33 650=891

RK1 214=891 1=33 650=891 0

RK2 533=2106 0 800=1053 �1=78

Exercise 4.7.8. Consider the parametric initial value problem

Pz.t/ D f .t; z.t/; p/; z.t0/ D Z0.p/:

Let Z0 W Rnp �! Rnz be continuous and let f W Œt0; tf � � Rnz � Rnp �! Rnz

satisfy the Lipschitz condition

kf .t; z1; p1/ � f .t; z2; p2/k � L .kz1 � z2k C kp1 � p2k/

for all t 2 Œt0; tf �, z1; z2 2 Rnz , p1; p2 2 Rnp .
Prove that the solution z.t Ip/ depends continuously on p for all t 2 Œt0; tf �, that is

lim
p! Op

z.t Ip/ D z.t I Op/ for all t 2 Œt0; tf �; Op 2 Rnp :

If Z0 is even Lipschitz continuous, then there is a constant S with

kz.t Ip1/ � z.t Ip2/k � Skp1 � p2k for all t 2 Œt0; tf �; p1; p2 2 Rnp :
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Exercise 4.7.9. Prove an analog statement as in Exercise 4.7.8 for Hessenberg DAEs
(1.39) in Definition 1.1.15.

Hint: Use the implicit function theorem and Gronwall’s lemma.

Exercise 4.7.10. Consider the parametric initial value problem

Pz.t/ D f .t; z.t/; p/; z.t0/ D Z0.p/:

Let Z0 W Rnp �! Rnz and f W Œt0; tf � � Rnz � Rnp �! Rnz be continuous with
continuous partial derivatives with respect to z and p. Let z.t Ip/ denote the solution
for a given parameter p.

Prove that the sensitivity S.t/ WD @z.t Ip/
@p

exists and satisfies the sensitivity differen-
tial equation

S.t0/ D Z
0
0.p/;

S 0.t/ D f 0z.t; z.t Ip/; p/ � S.t/C f
0
p.t; z.t Ip/; p/:

Exercise 4.7.11 (Sensitivity Analysis using Sensitivity Equation). Let f W Œt0; tf � �
Rnz �Rnp �! Rnz and Z0 W Rnp �! Rnz be sufficiently smooth functions and

z.t0/ D Z0.p/;

Pz.t/ D f .t; z.t/; p/; t 2 Œt0; tf �;

a parametric initial value problem with solution z.t Ip/.

(a) Write a program that solves the initial value problem and the sensitivity ODE

S.t0/ D Z
0
0.p/;

PS.t/ D f 0z.t; z.t Ip/; p/ � S.t/C f
0
p.t; z.t Ip/; p/; t 2 Œt0; tf �;

simultaneously for the classic 4-stage Runge–Kutta method with Butcher array

0

1=2 1=2

1=2 0 1=2

1 0 0 1

1=6 1=3 1=3 1=6

(b) Use (a) to compute the derivative

d

dp
'.z.tf Ip/; p/:

of the function ' W Rnz �Rnp �! R, .z; p/ 7! '.z; p/.
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Test the program for Œt0; tf � D Œ0; 10�, step-size h D 0:1, '.z1; z2/ WD z21 � z2,
and

z1.0/ D p1;

z2.0/ D p2;

Pz1.t/ D z2.t/;

Pz2.t/ D �
p3

p4
sin.z1.t//

with p1 D �
2
; p2 D 0; p3 D 9:81; p4 D 1.

Exercise 4.7.12. The class of the so-called s-stage SDIRK methods (singly diago-
nally implicit Runge–Kutta method) for the DAE

F.t; z.t/; Pz.t// D 0Rnz

is defined by the Butcher array

� �

c2 a21 �
:::
:::

: : :

cs as1 � � � as;s�1 �

b1 � � � bs�1 bs

Starting from zi � z.ti / 2 Rnz , the integration step ti �! ti C h requires to solve
the nz � s-dimensional nonlinear equation

F.ti C cjh; z
.`/
iC1; k`/ D 0Rnz ; ` D 1; : : : ; s;

where

z
.`/
iC1 D zi C h

�
�k` C

`�1X
jD1

a j̀kj

�
; ` D 1; : : : ; s:

Formulate an algorithm using Newton’s method, which only requires to solve nz-
dimensional nonlinear equations. Why is the algorithm particularly efficient for the
simplified Newton method, which works with a fixed Jacobian matrix?

Exercise 4.7.13. The motion of a ball subject to a linear spring force, linear damping,
and an external force F.t/ obeys the second order differential equation

m Rx.t/C d Px.t/C cx.t/ D F.t/;

where c > 0, d > 0, and m > 0 are constants, compare figure. Boundary values are
given by x.0/ D x0 and x.b/ D xb.
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(a) Discuss the solvability of the boundary value problem for m D d D c D 1 and
F.t/ � 0 with respect to b; x0; xb .

(b) Consider the initial value problem

Rx.t/C Px.t/C x.t/ D 0; x.0/ D 1; Px.0/ D ˇ:

Formulate an equation r.ˇ/ D 0, such that the solution of the initial value
problem (as a function of ˇ) solves the boundary value problem for b D 1,
x0 D xb D 1.

(c) Apply Newton’s method to solve the equation r.ˇ/ D 0 in (b).

Exercise 4.7.14 (Finite Difference Approximation). Consider the boundary value
problem

� Rx.t/ D .1C t2/ x.t/C 1 for all t 2 Œ�1; 1�;

x.�1/ D x.1/ D 0:

(a) Derive a formula for the approximation of Rx.ti /, i D 1; : : : ; N �1, using central
finite differences on the grid GN D ¹ti WD �1C ih j i D 0; : : : ; N º with step-
size h WD 2=N . Use the boundary values at t D �1 and t D 1.

(b) Introduce the formulas into the differential equation and formulate the result-
ing system of linear equations for the approximations x1; : : : ; xN�1 2 R of
x.t1/; : : : ; x.tN�1/.

(c) Solve the linear equation for N D 5; 10; 20; 40; 80; 160; 320 and estimate the
order of convergence numerically.
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Exercise 4.7.15. Consider Example 3.1.13 in Subsection 3.1.3. Solve the boundary
value problem

Px1.t/ D u.t/ � y.t/; x1.0/ D x1.1/ D 0;

Px2.t/ D u.t/; x2.0/ D �x2.1/ D 1;

Px3.t/ D �x2.t/; x3.0/ D 0;

P	f;1.t/ D 0;

P	f;2.t/ D 	f;3.t/C 	g.t/;

P	f;3.t/ D 0; 	f;3.1/ D 0;

0 D x1.t/C x3.t/;

0 D �	f;1.t/ � 	g.t/;

0 D u.t/C 	f;1.t/C 	f;2.t/C 	g.t/

by the single shooting method.



Chapter 5

Discretization of Optimal Control Problems

The indirect approach, which is based on solving boundary value problems resulting
from a minimum principle, see Section 4.6, usually leads to highly accurate numer-
ical solutions, provided that the multiple shooting method (or any other method for
boundary value problems) converges. It occasionally suffers from two major draw-
backs, though. The first drawback is that a very good initial guess for the approximate
solution is needed in order to achieve convergence. The construction of a good initial
guess is complicated, since this requires among other things a good estimate of the
switching structure of the problem. The second drawback lies in the fact that for high
dimensional systems, it is often cumbersome and it requires sophisticated knowledge
of necessary or sufficient conditions to set up the optimality system, even if algebra
packages like Maple are used.

In contrast to indirect methods, the direct methods, see [35,87,107,142], are based
on a suitable discretization of the infinite dimensional optimal control problem. The
resulting finite dimensional optimization problem can be solved by suitable methods
from nonlinear programming, for instance sequential quadratic programming (SQP).
This approach is particularly advantageous for large scale problems and for users that
do not have deep insights in optimal control theory. Moreover, numerical experiences
show that direct methods are robust and sufficiently accurate as well. Furthermore,
by comparing the necessary conditions for the discretized problem with those of the
original problem it is possible to derive approximations for adjoint variables based
on the multipliers of the discretized problem. Consequently, direct and indirect ap-
proaches can often be combined by using the direct approach for finding an accurate
initial guess (including switching structure and adjoints) for the indirect approach.

In the sequel we will focus on the direct discretization approach for DAE optimal
control problems. The aim of this section is to develop a general framework for the
numerical solution of such problems. Therefore, the statement of the optimal con-
trol problem is kept as general as possible without assuming a special structure of
the DAE in advance. Hence, as in Chapter 4, most of the time we will deal with
general DAEs. This has the notational advantage that we do not have to distinguish
between differential and algebraic variables as far as it is not essential. For numerical
computations, however, there are certain restrictions. First of all, from Chapter 3 we
can draw the conclusion that control and algebraic variables have the same properties
(both are L1-functions). Hence, it makes no sense—at least theoretically—to allow
that ' and  in the following Problem 5.0.1 depend on pointwise evaluations of the
algebraic variables. Secondly, the numerical computation of consistent initial values
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only works efficiently for certain subclasses of the DAE (5.1) like Hessenberg DAEs
in Definition 1.1.15. Thirdly, as it has been mentioned already in Chapter 4, numerical
methods again only work well for certain subclasses of (5.1), for instance Hessenberg
DAEs up to index three. Keeping these restrictions in mind, we consider

Problem 5.0.1 (General DAE Optimal Control Problem). Let I WD Œt0; tf � 	 R be a
compact interval with fixed time points t0 < tf and let

' W Rnz �Rnz �! R;

F W I �Rnz �Rnz �Rnu �! Rnz ;

c W I �Rnz �Rnu �! Rnc ;

s W I �Rnz �! Rns ;

 W Rnz �Rnz �! Rn 

be sufficiently smooth functions.

Minimize

'.z.t0/; z.tf //

with respect to z W I �! Rnz and u W I �! Rnu subject to the constraints

F.t; z.t/; Pz.t/; u.t// D 0Rnz a.e. in I; (5.1)

 .z.t0/; z.tf // D 0Rn ; (5.2)

c.t; z.t/; u.t// � 0Rnc a.e. in I; (5.3)

s.t; z.t// � 0Rns in I: (5.4)

5.1 Direct Discretization Methods

Direct discretization methods are based on a discretization of the infinite dimensional
optimal control problem. The resulting discretized problem will be a finite dimen-
sional optimization problem. All subsequently discussed methods work on the (not
necessarily equidistant) grid

GN WD ¹t0 < t1 < � � � < tN D tf º (5.5)

with step sizes hj D tjC1�tj ; j D 0; : : : ; N�1, and mesh-size h WD maxjD0;:::;N�1hj .
Often, GN will be an equidistant partition of the interval Œt0; tf �with constant step size
h D .tf � t0/=N and grid points ti D t0 C ih, i D 0; : : : ; N .
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A direct discretization method is essentially defined by the following operations:

(a) Control discretization:
The control space Lnu1 .I/ is replaced by some M -dimensional subspace

UM 	 Lnu1 .I/;

where M 2 N is finite. The dimension M usually depends on the number N of
intervals in GN , i.e. M D O.N /.

Let B WD ¹B1; : : : ; BM º be a basis of UM . Then every uM 2 UM is defined
by

uM .�/ WD

MX
iD1

wiBi .�/ (5.6)

with coefficients w WD .w1; : : : ; wM /
> 2 RM . The dependence on the vector

w is indicated by the notation

uM .t/ WD uM .t Iw/ WD uM .t Iw1; : : : ; wM /: (5.7)

Furthermore, we may identify uM and w.

(b) State discretization:
The DAE is discretized by a suitable discretization scheme, for instance a one-
step method in Definition 4.1.11 or a multi-step method (4.16).

(c) Constraint discretization:
The control and state constraints are only evaluated on the grid GN .

(d) Optimizer:
The resulting discretized optimal control problem has to be solved numerically,
for instance by the SQP method in Section 5.2.2.

(e) Calculation of derivatives:
Gradient based optimizers need the gradient of the objective function and the
Jacobian of the constraints. Derivatives can be obtained in different ways, for
instance through finite difference approximations, by solving sensitivity or ad-
joint equations, or by algorithmic differentiation.

In the sequel we illustrate the direct discretization method with the generic one-step
method in Definition 4.1.11, which is supposed to be appropriate for the DAE (5.1).

For a given consistent initial value zN .t0/ and a given control approximation uM
as in (5.6) and (5.7) the one-step method generates values

zN .tjC1/ D zN .tj /C hjˆ.tj ; zN .tj /; w; hj /; j D 0; 1; : : : ; N � 1:

Notice that ˆ depends on the control parameterization w.
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We distinguish two approaches for the discretization of Problem 5.0.1: the full
discretization approach and the reduced discretization approach. Both approaches
use a procedure for the calculation of a consistent initial value

Z0 W R
nz �RM �! Rnz ; .z0; w/ 7! Z0.z0; w/;

that maps a given control parameterization w and some guess z0 of a consistent initial
value into the set of consistent initial values. It is assumed throughout that such a
method is available, for instance the projection method in Section 4.5.1 can be used
for Hessenberg DAEs.

5.1.1 Full Discretization Approach

We obtain a full discretization of the optimal control problem 5.0.1 by replacing the
DAE by the one-step method and discretizing the constraints on the grid GN :

Problem 5.1.1 (Full Discretization).

Minimize

'.z0; zN /

with respect to zN W GN �! Rnz , ti 7! zN .ti / DW zi , and w 2 RM subject to the
constraints

Z0.z0; w/ � z0 D 0Rnz ;

zj C hjˆ.tj ; zj ; w; hj / � zjC1 D 0Rnz ; j D 0; 1; : : : ; N � 1;

 .z0; zN / D 0Rn ;

c.tj ; zj ; uM .tj Iw// � 0Rnc ; j D 0; 1; : : : ; N;

s.tj ; zj / � 0Rns ; j D 0; 1; : : : ; N:

Remark 5.1.2. Alternative full discretization methods, which do not use the consis-
tency map Z0, arise by imposing additional constraints, which restrict initial values
to the set of consistent initial values. To this end, for Hessenberg DAEs the constraint
Z0.z0; w/ D z0 can be replaced by the hidden algebraic constraints (4.30)–(4.31) in
order to guarantee consistency. For higher index DAEs it might be necessary to per-
form an index reduction before the full discretization takes place. Otherwise numer-
ical tests suggest that, depending on the discretization, solutions do not obey hidden
constraints.

Problem 5.1.1 is a finite dimensional optimization problem of type

Minimize J. Nz/ with respect to Nz 2 Rn Nz subject to

G. Nz/ � 0RnG ; H. Nz/ D 0RnH (5.8)
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with

Nz WD .z0; z1; : : : ; zN ; w/
> 2 Rnz.NC1/CM ;

J. Nz/ WD '.z0; zN /;

G. Nz/ WD

0
BBBBBBBB@

c.t0; z0; uM .t0Iw//
:::

c.tN ; zN ; uM .tN Iw//

s.t0; z0/
:::

s.tN ; zN /

1
CCCCCCCCA
2 R.ncCns/.NC1/;

H. Nz/ WD

0
BBBBB@

Z0.z0; w/ � z0
z0 C h0ˆ.t0; z0; w; h0/ � z1

:::

zN�1 C hN�1ˆ.tN�1; zN�1; w; hN�1/ � zN
 .z0; zN /

1
CCCCCA 2 Rnz.NC1/Cn :

The size of Problem (5.8) depends on nz , ns , nc , n , N , and M and can become
very large. In practice dimensions up to a million of optimization variables and con-
straints, or even more, are not unrealistic. On the other hand, it is easy to compute
derivatives with respect to the optimization variable Nz:

J 0. Nz/ D .'0z0 j 0
>
Rnz j � � � j 0

>
Rnz j '

0
zf
j 0>RM /; (5.9)

G0. Nz/ D

0
BBBBBBBBBBBBBB@

c0z Œt0� c0uŒt0� � u
0
M;w .t0Iw/

: : :
: : :

c0zŒtN � c0uŒtN � � u
0
M;w.tN Iw/

s0z Œt0�

: : : ‚

s0zŒtN �

1
CCCCCCCCCCCCCCA
; (5.10)

H 0. Nz/ D

0
BBBBBBBBBB@

Z00;z0 � Inz Z00;w

M0 �Inz h0ˆ
0
w Œt0�

: : :
:::

MN�1 �Inz hN�1ˆ
0
w ŒtN�1�

 0z0  0zf ‚

1
CCCCCCCCCCA
; (5.11)

where Mj WD Inz C hjˆ
0
z.tj ; zj ; w; hj /, j D 0; : : : ; N � 1.
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The optimization problem in (5.8) is large-scale, but the gradient and the Jaco-
bians in (5.9)–(5.11) exhibit a sparse structure, which has to be exploited in numerical
optimization algorithms using appropriate techniques from numerical linear algebra,
see [26, 27] and the comments in Section 5.2.2.

5.1.2 Reduced Discretization Approach

The reduced discretization approach is based on the full discretization 5.1.1, but the
equations resulting from the one-step method are not explicitly imposed as equality
constraints in the discretized optimization problem. Instead it is exploited that ziC1 is
completely defined by .ti ; zi ; w/ and the one-step equations can be solved recursively:

Qz0 D Z0.z0; w/;

z1 D Qz0 C h0ˆ.t0; Qz0; w; h0/

D Z0.z0; w/C h0ˆ.t0; Z0.z0; w/; w; h0/

DW Z1.z0; w/;

z2 D z1 C h1ˆ.t1; z1; w; h1/

D Z1.z0; w/C h1ˆ.t1; Z1.z0; w/; w; h1/

DW Z2.z0; w/;

:::

zN D zN�1 C hN�1ˆ.tN�1; zN�1; w; hN�1/

D ZN�1.z0; w/C hN�1ˆ.tN�1; ZN�1.z0; w/; w; hN�1/

DW ZN�1.z0; w/:

(5.12)

Of course, (5.12) is just the formal procedure of solving the DAE for given consistent
initial value and control parameterization w. Herein, the procedure for computing a
consistent initial value Z0.z0; w/ for z0 and w is used again. We obtain:

Problem 5.1.3 (Reduced Discretization). Minimize

'.Z0.z0; w/;ZN .z0; w//

with respect to z0 2 Rnz and w 2 RM subject to the constraints

 .Z0.z0; w/;ZN .z0; w// D 0Rn ;

c.tj ; Zj .z0; w/; uM .tj Iw// � 0Rnc ; j D 0; 1; : : : ; N;

s.tj ; Zj .z0; w// � 0Rns ; j D 0; 1; : : : ; N:
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Remark 5.1.4. An alternative reduced discretization method, which does not use the
consistency map Z0, is obtained by using the relaxation method in Section 4.5.2.
Herein, consistency is ensured by modifying the DAE and by imposing additional
constraints as described in Section 4.5.2.

Problem 5.1.3 is again a finite dimensional nonlinear optimization problem of type
(5.8) with

Nz WD .z0; w/
> 2 RnzCM ;

J. Nz/ WD '.Z0.z0; w/;ZN .z0; w//; (5.13)

G. Nz/ WD

0
BBBBBBBB@

c.t0; Z0.z0; w/; uM .t0Iw//
:::

c.tN ; ZN .z0; w/; uM .tN Iw//

s.t0; Z0.z0; w//
:::

s.tN ; ZN .z0; w//

1
CCCCCCCCA
2 R.ncCns/.NC1/; (5.14)

H. Nz/ WD  .Z0.z0; w/;ZN .z0; w// 2 Rn : (5.15)

The size of Problem 5.1.3 is small compared to Problem 5.1.1, since most of the
equality constraints as well as the variables z1; : : : ; zN are eliminated. Just the ini-
tial value z0 remains an optimization variable. Unfortunately, the derivatives are not
sparse anymore and it is more involved to compute them by the chain rule:

J 0. Nz/ D .'0z0 �Z
0
0;z0
C '0zf �Z

0
N;z0
j '0z0 �Z

0
0;w C '

0
zf
�Z0N;w/; (5.16)

G 0. Nz/ D

0
BBBBBBBBBBBBBBBBBBB@

c0zŒt0� �Z
0
0;z0

c0zŒt0� �Z
0
0;w C c

0
uŒt0� � u

0
M;w.t0Iw/

c0zŒt1� �Z
0
1;z0

c0zŒt1� �Z
0
1;w C c

0
uŒt1� � u

0
M;w.t1Iw/

:::
:::

c0zŒtN � �Z
0
N;z0

c0zŒtN � �Z
0
N;w C c

0
uŒtN � � u

0
M;w.tN Iw/

s0zŒt0� �Z
0
0;z0

s0z Œt0� �Z
0
0;w

s0zŒt1� �Z
0
1;z0

s0z Œt1� �Z
0
1;w

:::
:::

s0zŒtN � �Z
0
N;z0

s0zŒtN � �Z
0
N;w

1
CCCCCCCCCCCCCCCCCCCA

; (5.17)

H 0. Nz/ D . 0z0 �Z
0
0;z0
C  0zf �Z

0
N;z0
j  0z0 �Z

0
0;w C  

0
zf
�Z0N;w/: (5.18)

The sensitivities

Z0i;z0.z0; w/; Z0i;w.z0; w/; i D 0; : : : ; N; (5.19)

will be computed in Section 5.3.
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Remark 5.1.5. Based on the same ideas it is possible and often necessary to extend
the reduced discretization method to a reduced multiple shooting method by intro-
ducing multiple shooting nodes. Details can be found in [106, 107]. Related meth-
ods based on the multiple shooting idea are discussed in [28, 66, 158, 198, 246, 289,
298].

5.1.3 Control Discretization

Control parameterizations can be obtained in various ways. Some authors use in-
terpolating cubic splines, see [175], Hermite polynomials, see [19], or polynomials,
see [167, 272]. These parameterizations have in common that the components of the
control parameter w influence the parameterized control function on the whole time
interval, that is, changing one component wi of w usually affects uM .t Iw/ for all
t 2 I. This may lead to numerical instabilities, especially if the optimal control is not
smooth, and in addition sparsity of the derivative u0

M;w.�Iw/ is destroyed.
Owing to these potential drawbacks, a control parameterization with basis functions

having local support is preferred in the sequel. To this end, B-spline representations
are found to be particularly useful.

Definition 5.1.6 (B-Spline). Let k 2 N and GN as in (5.5). Define the auxiliary grid

GkN WD ¹�i j i D 1; : : : ; N C 2k � 1º (5.20)

with auxiliary grid points

�i WD

8<
:
t0; if 1 � i � k;
ti�k; if k C 1 � i � N C k � 1;
tN ; if N C k � i � N C 2k � 1:

The elementary B-splines Bki .�/ of order k, i D 1; : : : ; N C k � 1, are defined by the
recursion

B1i .t/ WD

´
1; if �i � t < �iC1;

0; otherwise;

Bki .t/ WD
t � �i

�iCk�1 � �i
Bk�1i .t/C

�iCk � t

�iCk � �iC1
Bk�1iC1 .t/:

(5.21)

Herein, the convention 0=0 D 0 is used whenever auxiliary grid points coincide in the
recursion (5.21).

The evaluation of the recursion (5.21) is well-conditioned, see [69]. The elemen-
tary B-splines Bki .�/, i D 1; : : : ; N C k � 1, restricted to the intervals Œtj ; tjC1�,
j D 0; : : : ; N � 1, are polynomials of degree at most k � 1, i.e.

Bki .�/
ˇ̌
Œtj ;tjC1�

2 Pk�1.Œtj ; tjC1�/;
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and they form a basis of the space of splines

®
s.�/ 2 Ck�2.I/

ˇ̌
s.�/jŒtj ;tjC1� 2 Pk�1.Œtj ; tjC1�/ for j D 0; : : : ; N � 1

¯
:

Obviously, the elementary B-splines are essentially bounded, i.e. Bki .�/ 2 L1.I/.
For k 
 2 it holds Bki .�/ 2 Ck�2.I/ and for k 
 3 the derivative obeys the

recursion

d

dt
Bki .t/ D

k � 1

�iCk�1 � �i
Bk�1i .t/ �

k � 1

�iCk � �iC1
Bk�1iC1 .t/:

Furthermore, the elementary B-splines possess local support supp.Bki / 	 Œ�i ; �iCk�

with

Bki .t/

´
> 0; if t 2 .�i ; �iCk/;

D 0; otherwise;
for k > 1:

The cases k D 1 or k D 2 frequently occur in numerical computations. For k D 1
the elementary B-splines are piecewise constant functions, while for k D 2 we obtain
the continuous and piecewise linear functions

B2i .t/ D

8̂̂̂
<
ˆ̂̂:

t��i
�iC1��i

; if �i � t < �iC1;

�iC2�t
�iC2��iC1

; if �iC1 � t < �iC2;

0; otherwise:

In some situations it might be necessary to have a continuously differentiable function,
e.g.

B3i .t/ D

8̂̂̂
ˆ̂̂̂<
ˆ̂̂̂̂̂
:̂

.t��i /
2

.�iC2��i /.�iC1��i /
; if t 2 Œ�i ; �iC1/;

.t��i /.�iC2�t/

.�iC2��i /.�iC2��iC1/
C

.�iC3�t/.t��iC1/

.�iC3��iC1/.�iC2��iC1/
; if t 2 Œ�iC1; �iC2/;

.�iC3�t/
2

.�iC3��iC1/.�iC3��iC2/
; if t 2 Œ�iC2; �iC3/;

0; otherwise:

Figure 5.1 visualizes B-splines of orders k D 2; 3; 4.
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Figure 5.1. B-splines of order k D 2 (left), k D 3 (middle), and k D 4 (right) with Œt0; tf � D
Œ0; 1� and N D 5 on an equidistant grid.

A control parameterization is obtained by choosing uM .�/ for some fixed k 2 N
and a given grid GN with N 2 N from the set

UM WD
°NCk�1X

iD1

wi B
k
i .�/

ˇ̌̌
wi 2 Rnu ; i D 1; : : : ; N C k � 1

±
: (5.22)

The number k 2 N controls the smoothness of the control parameterization. Each
uM .�/ 2 UM is determined by M WD nu.N C k � 1/ control parameters
w WD .w1; : : : ; wNCkC1/ 2 Rnu.NCk�1/ and hence UM is a finite dimensional
subspace of Lnu1 .I/. The dependence on the vector w is indicated by the notation

uM .t/ WD uM .t Iw/ WD uM .t Iw1; : : : ; wNCk�1/:

The coefficients wi , i D 1; : : : ; NCk�1, are known as de Boor points. Most authors
prefer k D 1 (piecewise constant approximation) or k D 2 (continuous and piecewise
linear approximation), in which cases the de Boor points wi satisfy wiC1 D uM .ti /,
i D 0; : : : ; N � 1, and in addition wNC1 D uM .tN / if k D 2.

The choice of B-splines has two major advantages from the numerical point of view.
Firstly, it is easy to create approximations with prescribed smoothness properties. Sec-
ondly, the de Boor pointwi influences the function value uM .t/ only for t 2 Œ�i ; �iCk�
due to the local support of Bki . This property leads to sparsity patterns in the Jacobian
of the constraints. The exploitation of this sparsity reduces the computational effort
for the numerical solution of the discretized problems considerably, see [106, 107].

Of course, alternative control parameterizations can be constructed as well. But the
following example shows that the choice of a control parameterization may lead into
pitfalls. Suppose we would like to use the modified Euler scheme with Butcher array

0 0 0

1=2 1=2 0

0 1

(5.23)
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for the discretization of an ODE. This method requires function evaluations at the time
points ti and ti C h=2. In particular, the method uses the control values ui WD uM .ti /
and uiC1=2 WD uM .ti C h=2/. Instead of choosing a piecewise constant control ap-
proximation on GN we might have the idea of treating ui and uiC1=2 as independent
optimization variables in the discretized optimal control problem. Although this strat-
egy seems to be reasonable as it provides more degrees of freedom than a piecewise
constant control approximation, the following example shows that this strategy may
fail.

Example 5.1.7 ( [146, p. 272]). Consider the following optimal control problem:

Minimize

1

2

Z 1

0

u.t/2 C 2z.t/2dt

subject to the constraints

Pz.t/ D
1

2
z.t/C u.t/; z.0/ D 1:

The optimal solution is

Oz.t/ D
2 exp.3t/C exp.3/

exp.3t=2/.2C exp.3//
; Ou.t/ D

2.exp.3t/ � exp.3//

exp.3t=2/.2C exp.3//
:

We consider the modified Euler method (5.23) and Heun’s method defined by

0 0 0

1 1 0

1=2 1=2

Table 5.1 shows the error in z in the norm k � k1 for Heun’s method. The order of
convergence is two.

N Error in z Order
10 0:2960507253983891E � 02 –
20 0:7225108094129906E � 03 2.0347533
40 0:1783364646560370E � 03 2.0184174
80 0:4342336372986644E � 04 2.0380583

160 0:9861920395981549E � 05 2.138531
320 0:2417855093361787E � 05 2.0281408

Table 5.1. Error for Heun’s method.
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Table 5.2 shows the error in z in the norm k � k1 for modified Euler’s method, if
the control is discretized at ti and ti C h=2 with independent optimization variables
ui and uiC1=2.

N Error in z Order
10 0:4254224673693650E C 00 –
20 0:4258159920666613E C 00 �0:0013339

40 0:4260329453139864E C 00 �0:0007349

80 0:4260267362368171E C 00 0:0000210

160 0:4261445411996390E C 00 �0:0003989

320 0:4260148465889140E C 00 0:0004391

Table 5.2. Error for modified Euler method with independent optimization variables at ti and
tiC1=2.

There is no convergence at all. Figure 5.2 shows the numerical solution forN D 40.
The control u oscillates strongly between 0 at ti C h=2 and approximately �1=.2h/
at ti .
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Figure 5.2. Oscillating control for modified Euler method and N D 40.

Now we use a piecewise constant control approximation in the modified Euler
method and obtain the error in Table 5.3. For this control approximation the modi-
fied Euler method converges of second order!

N Error in z Order
10 0:3358800781952942E � 03 –
20 0:8930396513584515E � 04 1.9111501
40 0:2273822819465199E � 04 1.9736044
80 0:5366500129055929E � 05 2.0830664

160 0:1250729642299220E � 05 2.1012115
320 0:7884779272826492E � 06 0.6656277

Table 5.3. Error for modified Euler method with piecewise constant control approximation.
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5.2 A Brief Introduction to Sequential Quadratic
Programming

The full discretization method in Problem 5.1.1 and the reduced discretization method
in Problem 5.1.3 both lead to constrained nonlinear optimization problems that have
to be solved numerically. In essence, any method for constrained nonlinear optimiza-
tion problems can be applied. The most popular methods are sequential quadratic
programming (SQP), interior-point methods, and multiplier-penalty methods, which
exist in different versions and are described in most textbooks on nonlinear optimiza-
tion methods, see [6, 21, 61, 90, 92, 105, 132, 245, 294].

Typically, these main algorithmic frameworks are enriched by globalization tech-
niques to achieve convergence from arbitrary starting points, such as line-search meth-
ods using merit functions, trust-region methods, or filter methods. All of these ap-
proaches are well investigated in view of their mathematical convergence properties.
Most of them show at least global convergence to first-order stationary points and
locally superlinear convergence under appropriate assumptions.

It is important to distinguish between the mathematical method and the implementa-
tion of the method. From a purely mathematical point of view, none of the approaches
can be considered superior to the remaining ones on a sufficiently large test-set. So,
the practical performance of a method depends to a large extend on the specific im-
plementation and its strategies to deal with ill-conditioning, rank deficiencies, bad
scaling, remote starting points, inaccurate derivatives, and large-scale and sparse prob-
lems.

Problems 5.1.1 and 5.1.3 require different implementations of methods owing to
their structural differences. While Problem 5.1.1 is large-scale, but sparse with poten-
tially millions of variables and constraints, Problem 5.1.3 is medium-scale, but dense
with at most 5000 variables and constraints in most applications.

Among the many different approaches we focus on the Lagrange–Newton method
and the SQP method. The SQP method has shown its capability in many applications
and is discussed in, e.g., [6, 85, 105, 132, 150, 262, 285, 286, 297]. The SQP-Method
exists in several implementations, e.g. [130,131,175,287]. Special adaptations of the
SQP method to discretized optimal control problems are described in [27,86,129,288,
295].

A recent implementation of an SQP method for large-scale and sparse nonlinear
optimization problems called WORHP can be obtained under www.worhp.de.

5.2.1 Lagrange–Newton Method

Consider the equality constrained nonlinear optimization problem:

Problem 5.2.1. Let J;Hj W Rn Nz �! R, j D 1; : : : ; nH , be twice continuously
differentiable and H WD .H1; : : : ;HnH /

>.
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Minimize J. Nz/ with respect to Nz 2 Rn Nz subject to the constraints

Hj . Nz/ D 0; j D 1; : : : ; nH :

Let ONz be a local minimum of Problem 5.2.1 and let the gradients rHj . ONz/,
j D 1; : : : ; nH , be linearly independent, compare Definition 2.3.38. Then according
to Corollary 2.3.39 there exist multipliers `0 D 1 and O	 D . O	1; : : : ; O	nH /

> 2 RnH

such that

rzL.ONz; `0; O	/ D 0RnNz ;

H. ONz/ D 0RnH ;

where L.Nz; `0; 	/ D `0J. Nz/ C 	>H. Nz/ denotes the Lagrange function of Prob-
lem 5.2.1. This is a nonlinear equation for ONz and O	 and we can rewrite it as

T . ONz; O	/ D 0RnNzCnH ; (5.24)

where T W RnNz �RnH �! Rn NzCnH (with `0 D 1) is defined by

T . Nz; 	/ WD

�
r NzL.Nz; `0; 	/

H.z/

�
:

Application of Newton’s method to (5.24) yields

Algorithm 5.2.2 (Lagrange–Newton Method).

(0) Choose Nz.0/ 2 Rn Nz and 	.0/ 2 RnH and set k WD 0.

(1) If T . Nz.k/; 	.k// D 0RnNzCnH , STOP.

(2) Solve the linear equation (with `0 D 1)

�
L00Nz Nz. Nz

.k/; `0; 	
.k// H 0. Nz.k//>

H 0. Nz.k// ‚

��
d

v

�
D �

�
r NzL.Nz

.k/; `0; 	
.k//

H. Nz.k//

�
(5.25)

and set

Nz.kC1/ WD Nz.k/ C d; 	.kC1/ WD 	.k/ C v: (5.26)

(3) Set k WD k C 1 and go to (1).
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The well-known convergence results for Newton’s method yield

Theorem 5.2.3 (Local Convergence of Lagrange–Newton Method). Assumptions:

(a) Let . ONz; O	/ be a KKT point.

(b) Let J , Hj , j D 1; : : : ; nH , be twice continuously differentiable with Lipschitz
continuous second derivatives J 00 and H 00j , j D 1; : : : ; nH .

(c) Let the KKT matrix (with `0 D 1) 
L00Nz Nz.

ONz; `0; O	/ H
0. ONz/>

H 0. ONz/ ‚

!
(5.27)

be non-singular.

Then there exists " > 0 such that the Lagrange–Newton method converges for all
. Nz.0/; 	.0// 2 B". ONz; O	/. Furthermore, there exists a constant C 
 0 such that

k. Nz.kC1/; 	.kC1// � . ONz; O	/k � Ck. Nz.k/; 	.k// � . ONz; O	/k2

for all sufficiently large k, i.e. the convergence is quadratic.

Remark 5.2.4. The so-called KKT matrix in (5.27) is non-singular, if the following
conditions are satisfied:

(a) The gradients rHj . ONz/, j D 1; : : : ; nH , are linearly independent.

(b) It holds

v>L00Nz Nz.
ONz; `0; O	/v > 0 for all v 2 RnNz ; v 6D 0RnNz ; with H 0. ONz/v D 0RnH :

These conditions are actually sufficient for local minimality of ONz, compare Theo-
rem 6.1.3 in Section 6.1.1.

5.2.2 Sequential Quadratic Programming (SQP)

The SQP method can be considered an extension of the Lagrange–Newton method
for optimization problems with inequality constraints. We start with an observation
regarding the linear equation (5.25) in step (2) of Algorithm 5.2.2. This equation
can be obtained in a different way. To this end, consider the equality constrained
optimization problem 5.2.1 and approximate it locally at . Nz.k/; 	.k// by the following
quadratic optimization problem with `0 D 1:

Minimize

1

2
d>L00Nz Nz. Nz

.k/; `0; 	
.k//d CrJ. Nz.k//>d
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with respect to d 2 Rn Nz subject to the constraint

H. Nz.k//CH 0. Nz.k//d D 0RnH :

Evaluation of necessary KKT conditions for the quadratic optimization problem
yields �

L00Nz Nz. Nz
.k/; `0; 	

.k// H 0. Nz.k//>

H 0. Nz.k// ‚

��
d

�

�
D �

�
rJ. Nz.k//

H. Nz.k//

�
:

Subtracting H 0. Nz.k//>	.k/ on both sides of the first equation yields�
L00Nz Nz. Nz

.k/; `0; 	
.k// H 0. Nz.k//>

H 0. Nz.k// ‚

��
d

� � 	.k/

�
D �

�
r NzL.Nz

.k/; `0; 	
.k//

H. Nz.k//

�
:

A comparison with (5.25) reveals that these two linear equations are identical for
v WD � � 	.k/. The new iterates in (5.26) are then given by

Nz.kC1/ WD Nz.k/ C d; 	.kC1/ WD 	.k/ C v D �;

where � denotes the multiplier of the quadratic optimization problem.
We permit inequality constraints and consider

Problem 5.2.5. Let J;Gi ;Hj W RnNz �! R, i D 1; : : : ; nG , j D 1; : : : ; nH , be twice
continuously differentiable and G WD .G1; : : : ; GnG /

>, H WD .H1; : : : ;HnH /
>.

Minimize J. Nz/ with respect to Nz 2 Rn Nz subject to the constraints

Gi . Nz/ � 0; i D 1; : : : ; nG ;

Hj . Nz/ D 0; j D 1; : : : ; nH :

At . Nz.k/; 
.k/; 	.k// a local approximation (with `0 D 1) is given by

Problem 5.2.6 (Quadratic Optimization Problem).

Minimize

1

2
d>L00Nz Nz. Nz

.k/; `0; 

.k/; 	.k//d CrJ. Nz.k//>d

with respect to d 2 Rn Nz subject to the constraints

G. Nz.k//CG0. Nz.k//d � 0RnG ;

H. Nz.k//CH 0. Nz.k//d D 0RnH :
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Sequential quadratic approximation yields

Algorithm 5.2.7 (Local SQP Method).

(0) Choose . Nz.0/; 
.0/; 	.0// 2 Rn Nz �RnG �RnH and set k WD 0.

(1) If . Nz.k/; 
.k/; 	.k// is a KKT point of Problem 5.2.5, STOP.

(2) Compute a KKT point .d .k/; 
.kC1/; 	.kC1// 2 RnNz � RnG � RnH of the
quadratic optimization problem 5.2.6.

(3) Set Nz.kC1/ WD z.k/ C d .k/, k WD k C 1, and go to (1).

Remark 5.2.8.

(a) It is not necessary to know the index set A. ONz/ of active inequality constraints at
a local minimum ONz in advance.

(b) The iterates Nz.k/ are not necessarily admissible for Problem 5.2.5.

(c) There are powerful algorithms for the numerical solution of quadratic optimiza-
tion problems using primal or dual active set methods, see [127, 128, 134, 294],
or interior-point methods, see [126, 306]. The method in [126] is designed for
large-scale and sparse problems.

The local convergence of the SQP method is established in the following theorem,
see [125, Theorem 7.5.4].

Theorem 5.2.9 (Local Convergence of SQP Method). Assumptions:

(a) Let ONz be a local minimum of Problem 5.2.5.

(b) Let J ,Gi , i D 1; : : : ; nG , andHj , j D 1; : : : ; nH , be twice continuously differ-
entiable with Lipschitz continuous second derivatives J 00, G00i , i D 1; : : : ; nG ,
and H 00j , j D 1; : : : ; nH .

(c) Let the linear independence constraint qualification 2.3.38 hold at ONz.

(d) Let the strict complementarity condition O
i � Gi . ONz/ > 0 hold for i 2 A. ONz/,
where 
i denotes the Lagrange multiplier for the i-th inequality constraint.

(e) Let (with `0 D 1)

v>L00Nz Nz.
ONz; `0; O
; O	/v > 0

hold for all v 2 Rn Nz , v 6D 0RnNz , with

G0i .
ONz/v D 0; i 2 A. ONz/; H 0j .

ONz/v D 0; j D 1; : : : ; nH :
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Then there exist neighborhoods U of . ONz; O
; O	/ and V of .0RnNz ; O
; O	/ such that all
quadratic optimization problems 5.2.6 have a unique local solution d .k/ with unique
multipliers 
.kC1/ and 	.kC1/ in V for every . Nz.0/; 
.0/; 	.0// in U .

Moreover, the sequence ¹. Nzk ; 
.k/; 	.k//ºk2N0 converges locally quadratically to

. ONz; O
; O	/.

The convergence result shows that the SQP method converges for starting values
within some neighborhood of a local minimum of Problem 5.2.5. Unfortunately, in
practice this neighborhood is not known and it cannot be guaranteed, that the starting
values are within this neighborhood. Fortunately, the SQP method can be globalized
in the sense that it converges for arbitrary starting values (under suitable conditions).
The idea is to introduce a step-length parameter (or damping parameter) tk > 0 in
step (3) of Algorithm 5.2.7 and to use

Nz.kC1/ D Nz.k/ C tkd
.k/

as new iterate. The step length tk is obtained by performing a so-called line-search
in direction d .k/ for a suitable merit function (or penalty function). The merit func-
tion allows to decide whether the new iterate Nz.kC1/ is in some sense better than the
old iterate Nz.k/. The new iterate is considered to be better than the old one, if ei-
ther a sufficient decrease in the objective function J or an improvement of the total
constraint violation is achieved, while the respective other value is not substantially
declined. Improvement of the iterates is typically measured by one of the following
merit functions, which depend on a penalty parameter ˛ > 0:

(a) The non-differentiable `1-merit function

`1. NzI˛/ WD J. Nz/C ˛

nGX
iD1

max¹0;Gi . Nz/º C ˛
nHX
jD1

jHj . Nz/j

was used in [262].

(b) A differentiable merit function is the augmented Lagrange function

La. Nz; 
; 	I˛/ WD J. Nz/C 	
>H. Nz/C

˛

2
kH. Nz/k2

C
1

2˛

nGX
iD1

..max¹0; 
i C ˛Gi . Nz/º/2 � 
2i /:

Both functions are exact under suitable assumptions, i.e. there exists a finite param-
eter Ǫ > 0, such that every local minimum ONz of Problem 5.2.5 is also a local minimum
of the merit function for all ˛ 
 Ǫ .
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Without specifying all details, a globalized prototype version of the SQP method
employing the `1-merit function and an Armijo rule for step-length determination is
summarized in the following algorithm. The algorithm uses symmetric and positive
definite matrices Bk , k D 0; 1; : : : ; instead of the Hessian matrix L00Nz Nz, since the
true Hessian matrix may be indefinite leading to a non-convex quadratic optimization
problem, which is considerably more difficult to handle than a convex one.

Algorithm 5.2.10 (Globalized SQP Method).

(0) Choose . Nz.0/; 
.0/; 	.0// 2 RnNz � RnG � RnH , B0 2 RnNz�nNz symmetric and
positive definite, ˛ > 0, ˇ 2 .0; 1/, � 2 .0; 1/, and set k WD 0.

(1) If . Nz.k/; 
.k/; 	.k// is a KKT point of Problem 5.2.5, STOP.

(2) Compute a KKT point .d .k/; 
.kC1/; 	.kC1// 2 RnNz � RnG � RnH of the
quadratic programming problem 5.2.6 with L00Nz Nz replaced by Bk .

(3) Adapt ˛ appropriately.

(4) Armijo line-search:

Determine a step size

tk WD max

²
ˇj
ˇ̌̌
ˇ j 2 ¹0; 1; 2; : : :º and
`1. Nz

.k/ C ˇjd .k/I˛/ � `1. Nz
.k/I˛/C �ˇj `01. Nz

.k/I d .k/I˛/

³
:

(5) Matrix update:

Compute a suitable symmetric and positive definite matrix BkC1.

(6) Set Nz.kC1/ WD Nz.k/ C tkd .k/, k WD k C 1, and go to (1).

Remark 5.2.11.

(a) In practical applications a suitable value for the penalty parameter ˛ is not
known a priori. Strategies for adapting ˛ in step (3) of Algorithm 5.2.10 it-
eratively and individually for each constraint can be found in [262, 286].

(b) The quadratic subproblem 5.2.6 may become infeasible owing to the lineariza-
tion of the nonlinear constraints. In this case, the constraints are typically
relaxed using artificial slack variables, see [41, 262]. A convergence analy-
sis for an SQP method using the augmented Lagrange function can be found
in [285, 286].

(c) The line-search procedure using a merit function can be replaced by a filtering
technique, see [93, 94]. Herein, objective function and constraint violation are
decoupled and progress is measured in a multi-criteria fashion for these criteria.
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Depending on the structure of the nonlinear optimization problem 5.2.5, the matri-
ces Bk , k D 0; 1; : : : ; in step (5) of Algorithm 5.2.10 are subject to further require-
ments.

Dense problems

If Problem 5.2.5 is small to medium-scale and dense, where dense refers to the fraction
of non-zero elements in the Jacobian and Hessian matrices, then Bk can be updated
by the modified BFGS update rule

BkC1 WD Bk C
q.k/.q.k//>

.q.k//>s.k/
�
Bks

.k/.s.k//>Bk

.s.k//>Bks
.k/

; (5.28)

where

s.k/ D Nz.kC1/ � Nz.k/;

q.k/ D �k�
.k/ C .1 � �k/Bks

.k/;

�.k/ D r NzL.Nz
.kC1/; `0; 


.k/; 	.k// � r NzL.Nz
.k/; `0; 


.k/; 	.k//;

�k D

´
1; if .s.k//>�.k/ 
 0:2.s.k//>Bks.k/;

0:8.s.k//>Bks
.k/

.s.k//>Bks.k/�.s.k//>�.k/
; otherwise;

see [262]. This update formula guarantees that BkC1 remains symmetric and positive
definite, if Bk was symmetric and positive definite. For �k D 1 the well known BFGS
update formula arises, which is used in variable metric methods (or quasi Newton
methods) for unconstrained optimization.

Large-scale and sparse problems

If Problem 5.2.5 is large-scale and sparse, then the modified BFGS update is not
suitable as it tends to produce dense matrices. One of the following strategies can be
applied instead:

(a) Set Bk WD InNz for k D 0; 1; : : : : The resulting method is a sequential linear
programming (SLP) method. Only a linear convergence rate can be achieved with
this choice.

(b) Use the regularized exact Hessian

Bk WD L
00
Nz Nz. Nz

.k/; `0; 

.k/; 	.k//C �kIn Nz

with �k > 0 sufficiently large, such that positive definiteness of Bk is guaranteed.
This requires efficient techniques to estimate the sparse Hessian matrix, see [25, 60],
and a procedure to choose �k appropriately. More precisely, �k has to be larger than
the modulus of the smallest negative eigenvalue of the Hessian matrix. An estimate
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of the smallest eigenvalue, which often is not very accurate, though, can be obtained
from Gerschgorin circles. Alternatively, �k can be adapted iteratively in a trial-and-
error fashion until Bk turns out to be positive definite. Notice that modern sparse
decomposition methods like MA57 provide information on the inertia of a matrix,
i.e. the number of negative, zero and positive eigenvalues, and thus allow to check
positive definiteness without computing eigenvalues explicitely.

(c) Use a sparse positive definite update formula, see [91, 95]. Such methods are
expensive to realize, though.

(d) Use limited memory BFGS (L-BFGS) in combination with iterative solution
methods, see [245, Section 7.2].

Sparsity also requires tailored methods to solve linear equations that arise during the
solution of the quadratic subproblem 5.2.6. Common iterative techniques like interior-
point methods and active set-methods lead to linear equations with indefinite saddle-
point matrices of type �

B A>

A �D

�
;

where A and B are large-scale and sparse matrices and D is a positive definite di-
agonal matrix. Linear equations with such matrices can be solved either iteratively,
see [274,284], or directly using sparse decomposition methods like MA57, PARDISO,
or SuperLU, see [65, 81, 281–283]. Sparse decomposition methods avoid a fill-in in
the LU-factors by suitable re-ordering strategies, which use permutations of columns
and rows for the matrix to be decomposed. Figure 5.3 illustrates the effect using
the so-called minimium-degree heuristic. If the standard Gaussian LU-decomposition
method is applied directly to a sparse matrix, then the LU-factors tend to be dense
matrices. If re-ordering strategies are applied to the matrix first, then the resulting
LU-factors still tend to be sparse allowing for an efficient solution of sparse linear
equations.

The following example illustrates the application of an SQP method to a discretized
opimal control problem subject to a partial differential equation.

Figure 5.3. From left to right: Matrix A to be decomposed into A D LU , factors L (lower
triangular part in matrix) and U (upper triangular part in matrix), re-ordered matrix QA to be
decomposed into QA D QL QU , factors QL (lower triangular part in matrix) and QU (upper triangular
part in matrix), see [123].



236 Chapter 5 Discretization of Optimal Control Problems

Example 5.2.12 (Boundary Control of the 1D Wave Equation, see [120]). Consider
the one-dimensional wave equation

ut t .x; t/ D c
2uxx.x; t/ in � D .0; L/ � .0; T /; (5.29)

u.x; 0/ D u0.x/ on Œ0; L�; (5.30)

ut .x; 0/ D u1.x/ on Œ0; L�; (5.31)

u.0; t/ D yL.t/ on Œ0; T �; (5.32)

u.L; t/ D yR.t/ on Œ0; T � (5.33)

with constants c, T > 0, L > 0 and given functions u0 and u1. The time dependent
functions yL and yR are supposed to be control functions that are applied on the left
and right boundary of the domain at x D 0 and x D L, respectively, and allow to
influence the wave equation. The wave equation is a hyperbolic partial differential
equation, which models for instance a vibrating string.

The task of controlling the wave equation with minimal effort such that the string
is at rest at time T leads to the following optimal control problem:

Minimize Z T

0

yL.t/
2 C yR.t/

2dt

subject to the wave equation (5.29)–(5.33) and the terminal constraints

u.x; T / D ut .x; T / D 0 on .0; L/:

The problem is discretized using equidistant grids in time and space given by xi WD ih,
i D 0; : : : ;M , h D L=M , and tj D jk, j D 0; : : : ; N , k D T=N with M;N 2 N.
The second derivatives in (5.29) are approximated by the second order finite difference
schemes

uxx.xi ; tj / �
1

h2
.u
j
iC1 � 2u

j
i C u

j
i�1/; ut t .xi ; tj / �

1

k2
.u
jC1
i � 2u

j
i C u

j�1
i /

with uji � u.xi ; tj / for i D 1; : : : ;M � 1, j D 1; : : : ; N � 1.
Introducing these approximations into (5.29) leads to

u
jC1
i D 2.1 � ˛2/u

j
i C ˛

2.u
j
iC1 C u

j
i�1/ � u

j�1
i (5.34)

for i D 1; : : : ;M � 1, j D 1; : : : ; N � 1, where ˛ WD ck=h.
Condition (5.31) is approximated by second order central finite differences

u1.xi / D ut .xi ; t0/ �
1

2k
.u1i � u

�1
i /; i D 1; : : : ;M � 1;
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which involves the approximation u�1i at an artificial time point t�1. Combining this
with (5.34) and elimination of u�1i using the combined relation leads to the conditions

u1i D .1 � ˛
2/u0i C

˛2

2
.u0iC1 C u

0
i�1/C ku1.xi /; i D 1; : : : ;M � 1: (5.35)

With these approximations we obtain the following fully discretized problem:

Minimize

k

N�1X
jD0

.y
j
L
/2 C .y

j
R
/2

with respect to uji , i D 0; : : : ;M , j D 0; : : : ; N , and yj
L

, yj
R

, j D 0; : : : ; N ,
subject to the constraints (5.34), (5.35), and

u0i D u0.xi /; i D 1; : : : ;M � 1;

u
j
0 D y

j
L; j D 0; : : : ; N;

u
j
M D y

j
R; j D 0; : : : ; N;

uNi D 0; i D 1; : : : ;M � 1;

1

k
.uNi � u

N�1
i / D 0; i D 1; : : : ;M � 1:

We choose the particular data T D 2� , L D � , c D 1, u0.x/ D sin.x/,
u1.x/ D cos.x/, compare [120, Example 2]. Figure 5.4 shows the numerical so-
lution of the discretized problem for h D k D �=140, which coincides with the
exact solution of this problem except at initial and final time and at the point of non-
differentiability of yL and yR.

Figure 5.5 shows the controls yL and yR.
The SQP method with modified BFGS update, which has been used to solve the

discretized problem, generates the following output:

Iter J(z) feasibility step size optimality
--------------------------------------------------------

0 5.620000e+002 2.328e+001 4.756e+001
1 5.824771e+002 1.107e-004 1.000e+000 2.342e+000
2 2.088953e+001 9.561e-005 1.000e+000 3.190e-001
3 2.087705e+001 2.536e-013 1.000e+000 1.051e-005
4 2.087705e+001 1.299e-013 7.000e-001 4.182e-006
5 2.087705e+001 1.373e-013 1.000e+000 4.143e-007
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Figure 5.4. Controlling the wave equation to rest using boundary controls.
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Figure 5.5. Comparison of exact and approximate boundary controls.

5.3 Calculation of Derivatives for Reduced Discretization

The application of the SQP method to the discretized optimal control problems 5.1.1
and 5.1.3, respectively, is straightforward provided the derivatives J 0, G0, H 0, and
L00Nz Nz are available. Efficient procedures for the calculation of the Hessian matrix L00Nz Nz
for a large-scale and sparse problem such as Problem 5.1.1 are beyond the scope of
this book and can be found in [25,60]. For dense problems such as Problem 5.1.3 it is
assumed that the Hessian is replaced by the modified BFGS update formula in (5.28).

Hence, we focus on the calculation of J 0, G0, H 0. In case of the full discretization
approach 5.1.1, the derivatives J 0, G0, H 0 are easily computed according to (5.9)–
(5.11), but for the reduced discretization approach 5.1.3 it is more involved to compute
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these derivatives, since sensitivity information of the numerical solution with respect
to parameters is required, compare [56, 57, 88, 111, 169, 217].

Different approaches exist:

(a) The sensitivity differential equation approach is advantageous if the number of
constraints is (much) larger than the number of variables in the discretized problem.

(b) The adjoint equation approach is preferable if the number of constraints is less
than the number of variables in the discretized problem.

(c) A powerful tool for the evaluation of derivatives is algorithmic differentiation.
This approach assumes that the evaluation of a function is performed by a Fortran or
C procedure (or any other supported programming language). Algorithmic differenti-
ation means that the complete procedure is differentiated step by step using, roughly
speaking, chain and product rules. The result is again a Fortran or C procedure that
provides the derivative of the function. Essentially, the so-called forward mode in al-
gorithmic differentiation corresponds to the sensitivity equation approach, while the
backward mode corresponds to the adjoint approach. Further details can be found on
the web page www.autodiff.org and in [140, 141].

(d) The approximation by finite differences is straightforward, but has the drawback
of being computationally expensive and often suffers from low accuracy. Neverthe-
less, this approach is often used, if some solver depending on optimization variables
is used as a black box inside an algorithm.

The first two approaches for calculating derivatives in the reduced discretization
approach are discussed in detail subsequently. For both approaches there is a discrete
version dealing with the discretized dynamics only and a continuous version dealing
with the dynamics as a function of time directly. The continuous version eventually
requires to solve a sensitivity DAE or an adjoint DAE, respectively. The discrete ver-
sion in turn can be viewed as a discretization of the continuous sensitivity or adjoint
equation.

5.3.1 Sensitivity Equation Approach

Consider the one-step method

ZiC1. Nz/ D Zi . Nz/C hiˆ.ti ; Zi . Nz/; w; hi /; i D 0; 1; : : : ; N � 1: (5.36)

Recall that Nz D .z0; w/
> 2 RnzCM denotes the variables in the optimization prob-

lem 5.1.3. We intend to compute the sensitivities

Si WD Z
0
i . Nz/; i D 0; 1; : : : ; N:

For i D 0 it holds

S0 D Z
0
0. Nz/ 2 Rnz�.nzCM/; (5.37)
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where Z0. Nz/ is supposed to be a continuously differentiable function that provides a
consistent initial value, compare Section 4.5.1. Differentiation of (5.36) with respect
to Nz yields the relationship

SiC1 D Si C hi

�
ˆ0z.ti ; Zi . Nz/; w; hi / � Si Cˆ

0
w.ti ; Zi . Nz/; w; hi / �

@w

@ Nz

�
(5.38)

for i D 0; 1; : : : ; N � 1 with @w
@ Nz
WD . 0RM�nz jIM /. This approach is known as

internal numerical differentiation (IND), see [29]. The IND-approach is based on
the differentiation of the discretization scheme (the one-step method) with respect
to Nz. Computing the derivatives for the reduced problem 5.1.3 essentially amounts to
solving one initial value problem of size nz.1 C nz CM/. It is worth pointing out
that the size of the sensitivity equation in (5.38) depends on the number of unknowns
in the optimization problem, but it does not depend on the number of constraints.

The computation of the derivatives ˆ0z and ˆ0w can be non-trivial and will be ex-
plained in detail at the end of Subsection 5.3.2.

In the sequel we point out the relation of the IND approach to the continuous sen-
sitivity DAE, which has been used in Section 4.6 already for shooting techniques.
To this end, we use the implicit Euler method and consider the integration step
ti �! tiC1 D ti C hi . Discretization of (5.1) with Zi � z.ti /, ZiC1 � z.tiC1/

leads to the nonlinear equation

F

�
tiC1; ZiC1;

ZiC1 �Zi

hi
; uM .tiC1Iw/

�
D 0Rnz : (5.39)

Provided that this nonlinear equation possesses a solution and that we may apply the
implicit function theorem, this solution will depend on Nz, i.e. ZiC1 D ZiC1. Nz/. Now,
we need the derivative of the numerical solution ZiC1. Nz/ with respect to Nz, i.e. SiC1.
Differentiation of (5.39) with respect to Nz yields the linear equation�
F 0z C

1

hi
F 0Pz

� ˇ̌̌
ˇ
ZiC1

� SiC1 D �F
0
u

ˇ̌̌
ˇ
ZiC1

� u0M; Nz.tiC1Iw/C
1

hi
F 0Pz

ˇ̌̌
ˇ
ZiC1

� Si : (5.40)

This formula can be obtained in a different way. Let z.t I Nz/ denote the solution of
the DAE (5.1) for given Nz. If F is sufficiently smooth, z is continuously differentiable
with respect to t and Nz, and if

@

@ Nz

dz.t I Nz/

dt
D
d

dt

@z.t I Nz/

@ Nz
;

then differentiation of (5.1) with respect to Nz results in a linear matrix DAE—the
sensitivity DAE

F 0zŒt � � S.t/C F
0
Pz Œt � �

PS.t/C F 0uŒt � � u
0
M; Nz.t Iw/ D 0Rnz�nNz (5.41)
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for the sensitivity matrix S.t/ WD @z.t I Nz/=@ Nz. Discretization of the sensitivity DAE
with the same method as in (5.39) and for the same time step leads again to the linear
equation (5.40). Hence, both approaches coincide, provided that ZiC1 solves (5.39)
exactly. Equation (5.39) is solved numerically by Newton’s method�

F 0z C
1

hi
F 0Pz

� ˇ̌̌
ˇ
Z
.k/

iC1

��Z
.k/
iC1 D �F

ˇ̌
Z
.k/

iC1

;

Z
.kC1/
iC1 D Z

.k/
iC1 C�Z

.k/
iC1; k D 0; 1; 2; : : : :

Notice that the iteration matrix F 0z C
1
hi
F 0
Pz

at the last iterate can be re-used for com-
puting SiC1 in (5.40).

In practice, deviations in the sensitivites in (5.38), which are obtained by the IND
approach, and the sensitivities obtained by solving the sensitivity DAE (5.41) directly
using a state-of-the-art DAE integrator may occur, because state-of-the-art DAE in-
tegrators use automatic step-size and order selection algorithms, only perform few
Newton steps, and keep the iteration matrix within the Newton method constant for
several Newton steps or even several integration steps to speed up the procedure. The
overall integration procedure then typically becomes non-differentiable with respect
to parameters. Hence, the so computed sensitivity SiC1 is only an approximation of
the correct derivative Z0iC1. Nz/ from the IND approach. Numerical experiments show
that the accuracy of this sensitivity matrix approximation is often too low to use it in
a gradient based optimization procedure.

In order to increase accuracy, it is important to re-evaluate the iteration matrix in
the Newton method in each integration step prior to the calculation of the sensitivity
matrix SiC1.

Remark 5.3.1.

(a) The IND approach is applicable for multi-step method such as BDF as well.

(b) Similar strategies using sensitivity equations are discussed in [34, 57, 154, 169,
217]. A comparison of different strategies can be found in [88].

5.3.2 Adjoint Equation Approach: The Discrete Case

The adjoint method avoids the calculation of the sensitivities Si . We demonstrate the
method for a prototype function of type

�.Nz/ WD �.Z0. Nz/;ZN . Nz/; Nz/:

Obviously, ' and  in (5.13) and (5.15) are of this type. The components of G in
(5.14) are of this type as well, if Z0. Nz/ is neglected and Zi . Nz/ is used instead of
ZN . Nz/.
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We intend to derive a procedure for calculating � 0. Nz/ subject to the difference equa-
tions

ZiC1. Nz/ �Zi . Nz/ � hiˆ.ti ; Zi . Nz/; w; hi / D 0Rnz ; i D 0; : : : ; N � 1: (5.42)

The initial state Z0. Nz/ 2 Rnz is assumed to be sufficiently smooth as a function of Nz
and consistent with the underlying DAE for all Nz.

Consider the auxiliary functional

�a. Nz/ WD �.Nz/C

N�1X
iD0

	>iC1 .ZiC1. Nz/ �Zi . Nz/ � hiˆ.ti ; Zi . Nz/; w; hi //

with multipliers 	i , i D 1; : : : ; N . Differentiating �a with respect to Nz yields the
expression

� 0a. Nz/ D �
0
z0
� S0 C �

0
zN
� SN C �

0
Nz

C

N�1X
iD0

	>iC1

�
SiC1 � Si � hiˆ

0
zŒti � � Si � hiˆ

0
w Œti � �

@w

@ Nz

�

D � 0z0 � S0 C �
0
zN
� SN C �

0
Nz

C

NX
iD1

	>i Si �

N�1X
iD0

	>iC1

�
Si C hiˆ

0
zŒti � � Si C hiˆ

0
w Œti � �

@w

@ Nz

�

D .� 0z0 � 	
>
1 � h0	

>
1 ˆ
0
zŒt0�/ � S0 C .�

0
zN
C 	>N / � SN C �

0
Nz

C

N�1X
iD1

.	>i � 	
>
iC1 � hi	

>
iC1ˆ

0
z Œti �/ � Si �

N�1X
iD0

hi	
>
iC1ˆ

0
w Œti � �

@w

@ Nz
:

The terms Si D @Zi . Nz/=@ Nz are just the sensitivities in the sensitivity equation ap-
proach which we do not (!) want to compute here. Hence, we have to ensure that the
expressions involving Si are eliminated. This leads to the discrete adjoint equation

	>i � 	
>
iC1 � hi	

>
iC1ˆ

0
z Œti � D 0

>
Rnz ; i D 0; : : : ; N � 1; (5.43)

and the transversality condition

	>N D ��
0
zN
.Z0. Nz/;ZN . Nz/; Nz/: (5.44)

Notice that the adjoint equation is solved backwards in time. With these expressions
the derivative of �a reduces to

� 0a.z/ D .�
0
z0
� 	>0 / � S0 C �

0
Nz �

N�1X
iD0

hi	
>
iC1ˆ

0
w Œti � �

@w

@ Nz
: (5.45)
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Herein, the sensitivity matrix S0 is given by

S0 D Z
0
0. Nz/: (5.46)

It remains to show that � 0a. Nz/ D �
0. Nz/:

Theorem 5.3.2. It holds

� 0. Nz/ D � 0a. Nz/ D .�
0
z0
� 	>0 / � S0 C �

0
Nz �

N�1X
iD0

hi	
>
iC1ˆ

0
w Œti � �

@w

@ Nz
: (5.47)

Proof. Multiplication of the sensitivity equation (5.38) by 	>iC1 from the left yields

�hi	
>
iC1ˆ

0
w Œti � �

@w

@ Nz
D �	>iC1SiC1 C 	

>
iC1Si C hi	

>
iC1ˆ

0
zŒti �Si

for i D 0; : : : ; N � 1 and hence

� 0a. Nz/ D .�
0
z0
� 	>0 / � S0 C �

0
Nz

C

N�1X
iD0

	>iC1Si C hi	
>
iC1ˆ

0
zŒti �Si � 	

>
iC1SiC1

(5.43)
D .� 0z0 � 	

>
0 / � S0 C �

0
Nz C

N�1X
iD0

.	>i Si � 	
>
iC1SiC1/

D .� 0z0 � 	
>
0 / � S0 C �

0
Nz C 	

>
0 S0 � 	

>
NSN

(5.44)
D � 0z0S0 C �

0
Nz C �

0
zN
SN

D � 0. Nz/:

With � 0. Nz/ D � 0a. Nz/ we finally found a formula for the gradient of � . � itself is
a placeholder for the functions J , G D .G1; : : : ; GnG /

>, H D .H1; : : : ;HnH /
> in

(5.13)–(5.15).
In order to compute J0; G0;H 0of (5.13)–(5.15) for each(!) component of J;G;H an

adjoint equation with appropriate transversality condition has to be solved. This essen-
tially corresponds to solving an initial value problem of dimension nz.2C nG C nH/.
The trajectory Zi . Nz/, i D 0; : : : ; N , has to be stored. It is important to mention
that the effort for solving the adjoint equations does not depend on the number M of
control parameters! The method is particularly efficient if no or very few constraints
are present.
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Symplecticity

The combined integration scheme consisting of adjoint equation (5.43) and one-step
method (5.42) has a nice additional property—symplecticity, see also [193] for ODE
optimal control problems. The combined integration scheme reads as

	iC1 D 	i � hiˆ
0
z.ti ; Zi ; w; hi /

>	iC1;

ZiC1 D Zi C hiˆ.ti ; Zi ; w; hi /

or in Hamiltonian form as

	iC1 D 	i � hiH
0
z.ti ; Zi ; 	iC1; w; hi /

>;

ZiC1 D Zi C hiH
0
�.ti ; Zi ; 	iC1; w; hi/

>

with the auxiliary function

H.t; z; 	; w; h/ WD 	>ˆ.t; z; w; h/:

Solving this equation leads to�
	iC1
ZiC1

�
D

 �
Inz C hiˆ

0
z.ti ; Zi ; w; hi /

>
��1

	i
Zi C hiˆ.ti ; Zi ; w; hi/

!
DW

�
‰1.	i ; Zi /

‰2.	i ; Zi /

�
DW ‰.	i ; Zi /:

Hence, we obtain the integration scheme

‰1.	i ; Zi /C hiH
0
z.ti ; Zi ; ‰1.	i ; Zi /; w; hi /

> D 	i ;

‰2.	i ; Zi / � hiH
0
�.ti ; Zi ; ‰1.	i ; Zi /; w; hi /

> D Zi :

Differentiation with respect to .	i ; Zi / leads to�
Inz C hi .H

00
z�
/> ‚

�hiH
00
��

Inz

� 
‰0
1;�i

‰01;zi
‰0
2;�i

‰02;zi

!
D

�
Inz �hiH

00
zz

‚ Inz C hi .H
00
�z
/>

�
:

Exploiting H 00
��
D ‚ yields the Jacobian of ‰ to be

‰0 D

 
‰0
1;�i

‰01;zi
‰0
2;�i

‰02;zi

!
D

 �
Inz C hi .H

00
z�
/>
��1
�hi

�
Inz C hi .H

00
z�
/>
��1

H 00zz
‚ Inz C hiH

00
z�

!
:

It is straightforward to show .‰0/>ƒ‰0 D ƒ, where

ƒ D

�
‚ Inz
�Inz ‚

�
:

Thus, we proved

Theorem 5.3.3. ‰ is symplectic, i.e. it holds .‰0/>ƒ‰0 D ƒ.
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Application to Runge–Kutta Methods

The increment functionˆ and its derivativesˆ0z andˆ0w in the preceding sections are
to be specified for implicit Runge–Kutta methods and the DAE

F.t; z.t/; Pz.t/; uM .t Iw// D 0Rnz :

One step of the s-stage implicit Runge–Kutta method in Definition 4.1.10 from ti to
ti C h starting at Zi is given by

ZiC1 D Zi C hˆ.ti ; Zi ; w; h/

with the increment function

ˆ.t; z; w; h/ WD

sX
jD1

bjkj .t; z; w; h/ (5.48)

and the stage derivatives k D .k1; : : : ; ks/, which are implicitly defined by the non-
linear equation

G.k; t; z; w; h/ WD

0
BBB@
F.�1; z C h

Ps
jD1 a1jkj ; k1; uM .�1Iw//

F.�2; z C h
Ps
jD1 a2jkj ; k2; uM .�2Iw//

:::

F .�s; z C h
Ps
jD1 asjkj ; ks; uM .�sIw//

1
CCCA D 0Rsnz ; (5.49)

where the abbreviations �i WD t C cih, i D 1; : : : ; s, are used.
The nonlinear equation (5.49) is solved numerically by Newton’s method:

G0k.k
.j /; t; z; w; h/�k.j / D �G.k.j /; t; z; w; h/;

k.jC1/ D k.j / C�k.j /; j D 0; 1; 2; : : : :

Under the assumptions that a solution Ok for .t; z; w; h/ exists and that the derivative
G0
k

is non-singular at Ok, the implicit function theorem yields the existence of the
function k D k.t; z; w; h/ satisfying

G.k.t; z; w; h/; t; z; w; h/ D 0Rsnz

in appropriate neighborhoods. Differentiation of this identity with respect to z and w
yields

k0z.t; z; w; h/ D �G
0
k.k; t; z; w; h/

�1G 0z.k; t; z; w; h/;

k0w.t; z; w; h/ D �G
0
k.k; t; z; w; h/

�1G 0w.k; t; z; w; h/;
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where

G0k.k; t; z; w; h/ D

0
BBBBBBB@

ha11M1 C T1 ha12M1 � � � ha1sM1

ha21M2 ha22M2 C T2
: : :

:::

:::
: : :

: : : has�1;sMs�1

has1Ms � � � has;s�1Ms hassMs C Ts

1
CCCCCCCA
;

Mj WD F
0
z

�
�j ; z C h

sX
`D1

ajlk`; kj ; uM .�j Iw/
�
; j D 1; : : : ; s;

Tj WD F
0
Pz

�
�j ; z C h

sX
`D1

aj`k`; kj ; uM .�j Iw/
�
; j D 1; : : : ; s;

G 0z.k; t; z; w; h/ D

0
BBBBBB@

F 0z

�
�1; z C h

sP
jD1

a1jkj ; k1; uM .�1Iw/
�

:::

F 0z

�
�s; z C h

sX
jD1

asjkj ; ks; uM .�s Iw/
�

1
CCCCCCA ;

G0w.k; t; z; w; h/ D

0
BBBBB@
F 0u

�
�1; z C h

sP
jD1

a1jkj ; k1; uM .�1Iw/
�
� u0M;w.�1Iw/

:::

F 0u

�
�s; z C h

sP
jD1

asjkj ; ks; uM .�sIw/
�
� u0M;w.�sIw/

1
CCCCCA :

Notice that (5.43) and (5.45) require the partial derivatives ˆ0z.t; z; w; h/ and
ˆ0w.t; z; w; h/. According to (5.48), these values are given by

ˆ0z.t; z; w; h/ D

sX
jD1

bj k
0
j;z.t; z; w; h/;

ˆ0w.t; z; w; h/ D

sX
jD1

bj k
0
j;w.t; z; w; h/:

Example 5.3.4 (Implicit Euler Method). For the implicit Euler method we find

G.k; t; z; w; h/ D F .t C h; z C hk; k; uM .t C hIw//
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and

ˆ0z.t; z; w; h/ D k
0
z.t; z; w; h/

D �.hF 0zŒt C h�C F
0
PzŒt C h�/

�1 � F 0z Œt C h�;

ˆ0w.t; z; w; h/ D k
0
w.t; z; w; h/

D �.hF 0zŒt C h�C F
0
PzŒt C h�/

�1 � F 0uŒt C h� � u
0
M;w.t C hIw/:

Example 5.3.5 (Explicit Runge–Kutta Methods). We briefly discuss the important
subclass of ODEs

F.t; z.t/; Pz.t/; uM .t Iw// WD Pz.t/ � f .t; z.t/; uM .t Iw//

in combination with an s-stage explicit Runge–Kutta method

ZiC1 D Zi C h

sX
jD1

bjkj .ti ; Zi ; w; h/;

where the stage derivatives kj D kj .t; z; w; h/ for j D 1; : : : ; s are recursively de-
fined by

kj .t; z; w; h/ WD f
�
t C cjh; z C h

j�1X
`D1

aj`k`; uM .t C cjhIw/
�
: (5.50)

Differentiation with respect to z and w yields

k0j;z D f
0
z

�
t C cjh; z C h

j�1X
`D1

aj`k`; uM .t C cjhIw/
��
I C h

j�1X
`D1

aj`k
0
`;z

�
;

k0j;w D f
0
z

�
t C cjh; z C h

j�1X
`D1

aj`k`; uM .t C cjhIw/
��
h

j�1X
`D1

aj`k
0
`;w

�

C f 0u

�
t C cjh; z C h

j�1X
`D1

aj`k`; uM .t C cjhIw/
�
� u0M;w.t C cjhIw/

for j D 1; : : : ; s, and

ˆ0z.t; z; w; h/ D

sX
jD1

bj k
0
j;z.t; z; w; h/;

ˆ0w.t; z; w; h/ D

sX
jD1

bj k
0
j;w.t; z; w; h/:
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5.3.3 Adjoint Equation Approach : The Continuous Case

If the DAE is solved by a state-of-the-art integrator with automatic step-size and or-
der selection, then the adjoint equation approach as described in Subsection 5.3.2
becomes costly in terms of storage requirements as the approximation Zi at every
time point ti generated by the step-size selection algorithm has to be stored. This is a
potentially large number. In this case, it is more convenient to consider the DAE (5.1)
with the discretized control uM .t Iw/ as an infinite DAE constraint for every t 2 I:

F.t; z.t I Nz/; Pz.t I Nz/; uM .t Iw// D 0Rnz ; z.t0I Nz/ D Z0. Nz/: (5.51)

This leads to a state approximation z.t I Nz/ for every t 2 I that depends on Nz. The
initial state Z0. Nz/ 2 Rnz is assumed to be sufficiently smooth as a function of Nz and
consistent with the DAE for all Nz.

As in the discrete case in Subsection 5.3.2 we aim at computing the gradient of the
function

�.Nz/ WD �.z.t0I Nz/; z.tf I Nz/; Nz/ (5.52)

with respect to Nz 2 RnNz . Consider the auxiliary functional

�a. Nz/ WD �.Nz/C

Z tf

t0

	.t/>F.t; z.t I Nz/; Pz.t I Nz/; uM .t Iw//dt;

where 	 is a function to be defined later. Differentiating �a with respect to Nz yields

� 0a. Nz/ D �
0. Nz/C

Z tf

t0

	.t/>.F 0zŒt � � S.t/C F
0
Pz Œt � �

PS.t/C F 0uŒt � � u
0
M; Nz.t Iw//dt

D � 0z0 � S.t0/C �
0
zf
� S.tf /C �

0
Nz C

Z tf

t0

	.t/> � F 0uŒt � � u
0
M; Nz.t Iw/dt

C

Z tf

t0

	.t/> � F 0z Œt � � S.t/C 	.t/
> � F 0PzŒt � �

PS.t/dt:

Integration by parts of the latter term yields

� 0a. Nz/ D .�
0
zf
C 	.tf /

> � F 0Pz Œtf �/ � S.tf /C .�
0
z0
� 	.t0/

> � F 0PzŒt0�/ � S.t0/C �
0
Nz

C

Z tf

t0

	.t/> � F 0uŒt � � u
0
M; Nz.t Iw/dt

C

Z tf

t0

�
	.t/> � F 0z Œt � �

d

dt
.	.t/> � F 0Pz Œt �/

�
� S.t/dt:

	 is chosen such that the adjoint DAE

	.t/> � F 0z Œt � �
d

dt
.	.t/> � F 0PzŒt �/ D 0

>
Rnz (5.53)
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is satisfied, provided that such a function 	 exists. Then the derivative of �a reduces
to

� 0a. Nz/ D .�
0
zf
C 	.tf /

> � F 0Pz Œtf �/ � S.tf /C .�
0
z0
� 	.t0/

> � F 0PzŒt0�/ � S.t0/C �
0
Nz

C

Z tf

t0

	.t/> � F 0uŒt � � u
0
M; Nz.t Iw/dt:

A connection with the sensitivity DAE (5.41) arises as follows. With (5.53) and (5.41)
almost everywhere it holds

d

dt
.	.t/> � F 0Pz Œt � � S.t//

D
d

dt
.	.t/> � F 0Pz Œt �/ � S.t/C 	.t/

> � F 0Pz.t/ �
PS.t/

D 	.t/>F 0z Œt � � S.t/C 	.t/
>.�F 0z Œt � � S.t/ � F

0
uŒt � � u

0
M; Nz.t Iw//

D �	.t/>F 0uŒt � � u
0
M; Nz.t Iw/:

Using the fundamental theorem of calculus we obtain

�
	.t/> � F 0Pz Œt � � S.t/

�tf
t0
D �

Z tf

t0

	.t/>F 0uŒt � � u
0
M; Nz.t Iw/dt: (5.54)

The gradient then becomes

� 0a. Nz/ D .�
0
zf
C 	.tf /

> � F 0PzŒtf �/ � S.tf /

C .� 0z0 � 	.t0/
> � F 0PzŒt0�/ � S.t0/C �

0
Nz

C

Z tf

t0

	.t/> � F 0uŒt � � u
0
M; Nz.t Iw/dt

(5.54)
D � 0zf � S.tf /C �

0
z0
� S.t0/C �

0
Nz

D � 0. Nz/:

Hence, � 0a. Nz/ and � 0. Nz/ coincide provided that 	 satisfies (5.53).
While it is cheap to compute the sensitivity matrix

S.t0/ D Z
0
0. Nz/; (5.55)

the sensitivity S.tf / in the expression for � 0a. Nz/ has to be eliminated by a proper
choice of 	.tf / as we intend to avoid the explicit computation of S.tf /. Moreover,
	.tf / has to be chosen consistently with the adjoint DAE (5.53). We discuss the pro-
cedure of defining appropriate conditions for 	.tf / for some common cases, see [56]:
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The index-zero case:

Let F 0
Pz

be non-singular almost everywhere in I. Then the DAE has index zero and
	.tf / is defined by the linear equation

� 0zf C 	.tf /
> � F 0Pz Œtf � D 0

>
Rnz (5.56)

and we find

	.tf /
> D �� 0zf F

0
PzŒtf �

�1

and thus

� 0a. Nz/ D .�
0
z0
� 	.t0/

> � F 0Pz Œt0�/ � S.t0/C �
0
Nz

C

Z tf

t0

	.t/> � F 0uŒt � � u
0
M; Nz.t Iw/dt: (5.57)

Example 5.3.6. In the special case of an explicit ODE

F.t; z; Pz; u/ D f .t; z; u/ � Pz;

equations (5.53) and (5.56) reduce to

P	.t/> D �	.t/>f 0xŒt �; 	.tf /
> D � 0zf :

Semi-explicit DAEs:

Consider a semi-explicit DAE with z WD .x; y/> 2 RnxCny and

F.t; z; Pz; u/ WD

�
f .t; x; y; u/ � Px

g.t; x; y; u/

�
2 RnxCny :

The corresponding adjoint equation (5.53) for 	 WD .	f ; 	g/> 2 RnxCny reads as

	f .t/
>f 0xŒt �C 	g .t/

>g0xŒt �C
P	f .t/

> D 0>Rnx ; (5.58)

	f .t/
>f 0y Œt �C 	g.t/

>g0y Œt � D 0
>
Rny : (5.59)

With S WD .Sx ; Sy/> we find

.� 0zf C 	.tf /
> � F 0Pz Œtf �/ � S.tf /

D .� 0xf � 	f .tf /
>/Sx.tf /C �

0
yf
Sy.tf /: (5.60)

A consistent value 	.tf / D .	f .tf /; 	g.tf //
> is sought for (5.58)–(5.59), such that

the expression in (5.60) does not depend explicitly on S.tf /.
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(i) Let g0y be non-singular almost everywhere in I. Then the DAE has index one and

	g.tf /
> D �	f .tf /

>f 0y Œtf �g
0
y Œtf �

�1

is consistent with the algebraic constraint (5.59) of the adjoint system for any 	f .tf /.
The expression (5.60) vanishes if

	f .tf /
> D � 0xf and � 0yf D 0

>
Rny :

With these settings � 0a. Nz/ is given by (5.57).
The latter assumption is not as restrictive as it seems as it fits well into the theoretical
investigations in Chapter 3. For, the algebraic component y is an L1-function and
thus it makes no sense to allow a pointwise evaluation of y at t0 or tf . Consequently,
it is natural to prohibit � depending explicitly on y.tf / (and y.t0/).

(ii) Let g0y � 0 and let g0xf
0
y be non-singular almost everywhere in I. Then the DAE

has index two and

	g.tf /
> D �	f .tf /

>

�
f 0xŒtf �f

0
y Œtf � �

d

dt
f 0y Œtf �

�
.g0xŒtf �f

0
y Œtf �/

�1

is consistent with the derivative of the algebraic constraint (5.59) for any 	f .tf /, pro-
vided that the time derivative of f 0y at tf exists. Not any 	f .tf /, however, is consistent
with the constraint (5.59). We choose the ansatz

� 0xf � 	f .tf /
> D 
>g0xŒtf �

with 
 2 Rny to be determined such that 	f .tf / is consistent with (5.59), i.e.

0>Rny D 	f .tf /
>f 0y Œtf � D �

0
xf
f 0y Œtf � � 


>g0xŒtf �f
0
y Œtf �;

and thus


> D � 0xf f
0
y Œtf �.g

0
xŒtf �f

0
y Œtf �/

�1:

Moreover, the sensitivity matrix Sx satisfies almost everywhere the algebraic equation

g0xŒt �S
x.t/C g0uŒt �u

0
M; Nz.t Iw/ D 0Rny

and thus the first term of the right hand-side in (5.60) computes to

.� 0xf � 	f .tf /
>/Sx.tf / D 


>g0xŒtf �S
x.tf / D �


>g0uŒtf �u
0
M; Nz.tf Iw/:

Notice that the expression on the right does not depend on S.tf / anymore. Finally, if,
as above, we assume � 0yf D 0>Rny , then � 0a. Nz/ can be computed without computing
S.tf / according to

� 0a. Nz/ D ��
0
xf
f 0yŒtf �

�
g0xŒtf �f

0
y Œtf �

��1
g0uŒtf �u

0
M; Nz.tf Iw/

C .� 0z0 � 	.t0/
> � F 0Pz Œt0�/ � S.t0/C �

0
Nz

C

Z tf

t0

	.t/> � F 0uŒt � � u
0
M; Nz.t Iw/dt:



252 Chapter 5 Discretization of Optimal Control Problems

Stability results for the forward and the adjoint system are derived in [56]. It
is shown for explicit ODEs and semi-explicit index-one and index-two Hessenberg
DAEs that stability is preserved for the adjoint DAE.

Numerical Adjoint Approximation by BDF

We discuss the application of the BDF method to the adjoint DAE (5.53). Firstly, the
implicit DAE

F.t; z.t/; Pz.t/; uM .t Iw// D 0Rnz (5.61)

is transformed formally to semi-explicit form:

0Rnz D Pz.t/ � v.t/;

0Rnz D F.t; z.t/; v.t/; uM .t Iw//:

Using the function

OH.t; z; Pz; v; u; 	v; 	z/ WD .	
>
v ; 	

>
z /

�
Pz � v

F.t; z; v; u/

�
D 	>v . Pz � v/C 	

>
z F.t; z; v; u/;

the adjoint DAE (5.53) for y D .z; v/> is given by

OH 0y Œt � �
d

dt
OH 0PyŒt � D 0

>
R2nz :

Transposition yields  
F 0zŒt �

>	z.t/ � P	v.t/

�	v.t/C F
0
Pz Œt �
>	z.t/

!
D

 
0Rnz

0Rnz

!
: (5.62)

This is a linear DAE in 	 D .	v; 	z/
>. Employing the BDF discretization method

for the integration step tmCk�1 �! tmCk and using the approximation

P	v.tmCk/ �
1

h

kX
iD0

˛i	v.tmCi /

yields the linear equation 
F 0zŒtmCk�

>	z.tmCk/ �
1
h

Pk
iD0 ˛i	v.tmCi /

�	v.tmCk/C F
0
Pz
ŒtmCk�

>	z.tmCk/

!
D

 
0Rnz

0Rnz

!
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for 	z.tmCk/ and 	v.tmCk/. The size of the equation can be reduced by introducing
the second equation

	v.tmCk/ D F
0
PzŒtmCk�

>	z.tmCk/;

into the first equation. Herein, the relations

	v.tmCi / D F
0
Pz ŒtmCi �

>	z.tmCi /; i D 0; 1; : : : ; k;

are exploited. It remains to solve the linear equation

.F 0zŒtmCk�
> �

˛k

h
F 0PzŒtmCk�

>/	z.tmCk/ D
1

h

k�1X
iD0

˛iF
0
Pz ŒtmCi �

>	z.tmCi /:

Recall that 	z is the desired adjoint 	 of the original system in (5.61), whose Hamilton
function is given by

H.t; z; Pz; u; 	/ D 	>F.t; z; Pz; u/:

For this, the adjoint DAE is given by

F 0zŒt �
>	.t/ �

d

dt
.F 0PzŒt �

>	.t// D 0Rnz

Notice that this equation arises, if the second equation in (5.62) is introduced into the
first one.

For fully implicit index-zero and index-one DAEs the augmented adjoint system in
(5.62) is stable, if the original DAE was stable, see [56, Theorem 4.3].

Example 5.3.7 (see Example 1.1.11). We revisit Example 1.1.11 without dynamic
pressure constraint and compare the sensitivity equation approach and the adjoint
equation approach in view of CPU time. We used the fourth order classic Runge–
Kutta method with fixed step-size for time-integration of the ODE. The control is
approximated by a continuous and piecewise linear function.

Figure 5.6 summarizes computational results obtained for the sensitivity equation
approach and the adjoint equation approach. While the sensitivity approach grows
nonlinearly with the number N of equidistant time intervals in the control grid, the
adjoint approach grows at a linear rate. Hence, in this case the adjoint approach
is more efficient than the sensitivity approach. This is the expected behavior since
the number of constraints is significantly smaller than the number of optimization
variables.
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Figure 5.6. Computational results for the emergency landing maneuver without dynamic pres-
sure constraint: Performance of the sensitivity equation approach compared to the adjoint
equation approach with NPSOL.

5.4 Discrete Minimum Principle and Approximation of
Adjoints

The aim of this section is to state a local minimum principle for the full discretiza-
tion of Problem 3.4.1 using the implicit Euler method. It turns out that this discrete
local minimum principle can be interpreted as discretization of the local minimum
principles 3.4.3 and 3.4.4, respectively. This observation allows to construct approx-
imations of the multipliers 	f , 	g , �, 
, and � of Section 3.4 to which we refer to
as continuous multipliers for brevity (which does not mean that these multipliers are
actually continuous). We consider Problem 3.4.1 with f0 � 0:

Problem 5.4.1 (DAE optimal control problem). Let I WD Œt0; tf � 	 R be a non-empty
compact time interval with t0 < tf fixed. Let

' W Rnx �Rnx �! R;

f W I �Rnx �Rny �Rnu �! Rnx ;

g W I �Rnx �Rny �Rnu �! Rny ;

c W I �Rnx �Rny �Rnu �! Rnc ;

s W I �Rnx �! Rns ;

 W Rnx �Rnx �! Rn 

be sufficiently smooth functions and U � Rnu a set.

Minimize

'.x.t0/; x.tf // (5.63)
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with respect to x 2 W nx
1;1.I/, y 2 L

ny
1 .I/, u 2 L

nu
1 .I/ subject to the constraints

Px.t/ D f .t; x.t/; y.t/; u.t//; (5.64)

0Rny D g.t; x.t/; y.t/; u.t//; (5.65)

 .x.t0/; x.tf // D 0Rn ; (5.66)

c.t; x.t/; y.t/; u.t// � 0Rnc ; (5.67)

s.t; x.t// � 0Rns (5.68)

u.t/ 2 U: (5.69)

The Hamilton function and the augmented Hamilton function are defined as usual
(with f0 � 0):

H .t; x; y; u; 	f ; 	g/ D 	
>
f f .t; x; y; u/C 	

>
g g.t; x; y; u/;

OH .t; x; y; u; 	f ; 	g ; �/ D H .t; x; y; u; 	f ; 	g/C �
>c.t; x; y; u/:

Let . OxN ; OyN ; OuN / be a local minimum of Problem 5.4.1. Similar as in Theo-
rem 3.4.4 we assume:

Assumption 5.4.2.

(a) g0y.t; OxN .t/; OyN .t/; OuN .t// is non-singular for every t 2 GN .

(b) For every t 2 GN let rank.c0u.t; OxN .t/; OyN .t/; OuN .t/// D nc .

(c) The matrix g0y Œt � � g
0
uŒt �.c

0
uŒt �/

Cc0y Œt � is non-singular for every t 2 GN , where
.c0u/

C denotes the pseudo-inverse of c0u.

Problem 5.4.1 is discretized using the implicit Euler method on the not necessarily
equidistant grid GN in (5.5). The resulting finite dimensional nonlinear program reads
as follows:

Problem 5.4.3 (Discretized DAE optimal control problem).

Minimize

'.x0; xN / (5.70)

with respect to grid functions

xN W GN �! Rnx ; xi WD xN .ti /;

yN W GN �! Rny ; yi WD yN .ti /;

uN W GN �! Rnu ; ui WD uN .ti /;
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subject to the constraints

f .ti ; xi ; yi ; ui / �
xi � xi�1

hi�1
D 0Rnx ; i D 1; : : : ; N; (5.71)

g.ti ; xi ; yi ; ui / D 0Rny ; i D 1; : : : ; N; (5.72)

 .x0; xN / D 0Rn ; (5.73)

c.ti ; xi ; yi ; ui / � 0Rnc ; i D 1; : : : ; N; (5.74)

s.ti ; xi / � 0Rns ; i D 0; : : : ; N; (5.75)

ui 2 U; i D 1; : : : ; N:

Equations (5.71)–(5.72) result from the implicit Euler method applied to the DAE
(5.64)–(5.65). Notice that we can dispense with the algebraic constraint (5.65) and the
mixed control-state constraint (5.67) at t D t0 in the discretized problem, if Assump-
tion 5.4.2 is valid. This is because Assumption 5.4.2 guarantees that the equations
g.t0; x0; y0; u0/ D 0Rny and c.t0; x0; y0; u0/ D 0Rnc can be solved for y0 and u0
given x0 by the implicit function theorem, provided a solution exists at all. As u0
and y0 do not enter the objective function, it would be superfluous to impose the
constraints g.t0; x0; y0; u0/ D 0Rny and c.t0; x0; y0; u0/ � 0Rnc in Problem 5.4.3.

Evaluation of the Fritz John conditions in Theorem 2.3.28 yields the following
necessary optimality conditions.

Theorem 5.4.4 (Discrete Local Minimum Principle). Let the following Assumptions
hold:

(i) The functions ', f , g, c, s,  are continuously differentiable with respect to x,
y, and u.

(ii) U � Rnu is a closed and convex set with non-empty interior.

(iii) . OxN ; OyN ; OuN / is a local minimum of Problem 5.4.3.

Then there exist multipliers �0 2 R, � 2 Rn ,

	f;N W GN �! Rnx ; 	f;i WD 	f;N .ti /;

	g;N W GN �! Rny ; 	g;i WD 	g;N .ti /;

�N W GN �! Rnc ; �i WD �N .ti /;

�N W GN �! Rns ; �i WD �N .ti/;

such that the following conditions are satisfied:

(a) �0 
 0, .�0; �; 	f;N ; 	g;N ; �N ; �N / 6D ‚,
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(b) Discrete adjoint equations: For i D 1; : : : ; N we have

	>f;i�1 D 	
>
f;i C hi�1

OH 0x

�
ti ; Oxi ; Oyi ; Oui ; 	f;i�1; 	g;i�1;

�i

hi�1

�
C �>i s

0
x.ti ; Oxi/

D 	>f;N C

NX
jDi

hj�1 OH
0
x

�
tj ; Oxj ; Oyj ; Ouj ; 	f;j�1; 	g;j�1;

�j

hj�1

�

C

NX
jDi

�>j s
0
x.tj ; Oxj /; (5.76)

0Rny D OH 0y

�
ti ; Oxi ; Oyi ; Oui ; 	f;i�1; 	g;i�1;

�i

hi�1

�>
: (5.77)

(c) Discrete transversality conditions:

	>f;0 D �.�0'
0
x0
. Ox0; OxN /C �

> 0x0. Ox0; OxN /C �
>
0 s
0
x.t0; Ox0//; (5.78)

	>f;N D �0'
0
xN
. Ox0; OxN /C �

> 0xN . Ox0; OxN /: (5.79)

(d) Discrete optimality conditions: For all i D 1; : : : ; N and all u 2 U we have

OH 0u

�
ti ; Oxi ; Oyi ; Oui ; 	f;i�1; 	g;i�1;

�i

hi�1

�
.u � Oui / 
 0: (5.80)

(e) Discrete complementarity conditions: It holds

�i 
 0Rnc ; i D 1; : : : ; N; (5.81)

�i 
 0Rns ; i D 0; : : : ; N; (5.82)

�>i c.ti ; Oxi ; Oyi ; Oui / D 0; i D 1; : : : ; N; (5.83)

�>i s.ti ; Oxi / D 0; i D 0; : : : ; N: (5.84)

Proof. Let �0 2 R, � 2 Rn ,

x D . Ox0; : : : ; OxN /
> 2 Rnx.NC1/;

y D . Oy1; : : : ; OyN /
> 2 RnyN ;

u D . Ou1; : : : ; OuN /
> 2 RnuN ;

Q	f D . Q	f;0; : : : ; Q	f;N�1/
> 2 RnxN ;

Q	g D . Q	g;0; : : : ; Q	g;N�1/
> 2 RnyN ;

� D .�1; : : : ; �N /
> 2 RncN ;

� D .�0; : : : ; �N /
> 2 Rns.NC1/:



258 Chapter 5 Discretization of Optimal Control Problems

The Lagrange function of Problem 5.4.3 is given by

L.x; y; u; �0; Q	f ; Q	g ; �; �; �/

D �0'.x0; xN /C �
> .x0; xN /

C

NX
iD1

OH .t; xi ; yi ; ui ; Q	f;i�1; Q	g;i�1; �i /C

NX
iD1

Q	>f;i�1
xi�1 � xi

hi�1

C

NX
iD0

�>i s.ti ; xi /:

Application of Theorem 2.3.28 results in the following equations:

1. L0ui .u � Oui / 
 0 for all u 2 U: For i D 1; : : : ; N it holds for all u 2 U

OH 0u.ti ; Oxi ; Oyi ; Oui ;
Q	f;i�1; Q	g;i�1; �i /.u � Oui / 
 0:

2. L0yi D 0
>
Rny : For i D 1; : : : ; N it holds

OH 0y.ti ; Oxi ; Oyi ; Oui ;
Q	f;i�1; Q	g;i�1; �i / D 0

>
Rny

3. L0xi D 0
>
Rnx : For i D 0 it holds

.�0'
0
x0
. Ox0; OxN /C �

> 0x0. Ox0; OxN /C �
>
0 s
0
x.t0; Ox0//C

1

h0
Q	>f;0 D 0

>
Rnx :

For i D 1; : : : ; N � 1 it holds

OH 0x.ti ; Oxi ; Oyi ; Oui ;
Q	f;i�1; Q	g;i�1; �i /

�
1

hi�1
Q	>f;i�1 C

1

hi
Q	>f;i C �

>
i s
0
x.ti ; Oxi / D 0

>
Rnx :

For i D N it holds

�0'
0
xN
. Ox0; OxN /C �

> 0xN . Ox0; OxN /C �
>
N s
0
x.tN ; OxN /

C OH 0x.tN ; OxN ; OyN ; OuN ;
Q	f;N�1; Q	g;N�1; �N / �

1

hN�1
Q	>f;N�1 D 0

>
Rnx :

With the definitions

	f;i WD
1

hi
Q	f;i ; 	g;i WD

1

hi
Q	g;i ; i D 0; : : : ; N � 1;

and

	>f;N WD �0'
0
xN
. Ox0; OxN /C �

> 0xN . Ox0; OxN /

we obtain the discrete optimality conditions, the discrete adjoint equations, and the
discrete transversality conditions.
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Remark 5.4.5. The local minimum principle for DAE optimal control problems can
be extended to a global minimum principle, see Section 7.1. The question arises,
whether a similar result holds for the discretized optimal control problem 5.4.3. This
is not the case in general, but an approximate minimum principle holds, see [239].
With additional convexity-like conditions a discrete minimum principle holds as well,
see [162, Section 6.4, p. 277].

We compare the necessary optimality conditions in Theorem 5.4.4 with those in
Theorems 3.4.3 and 3.4.4. Our intention is to provide an interpretation of the dis-
crete multipliers in Theorem 5.4.4 and to put them into relation to the continuous
multipliers in Theorem 3.4.3. Following this interpretation it becomes possible to
construct estimates of the continuous multipliers by use of the discrete multipliers
only. Of course, the discrete multipliers can be computed numerically by solving the
discretized optimal control problem 5.4.3 by SQP.

In line with the situation of Theorem 3.4.3 we discuss Problem 5.4.1 without mixed
control-state constraints, i.e. nc D 0 and c � 0Rnc .

The discrete optimality conditions (5.80) and the discrete adjoint equations (5.77)
are easily being recognized as pointwise discretizations of the optimality condition
(3.75) and the algebraic equation in (3.72), respectively, provided we assume for all i :

Oxi � Ox.ti /; Oyi � Oy.ti /; Oui � Ou.ti /; 	f;i � 	f .ti /; 	g;i � 	g.ti /:

Actually, there will be an exceptional interpretation for 	f;0 later on.
Comparing the discrete transversality condition (5.79),

	>f;N D �0'
0
xN
. Ox0; OxN /C �

> 0xf . Ox0; OxN /;

and the transversality condition (3.74),

	f .tf /
> D `0'

0
xf
. Ox.t0/; Ox.tf //C �

> 0xf . Ox.t0/; Ox.tf //;

it is natural to presume

�0 � `0; � � �:

The adjoint equation (3.71) for t 2 I reads as

	f .t/ D 	f .tf /C

Z tf

t

H 0x.�; Ox.�/; Oy.�/; Ou.�/; 	f .�/; 	g.�//
>d�

C

Z tf

t

s0x.�; Ox.�//
>d
.�/:
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The discrete adjoint equation (5.76) for i D 1; : : : ; N is given by

	f;i�1 D 	f;N C

NX
jDi

hj�1H
0
x.tj ; Oxj ; Oyj ; Ouj ; 	f;j�1; 	g;j�1/

>

C

NX
jDi

s0x.tj ; Oxj /
>�j :

The first sum is easily being recognized to be a Riemann sum on GN and thus

NX
jDi

hj�1H
0
x.tj ; Oxj ; Oyj ; Ouj ; 	f;j�1; 	g;j�1/

>

�

Z tf

ti�1

H 0x.�; Ox.�/; Oy.�/; Ou.�/; 	f .�/; 	g.�//
>d� (5.85)

for i D 1; : : : ; N . This observation encourages us to expect that for i D 1; : : : ; N ,

NX
jDi

s0x.tj ; Oxj /
>�j �

Z tf

ti�1

s0x.�; Ox.�//
>d
.�/: (5.86)

In order to interpret the approximation in (5.86), we have to recall the definition of a
Riemann–Stieltjes integral, see Definition 2.1.25. The Riemann–Stieltjes integral in
(5.86) is defined to be the limit of the sum

mX
jDi

s0x.
j ; Ox.
j //
>.
.tj / � 
.tj�1//;

where ti�1 < ti < � � � < tm D tf is an arbitrary partition of Œti�1; tf � and

j 2 Œtj�1; tj � are arbitrary points. If we choose the particular grid GN and the
points 
j WD tj we obtain the approximation

Z tf

ti�1

s0x.�; Ox.�//
>d
.�/ �

NX
jDi

s0x.tj ; Ox.tj //
>.
.tj / � 
.tj�1//:

Together with (5.86) we draw the conclusion that the relationship of the discrete mul-
tipliers �i and the continuous counterpart 
 must be given by

�i � 
.ti / � 
.ti�1/; i D 1; : : : ; N:

Now, we address the remaining transversality condition (3.73):

	f .t0/
> D �.`0'

0
x0
. Ox.t0/; Ox.tf //C �

> 0x0. Ox.t0/; Ox.tf ///
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and the discrete counterpart (5.78)

	>f;0 D �.�0'
0
x0
. Ox0; OxN /C �

> 0x0. Ox0; OxN /C �
>
0 s
0
x.t0; Ox0//:

These two conditions can be brought into accordance as follows. Recall that the mul-
tiplier 
 is normalized, i.e. 
.t0/ D 0Rns and 
 is continuous from the right in the
open interval .t0; tf /. Hence, 
 may jump at t0 with 0 � 
.t0C/ � 
.t0/ D 
.t0C/,
where 
.t0C/ denotes the right-sided limit of 
 at t0. Similarly, 	f may jump at t0,
too. Similar to the derivation of the jump conditions (3.76) it follows

	f .t0C/ � 	f .t0/ D lim
"#0

	f .t0 C "/ � 	f .t0/ D �s
0
x.t0; Ox.t0//

>.
.t0C/ � 
.t0//

and thus

	f .t0C/
> D 	f .t0/

> � .
.t0C/ � 
.t0//
>s0x.t0; Ox.t0//

D �.`0'
0
x0
. Ox.t0/; Ox.tf //C �

> 0x0. Ox.t0/; Ox.tf //

C .
.t0C/ � 
.t0//
>s0x.t0; Ox.t0///:

A comparison with (5.78) shows that both are in accordance, if �0 is interpreted as the
jump height of 
 at t D t0, i.e.

�0 � 
.t0C/ � 
.t0/

and if 	f;0 is interpreted as the right-sided limit of 	f at t0, i.e.

	f;0 � 	f .t0C/:

As an approximation of the value 	f .t0/ we then use the value

�.�0'
0
x0
. Ox0; OxN /C �

> 0x0. Ox0; OxN //:

The above interpretations cope well with the complementarity conditions, if we
recall that �i denotes the multiplier for the constraint s.ti ; xi / � 0Rns . Then the
complementarity conditions yield

0Rns � �i � 
.ti / � 
.ti�1/;

which reflects the fact that
 is non-decreasing. The condition �>i s.ti ; xi / D 0 implies

s.ti ; xi/ < 0Rns H) 0Rns D �i � 
.ti / � 
.ti�1/;

which reflects that 
 is constant on inactive arcs.
The above interpretations remain valid for problems with additional mixed control-

state constraints and U D Rnu , see Theorem 3.4.4. A comparison of the respective
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necessary conditions in Theorem 3.4.4 and Theorem 5.4.4 yields the additional rela-
tionship

�i

hi�1
� �.ti /; i D 1; : : : ; N;

for the multiplier �. The complementarity conditions for �i are discrete versions of
the complementarity condition in Theorem 3.4.4.

5.4.1 Example

The subsequent example shows that the above interpretations are meaningful. Since
the problem is an ODE optimal control problem, we use the explicit Euler method for
discretization instead of the implicit Euler method. The above interpretations can be
adapted accordingly. Though the example at a first glance is very simple, it has the
nice feature that one of the two state constraints becomes active only at the final time
point. This causes the corresponding multiplier to jump only at the final time point.
Correspondingly, the adjoint also jumps. It turns out that the above interpretations
allow to construct approximations for the multipliers that reflect this behavior for the
numerical solution.

x.t/

u.t/

y.t/

v.t/

Figure 5.7. System of two water boxes with controllable outflow rates.

Consider a system of two water boxes, where x.t/ and y.t/ denote the volume of
water in the two boxes and u.t/ and v.t/ denote the outflow rate of water for the
respective boxes at time t , see Figure 5.7.
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An optimal control problem is given by

Problem 5.4.6. Let I WD Œ0; 10�.

Minimize

�

Z 10

0

.10 � t /u.t/C tv.t/dt

subject to the constraints

Px.t/ D �u.t/; x.0/ D 4;

Py.t/ D u.t/ � v.t/; y.0/ D 4;

x.t/ 
 0;

y.t/ 
 0;

u.t/ 2 Œ0; 1�;

v.t/ 2 Œ0; 1�:

Evaluation of the local minimum principle 3.4.3 or 3.2.7, respectively, yields the
optimal solution in

Theorem 5.4.7. The following functions satisfy the local minimum principle 3.4.3
(and 3.2.7) with `0 D 1 for the linear optimal control problem 5.4.6 and hence are
optimal according to Theorem 2.3.41.

The optimal control variables are given by

Ou.t/ D

²
1; if 0 � t < 4;
0; if 4 � t � 10;

; Ov.t/ D

²
0; if 0 � t < 2;
1; if 2 � t � 10:

The optimal state variables are given by

Ox.t/ D

²
4 � t; if 0 � t < 4;
0; if 4 � t � 10;

; Oy.t/ D

8<
:
4C t; if 0 � t < 2;
6; if 2 � t < 4;
10 � t; if 4 � t � 10:

The adjoints are given by

O	x.t/ D 
x.t/ � 
x.10/; O	y.t/ D 
y.t/ � 
y.10/ D

²
�2; if 0 � t < 10;
0; if t D 10;

where the multiplier 
x is non-decreasing and satisfies 
x.t/ D 0 for t 2 Œ0; 4/ andZ 10

4

d
x.�/ D 
x.10/ � 
x.4/ D 8; 
x.10/ � 
x.t/ > 12 � t; t 2 .4; 10/:

The multiplier 
y is given by

O
y.t/ D

²
0; if 0 � t < 10;
2; if t D 10:
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Proof. We apply Theorem 3.4.3. The Hamilton function for Problem 5.4.6 is given
by

H .t; x; y; u; v; 	x ; 	y ; `0/ D �`0 ..10 � t /uC tv/ � 	xuC 	y.u � v/:

Let . Ox; Oy; Ou; Ov/ be a local minimum of Problem 5.4.6. Then by Theorem 3.4.3 there
exist multipliers `0 
 0, � D .�x; �y/

> 2 R2, 	 D .	x ; 	y/
> 2 BV2.I/, and


 D .
x ; 
y/
> 2 NBV2.I/ with .`0; �; 	; 
/ 6D ‚ and

	x.10/ D 	y.10/ D 0;

	x.0/ D ��x ;

	y.0/ D ��y ;

	x.t/ D 	x.10/C

Z 10

t

H 0xŒ� �d� �

Z 10

t

d
x.�/ D 
x.t/ � 
x.10/;

	y.t/ D 	y.10/C

Z 10

t

H 0y Œ� �d� �

Z 10

t

d
y.�/ D 
y.t/ � 
y.10/:

Notice that the case `0 D 0 can be excluded, since the Mangasarian–Fromowitz condi-
tions are easily being checked to be satisfied for this problem. Hence, we set `0 D 1.

Almost everywhere in I it holds for every u; v 2 Œ0; 1�:

0 � H 0uŒt �.u � Ou.t// D .�.10 � t / � 	x.t/C 	y.t//.u � Ou.t//

D .�.10 � t / � 
x.t/C 
x.10/C 
y.t/ � 
y.10//.u � Ou.t//;

0 � H 0vŒt �.v � Ov.t// D .�t � 	y.t//.v � Ov.t//

D .�t � 
y.t/C 
y.10//.v � Ov.t//:

Finally, 
x ; 
y are non-decreasing functions with 
x.0/ D 
y.0/ D 0. 
x and 
y
are constant on intervals with measure greater than zero and x.t/ > 0 and y.t/ > 0,
respectively.

From the optimality conditions we conclude

Ou.t/ D

²
0; if 	y.t/ � 	x.t/ > 10 � t;
1; if 	y.t/ � 	x.t/ < 10 � t;

Ov.t/ D

²
1; if � 	y.t/ < t;
0; if � 	y.t/ > t:

The monotonicity properties of 
x and 
y imply that 	x.t/ D 
x.t/ � 
x.10/ � 0

and 	y.t/ D 
y.t/ � 
y.10/ � 0 are non-decreasing functions. Since the function t
is strictly increasing and�	y.t/ 
 0 is monotonically decreasing, there exists at most
one point Ot 2 Œ0; 10� with �	y.Ot / D Ot . Hence, the control Ov is a bang-bang control
with at most one switching point Ot . This defines the structure of the control Ov.
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The first differential equation yields

Ox.t/ D 4 �

Z t

0

Ou.�/d�; 0 � t � 10:

Let us assume for a moment that Ox.t/ > 0 holds for all t 2 Œ0; 10�, i.e. the state
constraint x.t/ 
 0 is inactive. Then, 
x.t/ � 0 and 	x.t/ D 
x.t/ � 
x.10/ � 0.
The optimality condition yields Ou.t/ � 1, because 	y.t/ � 	x.t/ D 	y.t/ � 0 �

10 � t . But this contradicts Ox.t/ > 0 for all t 2 Œ0; 10�. Hence, there exists a first
point Qt 2 .0; 10� with Ox.Qt / D 0. Once Ox.Qt / D 0 is fulfilled, it holds Ox.t/ D 0 and
Ou.t/ D 0 for all t 2 ŒQt ; 10� because of

0 � Ox.t/ D Ox.Qt / �

Z t

Qt

Ou.�/d� D �

Z t

Qt

Ou.�/d� � 0:

Due to the optimality conditions this implies 	y.t/ � 	x.t/ 
 10 � t in .Qt ; 10�.
Since Qt is the first point satisfying Ox.Qt / D 0, it holds Ox.t/ > 0 in Œ0; Qt / and thus


x.t/ � 0 respectively 	x.t/ � �
x.10/ in Œ0; Qt /. Hence, 	y.t/ � 	x.t/ is non-
decreasing in Œ0; Qt /. Since 10 � t is strictly decreasing, there is at most one point
t1 2 Œ0; Qt / with 	y.t1/ � 	x.t1/ D 10 � t1. Assume t1 < Qt . Then, necessarily,
Ou.t/ D 0 in .t1; Qt / and thus Ou.t/ D 0 in .t1; 10� and Ox.t/ � Ox.t1/ in Œt1; 10�. Then,
either Ox.t1/ > 0, which contradicts the existence of Qt , or Ox.t1/ D 0, which contradicts
the minimality of Qt . Consequently, there is no point t1 in Œ0; Qt /with 	y.t1/�	x.t1/ D
10 � t1. Therefore, either 	y.t/ � 	x.t/ > 10 � t in Œ0; Qt /, which implies Ou.t/ D 0

and contradicts the existence of Qt , or 	y.t/ � 	x.t/ < 10 � t in Œ0; Qt /, which implies
Ou.t/ D 1 in Œ0; Qt /. Summarizing, these considerations yield

Qt D 4;

Ou.t/ D

²
1; if t 2 Œ0; 4/;
0; if t 2 Œ4; 10�;

Ox.t/ D

²
4 � t; if t 2 Œ0; 4/;
0; if t 2 Œ4; 10�;


x.t/ D 0; t 2 Œ0; 4/;

	x.t/ D 
x.t/ � 
x.10/ D �
x.10/; t 2 Œ0; 4/;

	y.Qt / � 	x.Qt / D 10 � Qt D 6:

Now we have to determine the switching point Ot of Ov. It turns out that Ot D 2 is the
only possible choice. All other cases (Ot does not occur in Œ0; 10�, Ot 6D 2) will lead to
contradictions. Hence, we have

Ot D 2; Ov.t/ D

²
0; if t 2 Œ0; 2/;
1; if t 2 Œ2; 10�:
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Using these controls, it is easy to check that Oy becomes active exactly at t D 10.
Hence,


y.t/ D

²
0; in Œ0; 10/;

y.10/ 
 0; if t D 10;

	y.t/ D 
y.t/ � 
y.10/ D

²
�
y.10/; in Œ0; 10/;
0; if t D 10:

On the other hand, we know already Ot D �	y.Ot / and hence 
y.10/ D 2.
Moreover, 
x.t/ D 0 in Œ0; 4/ and hence

	x.t/ D 
x.t/ � 
x.10/ D

8<
:
�
x.10/; if 0 � t < 4;
� 0; if 4 � t < 10;
0; if t D 10:

On the other hand, we know already 6 D 	y.Qt / � 	x.Qt / D �2 � 	x.Qt / and hence

	x.Qt / D 
x.Qt / � 
x.10/ D �

Z 10

Qt

d
x.�/ D �8:

Finally, since Ou.t/ � 0 in Œ4; 10� it follows

	y.t/ � 	x.t/ D �2 � 	x.t/ > 10 � t

in .4; 10/, i.e. 
x.10/ � 
x.t/ > 12 � t in .0; 4/.

In the sequel the discretization of Problem 5.4.6 by the explicit Euler method is
investigated in detail. Application of the explicit Euler method with constant step
size h D .tf � t0/=N and equidistant grid points ti D t0 C ih, i D 0; : : : ; N , to
Problem 5.4.6 leads to

Problem 5.4.8 (Discretized Problem).

Minimize

�h

N�1X
iD0

.10 � ti /ui C tivi
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subject to the constraints

x0 D 4;

xiC1 D xi � hui ; i D 0; 1; : : : ; N � 1;

y0 D 4;

yiC1 D yi C hui � hvi ; i D 0; 1; : : : ; N � 1;

xi 
 0; i D 0; 1; : : : ; N;

yi 
 0; i D 0; 1; : : : ; N;

ui 2 Œ0; 1�; i D 0; 1; : : : ; N � 1;

vi 2 Œ0; 1�; i D 0; 1; : : : ; N � 1:

The Lagrange function of Problem 5.4.8 with

x D .x1; : : : ; xN /
>; y D .y1; : : : ; yN /

>;

u D .u0; : : : ; uN�1/
>; v D .v0; : : : ; vN�1/

>;

	x D .	x1 ; : : : ; 	
x
N /
>; 	y D .	

y
1 ; : : : ; 	

y
N /
>;


x D .
x1 ; : : : ; 

x
N /
>; 
y D .


y
1 ; : : : ; 


y
N
/>

is given by

L.x; y; u; v; 	x ; 	y ; 
x ; 
y/ D �h

N�1X
iD0

Œ.10 � ti /ui C tivi �

C

N�1X
iD0

	xiC1.xi � hui � xiC1/

C

N�1X
iD0

	
y
iC1.yi C hui � hvi � yiC1/

C

NX
iD0


xi .�xi /C

NX
iD0



y
i .�yi /:

Notice that x0 D 4 and y0 D 4 are not considered as constraints in Problem 5.4.8.
We intend to evaluate the Fritz John conditions in Theorem 2.3.28 for Problem 5.4.8.

Notice that we can choose `0 D 1, since Problem 5.4.8 is linear. Theorem 2.3.28 with
`0 D 1 yields the following necessary (and in this case also sufficient) optimality
conditions for an optimal solution Ox; Oy; Ou; Ov with multipliers 	x ; 	y ; 
x ; 
y :
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(i) For i D 1; : : : ; N it holds 0 D L0xi . Ox; Oy; Ou; Ov; 	
x ; 	y ; 
x ; 
y/, i.e.

0 D 	xiC1 � 	
x
i � 


x
i ; i D 1; : : : ; N � 1;

0 D 	xN � 

x
N :

Recursive evaluation leads to

	xi D �

NX
jDi


xj ; i D 1; : : : ; N:

(ii) For i D 1; : : : ; N it holds 0 D L0yi . Ox; Oy; Ou; Ov; 	
x ; 	y ; 
x ; 
y/, i.e.

0 D 	
y
iC1 � 	

y
i � 


y
i ; i D 1; : : : ; N � 1;

0 D 	
y
N � 


y
N :

Recursive evaluation leads to

	
y
i D �

NX
jDi



y
j ; i D 1; : : : ; N:

(iii) For i D 0; : : : ; N it holds L0ui . Ox; Oy; Ou; Ov; 	
x; 	y ; 
x; 
y/.u � Oui / 
 0 for all

u 2 Œ0; 1�, i.e.

.�h.10 � ti / � h	
x
iC1 C h	

y
iC1/.u � Oui / 
 0:

This implies

Oui D

8̂<
:̂
1; if � .10 � ti /C

PN
jDiC1.


x
j � 


y
j / < 0;

0; if � .10 � ti /C
PN
jDiC1.


x
j � 


y
j / > 0;

undefined; otherwise:

(5.87)

(iv) For i D 0; : : : ; N it holds L0vi . Ox; Oy; Ou; Ov; 	
x ; 	y ; 
x ; 
y/.v � Ovi / 
 0 for all

v 2 Œ0; 1�, i.e.

.�hti � h	
y
iC1/.v � Ovi / 
 0:

This implies

Ovi D

8̂<
:̂
1; if � ti C

PN
jDiC1 


y
j < 0;

0; if � ti C
PN
jDiC1 


y
j > 0;

undefined; otherwise:

(5.88)
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(v) It holds 
xi xi D 0, 
xi 
 0, i D 0; : : : ; N , and 
yi yi D 0, 
yi 
 0, i D 0; : : : ; N .

We verify that

Oui D

8̂<
:̂
1; for i D 0; : : : ; m � 1;

4=h �m; for i D m;

0; for i D mC 1; : : : ; N � 1;

(5.89)

Ovi D

8̂<
:̂
0; for i D 0; : : : ; q � 1;

q C 1 � 2=h; for i D q;

1; for i D q C 1; : : : ; N � 1;

(5.90)

with

m D



4

h

�
; q D



2

h

�
;

is an optimal control for the discretized problem 5.4.8. To this end, by application of
these controls we find

Oxi D 4 � h

i�1X
jD0

Ouj D 4 � ih > 0; i D 0; : : : ; m;

OxmC1 D xm � h Oum D 4 �mh � h.4=h �m/ D 0;

Oxi D 0; i D mC 2; : : : ; N:

Similarly we have

Oyi D 4C h

i�1X
jD0

. Ouj � Ovj / D 4C ih; i D 0; : : : ; q;

OyqC1 D Oyq C h. Ouq � Ovq/ D 4C qhC h.1 � .q C 1 � 2=h// D 6;

Oyi D 6; i D q C 2; : : : ; m;

OymC1 D Oym C h. Oum � Ovm/ D 6C h.4=h �m � 1/ D 10 � h.mC 1/;

Oyi D OymC1 C h

i�1X
jDmC1

. Ouj � Ovj /

D 10 � h.mC 1/ � h.i � 1 �m/ D 10 � ih; i D mC 2; : : : ; N:
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Notice that Oyi > 0 for i D 0; : : : ; N � 1 and OyN D 0. Hence, according to
the complementarity conditions (v), the multipliers 
yi must satisfy 
yi D 0 for
i D 1; : : : ; N � 1. With (5.88) and (5.90) necessarily it holds



y
N 2 .tq�1; tq/:

Taking the limit h �! 0 we find tq D qh D b2=hch �! 2 and tq�1 �! 2 and thus


y
N �! 2.
According to the complementarity conditions (v), the multipliers 
xi must satisfy


xi D 0 for i D 1; : : : ; m. With (5.87) and (5.89) necessarily it holds

�.10 � tm�1/C

NX
jDm

.
xj � 

y
j / < 0;

�.10 � tm/C

NX
jDmC1

.
xj � 

y
j / > 0;

and thus



y
N C .10 � tm/ <

NX
jDm


xj < 

y
N C .10 � tm�1/:

Taking the limit h �! 0 yields tm D mh D b4=hch �! 4 and

NX
jDm


xj �! 8:

Summarizing, the above considerations showed that (5.89), (5.90), and the resulting
discrete state variables are optimal solutions of the discretized problem provided the
multipliers 
x and 
y are chosen accordingly. Furthermore, the switching points tq
and tm converge at a linear rate to the switching points of the continuous problem 5.4.6.
The discrete states (viewed as continuous, piecewise linear functions) converge for the
norm k � k1;1, whereas the discrete controls (viewed as piecewise constant functions)
do not converge to the continuous controls for the norm k � k1. The discrete controls,
however, do converge for the norm k�k1. Due to the non-uniqueness of the continuous
and discrete multipliers it is hard to observe convergence for these quantities.

Figures 5.8–5.12 show the numerical solution for N D 999 and piecewise con-
stant control approximation. The numerical solution was computed by the software
package OC-ODE [117].
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Figure 5.8. Optimal approximate state and control for N D 999 grid points and piecewise
constant control approximation.
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Figure 5.9. Lagrange multiplier 
x for the discretized state constraint xi 
 0 in Problem 5.4.8
for N D 9; 19; 39; 999.
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Figure 5.10. Lagrange multiplier 
y for the discretized state constraint yi 
 0 in Prob-
lem 5.4.8 for N D 9; 19; 39; 999.

-8

-7

-6

-5

-4

-3

-2

-1

 0

 0  2  4  6  8  10

la
m

bd
a^

x

t

N=9

-8

-7

-6

-5

-4

-3

-2

-1

 0

 0  2  4  6  8  10

la
m

bd
a^

x

t

N=19

-8

-7

-6

-5

-4

-3

-2

-1

 0

 0  2  4  6  8  10

la
m

bd
a^

x

t

N=39

-8

-7

-6

-5

-4

-3

-2

-1

 0

 0  2  4  6  8  10

la
m

bd
a^

x

t

N=999

Figure 5.11. Adjoint estimation 	x for the discretized differential equation in Problem 5.4.8
for N D 9; 19; 39; 999.
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Figure 5.12. Adjoint estimation 	y for the discretized differential equation in Problem 5.4.8
for N D 9; 19; 39; 999.

5.5 An Overview on Convergence Results

The convergence of discretized optimal control problems is a current field of research.
Only few results are available for ODE optimal control problems. We summarize the
existing results without proving them. All results assume that the optimal control is
at least continuous. A convergence result for linear optimal control problems with
discontinuous controls can be found in [2].

5.5.1 Convergence of the Euler Discretization

The proof of convergence for the full Euler discretization can be found in [216].
More specifically, the authors investigate the following optimal control problem on
I WD Œ0; tf � with 
 2 Rnx given:

Minimize

'.x.tf //C

Z tf

0

f0.x.t/; u.t//dt
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subject to the constraints

Px.t/ � f .x.t/; u.t// D 0Rnx ;

x.0/ � 
 D 0Rnx ;

 .x.tf // D 0Rn ;

c.x.t/; u.t// � 0Rnc :

Its discretization by the explicit Euler method looks as follows:

Minimize

'.xN /C h

N�1X
iD0

f0.xi ; ui /

subject to the constraints

xiC1 � xi

h
� f .xi ; ui / D 0Rnx ; i D 0; : : : ; N � 1;

x0 � 
 D 0Rnx ;

 .xN / D 0Rn ;

c.xi ; ui / � 0Rnc ; i D 0; : : : ; N � 1:

We only summarize the assumptions needed to prove a convergence result. OH

denotes the augmented Hamilton function as usual.

Assumption 5.5.1.

(a) f0; f; c; ';  are differentiable with locally Lipschitz continuous derivatives.

(b) There exists a local solution . Ox; Ou/ 2 C
nx
1 .I/ � Cnu.I/ of the optimal control

problem.

(c) Uniform rank condition for c: Let

J.t/ WD ¹i 2 ¹1; : : : ; ncº j ci . Ox.t/; Ou.t// 
 �˛º for some ˛ > 0

denote the index set of ˛-active mixed control-state constraints at t and cJ.t/Œt �
the ˛-active constraints at t . There exists a constant ˇ > 0 with

kc 0J.t/;uŒt �
>dk 
 ˇkdk for all d 2 RjJ.t/j almost everywhere in I:

(d) Surjectivity of the linearized equality constraints: The boundary value problem

Py.t/ � QA.t/y.t/ � QB.t/v.t/ D 0Rnx ; y.0/ D 0Rnx ;  0xf . Ox.tf //y.tf / D h
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possesses a solution for any h 2 Rn , where
QA.t/ D f 0x Œt � � f

0
uŒt �c

0
J.t/;uŒt �

>.c0J.t/;uŒt �c
0
J.t/;uŒt �

>/�1c0J.t/;xŒt �;

QB.t/ D f 0uŒt �.Inu � c
0
J.t/;uŒt �

>.c0J.t/;uŒt �c
0
J.t/;uŒt �

>/�1c0J.t/;xŒt �/:

(e) Coercivity: Define JC.t/ WD ¹i 2 J.t/ j �i .t/ > ıº for some ı 
 0, where �
denotes the multiplier for the mixed control-state constraint c.
There exists Ň > 0 such that

d> OH 00uuŒt �d 

Ňkdk2

holds for all d 2 Rnu with

c0
JC.t/;u

Œt �d D 0
RjJC.t/j

:

(f) Riccati equation: Let the Riccati equation
PQ.t/ D �Q.t/f 0xŒt � � f

0
xŒt �
>Q.t/ � OH 00xxŒt �

C

" 
OH 00uxŒt �

c0
JC.t/;x

Œt �

!>
CQ.t/

�
f 0uŒt �

>

‚

�> # OH 00uuŒt � c0
JC.t/;u

Œt �>

c0
JC.t/;u

Œt � ‚

!
�

�

"�
f 0uŒt �

>

‚

�
Q.t/C

 
OH 00uxŒt �

c0
JC.t/;x

Œt �

!#

possess a bounded solution Q on I that satisfies the rank condition

d>
�
� �Q.tf /

�
d 
 0 for all d 2 Rnx with  0xf . Ox.tf //d D 0Rn ;

where

� WD .'. Ox.tf //C �
>
f  . Ox.tf ///

00
xx :

All function evaluations are at the optimal solution . Ox; Ou/.

The following convergence result was obtained in [216]:

Theorem 5.5.2. Let Assumption 5.5.1 hold. Then for sufficiently small step-sizes
h > 0 there exists a locally unique KKT point .xh; uh; 	h; �h; �0; �f / of the dis-
cretized problem satisfying

max¹kxh � Oxk1;1; kuh � Ouk1; k	h � 	k1;1;

k�0 � �0k; k�f � �f k; k�h � �k1º D O.h/;

where 	h denotes the discrete adjoint, �h the discrete multiplier for the mixed control-
state constraint, �0 the discrete multiplier for the initial condition, and �f the discrete
multiplier for the final condition.

Remark 5.5.3.

(a) The assumptions (e) and (f) together are sufficient for local optimality of . Ox; Ou/.

(b) Similar convergence results can be found in [76, 77].
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5.5.2 Higher Order of Convergence for Runge–Kutta Discretizations

Hager [146] investigates optimal control problems on I WD Œ0; 1� with 
 2 Rnx given:

Minimize '.1/ subject to the constraints

Px.t/ D f .x.t/; u.t//; x.0/ D 
:

Its discretization by an s-stage Runge–Kutta method with fixed step-size h D 1=N

looks as follows:

Minimize '.xN / subject to the constraints

xkC1 � xk

h
D

sX
iD1

bif .�i ; uki /; k D 0; : : : ; N � 1;

�i D xk C h

sX
jD1

aijf .�j ; ukj /; i D 1; : : : ; s;

x0 D 
:

Notice that for each function evaluation of f an independent optimization variable
uki is introduced, compare Example 5.1.7. Hence, there is no coupling through, e.g.,
piecewise constant interpolation or linear interpolation.

Assumption 5.5.4.

(a) Smoothness: The optimal control problem possesses a solution

. Ox; Ou/ 2 W nx
p;1.I/ �W

nu
p�1;1.I/ with p 
 2:

The first p derivatives of f and ' are supposed to be locally Lipschitz continu-
ous in some neighborhood of . Ox; Ou/.

(b) Coercivity: There exists some ˛ > 0 with

B.x; u/ 
 ˛kuk22 for all .x; u/ 2M;

where

B.x; u/ WD
1

2

�
x.1/>Vx.1/

C

Z 1

0

x.t/>Q.t/x.t/C 2x.t/>S.t/u.t/C u.t/>R.t/u.t/dt
�

and

A.t/ WD f 0x. Ox.t/; Ou.t//; B.t/ WD f 0u. Ox.t/; Ou.t//;

V WD '00. Ox.1//; Q.t/ WD H 00xx. Ox.t/; Ou.t/; 	.t//;

R.t/ WD H 00uu. Ox.t/; Ou.t/; 	.t//; S.t/ WD H 00xu. Ox.t/; Ou.t/; 	.t//;
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and

M WD ¹.x; u/ 2 W
nx
1;2.I/ � L

nu
2 .I/ j Px D Ax C Bu; x.0/ D 0Rnx º:

The smoothness property in (a) implies that the optimal control Ou is at least contin-
uous.

It turns out that the well-known order conditions for Runge–Kutta methods for ini-
tial value problems are not enough to ensure higher order convergence for discretized
optimal control problems. To ensure the latter, the Runge–Kutta method has to satisfy
the stronger conditions in Table 5.4. To distinguish these conditions from the ordinary
conditions for initial value problems we refer to the conditions in Table 5.4 as optimal
control order conditions. A closer investigation yields that they are identical with the
initial value problem conditions only up to order p D 2.

Order Conditions (ci D
P
aij , dj D

P
biaij )

p D 1
P
bi D 1

p D 2
P
di D

1
2

p D 3
P
cidi D

1
6

,
P
bic

2
i D

1
3

,
P d2

i

bi
D 1

3

p D 4
P
bic

3
i D

1
4

,
P
biciaij cj D

1
8

,
P
dic

2
i D

1
12

,
P
diaij cj D

1
24

,P cid
2
i

bi
D 1

12
,
P d3

i

b2
i

D 1
4

,
P biciaijdj

bj
D 5

24
,
P diaijdj

bj
D 1

8

Table 5.4. Optimal control order conditions for Runge–Kutta methods up to order 4 (higher
order conditions require the validity of all conditions of lower order)

The following convergence result holds, see [146]:

Theorem 5.5.5. Let Assumption 5.5.4 hold. Let bi > 0, i D 1; : : : ; s, hold for the
coefficients of the Runge–Kutta method. Let the Runge–Kutta method be of optimal
control order p, see Table 5.4.

Then, for any sufficiently small step-size h > 0, there exists a strict local minimum
of the discretized optimal control problem.

If dp�1 Ou=dtp�1 is of bounded variation, then

max
0�k�N

¹kxk � Ox.tk/k C k	k � 	.tk/k C ku
�.xk ; 	k/ � Ou.tk/kº D O.hp/:

If dp�1 Ou=dtp�1 is Riemann-integrable, then

max
0�k�N

¹kxk � Ox.tk/k C k	k � 	.tk/k C ku
�.xk ; 	k/ � Ou.tk/kº D o.h

p�1/:

Herein, u�.xk; 	k/ denotes a local minimum of the Hamilton function
H .xk; u; 	k/ with respect to u.
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Remark 5.5.6. The assumption bi > 0, i D 1; : : : ; s, is essential as Example 5.1.7
shows.

5.6 Numerical Examples

The reduced discretization approach is illustrated for some examples.

Example 5.6.1 (Ski driver). A ski driver of mass m moves in a plane with elevation
angle  . The plane is given by the equation 0 D z � x tan. /, see Figure 5.13.

 

F

ı

x
y

z

Figure 5.13. Motion in a plane.

The ski driver can control its motion by the steering angle velocity Pı.t/ D u.t/

and its downhill force F.t/. The equations of motion for the ski driver with center of
gravity S D .x; y; z/> 2 R3 without air resistance and friction read as follows:

Px.t/ D vx.t/;

Py.t/ D vy.t/;

Pz.t/ D vz.t/;

m Pvx.t/ D tan. /	.t/C F.t/ cos.ı.t// cos. /;

m Pvy.t/ D F.t/ sin.ı.t//;

m Pvz.t/ D �mg � 	.t/C F.t/ cos.ı.t// sin. /;

Pı.t/ D u.t/;

0 D z.t/ � x.t/ tan. /:

(5.91)

Equation (5.91) is a DAE of index three. Initial conditions are given by

x.0/ D y.0/ D z.0/ D ı.0/ D 0;

vx.0/ D �5; vy.0/ D 5; vz.0/ D vx.0/ tan. /:
(5.92)
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The aim of the skier is to reach a given final position in minimal time:

Minimize tf subject to (5.91), (5.92), and

x.tf /C 100 D 0;

y.tf /C 20 D 0;

vy.tf / D 0;

u.t/ 2 Œ�10; 10�;

F .t/ 2 Œ�200; 200�:

The control appears linearly in the optimal control problem. The solution of the
reduced discretization approach with tf D 8:426448607129171 Œs�, m D 80 Œkg�,
 D 10ı, and 401 equidistant discretization points is depicted in Figure 5.14. The
control u.t/ has two so-called singular arcs, where the control is in between the con-
trol bounds, and two boundary arcs, where u.t/ is at the boundary of the control
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Figure 5.14. Downhill drive of a ski driver: Track and controls (normalized time)



280 Chapter 5 Discretization of Optimal Control Problems

constraints. One can observe oscillations at the entry and leaving points of the sin-
gular arcs, which is typical for direct discretization methods. The control F.t/ stays
at the lower boundary of the control constraints with exception of a small interval at
normalized time 0:6, i.e. the ski driver basically accelerates in downhill direction at
all time.

Example 5.6.2. We revisit Example 1.1.19 with an additional smoothing of the con-
trol u2:

Minimize Z 3

0

2x1.t/C
1

2
y.t/2dt

subject to the DAE

Px1.t/ D x2.t/; x1.0/ D 1;

Px2.t/ D y.t/C u1.t/; x2.0/ D
2

3
;

Px3.t/ D x4.t/; x3.0/ D 1;

Px4.t/ D u2.t/; x4.0/ D
2

3
;

0 D x2.t/ � x4.t/;

the control constraint

�1 � u1.t/ � 1;

and the state constraint

0 � x3.t/ � 200:

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 0  0.5  1  1.5  2  2.5  3

u_
1(

t)

t

Control 1 vs time

-3.5

-3

-2.5

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 0  0.5  1  1.5  2  2.5  3

u_
2(

t)

t

Control 2 vs time

Figure 5.15. Control variables: Numerical solution with N D 400, linearized Runge–Kutta
method and continuous, piecewise linear control approximation.
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Figure 5.16. State variables: Numerical solution with N D 400, linearized Runge–Kutta
method and continuous, piecewise linear control approximation.

Figures 5.15 and 5.16 depict the numerical solution of the problem obtained by the
reduced discretization approach. The numerical solution shows small oscillations in
the controls beyond the time point t D 2.

Example 5.6.3 (Robot Control). We consider an optimal control problem for a ma-
nipulator robot in three space dimensions, see Figure 5.17. Herein, q D .q1; q2; q3/>

denotes the vector of joint angles at the joints of the robot and Pq D . Pq1; Pq2; Pq3/
>

denotes the vector of joint angle velocities.
Let the rotation matrices be defined as

S1.˛/ WD

0
@ cos˛ � sin˛ 0

sin˛ cos˛ 0

0 0 1

1
A ; S2.ˇ/ WD S3.ˇ/ WD

0
@ 1 0 0

0 cosˇ � sinˇ
0 sinˇ cosˇ

1
A ;

and

S12.˛; ˇ/ WD S1.˛/S2.ˇ/; S123.˛; ˇ; �/ WD S1.˛/S2.ˇ/S3.�/:
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Figure 5.17. Configuration of the manipulator robot.

Then the mount points of the first and second link, respectively, are given by

P1 WD S1.q1/

0
@ �b10
h1

1
A ; P2 WD P1 C S12.q1; q2/

0
@ b2`1
0

1
A :

The centers of gravity of the three links of the manipulator in the reference system are
given by

R1 WD

0
@ 0

0
h1
2

1
A ;

R2 WD P1 C S12.q1; q2/

0
@ 0
`1
2

0

1
A D

0
B@
�b1 cos q1 �

`1
2

sin q1 cos q2

�b1 sin q1 C
`1
2

cos q1 cos q2

h1 C
`1
2

sin q2

1
CA ;
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and

R3 WD P2 C S123.q1; q2; q3/

0
@ 0
`2
2

0

1
A

D

0
B@ .b2 � b1/ cos q1 � sin q1.`1 cos q2 C

`2
2

cos.q2 C q3//
.b2 � b1/ sin q1 C cos q1.`1 cos q2 C

`2
2

cos.q2 C q3//
h1 C `1 sin q2 C

`2
2

sin.q2 C q3/

1
CA :

The center of gravity of the load is given by

R4 WD

0
@ .b2 � b1/ cos q1 � sin q1 .`1 cos q2 C `2 cos.q2 C q3//
.b2 � b1/ sin q1 C cos q1 .`1 cos q2 C `2 cos.q2 C q3//

h1 C `1 sin q2 C `2 sin.q2 C q3/

1
A : (5.93)

The angular velocities of the respective body coordinate systems with respect to the
reference coordinate system expressed in the body reference coordinate system are
given by

!1 D

0
@ 0

0

Pq1

1
A ; !2 D

0
@ Pq2
Pq1 sin q2
Pq1 cos q2

1
A ; !3 D !4 D

0
@ Pq2 C Pq3
Pq1 sin.q2 C q3/
Pq1 cos.q2 C q3/

1
A :

The kinetic energy of the manipulator robot is

T .q; Pq/ WD
1

2

4X
iD1

.mik PRik
2
2 C !

>
i Ji!i /;

where mi and Ji D diag.Jx;i ; Jy;i ; Jz;i /, i D 1; 2; 3; 4, denote the masses of the
robot links and the load and the moments of inertia, respectively.

Application of the torques u1, u2, and u3 at the centers of gravity of the robot links
allow to control the robot. The equations of motion are then given by

Rq DM.q/�1 .G.q; Pq/C F.q// ; (5.94)

where M.q/ WD T 00
Pq; Pq
.q; Pq/ denotes the symmetric and positive definite mass matrix,

G.q; Pq/> WD T 0q.q; Pq/ � T
00
Pq;q
.q; Pq/ Pq denotes the generalized Coriolis forces and

F.q/ D

0
@ u1
u2 � g`1 cos q2.

m2
2 Cm3 Cm4/ � g`2 cos.q2 C q3/.

m3
2 Cm4/

u3 � g`2 cos.q2 C q3/.
m3
2
Cm4/

1
A

denotes the vector of applied joint torques and gravity forces.
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An optimal control problem is obtained by the task to move the robot from some
initial configuration to some terminal configuration minimizing a linear combination
of final time and control effort:

Minimize

w1tf C w2

Z tf

0

u1.t/
2 C u2.t/

2 C u3.t/
2 dt

subject to the equations of motion (5.94), the initial position

q.0/ D q0; Pq.0/ D 0R3 ;

the terminal condition

q.tf / D qf ; Pq.tf / D 0R3 ;

and the control constraints

�ui;max � ui � ui;max ; i D 1; 2; 3:

Herein, the terminal time tf > 0 is free, w1; w2 
 0 are user-defined weights,
q0; qf 2 R3 are given vectors, and ui;max > 0, i D 1; 2; 3, are given control bounds.

Instead of using the terminal condition q.tf / D qf , which defines the terminal
angles, and thus the terminal position in a unique way, it might be better to allow
additional degrees of freedom in the final position of the robot. This can be achieved
by replacing the terminal condition q.tf / D qf by the nonlinear boundary condition

R4.tf / �Rf D 0R3 ; (5.95)

where Rf D .xf ; yf ; zf /
> 2 R3 is a user defined target position of the load and

R4.tf / is given by (5.93) with q D q.tf /.
The moments of inertia for the cylindric links of radius r and the spherical load of

radius r4 are computed as follows:

Jz;1 D
1

2
m1r

2; Jx;4 D Jy;4 D Jz;4 D
2

5
m4r

4
4 ;

Jx;2 D Jz;2 D
1

4
m2r

2 C
1

12
m2`1; Jy;2 D

1

2
m2r

2;

Jx;3 D Jz;3 D
1

4
m3r

2 C
1

12
m3`2; Jy;3 D

1

2
m3r

2:

The parameters in Table 5.5 were used for numerical computations.
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Parameter Value Description

m1 10 Œkg� mass of socket

m2 2 Œkg� mass of link 1

m3 2 Œkg� mass of link 2

m4 1 Œkg� mass of load

h1 1 Œm� height of socket

h2 0:5 Œm� height of 2nd socket

h3 0:1 Œm� height of platform

r1 0 Œm� radius of socket

r2 0:3 Œm� radius of 2nd socket

r3 0:5 Œm� radius of platform

`2 1 Œm� length link 1

`3 1 Œm� length link 2

r4 0:1 Œm� radius of load

r 0:1 Œm� radius of cylindric links

ui;max, i D 1; 2; 3 100 ŒN� control bound

g 9:81 Œm=s2� earth acceleration

Table 5.5. Parameters for manipulator robot.

Figures 5.18–5.21 show numerical results for the above optimal control problem
with w1 D 1 and w2 D 0 (minimum time problem), terminal condition (5.95) with

Rf D

0
@ .b2 � b1/ cos˛ � sin˛ .`1 cosˇ C `2 cos.ˇ C �//
.b2 � b1/ sin˛ C cos˛ .`1 cosˇ C `2 cos.ˇ C �//

h1 C `1 sinˇ C `2 sin.ˇ C �/

1
A

and ˛ D ��=4, ˇ D �=4, � D �=4.
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Figure 5.18. Control variables .u1; u2; u3/> for the manipulator robot (scaled to Œ�1; 1�, nor-
malized time).
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Figure 5.19. State variables .q1; q2; q3; Pq1; Pq2; Pq3/> for the manipulator robot (normalized
time).
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Figure 5.20. Adjoint variables associated to .q1; q2; q3; Pq1; Pq2; Pq3/> for the manipulator robot
(normalized time).

The numerical results were obtained with the software OC-ODE [117] usingN D 51
grid points, piecewise linear control approximations, and classic Runge–Kutta integra-
tor for the equations of motion. The final time computes to tf � 0:475104.
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Figure 5.21. Snapshots of the motion of the manipulator robot.



288 Chapter 5 Discretization of Optimal Control Problems

5.7 Exercises

Exercise 5.7.1. Consider the nonlinear optimization problem

Minimize J.z1; z2/ D z1 C z2

subject to G1.z1; z2/ D z
2
1 � z2 D 0:

Solve the problem by hand using the Lagrange–Newton method with z.0/ D 0 and
	.0/ 6D 0. How does the initial guess of 	.0/ influence the algorithm?

Exercise 5.7.2. Let J W Rnz �! R and H W Rnz �! RnH be twice continuously
differentiable.

(a) Implement the Lagrange–Newton method in Algorithm 5.2.2 to solve the non-
linear optimization problem

Minimize J.z/ subject to H.z/ D 0Rnz :

(b) Test the program for the following example:

Minimize 2z41 C z
4
2 C 4z

2
1 � z1z2 C 6z

2
2

subject to 2z1 � z2 D �4; z1; z2 2 R:

Exercise 5.7.3. Implement the full discretization approach in Problem 5.1.1 using the
implicit Euler method.

The resulting nonlinear optimization problem can be solved for instance by the
MATLAB routine fmincon or by the code WORHP, which is available at

www.worhp.de.

Test the program for the constrained minimum energy problem 3.2.13.

Exercise 5.7.4 (Sensitivity Analysis by Adjoint Equation). Let f W Œt0; tf � � Rnz �
Rnp �! Rnz and Z0 W Rnp �! Rnz be sufficiently smooth functions and

z.t0/ D Z0.p/;

Pz.t/ D f .t; z.t/; p/; t 2 Œt0; tf �;

a parametric initial value problem with solution z.t Ip/.

(a) Implement the adjoint equation approach in Subsection 5.3.2 for the classic
4-stage Runge–Kutta method with Butcher array

0

1=2 1=2

1=2 0 1=2

1 0 0 1

1=6 1=3 1=3 1=6
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to compute the derivative

d

dp
'.z.tf Ip/; p/

of the function ' W Rnz �Rnp �! R, .z; p/ 7! '.z; p/.

(b) Test the program for Œt0; tf � D Œ0; 10�, step-size h D 0:1, '.z1; z2/ WD z21 � z2,
and

z1.0/ D p1;

z2.0/ D p2;

Pz1.t/ D z2.t/;

Pz2.t/ D �
p3

p4
sin.z1.t//

with p1 D �
2
; p2 D 0; p3 D 9:81; p4 D 1.

Exercise 5.7.5. Implement the reduced discretization method in Subsection 5.1.2 us-
ing the classic 4-stage Runge–Kutta method in Exercises 4.7.11 and 5.7.4 with a fixed
step-size h D .tf � t0/=N , N 2 N, and a piecewise constant control approximation
to solve the following optimal control problem:

Minimize Z 4:5

0

u.t/2 C x1.t/
2dt

subject to

Px1.t/ D x2.t/;

Px2.t/ D �x1.t/C x2.t/.1:4 � 0:14x2.t/
2/C 4u.t/;

x1.0/ D x2.0/ D �5;

x1.4:5/ D x2.4:5/ D 0:

You may use the Lagrange–Newton method in Exercise 5.7.2 to solve the nonlinear
optimization problem and either the sensitivity equation approach in Exercise 4.7.11
or the adjoint equation approach in Exercise 5.7.4 to compute the first derivatives
of the objective function and the constraints. Replace the Hessian of the Lagrange
function in the Lagrange–Newton method by the modified BFGS update in (5.28).

Exercise 5.7.6. Solve the following discrete dynamic optimization problem for k D 1,
c D 1, b D 0:6, and N D 5 using the discrete minimum principle:
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Minimize �x2.N / subject to the constraints

x1.j C 1/ D x1.j /.0:9C bu.j //; j D 0; 1; : : : ; N � 1;

x2.j C 1/ D x2.j /C c.1 � u.j //x1.j /; j D 0; 1; : : : ; N � 1;

x1.0/ D k;

x2.0/ D 0;

u.j / 2 Œ0; 1�; j D 0; 1; : : : ; N � 1:

Exercise 5.7.7. Solve the following discrete dynamic optimization problem forN D 5
using the discrete minimum principle:

Minimize

N�1X
jD0

u.j /2

subject to the constraints

x1.j C 1/ D x1.j /C 2x2.j /; j D 0; 1; : : : ; N � 1;

x2.j C 1/ D 2u.j / � x2.j /; j D 0; 1; : : : ; N � 1;

x1.0/ D 0;

x1.N / D 4;

x2.0/ D 0;

x2.N / D 0:

Exercise 5.7.8. Let the following optimal control problem be given:

Minimize

kuk1

with respect to x 2 W2;1.Œ0; tf �/ and u 2 L1.Œ0; tf �/ subject to the constraints

Rx.t/ D u.t/;

x.0/ D x.tf / D Px.tf / D 0;

Px.0/ D 1;

ju.t/j � 1:

Discretize the problem for N D 10 and tf D 3 on the grid

ti D ih; i D 0; : : : ; N; h WD tf =N:

Formulate the discretized problem as a linear optimization problem and solve it.
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Exercise 5.7.9. Investigate numerically the order of convergence of the state x and
the control uwith respect to the norms k�k1, k�k1, and k�k2 for the following optimal
control problems. To this end use a full discretization method with the explicit Euler
method and an equidistant grid with step-size h D tf =N and N D 5, 10, 20, 40, 80,
160, 320, 640, 1280.

(a) (compare [2, Example 2.8])
Minimize Z 2

0

�2x.t/C 3u.t/dt

subject to

Px.t/ D x.t/C u.t/; x.0/ D 5;

u.t/ 2 Œ0; 2�:

True solution (tf D 2):

Ox.t/ D

²
7 exp.t/ � 2; if 0 � t < 2 � ln.5=2/;
7 exp.t/ � 5 exp.t � 2/; if 2 � ln.5=2/ � t � tf ;

Ou.t/ D

²
2; if 0 � t < 2 � ln.5=2/;
0; if 2 � ln.5=2/ � t � tf :

(b) Minimize

1

2

Z 3

0

x.t/2dt

subject to

Px.t/ D u.t/; x.0/ D 1;

u.t/ 2 Œ�1; 1�:

True solution (tf D 3):

Ox.t/ D

²
1 � t; if 0 � t < 1;
0; if 1 � t � tf ;

Ou.t/ D

²
�1; if 0 � t < 1;
0; if 1 � t � tf :

Exercise 5.7.10. How can the Lagrange multipliers in the discrete local minimum
principle in Theorem 5.4.4 be related to the adjoints and the multipliers in Theo-
rems 3.1.6, 3.2.2, and 3.3.2 for the special case that g in Problem 5.4.1 does not
depend on y and u (this is the higher index case)?
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Real-Time Control

The direct method in Chapter 5, the indirect method in Chapters 3 and 4, and the
function space methods in Chapter 8 allow to solve a given optimal control problem.
The outcome of all of these methods is an (approximate) optimal control Ou as a func-
tion of time in some interval I – a so-called open loop control. Implementing the
open loop control directly into the underlying real-world process often does not yield
the desired outcome owing to simplifying assumptions in the mathematical process
model, deviations in parameters, or other perturbations. As an open loop control does
not take into account deviations between desired and actual state of the process, con-
trol techniques are required that are able to provide such a feedback. For time crucial
processes real-time capability of such feedback control laws is essential.

In this chapter we will discuss different approaches. Section 6.1 addresses paramet-
ric (discretized) optimal control problems and online update techniques for approxi-
mate solutions of perturbed problems. If enough time is available, then the simplest
approach is to re-solve the perturbed problem using suitable solution techniques. For
time critical processes however, the re-computation of an optimal solution for the per-
turbed problem may not be fast enough to provide an optimal solution in real-time.
Therefore, alternative methods are needed that are capable of providing at least an
approximation of the optimal solution for the perturbed problem in real-time. Such
techniques have been developed in [47–49] for ODE optimal control problems and
in [45] optimal control problems subject to index-one DAEs. The idea is to perform
a sensitivity analysis of the optimal solution with respect to parameters entering the
optimization problem. Under suitable assumptions it is possible to prove solution dif-
ferentiability with respect to these parameters. A simple update rule for perturbed
solutions is then obtained locally by a Taylor expansion. This approach is particularly
effective, if only small perturbations in parameters occur. The parametric sensitiv-
ity analysis is illustrated for the emergency landing maneuver and a problem from
test-driving.

The construction of feedback control laws, which provide the control as a linear
or nonlinear function of the deviation measured in the state trajectory, is subject of
Sections 6.2 and 6.3. Section 6.2 briefly summarizes the basic construction principles
of linear-quadratic regulators (LQR). Such an LQR controller exploits the first order
necessary optimality conditions for linear-quadratic optimal control problems and re-
quires to solve a Riccati differential equation offline. It is, however, not capable of
taking into account control or state constraints.
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The model-predictive control paradigm in Section 6.3 has the capability of over-
coming the shortcomings of the LQR controller, since control or state constraints can
be incorporated at the cost of a higher computational effort. It is not possible to
cover all aspects of controller design and model-predictive control such as stability,
observability, controllability in this book, so the presentation is restricted to the ba-
sic working principles only. For a detailed discussion of nonlinear model-predictive
control theory and algorithms please refer to [72–74, 144].

6.1 Parametric Sensitivity Analysis and Open-Loop
Real-Time Control

In the sequel, a method based on parametric sensitivity analysis of the underlying dis-
cretized optimal control problem is suggested to calculate real-time approximations
of optimal solutions. The discussion is restricted to general finite dimensional non-
linear optimization problems. Discretized optimal control problems define a subclass
with a special structure. Extensions to general infinite optimization problems can be
found in [33,203] and the literature cited therein. The solution differentiability of opti-
mal control problems subject to ODEs in appropriate Banach spaces is investigated in
detail in [16, 33, 213–215, 229–232]. Numerical approaches based on a linearization
of the necessary optimality conditions of the optimal control problem are discussed
in [252–255].

6.1.1 Parametric Sensitivity Analysis of Nonlinear Optimization
Problems

Consider the following parametric optimization problem:

Problem 6.1.1 (Parametric Nonlinear Optimization Problem NLP.p/). Let p 2 Rnp

be a given parameter and J;Gi ;Hj W Rnz � Rnp �! R, i D 1; : : : ; nG ,
j D 1; : : : ; nH , sufficiently smooth functions.

Minimize J.z; p/ with respect to z 2 Rnz subject to the constraints

Gi .z; p/ � 0; i D 1; : : : ; nG ;

Hj .z; p/ D 0; j D 1; : : : ; nH :

Let Op denote a fixed nominal parameter. Let us assume that Problem 6.1.1 pos-
sesses an optimal solution Oz D z. Op/ for the nominal parameter Op. We are interested
in the following questions:

(a) Does Problem 6.1.1 possess a solution for perturbed parameters p in some
neighborhood of the nominal parameter Op?
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(b) Which properties has the solution mapping p 7! z.p/ that assigns to each
parameter p in some neighborhood of Op an optimal solution of NLP.p/?

The admissible set of NLP.p/ is defined by

†.p/ WD ¹z 2 Rnz jGi .z; p/ � 0; i D 1; : : : ; nG ; Hj .z; p/ D 0; j D 1; : : : ; nH º:

The index set of active inequality constraints is given by

A.z; p/ WD ¹i 2 ¹1; : : : ; nGº j Gi .z; p/ D 0º:

Definition 6.1.2 (Strongly Regular Local Solution). A local minimum Oz of NLP. Op/
is called strongly regular, if the following properties hold:

(a) Oz is admissible: Oz 2 †. Op/.

(b) Oz fulfills the linear independence constraint qualification: The gradients

rzGi. Oz; Op/; i 2 A. Oz; Op/; rzHj . Oz; Op/; j D 1; : : : ; nH ;

are linearly independent.

(c) The KKT conditions hold at . Oz; O
; O	/, where O
 and O	 denote the Lagrange mul-
tipliers for the inequality and equality constraints, respectively.

(d) The strict complementarity condition holds:

O
i �Gi . Oz; Op/ > 0 for all i D 1; : : : ; nG :

(e) Let

L00zz. Oz; `0; O
;
O	; Op/.d; d/ > 0

for all d 2 TC . Oz; Op/ with d 6D 0Rnz and `0 D 1, where

L.z; `0; 
; 	; p/ WD `0J.z; p/C 

>G.z; p/C 	>H.z; p/

denotes the Lagrange function of NLP.p/ and

TC .z; p/ WD

8<
:d 2 Rnz

ˇ̌̌
ˇ̌̌ G0i;z.z; p/.d/ � 0; i 2 A.z; p/; 
i D 0;

G0i;z.z; p/.d/ D 0; i 2 A.z; p/; 
i > 0;

H 0j;z.z; p/.d/ D 0; j D 1; : : : ; nH

9=
;

denotes the critical cone of NLP.p/.

In fact, condition (e) in Definition 6.1.2 turns out to be sufficient for optimality of a
KKT point Oz for a fixed parameter Op. To see this, we have a closer look at the critical
cone.
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The term critical cone is due to the following reasoning. Directions d with

G0i;z. Oz; Op/.d/ > 0 for some i 2 A. Oz; Op/

or

H 0j;z. Oz; Op/.d/ 6D 0 for some j 2 ¹1; : : : ; nH º

are infeasible directions. So, consider only feasible directions d with

G0i;z. Oz; Op/.d/ � 0 for i 2 A. Oz; Op/

and

H 0j;z. Oz; Op/.d/ D 0 for j D 1; : : : ; nH :

For such directions the KKT conditions yield

J 0z. Oz; Op/.d/C
X

i2A. Oz; Op/


iG
0
i;z. Oz; Op/.d/„ ƒ‚ …
�0

C

nHX
jD1

	j H
0
j;z. Oz; Op/.d/„ ƒ‚ …
D0

D 0;

and thus J 0z. Oz; Op/.d/ 
 0. If even J 0z. Oz; Op/.d/ > 0 holds, then d is a direction of as-
cent and the direction d is not interesting for the investigation of sufficient conditions.
So, let J 0z. Oz; Op/.d/ D 0. This is the critical case. In this critical case it holdsX

i2A. Oz; Op/


iG
0
i;z. Oz; Op/.d/ D

X
i2A. Oz; Op/;	i>0


iG
0
i;z. Oz; Op/.d/ D 0;

and thus G 0i;z. Oz; Op/.d/ D 0 for all i 2 A. Oz; Op/ with 
i > 0. Hence, d 2 TC . Oz; Op/
and for such directions we need additional assumptions about the curvature (2nd
derivative!). The following theorem can be found in [105, Theorem 2.55, p. 67],
[6, Theorem 7.3.1, p. 281], [21, Theorem 4.4.2, p. 169]:

Theorem 6.1.3 (Second Order Sufficient Optimality Condition). Let J , Gi ,
i D 1; : : : ; nG , and Hj , j D 1; : : : ; nH , in Problem 6.1.1 be twice continuously
differentiable with respect to the argument z with Op fixed. Let . Oz; O
; O	/ be a KKT
point of Problem 6.1.1 with

L00zz. Oz; `0; O
;
O	; Op/.d; d/ > 0

for every d 2 TC . Oz; Op/ with d 6D 0Rnz and `0 D 1.
Then there exists a neighborhood B". Oz/ of Oz and some ˛ > 0 such that

J.z; Op/ 
 J. Oz; Op/C ˛kz � Ozk2

for every z 2 †. Op/ \ B". Oz/.
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Proof. (a) Let d 2 T .†. Op/; Oz/ with d 6D 0Rnz . T .†. Op/; Oz/ denotes the tangent cone
of †. Op/ at Oz.

Then there exist sequences zk 2 †. Op/, zk �! Oz, and ˛k # 0 with

lim
k!1

zk � Oz

˛k
D d:

For i 2 A. Oz; Op/ we have

0 

Gi .zk ; Op/ �Gi. Oz; Op/

˛k
D G 0i;z.
k; Op/

�
zk � Oz

˛k

�
�! G0i;z. Oz; Op/.d/

by the mean-value theorem. Similarly, we show H 0j;z. Oz; Op/.d/D0 for j D1; : : : ; nH .

Since . Oz; O
; O	/ is a KKT point with O
i D 0, if Gi . Oz; Op/ < 0, we obtain

J 0z. Oz; Op/.d/ D �

nGX
iD1

O
iG
0
i;z. Oz; Op/.d/ �

nHX
jD1

O	jH
0
j;z. Oz; Op/.d/ 
 0:

Hence, Oz fulfills the first order necessary condition J 0z. Oz; Op/.d/ 
 0 for all
d 2 T .†. Op/; Oz/.

(b) Assume the statement of the theorem is wrong. Then for any ball around Oz with
radius 1=i there exists a point zi 2 †. Op/ with zi 6D Oz and

J.zi ; Op/ � J. Oz; Op/ <
1

i
kzi � Ozk

2 ; kzi � Ozk �
1

i
for all i 2 N: (6.1)

Since the unit ball with respect to k � k is compact in Rnz , there exists a convergent
subsequence ¹zik º with

lim
k!1

zik � Oz

kzik � Ozk
D d; lim

k!1
kzik � Ozk D 0:

Hence, d 2 T .†. Op/; Oz/ n ¹0Rnz º. Taking the limit in (6.1) yields

J 0z. Oz; Op/.d/ D lim
k!1

J.zik ; Op/ � J. Oz; Op/

kzik � Ozk
� 0:

Together with (a) we have

J 0z. Oz; Op/.d/ D 0:

(c) Since Oz is a KKT point, it follows

J 0z. Oz; Op/.d/ D �
X

i2A. Oz; Op/

O
i„ƒ‚…
�0

G0i;z. Oz; Op/.d/„ ƒ‚ …
�0

�

nHX
jD1

O	j H
0
j;z. Oz; Op/.d/„ ƒ‚ …
D0

D 0:

Thus, it is G 0i;z. Oz; Op/.d/ D 0, if O
i > 0, and hence d 2 TC . Oz; Op/.
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According to (6.1) it holds

lim
k!1

J.zik ; Op/ � J. Oz; Op/

kzik � Ozk
2

� lim
k!1

1

ik
D 0 (6.2)

for the direction d . Furthermore, it is (`0 D 1)

L.zik ; `0; O
;
O	; Op/ D J.zik ; Op/C

nGX
iD1

O
iGi .zik ; Op/C

nHX
jD1

O	jHj .zik ; Op/

� J.zik ; Op/;

L.Oz; `0; O
; O	; Op/ D J. Oz; Op/C

nGX
iD1

O
iGi . Oz; Op/C

nHX
jD1

O	jHj . Oz; Op/

D J. Oz; Op/;

L0z. Oz; `0; O
;
O	; Op/ D J 0z. Oz; Op/C

nGX
iD1

O
iG
0
i;z. Oz; Op/C

nHX
jD1

O	jH
0
j;z. Oz; Op/

D 0>Rnz :

Taylor expansion of L with `0 D 1 with respect to z at Oz yields

J.zik ; Op/ 
 L.zik ; `0; O
;
O	; Op/

D L.Oz; `0; O
; O	; Op/C L
0
z. Oz; `0; O
;

O	; Op/.zik � Oz/

C
1

2
L00zz.
k ; `0; O
;

O	; Op/.zik � Oz; zik � Oz/

D J. Oz; Op/C
1

2
L00zz.
k ; `0; O
;

O	; Op/.zik � Oz; zik � Oz/;

where 
k is some point between Oz and zik . Division by kzik � Ozk
2 and taking the limit

yields together with (6.2)

0 

1

2
L00zz. Oz; `0; O
;

O	; Op/.d; d/:

This contradicts the assumption L00zz. Oz; `0; O
; O	; Op/.d; d/ > 0 for all d 2 TC . Oz; Op/
with d 6D 0Rnz .

A second order necessary optimality condition involving the critical cone can be
found in [105, Theorem 2.54, p. 65].

The following result is based on [89,90,294]. Extensions can be found in [18,172].



298 Chapter 6 Real-Time Control

Theorem 6.1.4 (Sensitivity Theorem). Let J , G1; : : : ; GnG ;H1; : : : ;HnH W R
nz �

Rnp �! R be twice continuously differentiable and Op a nominal parameter. Let Oz be
a strongly regular local minimum of NLP. Op/ with Lagrange multipliers O	 and O
.

Then there exist neighborhoods B
. Op/ and Bı. Oz; O
; O	/, such that NLP.p/ has a
unique strongly regular local minimum

.z.p/; 
.p/; 	.p// 2 Bı. Oz; O
; O	/

for each p 2 B
. Op/, and

A. Oz; Op/ D A.z.p/; p/:

In addition, .z.p/; 
.p/; 	.p// is continuously differentiable with respect to p with0
BBBBBBB@

dz

dp
. Op/

d


dp
. Op/

d	

dp
. Op/

1
CCCCCCCA
D �

0
BB@

L00zz .G 0z/
> .H 0z/

>

O„ �G0z
O� ‚

H 0z ‚ ‚

1
CCA
�1

�

0
BBBB@

L00zp

O„ �G0p

H 0p

1
CCCCA ; (6.3)

where

O„ WD diag. O
1; : : : ; O
nG /; O� WD diag.G1; : : : ; GnG /:

All functions and their derivatives are evaluated at . Oz; O
; O	; Op/.

Proof. Consider the nonlinear equation

T .z; 
; 	; p/ WD

0
@ L0z.z; `0; 
; 	; p/>„ �G.z; p/

H.z; p/

1
A D 0RnzCnGCnH ; (6.4)

where `0 D 1 and „ WD diag.
1; : : : ; 
nG /. T is continuously differentiable and

T . Oz; O
; O	; Op/ D 0RnzCnGCnH :

We intend to apply the implicit function theorem. Hence, we have to show the non-
singularity of

T 0.z;	;�/. Oz; O
;
O	; Op/ D

0
BB@
L00zz. Oz; `0; O
;

O	; Op/ G0z. Oz; Op/
> H 0z. Oz; Op/

>

O„ �G0z. Oz; Op/
O� ‚

H 0z. Oz; Op/ ‚ ‚

1
CCA :
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To this end, we assume without loss of generality, that the index set of active inequality
constraints is given by A. Oz; Op/ D ¹` C 1; : : : ; nGº, where ` denotes the number of
inactive inequality constraints. The strict complementarity condition implies

O„ D

�
‚ ‚

‚ O„2

�
; O� D

�
O�1 ‚

‚ ‚

�
;

with non-singular matrices

O„2 WD diag. O
`C1; : : : ; O
nG / and O�1 WD diag.G1. Oz; Op/; : : : ; G`. Oz; Op//:

Consider the linear equation0
BB@
L00zz. Oz; `0; O
;

O	; Op/ G0z. Oz; Op/
> H 0z. Oz; Op/

>

O„ �G0z. Oz; Op/
O� ‚

H 0z. Oz; Op/ ‚ ‚

1
CCA
0
@ v1v2
v3

1
A D

0
@ 0Rnz

0RnG
0RnH

1
A

for v1 2 Rnz , v2 D .v21; v22/
> 2 R`C.nG�`/, and v3 2 RnH . Exploitation of the

special structure of O„ and O� yields O�1v21 D 0R` and, since O�1 is non-singular, it
follows v21 D 0R` . With this it remains to investigate the reduced system0

BB@
A B> C>

B ‚ ‚

C ‚ ‚

1
CCA
0
@ v1
v22
v3

1
A D

0
@ 0Rnz

0RnG�`

0RnH

1
A

with A WD L00zz. Oz; `0; O
;
O	; Op/, B WD .G0i;z. Oz; Op//iD`C1;:::;nG , and C WD H 0z. Oz; Op/.

Notice that the second block equation has been multiplied with O„�12 . The last two
block equations yield Bv1 D 0RnG�` and Cv1 D 0RnH . Multiplication of the first
block equation from the left with v>1 yields

0 D v>1 Av1 C .Bv1/
>v22 C .Cv1/

>v3 D v
>
1 Av1:

Since A is positive definite on TC . Oz; Op/ n ¹0Rnz º, i.e. it holds d>Ad > 0 for all
d 6D 0Rnz with Bd D 0RnG�` and Cd D 0RnH , it follows v1 D 0Rnz . Taking this
property into account, the first block equation reduces to

B>v22 C C
>v3 D 0Rnz :

By the linear independence of the gradients

rzGi . Oz; Op/; i 2 A. Oz; Op/; and rzHj . Oz; Op/; j D 1; : : : ; nH ;
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we obtain v22 D 0RnG�` , v3 D 0RnH . In summary, the above linear equation has the
unique solution v1 D 0Rnz , v2 D 0RnG , v3 D 0RnH , which implies that the matrix
T 0
.z;	;�/

is non-singular and the implicit function theorem is applicable.

By the implicit function theorem there exist neighborhoods B
. Op/ and Bı. Oz; O
; O	/,
and uniquely defined functions

.z.�/; 
.�/; 	.�// W B". Op/ �! Bı. Oz; O
; O	/

satisfying

T .z.p/; 
.p/; 	.p/; p/ D 0RnzCnGCnH (6.5)

for all p 2 B
. Op/. Furthermore, these functions are continuously differentiable and
(6.3) arises by differentiation of the identity (6.5) with respect to p.

It remains to verify that z.p/ actually is a strongly regular local minimum of
NLP.p/. The continuity of the functions z.p/, 
.p/, and G together with 
i . Op/ D
O
i > 0, i D ` C 1; : : : ; nG , and Gi .z. Op/; Op/ D Gi . Oz; Op/ < 0, i D 1; : : : ; `, guar-
antees 
i .p/ > 0, i D ` C 1; : : : ; nG , and Gi .z.p/; p/ < 0, i D 1; : : : ; `, for all
p 2 B". Op/ (after diminishing " > 0 if necessary).

From (6.5) it follows Gi .z.p/; p/ D 0, i D `C 1; : : : ; nG , and Hj .z.p/; p/ D 0,
j D 1; : : : ; nH . Thus, z.p/ 2 †.p/ and the KKT conditions are satisfied in B". Op/.
Furthermore, the index set A.z.p/; p/ D A. Oz; Op/ remains unchanged in B". Op/.

Finally, we have to show that L00zz.z.p/; `0; 
.p/; 	.p/; p/ remains positive def-
inite on TC .z.p/; p/ for p sufficiently close to Op. Notice that the critical cone
TC .z.p/; p/ varies with p. By now, we only know that

L00zz. Op/ WD L
00
zz.z. Op/; `0; 
. Op/; 	. Op/; Op/

is positive definite on TC .z. Op/; Op/, which is equivalent to the existence of some ˛ > 0
with d>L00zz. Op/d 
 ˛kdk

2 for all d 2 TC .z. Op/; Op/. Owing to the strict complemen-
tarity in the neighborhood B". Op/, it holds

TC .z.p/; p/ D

²
d 2 Rnz

ˇ̌̌
ˇ G0i;z.z.p/; p/.d/ D 0; i 2 A. Oz; Op/;

H 0j;z.z.p/; p/.d/ D 0; j D 1; : : : ; nH ;

³
for p 2 B". Op/. Assume that for every i 2 N there exists some pi 2 Rnp with
kpi � Opk � 1

i
such that for all j 2 N there exists some d ij 2 TC .z.p

i /; pi /,
d ij 6D 0Rnz , with

.d ij />L00zz.p
ij /d ij <

1

j
kd ij k2:

Since the unit ball with respect to k � k is compact in Rnz , there exists a convergent
subsequence ¹pijk º with limk!1 p

ijk D Op and

lim
k!1

d ijk

kd ijk k
D Od; k Odk D 1; Od 2 TC .z. Op/; Op/
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and

Od>L00zz. Op/
Od � 0:

This contradicts the positive definiteness of L00zz. Op/. Hence, L00zz remains positive
definite on TC .z.p/; p/ for p 2 B". Op/ (after diminishing " > 0 if necessary).

Finally, the gradients of the active constraints remain linearly independent for
p 2 B". Op/ (after diminishing " > 0 again if necessary) owing to the continuity
of z and the first derivatives of G and H .

The sensitivity Theorem 6.1.4 gives rise to a method that allows to approximate
the optimal solution for a perturbed parameter by linearization, see [49]. Under the
assumptions of Theorem 6.1.4 the solution z.p/ of NLP.p/ is continuously differen-
tiable in some neighborhood of Op with

z.p/ D z. Op/C
dz

dp
. Op/.p � Op/C o.kp � Opk/:

Herein, the sensitivity dz=dp is given by the linear equation (6.3).

Algorithm 6.1.5 (Real-Time Approximation for NLP.p/).

(0) Let a nominal parameter Op be given.

(1) Offline computation: Solve NLP( Op) and the linear equation (6.3).

(2) Online computation (real-time approximation): For a perturbed parameter
p ¤ Op compute

Qz.p/ WD z. Op/C
dz

dp
. Op/.p � Op/ (6.6)

and use Qz.p/ as an approximation of z.p/.

The computations in step (1) of Algorithm 6.1.5 can be very time consuming de-
pending on the size and complexity of NLP( Op). In contrast, the computation of the
real-time approximation Qz.p/ in step (2) only requires a matrix-vector product and
two vector summations. The computation time for these operations is negligible and
the update rule (6.6) is real-time capable for most applications.

The downside of the approach in Algorithm 6.1.5 is that the linearization in (6.6)
is only justified locally in some neighborhood of the nominal parameter Op. Theo-
rem 6.1.4 unfortunately does not indicate how large this neighborhood is. In particu-
lar, if the index set of active inequality constraints changes, then Theorem 6.1.4 is not
applicable anymore.

The real-time approximation Qz.p/ is not feasible in general owing to the lineariza-
tion error. Feasibility can be achieved by projecting Qz.p/ onto the feasible set, e.g. by
solving the following optimization problem:
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Minimize
1

2
kz � Qz.p/k2

with respect to z 2 Rnz subject to the constraints

Gi .z; p/ � 0; i D 1; : : : ; nG ;

Hj .z; p/ D 0; j D 1; : : : ; nH :

Remark 6.1.6. The sensitivity differential dz. Op/=dpi for the i-th component pi of
the parameter vector p D .p1; : : : ; pnp/

> can be approximated alternatively by the
central finite difference scheme

dz

dpi
. Op/ �

z. Op C hei / � z. Op � hei /

2h
;

where z. Op˙hei / denotes the optimal solution of NLP( Op˙hei ) and ei is the i-th unity
vector. This approach requires to solve 2np nonlinear optimization problems, but has
the advantage that z. Op/ may serve as an initial guess for NLP( Op ˙ hei ), which is
usually very good. This approach may be preferable to solving (6.3), if the optimal
solution cannot be calculated very accurately.

It remains to check the strong regularity condition in Definition 6.1.2 for a given
local minimizer Oz numerically. Admissibility, strict complementarity, and KKT con-
ditions are easy to check. If strict complementarity holds, then the second order suf-
ficient optimality condition in Theorem 6.1.3 states that the Hessian matrix of the
Lagrange function is positive definite on the null-space of the active constraints, that
is

d>L00zz. Oz; `0; O
;
O	; Op/d > 0 for all d 2 Rnz ; d 6D 0Rnz with Bd D ‚;

where

B WD

�
G 0i;z. Oz; Op/; i 2 A. Oz; Op/

H 0z. Oz; Op/

�
:

This condition can be checked numerically using an orthogonal decomposition of B>.
To this end, compute a QR decomposition of B with an orthogonal matrix Q and an
upper triangular matrix R, for instance by Householder reflections:

B> D Q

�
R

‚

�
;

Q D
�
Q1 Q2

�
2 Rnz�nz ;

Q1 2 Rnz�.jA. Oz; Op/jCnH /;

Q2 2 Rnz�.nz�jA. Oz; Op/j�nH /;

R 2 R.jA. Oz; Op/jCnH /�.jA. Oz; Op/jCnH /:
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R is non-singular, if the columns of B> are linearly independent. This allows to
check the linear independence constraint qualification. Q is orthogonal, Q1 contains
an orthogonal basis of the image of B>, whileQ2 contains an orthogonal basis of the
null-space of B . Every d in the null-space of B can thus be represented uniquely as
d D Q2d2 with some d2 2 Rnz�jA. Oz; Op/j�nH .

The task of checking L00zz for positive definiteness on the null-space of B is thus
equivalent with checking the reduced Hessian matrix

.Q2/
>L00zz. Oz; `0; O
;

O	; Op/Q2 2 R.nz�jA. Oz; Op/j�nH /�.nz�jA. Oz; Op/j�nH /

for positive definiteness.

6.1.2 Open-Loop Real-Time Control via Sensitivity Analysis

The results of Subsection 6.1.1 are applied to discretized optimal control problems.
To this end, consider

Problem 6.1.7 (Perturbed DAE Optimal Control Problem OCP(p)).
Let I WD Œt0; tf � 	 R compact with t0 < tf and let

' W Rnz �Rnz �Rnp �! R;

F W Rnz �Rnz �Rnu �Rnp �! Rnz ;

c W Rnz �Rnu �Rnp �! Rnc ;

 W Rnz �Rnz �Rnp �! Rn 

be sufficiently smooth functions.

Minimize

'.z.t0/; z.tf /; p/

with respect to z and u subject to the constraints

F.z.t/; Pz.t/; u.t/; p/ D 0Rnz ; a.e. in I;

 .z.t0/; z.tf /; p/ D 0Rn ;

c.z.t/; u.t/; p/ � 0Rnc ; a.e. in I:

Notice that p 2 Rnp is not an optimization variable. Let Op 2 Rnp denote a fixed
nominal parameter. The corresponding optimal control problem OCP( Op) is called
nominal problem.
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The reduced discretization method of Subsection 5.1.2 is applied to Problem 6.1.7
for its numerical solution. To this end, let Z0 be a function that provides a consistent
initial value for the optimization vector Nz D .z0; w/

> and parameter p. The values
Zj , j D 1; : : : ; N , are given by a suitable integration scheme, e.g. a one-step method:

ZjC1. Nz; p/ D Zj . Nz; p/C hjˆ.tj ; Zj . Nz; p/; w; p; hj /; j D 0; 1; : : : ; N � 1:

According to (5.6) the discretized control is given by

uM .�/ D

MX
iD1

wiBi .�/

with basis functions Bi , i D 1; : : : ;M , for instance B-Splines. With these approxi-
mations we obtain

Problem 6.1.8 (Reduced Discretization DOCP(p)).

Minimize

'.Z0. Nz; p/;ZN . Nz; p/; p/

with respect to Nz D .z0; w/ 2 RnzCM subject to the constraints

 .Z0. Nz; p/;ZN . Nz; p/; p/ D 0Rn ;

c.Zj . Nz; p/; uM .tj Iw/; p/ � 0Rnc ; j D 0; 1; : : : ; N;

Problem 6.1.8 is a special case of Problem 6.1.1 and the sensitivity Theorem 6.1.4 is
applicable, if all assumptions hold. Theorem 6.1.4 then guarantees the differentiability
of the solution mapping p 7! Nz.p/ in some neighborhood of Op. Furthermore, a solu-
tion of the linear equation (6.3) yields the sensitivity differential d Nz

dp
. Op/ at the solution

ONz. Taking into account the structure of Nz in DOCP(p), that is Nz.p/ D .z0.p/; w.p//,
the optimal discretized control for DOCP(p) is given by

uM .�/ D

MX
iD1

wi .p/Bi .�/:
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Application of Algorithm 6.1.5 to DOCP(p) yields

Algorithm 6.1.9 (Real-Time Approximation for DOCP(p)).

(0) Let a nominal parameter Op be given.

(1) Offline computation: Solve DOCP( Op) and the linear equation (6.3).

(2) Online computation (real-time approximation): For a perturbed parameter
p 6D Op compute

Qz0.p/ WD z0. Op/C
dz0

dp
. Op/.p � Op/;

Qw.p/ WD w. Op/C
dw

dp
. Op/.p � Op/:

Use Qz0.p/ as an approximation of the initial value z0.p/ and

QuM .�/ WD

MX
iD1

Qwi .p/Bi .�/ (6.7)

as an approximate optimal control for the parameter p.

Again, only matrix-vector products and vector-vector summations are needed to
evaluate the real-time update formulae in Algorithm 6.1.9.

A consistent initial value for the real-time approximation Qz0.p/ is given by

Z0. Qz.p/; p/ D Z0

�
Nz. Op/C

d Nz

dp
. Op/.p � Op/; p

�

and an approximate consistent initial value is obtained by Taylor expansion:

QZ0.p/ � Z0. Nz. Op/; Op/C
@Z0

@z
. Nz. Op/; Op/

d Nz

dp
. Op/.p � Op/C

@Z0

@p
. Nz. Op/; Op/.p � Op/:

It remains to compute the sensitivity differential d Nz. Op/=dp. The solution of (6.3)
requires the second derivatives L00Nz Nz and L00Nzp of the Lagrange function, the derivatives

H 0Nz; G
0
Nz in (5.17)–(5.18), and the corresponding derivatives H 0p; G

0
p at ONz. In fact, only

the derivatives of the active constraints are needed. The computation of the deriva-
tives H 0Nz , G0Nz , H 0p , and G0p can be done efficiently either by the sensitivity equation
approach of Section 5.3.1 or by the adjoint equation approach of Sections 5.3.2 and
5.3.3.
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If the derivatives cannot be obtained analytically or by algorithmic differentiation,
then approximations of L00Nz Nz and L00Nzp can be obtained by finite differences

L00Nzi Nzj .
ONz; `0; O
; O	; Op/

�
1

4h2

�
L.ONz C hei C hej ; `0; O
; O	; Op/ � L.ONz � hei C hej ; `0; O
; O	; Op/

� L.ONz C hei � hej ; `0; O
; O	; Op/C L.ONz � hei � hej ; `0; O
; O	; Op/
�
;

L00Nzipj .
ONz; `0; O
; O	; Op/

�
1

4h2

�
L.ONz C hei ; `0; O
; O	; Op C hej / � L.ONz � hei ; `0; O
; O	; Op C hej /

� L.ONz C hei ; `0; O
; O	; Op � hej /C L.ONz � hei ; `0; O
; O	; Op � hej /
�

(6.8)

with appropriate unity vectors ei , ej . For each evaluation of the Lagrange function L
one DAE has to be solved numerically. Hence, this approach leads to a total number of
4nNz.nNzC1/

2
C4n Nznp DAE evaluations, if the symmetry of the HessianL00Nz Nz is exploited.

An alternative approach is to exploit the information obtained by the sensitivity
equation. Recall that one evaluation of the DAE and the corresponding sensitivity
equation for the NLP variable Nz provides the gradient of the objective function and the
Jacobian of the constraints and with this information the gradient of the Lagrangian is
obtained easily. A finite difference approximation with these gradients yields

L00Nz Nzi .
ONz; `0; O
; O	; Op/ �

L0Nz.
ONz C hei ; `0; O
; O	; Op/ � L

0
Nz.
ONz � hei ; `0; O
; O	; Op/

2h
;

L00Nzpj .
ONz; `0; O
; O	; Op/ �

L0Nz.
ONz; `0; O
; O	; Op C hej / � L

0
Nz.
ONz; `0; O
; O	; Op � hej /

2h
:

This time only 2n Nz C 2np DAEs including the corresponding sensitivity equations
(5.38) with respect to Nz have to be solved. Since the evaluation of nNz nonlinear DAEs
in combination with the corresponding linear sensitivity DAE with n Nz columns is
usually much cheaper than the evaluation of n2Nz nonlinear DAEs, the second approach
is found to be much faster than the finite difference approximation (6.8).

The choice of h in the finite difference schemes is crucial. As a rule of thumb,
h should be in the range

p
" to 10

p
", where " denotes the tolerance for the KKT

conditions in the numerical solution of DOCP( Op). Typically DOCP(p) needs to be
solved sufficiently accurately with " �

p
eps, where eps is the machine precision,

i.e. eps � 2:22 � 10�16 for double precision computations.

Remark 6.1.10. Many implementations of methods for dense nonlinear optimiza-
tion problems, e.g. SQP methods, use update formulas instead of the Hessian of the
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Lagrange function. The update matrices Bk , k D 0; 1; : : :, in the ideal case satisfy a
condition of type

lim
k!1

kP.Nz.k/; Op/.Bk � L
00
Nz Nz.
ONz; `0; O
; O	; Op//d

.k/k

kd .k/k
D 0;

where P is a projector on the tangent space of the constraints, compare [30]. Hence,
the update provides a good approximation of the Hessian only when projected on
the linearized constraints at iterate Nz.k/ in direction d .k/. This is not sufficient for
sensitivity analysis and it is necessary to evaluate the Hessian L00Nz Nz as well as the
quantities L00Nzp , H 0Nz , G0Nz , H 0p , and G0p in the solution.

Several examples follow that illustrate the sensitivity analysis.

Example 6.1.11 (Pendulum). We revisit Example 1.1.10 with ` D 1, but we add
control constraints to the optimal control problem and consider the Gear–Gupta–
Leimkuhler stabilized DAE of index two:

Minimize Z 4:5

0

u.t/2dt

with respect to x D .x1; : : : ; x4/>, y D .y1; y2/>, and u subject to the constraints

Px1.t/ D x3.t/ � 2x1.t/y2.t/;

Px2.t/ D x4.t/ � 2x2.t/y2.t/;

m Px3.t/ D �2x1.t/y1.t/C
u.t/x2.t/

`
;

m Px4.t/ D �mg � 2x2.t/y1.t/ �
u.t/x1.t/

`
;

0 D x1.t/
2 C x2.t/

2 � `2;

0 D x1.t/x3.t/C x2.t/x4.t/;

and

x1.0/ D �x2.0/ D
1
p
2
; x3.0/ D x4.0/ D 0; x1.4:5/ D x3.4:5/ D 0

and

�1 � u.t/ � 1:
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The sensitivity analysis in Algorithm 6.1.9 is performed for the parametersm and g
with nominal values Om D 1 and Og D 9:81. For the numerical computation N D 400

grid points were used in combination with a piecewise constant control approximation
and a linearized Runge–Kutta method for integration. Figure 6.1 shows the optimal
nominal control Ou for the problem and its sensitivities with respect to the parameters
m and g. Notice that the sensitivities are zero on active control intervals. The smallest
eigenvalue of the reduced Hessian matrix is approximately 0:0217.
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Figure 6.1. Optimal nominal control and sensitivities du=dm and du=dg for the pendulum
problem with control constraints.

The following example performs the sensitivity analysis for optimal flight paths
in a space shuttle mission. Herein, a common model for the air density depends
on the altitude and certain parameters describing a standard atmosphere. In reality
the air density differs from the model and the actual air density can be viewed as a
perturbation of the model. This in turn implies that the computed optimal flight path
for the standard atmosphere is not optimal anymore for the actual air density. The
flight path has to be adapted to the perturbed situation in an optimal way.

Example 6.1.12 (Emergency Landing Maneuver). We revisit the emergency landing
maneuver in Example 1.1.11 and investigate the dependence of the optimal solution
of the following three parameters:

(i) The parameter p1 2 R is used to model uncertainties in the air density �.h/ D
�0 exp.�ˇh/ by the relation

�0 D 1:249512.1C p1/:

The nominal parameter value is Op1 D 0.

(ii) The parameter p2 2 R is used to model uncertainties in the initial altitude h.0/
according to

h.0/ D 33900C 104p2:
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Herein, the initial altitude is assumed to be free with the restriction
h.0/ 
 33900. The nominal parameter value is Op2 D 0.

(iii) The parameter p3 2 R is used to model uncertainties in the terminal altitude
h.tf / according to

h.tf / D 500 � p3:

The nominal parameter value is Op3 D 0.

These three parameters influence the optimal control problem in different components.
p1 influences the dynamics and the dynamic pressure constraint. p2 influences the
initial value and p3 influences the boundary condition.

The infinite dimensional optimal control problem is discretized by the reduced dis-
cretization approach on an equidistant grid with 201 grid points. We used the classical
fourth order Runge–Kutta scheme for time integration. The control is approximated
by a piecewise constant function.

Figure 6.2 shows the numerical solution of the unperturbed problem with nominal
parameter Op WD . Op1; Op2; Op3/

> D 0R3 . The dynamic pressure constraint is active in
the approximate normalized time interval Œ0:185; 0:19�.

The sensitivities of the free final time tf with nominal value tf � 726:57 compute
to

dtf

dp1
. Op/ � 92:54;

dtf

dp2
. Op/ � 9:164;

dtf

dp3
. Op/ � 0:014:

The smallest eigenvalue of the reduced Hessian matrix of the Lagrange function
amounts to 0:411 � 10�4 and the second order sufficient conditions are satisfied at
the nominal solution.

The overall CPU time is 5 minutes and 17:45 seconds on a dual core CPU with
2 GHz. The approximate nominal objective function value is �0:765.

Figures 6.3–6.5 show the sensitivities of the nominal controls CL and 
 with re-
spect to the perturbation parameter p. Note that all sensitivities jump at the time point
where the state constraint gets active. Moreover, the sensitivities of CL jump at the
time point where the control constraint for CL gets active.

If a deviation p D .p1; p2; p3/
> of the nominal parameter Op D .0; 0; 0/> is

detected, then an approximate solution for the perturbed problem is given by

tf .p/ � tf . Op/C
dtf

dp
. Op/.p � Op/;

CL.t Ip/ � CL.t I Op/C
dCL

dp
.t I Op/.p � Op/; t 2 I;


.t Ip/ � 
.t I Op/C
d


dp
.t I Op/.p � Op/; t 2 I;

and h.0Ip/ D 33 900C 104.p2 � Op2/.
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Figure 6.2. Numerical nominal solution for the problem with dynamic pressure constraint: 3D
plot of the flight path (top) and the approximate optimal controls lift coefficient CL and angle
of bank 
 (bottom, normalized time scale) for 201 grid points.

Remark 6.1.13. A corrector iteration method for the reduction of constraint viola-
tions, which unavoidedly occur due to the linearization in (6.6), was developed in [43]
and it was applied to the emergency landing problem in [46].

Example 6.1.14 (Test-Drive, compare [109]). We consider the simulation of a test-
drive for the double-lane change maneuver, compare 7.2.6, and use a full car model
of a BMW 1800/2000. The driver has to complete the test-course in Figure 6.6, which
models a typical obstacle avoidance maneuver:



Section 6.1 Parametric Sensitivity Analysis and Open-Loop Real-Time Control 311

-0.1

-0.08

-0.06

-0.04

-0.02

 0

 0.02

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9  1

lif
t c

oe
ffi

ci
en

t w
.r

.t.
 p

ar
am

et
er

 1

normalized time

-0.3

-0.25

-0.2

-0.15

-0.1

-0.05

 0

 0.05

 0.1

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9  1

an
gl

e 
of

 b
an

k 
w

.r
.t.

 p
ar

am
et

er
 1

normalized time

Figure 6.3. Sensitivities dCL=dp1 and d
=dp1 at Op (normalized time scale) for 201 grid
points.
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Figure 6.4. Sensitivities dCL=dp2 and d
=dp2 at Op (normalized time scale) for 201 grid
points.
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Figure 6.5. Sensitivities dCL=dp3 and d
=dp3 at Op (normalized time scale) for 201 grid
points.

The equations of motion form a semi-explicit index-one DAE (1.11)–(1.12) with
nx D 40 differential equations and ny D 4 algebraic equations. The detailed model
can be found in [106, 108, 308].
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Figure 6.6. Measurements of the double-lane-change maneuver, compare [316].

We assume that the double-lane change maneuver is driven at (almost) constant
velocity v.0/ D 25 [m=s], i.e. the braking force is set to zero, the acceleration is
chosen such that it compensates the effect of rolling resistance, and the gear is fixed.
The remaining control u denotes the steering wheel velocity. There are two real-time
parameters p1 and p2 involved in the problem. The first one, p1, denotes the offset of
the test-course with nominal value Op1 D 3:5 Œm�, compare Figure 6.6. The second one,
p2, denotes the height of the car’s center of gravity with nominal value Op2 D 0:56 Œm�.

The driver is modeled by formulation of an appropriate optimal control problem
with free final time tf similar as in Example 7.2.6. While p2 influences the dynamics
of the car, p1 influences only the state constraints of the optimal control problem. The
car’s initial position on the course is fixed. At final time tf boundary conditions are
given by prescribed x-position (140 Œm�) and yaw angle (0 Œrad�). In addition, the
steering capability of the driver is restricted by ju.t/j � 4:6 Œrad=s�. The objective is
to minimize a linear combination of final time and steering effort, i.e.

40 tf C

Z tf

0

u.t/2dt �! min :

Figure 6.7 shows the nominal control Ou D u. Op/ and the sensitivity differentials for
the control at 201 grid points obtained with a piecewise linear approximation of the
control, i.e. a B-spline representation with k D 2, and the linearized RADAUIIA
method of Section 4.3 for time integration.

The nominal objective function value for Op D . Op1; Op2/
> is 274:221. The optimal

final time is tf � 6:79784 Œs� and its sensitivities are

dtf

dp1
. Op/ � 0:04638;

dtf

dp2
. Op/ � 0:02715:
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Figure 6.7. Nominal control for Op1 D 3:5 Œm� and Op2 D 0:56 Œm� for 201 grid points.
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Figure 6.8. Sensitivities of the steering wheel velocity u with respect to the parameters p1
(offset in double-lane-change maneuver, left) and p2 (height of center of gravity, right) for
201 control grid points.

The second order sufficient conditions in Theorem 6.1.3 are satisfied. The minimal
eigenvalue of the reduced Hessian is approximately 0:0017.

The sensitivities are obtained by a sensitivity analysis of the discretized optimal
control problem and are depicted in Figure 6.8.

Figure 6.9 shows snapshots of the nominal solution and the real-time approximation
for a perturbation of C10% in each component of the nominal parameter Op.
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t0 D 0 [s]

tf D 6:79784 [s]

Figure 6.9. Snapshots of the nominal solution (red car) and the real-time approximation (blue
car) for perturbed parameters p1 D 3:85 Œm� and p2 D 0:616 Œm�.
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6.2 Feedback Controller Design by Optimal Control
Techniques – The Linear-Quadratic Regulator

We briefly discuss approaches to control dynamic systems using feedback control
laws. For simplicity, the discussion is restricted to ODEs. An extension to semi-
explicit index-one DAEs is straightforward. Further results concerning more general
DAEs can be found in [184, 190]. The latter uses properly stated leading terms and
analyzes solvability of Riccati DAEs.

Problem 6.2.1 (Control Problem). For x0 2 Rnx and f W Rnx � Rnu �! Rnx let
the following control problem be given:

Px.t/ D f .x.t/; u.t//;

x.0/ D x0:

In addition, let a reference state trajectory xref.t/ and a reference control uref.t/ for
t 2 Œ0; tf � be given. The task is to derive a feedback control law of type

u D uref CK.x � xref/

with a suitable function K that tracks the reference state xref given the actual (mea-
sured) state x of the control problem.

The reference state xref and the reference control uref are often equilibrium solu-
tions for the control problem or optimal solutions of an optimal control problem. Im-
plementation of the reference control uref in a real process will usually not result in
the reference state xref owing to model simplifications or disturbances influencing the
dynamic behavior. Hence, a feedback control law is needed that controls the actual
state towards the reference state. The working principle of feedback controllers is
illustrated in Figure 6.10.

−

perturbation

controller
deviation z(t) control u(t)

measurement x(t)

feedback

dynamics
desired state x (t)

d

Figure 6.10. Basic scheme of a feedback control law.
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If no dynamic model is given for the process, one often uses one of the following
approaches or a suitable combination thereof:

(a) proportional controller (P-controller):

u.t/ D uref.t/C cP .xref.t/ � x.t//:

(b) integral controller (I-controller):

u.t/ D uref.t/C cI

Z t

t�h

xref.�/ � x.�/d�; h > 0:

(c) differential controller (D-controller):

u.t/ D uref.t/C cD. Pxref.t/ � Px.t//:

(d) combination: PID-controller

u.t/ D uref.t/C cP .xref.t/ � x.t//

C cI

Z t

t�h

xref.�/ � x.�/d� C cD. Pxref.t/ � Px.t//:

These feedback controllers have in common that they solely rely on measurements
of the actual state and they are easy to implement. Typical questions in constructing
such controllers (and other controllers as well) address stability, controllability, and
observability.

Example 6.2.2 (Control of a Radiator). Let x1.t/ denote the room temperature at
time t and x2.t/ the temperature of a radiator at time t , which can be changed by
a thermostat with control u.t/. Herein, u.t/ > 0 increases the temperature of the
radiator and u.t/ < 0 decreases it according to

Px2.t/ D u.t/:

Let us assume that the reference room temperature (and the temperature outside) is
zero, say. A simple model for the room temperature is given by

Px1.t/ D �x1.t/C x2.t/:

Now we use a proportional controller to control the room temperature to the target
temperature. In a first attempt we assume that the room temperature can be measured
and obtain the feedback law

u.t/ D �c1x1.t/ with c1 > 0;
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i.e. if the room temperature x1 is above the reference room temperature, then the
radiator is cooled down proportional to the deviation between room temperature and
reference temperature and vice versa.

Simulation of the process with the following scilab program (see www.scilab.
org) using Euler’s method yields the result in Figure 6.11.

function radiator1(x10,x20,h,c,n)
x1 = zeros(1,n);
x2 = zeros(1,n);
u = zeros(1,n-1);
x1(1) = x10;
x2(1) = x20;
for i=1:n-1,

x1(i+1) = x1(i) + h*(-x1(i)+x2(i));
u(i) = -c*x1(i);
x2(i+1) = x2(i) + h*u(i);

end;
endfunction

In a second attempt it is assumed that only the radiator temperature can be measured
and the resulting feedback law is

u.t/ D �c2x2.t/ with c2 > 0;

i.e. if the radiator temperature x2 is above the reference room temperature, then the
radiator is cooled down proportional to the deviation between radiator temperature
and reference temperature and vice versa. The results are depicted in Figure 6.12.

In terms of control effort (which is assumed to be proportional to heating costs) the
second strategy appears to be more efficient.

We are particularly interested in model-based control and particularly in optimal
controllers, which are derived from suitably defined optimal control problems, and
focus on the important class of linear-quadratic optimal control problems. To this end,
we linearize the nonlinear dynamics

Px.t/ D f .x.t/; u.t// for t 2 Œ0; tf �

in the reference state xref and control uref as follows. Define the deviations

z.t/ WD x.t/ � xref.t/; v.t/ WD u.t/ � uref.t/:
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Figure 6.11. Control of a radiator with feedback law u D �c1x1, c1 D 2, x1.0/ D �10,
x2.0/ D 5: Room temperature (left picture, red curve), radiator temperature (left picture, blue
curve), and control u (right picture).

Taylor expansion yields

Pz.t/ D Px.t/ � Pxref.t/

D f .x.t/; u.t// � f .xref.t/; uref.t//

� f 0x.xref.t/; uref.t//.x.t/ � xref.t//C f
0
u.xref.t/; uref.t//.u.t/ � uref.t//

DW A.t/z.t/C B.t/v.t/
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Figure 6.12. Control of a radiator with feedback law u D �c2x2, c2 D 2, x1.0/ D �10,
x2.0/ D 5: Room temperature (left picture, red curve), radiator temperature (left picture, blue
curve), and control u (right picture).

with initial value z.0/ D x.0/ � xref.0/ and

A.t/ WD f 0x.xref.t/; uref.t//; B.t/ WD f 0u.xref.t/; uref.t//:

In case a deviation z.0/ D z0 6D 0 is detected at t D 0, one can try to minimize the
state deviation z and the control deviation by solving the following optimal control
problem:
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Problem 6.2.3 (Linear-Quadratic Optimal Control Problem). Let time dependent and
essentially bounded matrices R.t/ 2 Rnz�nz , S.t/ 2 Rnv�nv , A.t/ 2 Rnz�nz , and
B.t/ 2 Rnz�nv be given. Let R and S be symmetric, R positive semidefinite, and S
uniformly positive definite for all t 2 Œ0; tf �.

Minimize

1

2

Z tf

0

z.t/>R.t/z.t/C v.t/>S.t/v.t/dt

with respect to z 2 W nz
1;1.Œ0; tf �/ and v 2 Lnv1 .Œ0; tf �/ subject to the constraints

Pz.t/ D A.t/z.t/C B.t/v.t/;

z.0/ D z0:

Theorem 3.1.11 is applied to Problem 6.2.3. The Hamilton function for Prob-
lem 6.2.3 reads as

H .t; z; v; 	/ D
1

2
.z>R.t/z C v>S.t/v/C 	>.A.t/z C B.t/v/:

The condition H 0v D 0
>
Rnv yields

0Rnv D Sv C B
>	 H) v D �S�1B>	:

Recall that S is symmetric and positive definite and thus non-singular. The adjoint
equation is given by

P	.t/ D �R.t/z.t/ � A.t/>	.t/; 	.tf / D 0Rnz :

Summarizing, the two-point boundary value problem

Pz.t/ D A.t/z.t/ � B.t/S.t/�1B.t/>	.t/;

P	.t/ D �R.t/z.t/ � A.t/>	.t/;

z.0/ D z0;

	.tf / D 0Rnz

has to be solved. These conditions are actually sufficient for optimality according to
Theorem 2.3.41, since the objective function is convex and the constraints are affine
linear.

We choose the ansatz

	.t/ WD P.t/z.t/; P.t/ 2 Rnz�nz ;
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with a matrix P to be determined. Differentiation with respect to t yields

P	.t/ D PP .t/z.t/C P.t/Pz.t/

D PP .t/z.t/C P.t/.A.t/z.t/ � B.t/S.t/�1B.t/>	.t//:

Exploitation of the adjoint equation leads to the equation

0Rnz D .R.t/C A.t/
>P.t/C PP .t/C P.t/A.t/

� P.t/B.t/S.t/�1B.t/>P.t//z.t/:

P is chosen such that the expression in the brackets vanishes guaranteeing that the
equation is satisfied for any z. This results in the Riccati differential equation

PP .t/ D �R.t/ � A.t/>P.t/ � P.t/A.t/C P.t/B.t/S.t/�1B.t/>P.t/;

P.tf / D 0Rnz�nz

that needs to be solved. Notice that the Riccati differential equation only depends on
the data of the linear-quadratic optimal control problem. Hence, P can be determined
once and in advance of the control process. Introducing the adjoint 	 D Pz into the
control law yields the linear feedback control law

v.t/ D �S.t/�1B.t/>P.t/z.t/:

With the feedback matrix K WD BS�1B>P we obtain the controlled system

Pz.t/ D .A.t/ �K.t// z.t/; z.0/ D z0:

Using this feedback law for the nonlinear control problem yields

u.t/ D uref.t/C v.t/

D uref.t/ � S.t/
�1B.t/>P.t/z.t/

D uref.t/ � S.t/
�1B.t/>P.t/.x.t/ � xref.t//;

where x.t/ denotes the current (measured) state at time t .

Remark 6.2.4. In the case of constant matrices R, S , A, B , and tf D1, steady state
solutions of the Riccati equation with PP D 0Rnz�nz are of interest and lead to the
nonlinear Riccati equation

0Rnz�nz D �R � A
>P � PAC PBS�1B>P:

One can show: If .A;B/ is stabilizable and S is positive definite, then the Riccati
equation has a unique positive semidefinite solution and the feedback controlled linear
system is asymptotically stable, see [206, Theorem 5.10] and also [293, Theorem 41,
p. 384], where controllability was assumed.
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We illustrate the single steps for a simple example.

Example 6.2.5. We construct an optimal controller with the aim to track a reference
velocity uref and a reference position xref related by Pxref.t/ D uref.t/ within the time
interval Œ0; tf �. To this end consider the following linear-quadratic optimal control
problem with c1 
 0 and c2 > 0:

Minimize

1

2

Z tf

0

c1.x.t/ � xref.t//
2 C c2.u.t/ � uref.t//

2dt

subject to the constraints

Px.t/ D u.t/; x.0/ D x0:

Define

z.t/ WD x.t/ � xref.t/;

v.t/ WD u.t/ � uref.t/;

such that

Pz.t/ D Px.t/ � Pxref.t/ D u.t/ � uref.t/ D v.t/:

The optimal control problem then reduces to

Minimize

1

2

Z tf

0

c1z.t/
2 C c2v.t/

2dt

subject to the constraints

Pz.t/ D v.t/; z.0/ D x0 � xref.0/:

The Hamilton function is given by

H .z; v; 	/ D
1

2
.c1z

2 C c2v
2/C 	v

and the necessary optimality conditions read as

0 D H 0v D c2v.t/C 	.t/ H) v.t/ D �
	.t/

c2
;

P	.t/ D �H 0z D �c1z.t/;

	.tf / D 0:
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We intend to derive a feedback law and choose the ansatz 	.t/ D P.t/z.t/ with a
function P . Differentiation yields

P	.t/ D PP .t/z.t/C P.t/Pz.t/

D PP .t/z.t/C P.t/v.t/

D PP .t/z.t/ � P.t/
	.t/

c2

D PP .t/z.t/ � P.t/
P.t/z.t/

c2
:

With P	 D �c1z it follows

0 D

�
PP .t/ �

1

c2
P.t/2 C c1

�
z.t/:

P is chosen such that the term in the brackets vanishes:

PP .t/ D
1

c2
P.t/2 � c1:

This Ricatti differential equation for P has the solution

P.t/ D
p
c1c2 tanh

�r
c1

c2
.tf � t /

�
;

where the terminal condition P.tf / D 0 was taken into account.
Summarizing, we obtain the feedback law

u.t/ D uref.t/ �

r
c1

c2
tanh

�r
c1

c2
.tf � t /

�
.x.t/ � xref.t// ;

where x.t/ is the current (measured) state at time t .
This feedback law can be used to track a given position. u plays the role of a

velocity.
In the case tf D 1 we are interested in steady state solutions of the Riccati equa-

tion with PP D 0 and hence the Riccati equation

0 D
1

c2
P 2 � c1

needs to be solved. This quadratic equation has the positive solution P D
p
c1c2.

The resulting feedback law is

u.t/ D uref.t/ �

r
c1

c2
.x.t/ � xref.t// :
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Example 6.2.6 (Pendulum). Consider the damped pendulum equations

Px1.t/ D x2.t/;

Px2.t/ D
1

`
.�cx2.t/ � g sin.x1.t// � u.t//

with g D 9:81, ` D 1, c D 0:4.
Linearization at the upper (unstable) equilibrium position

xref WD .�; 0/
>; uref.t/ WD 0

yields the linear differential equation for z.t/ WD x.t/ � xref:

�
Pz1.t/

Pz2.t/

�
D

�
0 1
g
`
�c
`

�
„ ƒ‚ …
DWA

�
z1.t/

z2.t/

�
C

�
0

�1
`

�
„ ƒ‚ …
DWB

v.t/:

Choose in the linear-quadratic optimal control problem 6.2.3 R WD ˇI2, S WD ˛ with
˛; ˇ > 0.

The linear feedback control law with z.t/ D x.t/ � xref is given by

u.t/ D �S�1B>P.t/.x.t/ � xref/ D �
1

˛

�
0 �

1

`

�
P.t/.x.t/ � xref/;

where P solves the Riccati differential equation

PP .t/ D �ˇI2 � P.t/A � A
>P.t/C

1

˛
P.t/BB>P.t/

with terminal value P.tf / D 0R2�2 .
Figure 6.13 shows the solution P for tf D 5, ˛ D 1, ˇ D 1000, ` D 1, c D 0:4,

g D 9:81.
We apply the feedback law

u.t/ D �
1

˛

�
0 �

1

`

�
P.t/.x.t/ � xref/

to the nonlinear control problem for the pendulum with a perturbation in x1.0/ of
C10ı from the equilibrium state Ox1 D � . Although the upper equilibrium is unstable,
the feedback control law moves the pendulum back into the upright position, see
Figure 6.14.
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Figure 6.13. Solution of Riccati equation.
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Figure 6.14. Controlled motion of pendulum.

6.3 Model Predictive Control

The approach in Section 6.2 works well as long as the control problem 6.2.1 does
not contain control or state constraints. If control or state constraints are present,
then the corresponding control and state constrained linear-quadratic optimal control
problem 6.2.3 cannot be solved anymore by the Riccati approach. More elaborate
techniques need to be constructed that are able to take into account control or state
constraints. In Chapter 5 such methods were discussed already. Unfortunately, the
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discretization methods in Chapter 5 only provide an open-loop control depending on
time. A feedback dealing with potential deviations from the reference state trajectory
is not included so far. But, as we shall see, a (nonlinear) feedback control can be ob-
tained by repeated application of the discretization methods on a moving time horizon.
The discussion is again restricted to ODEs subject to control constraints.

Problem 6.3.1 (Tracking Problem TP(ti ; xi )). Let parameters ti , xi , �t and a time
dependent symmetric positive semidefinite matrix�

Q R

R> S

�

be given. Moreover, let a reference state xref.t/ and a reference control uref.t/ be
given for t 2 I WD Œti ; ti C�t�.

Minimize

J.x; u/ WD
1

2

Z
I

�
x.t/ � xref.t/

u.t/ � uref.t/

�> �
Q.t/ R.t/

R.t/> S.t/

��
x.t/ � xref.t/

u.t/ � uref.t/

�
dt

with respect to x 2 W nx
1;1.I/ and u 2 Lnu1 .I/ subject to the constraints

Px.t/ D f .x.t/; u.t//;

x.ti / D xi ;

u.t/ 2 U:

The tracking problem aims at minimizing the deviation

z.t/ WD x.t/ � xref.t/; v.t/ WD u.t/ � uref.t/

to the reference solution within I.
The idea of model predictive control is based on a repeated solution of the tracking

problem on a moving time horizon, see Figure 6.15.
The algorithm depends on a local time horizon �t > 0 and sampling times

tiC1 D ti C ıt; i D 0; 1; 2; : : : ;

with initial time t0 WD 0.
On each local time horizon Œti ; ti C �t�, the tracking problem TP(ti ; x.ti /) has to

be solved. Then the computed optimal control is applied on the interval Œti ; ti C ıt �
with ıt � �t . Herein, ıt 2 .0;�t� is referred to as shifting parameter. In the
next step the computation is started anew in the shifted period ŒtiC1; tiC1 C�t� with
tiC1 WD ti C ıt and new initial state xiC1 D x.tiC1/ and the process is repeated,
compare Figure 6.15.
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ti ti C�t

tiC1 D ti C ıt tiC1 C�t

Ox
ˇ̌
Œti ;tiC�t�

Ox
ˇ̌
ŒtiC1;tiC1C�t�

x.t/

Figure 6.15. Model-predictive control scheme.

Summarizing, we obtain

Algorithm 6.3.2 (Nonlinear Model-Predictive Control (NMPC) Algorithm).

(0) Let xref, uref, 0 < ıt � �t , i WD 0, t0 WD 0, and x0 WD x.t0/ be given.

(1) Solve TP(ti ; xi ). Let . Ox; Ou/ denote the optimal solution.

(2) Apply the control Ou.t/ for t 2 Œti ; ti C ıt/ and predict the state trajectory by
solving the initial value problem

Px.t/ D f .x.t/; Ou.t//; x.ti / D xi :

(3) Set xiC1 WD x.ti C ıt/, i WD i C 1, and go to (1).

Note that the prediction of the state in step (2) results in Ox defined in (1). Algo-
rithm 6.3.2 is a conceptual algorithm only and represents the ideal case that the real
process behaves like the mathematical model. In practical applications this is not the
case and the values xi , i D 0; 1; 2; : : : ; typically result from measurements and devi-
ations to the mathematical model prediction occur. These perturbations can be dealt
with by performing a parametric sensitivity analysis with respect to perturbations in
the initial value that allow to update the previously computed NMPC solution in real-
time using the techniques in Section 6.1, compare also [314].

Alternatively, delays have to be taken into account that occur because an optimal
solution for a perturbed initial value has to be recomputed using the previously com-
puted NMPC solution as initial guess. Herein, often an approximate optimal solution
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is sufficient, which is obtained by performing only one or few steps of the underlying
SQP method, see [72].

Each of these two approaches provides a feedback control algorithm.

Example 6.3.3 (Pendulum with Control Bounds). Consider the damped pendulum
equations

Px1.t/ D x2.t/;

Px2.t/ D
1

`
.�cx2.t/ � g sin.x1.t// � u.t//

with g D 9:81, ` D 1, c D 0:4, and control bounds u.t/ 2 Œ�7; 7�. Herein, x1 denotes
the angle between the pendulum and the vertical axis.

Let the reference solution be the upper equilibrium position with xref.t/ WD .�; 0/
>

and uref.t/ WD 0 for all t .
Figure 6.16 shows the solution of the NMPC algorithm 6.3.2 for the initial value

x.0/ D .�25ı; 0/>, the parameters �t D 1, ıt D 0:1, and the weighting matrix

�
Q.t/ R.t/

R.t/> S.t/

�
D

0
@ 12 0 00 1 0

0 0 1

1
A :

The NMPC algorithm is able to control the pendulum back to the reference solution
obeying the control bounds.
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Figure 6.16. Nonlinear model predictive control of a pendulum with �t D 1, ıt D 0:1,
xref � .�; 0/

>, uref � 0.

Solving the fully nonlinear Problem 6.3.1 in real-time is often not possible owing
to high computational costs. In this case we rely on a linearization of the problem
around the reference solution and obtain a linear model-predictive control algorithm.
In each step a linear-quadratic optimal control problem of the following type has to
be solved, compare [121]:
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Problem 6.3.4 (Linear Tracking Problem LTP(ti ; zi )). Let parameters ti , zi , �t and
a time dependent symmetric positive semidefinite matrix�

Q R

R> S

�

be given. Moreover, let a reference state xref.t/ and a reference control uref.t/ be
given for t 2 I WD Œti ; ti C�t�, and

A.t/ WD f 0x.xref.t/; uref.t//; B.t/ WD f 0u.xref.t/; uref.t//;

where f W Rnx �Rnu �! Rnx is a given function.

Minimize

J.z; v/ WD
1

2

Z
I

�
z.t/

v.t/

�> �
Q.t/ R.t/

R.t/> S.t/

��
z.t/

v.t/

�
dt

with respect to z 2 W nx
1;1.I/ and v 2 Lnv1 .I/ subject to the constraints

Pz.t/ D A.t/z.t/C B.t/v.t/;

z.ti / D zi ;

v.t/ 2 U � ¹urefº:

Summarizing, we obtain

Algorithm 6.3.5 (Linear Model-Predictive Control Algorithm).

(0) Let i WD 0, z0 WD x.0/ � xref.0/.

(1) Compute the solution .z; v/ of Problem 6.3.4 on Œti ; ti C�t�.

(2) Apply the control

u.t/ WD uref.t/C v.t/

for t 2 Œti ; ti C ıt/ and predict the state trajectory by solving in Œti ; ti C ıt � the
initial value problem

Px.t/ D f .x.t/; u.t//; x.ti / D xi :

(3) Let

xiC1 WD x.ti C ıt/; ziC1 WD xiC1 � xref.ti C ıt/;

set i WD i C 1, and go to (1).
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Example 6.3.6. Consider again the damped pendulum equations

Px1.t/ D x2.t/;

Px2.t/ D
1

`
.�cx2.t/ � g sin.x1.t// � u.t//

with g D 9:81, ` D 1, c D 0:4, and control bounds u.t/ 2 Œ�7; 7�.
Linearization at the upper equilibrium xref D .�; 0/>, uref D 0 yields the linear

differential equation for z.t/ WD x.t/ � xref and v.t/ WD u.t/ � uref:�
Pz1.t/

Pz2.t/

�
D

�
0 1
g
`
�c
`

�
„ ƒ‚ …
DWA

�
z1.t/

z2.t/

�
C

�
0

�1
`

�
„ ƒ‚ …
DWB

v.t/:

Figure 6.17 shows the solution of the linear MPC algorithm 6.3.5 for the initial value
x.0/ D .�25ı; 0/>, the parameters �t D 3, ıt D 0:1, and the weighting matrix

�
Q.t/ R.t/

R.t/> S.t/

�
D

0
@ 0:01 0 00 1 0

0 0 1

1
A :

The linear MPC algorithm is able to control the pendulum back to the reference solu-
tion obeying the control bounds.
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Figure 6.17. Linear model predictive control of a pendulum with �t D 3, ıt D 0:1, xref �

.�; 0/>, uref � 0.

The tracking problem 6.3.1 can be generalized in various ways. For instance, fur-
ther constraints like pure state constraints can be included in Problem 6.3.1. The
model-predictive control algorithm can still be applied, provided that all optimal con-
trol problems stay feasible. But it is a nontrivial task to guarantee feasibility by choos-
ing the local time horizon and the shift parameter in the model-predictive control
algorithm appropriately. Likewise, general objective functions can be considered that
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do not necessarily aim at minimizing the distance to a reference solution. In this case,
the model predictive control algorithm becomes a technique to approximately solve
difficult optimal control problems on a long time horizon that cannot be solved at once.
This is illustrated in the following example.

Example 6.3.7 (Test-drive of a LEGO®Mindstorms Robot). We consider the test-
drive of a LEGO®Mindstorms robot of width B around a given track.

�����
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�����
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�����
�����
�����

x

y

 
.x; y/

v`

vr

v

Herein, .x; y/ denotes the center of gravity of the robot,  the yaw angle, vr the
velocity of the right wheel, v` the velocity of the left wheel, and v the velocity of the
center of gravity.

A simple model for the motion of the robot is given by the following differential
equations:

Px.t/ D
v`.t/C vr.t/

2
cos. .t//;

Py.t/ D
v`.t/C vr.t/

2
sin. .t//;

P .t/ D
vr.t/ � v`.t/

B
;

Pv`.t/ D u1.t/;

Pvr.t/ D u2.t/:

The controls u1 and u2 control the acceleration of the left and right wheel, respec-
tively, and are subject to the control constraints

ui .t/ 2 Œ�0:5; 0:5�; i D 1; 2:

In addition, state constraints apply that keep the robot on the track. As it is difficult
to compute an optimal solution for the whole track, the nonlinear model-predictive
control algorithm is applied. The objective function in each optimal control problem
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Figure 6.18. Results of the nonlinear model predictive control algorithm for a test-drive along
a test-course: center of gravity (top left), SQP iterations for subproblems (top right), controls
u1 and u2 (bottom).

is a linear combination of minimum control effort and maximal distance driven on the
track. For details we refer to [108, 122]. The result of the nonlinear model predictive
control algorithm is depicted in Figure 6.18. Herein, 113 optimal control problems
each with N D 30 grid points have been solved within 35.78 CPU seconds on a PC
with 2.3 GHz.

6.4 Exercises

Exercise 6.4.1. Consider the following optimization problem:

Minimize J.z1; z2/ WD �0:1.z1 � 4/
2 C z22

subject to G.z1; z2/ WD 1 � z
2
1 � z

2
2 � 0:

Check the KKT conditions and the second order sufficient conditions.



Section 6.4 Exercises 333

Exercise 6.4.2. For � �
p
2 consider the parametric optimization problem:

Minimize J.z1; z2/ WD �.z1 C 1/
2 � .z2 C 1/

2

subject to z21 C z
2
2 � 2 � 0;

z1 � � � 0:

Compute the solutions Oz.�/ and verify second order sufficient conditions.

Exercise 6.4.3. For the parameters x D .x1; : : : ; xm/
> and y D .y1; : : : ; yp/

> let
the following parametric nonlinear optimization problem be given:

Minimize J.z/

subject to Gi .z/ � xi � 0; i D 1; : : : ; m;

Hj .z/ � yj D 0; j D 1; : : : ; p:

Let . Oz; O
; O	/ be a KKT point of the nominal problem for the nominal parameters
Ox D . Ox1; : : : ; Oxm/

> D 0Rm and Oy D . Oy1; : : : ; Oyp/> D 0Rp .
Use the sensitivity theorem (assuming that the assumptions are satisfied) to show

that the following relations hold:

@J.z.x; y//

@x

ˇ̌̌
ˇ
.x;y/D. Ox; Oy/

D � O
>;

@J.z.x; y//

@y

ˇ̌̌
ˇ
.x;y/D. Ox; Oy/

D �O	>:

The Lagrange multipliers indicate the sensitivity of the objective function with respect
to perturbations in the constraints!

Exercise 6.4.4. Consider the following parametric nonlinear optimization problem:
P(!) Minimize

�

�
1

2
C !4

�
p
z1 �

�
1

2
� !4

�
z2

subject to the constraints z 2 R2 and

�z1 C 0:1 � !1;

�z2 � !2;

z1 C z2 � 1 � !3:

Herein, ! 2 R4 is a parameter vector with k!k small.
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Solve the nominal problem P(0R4) using the KKT conditions and compute the
derivatives

@J.z.!/; !/

@!1
.0R4/;

@J.z.!/; !/

@!2
.0R4/;

@J.z.!/; !/

@!3
.0R4/;

@J.z.!/; !/

@!4
.0R4/

at the nominal parameter ! D 0R4 , where z.!/ denotes the solution of P(!) with
Lagrange multiplier 
.!/ for k!k small.

Compute the sensitivities

@z

@!
.0R4/;

@


@!
.0R4/:

Exercise 6.4.5. Consider the following perturbed quadratic optimization problem
with Q 2 Rnz�nz symmetric and positive definite, A 2 Rm�nz of rank m, and
parameter p 2 Rm:

QP(p) Minimize
1

2
z>Qz with respect to z 2 Rnz subject to Az D b C p:

Show that the value function

ˆ.p/ WD inf

²
1

2
z>Qz

ˇ̌̌
ˇ Az D b C p; z 2 Rnz

³
satisfies

ˆ.p/ D ˆ.0/ � 	.0/>p C
1

2
p>.AQ�1A>/�1p;

where 	.0/ denotes the Lagrange multiplier of QP(0Rm).

Exercise 6.4.6. Let a controlled process in ŒOt ; tf � with tf fixed be defined by

Px.t/ D u.t/; x.Ot / D Ox:

The task is to control the state x as close as possible to the target state x.tf / D xf
using a moderate control effort. This can be achieved by minimizing the objective
function

J.x; u/ D
c

2
.x.tf / � xf /

2 C
1

2

Z tf

Ot

u.t/2dt

with a weight factor c 
 0.
Compute the optimal control and express it in feedback form

u.t/ D �K.Ot /. Ox � xf /:

Discuss the cases c !1 and c ! 0.
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Exercise 6.4.7. Consider the following linear-quadratic optimal control problem,
where only the vector y.t/ WD C.t/z.t/CD.t/u.t/ can be observed:

Minimize

1

2

Z tf

0

y.t/>R.t/y.t/C u.t/>S.t/u.t/dt

subject to the constraints

Pz.t/ D A.t/z.t/C B.t/u.t/;

y.t/ D C.t/z.t/CD.t/u.t/;

z.0/ D z0:

Exploit the local minimum principle to find a feedback control law for the control.
Formulate a suitable Riccati differential equation.

Exercise 6.4.8. Consider the following linear-quadratic optimal control problem:

Minimize

J.x; u/ D
1

2

Z 1

0

x>Qx C u>RuC 2x>SuC 2z>x C 2w>udt

subject to

Px D Ax C BuC b;

C0x.0/C C1x.1/ D c;

Ex C Fu � e:

Herein, Q;R; S; z; w;A;B; b;E; F; e are time dependent matrices and vectors of ap-
propriate dimension. Q;R; S are supposed to be symmetric and�

Q S

S> R

�
is supposed to be positive semidefinite. C0; C1; c are constant matrices and vectors.

Prove: If . Ox; Ou/ is feasible and satisfies the local minimum principle with `0 D 1,
then . Ox; Ou/ is a global minimum of the optimal control problem.

Exercise 6.4.9 (Autopilot). Consider the flight of an aircraft in the 2D-plane given by
the equations of motion

Ph.t/ D v.t/ sin �.t/; h.0/ D 3000;

Pv.t/ D
1

m
.T .t/ �D.v.t/; h.t/; CL.t/// � g sin �.t/; v.0/ D 300;

P�.t/ D
1

mv.t/
L.v.t/; h.t/; CL.t// �

g

v.t/
cos �.t/; �.0/ D 0;



336 Chapter 6 Real-Time Control

where h denotes the altitude, v the velocity, and � the pitch angle. Moreover,

L.v; h; CL/ D q.v; h/ � F � CL; D.v; h; CL/ D q.v; h/ � F � .CD;0 C kC
2
L/;

q.v; h/ D
1

2
� �.h/ � v2; �.h/ D �0 � exp.�ˇh/;

with constants

F D 26; CD;0 D 0:0165; k D 1; �0 D 1:225; ˇ D 1=6900; m D 7500; g D 9:81:

The aircraft can be controlled by the lift coefficient CL 2 Œ0:01; 0:18326� and the
thrust T 2 Œ0; 59300�.

The task is to track the equilibrium solution

href WD 3000; vref WD 300; �ref WD 0;

and

CL;ref WD
m � g

q.vref; href/ � F
; Tref WD D.vref; href; CL;ref/:

(a) Develop a linear-quadratic regulator taking into account Remark 6.2.4 to track
the reference solution and test the controller by perturbing the equilibrium solu-
tion.

(b) Use the nonlinear model-predictive control algorithm 6.3.2 to track the reference
solution and compare it to the controller in (a).

Exercise 6.4.10 (Collision Avoidance Project). This collision avoidance project can
be either simulated on a computer or actually realized using, e.g., LEGO®Mindstorms
robots. The task is to avoid a collision with a fixed obstacle, see figure. The obstacle
is supposed to be stationary, i.e. non-moving, and its measurements and position are
supposed to be known to the avoiding vehicle.
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Project steps:

(a) Formulate a suitable optimal control problem to avoid a collision and compute
an optimal collision avoidance trajectory using the direct discretization methods
in Chapter 5 for a given initial distance to the obstacle and a given initial velocity
of the avoiding car. Use the model in Example 6.3.7 for the avoiding car.

(b) Track the computed optimal collision avoidance trajectory in (a) as follows:

(i) Drive in a straight line with top speed towards the obstacle. In a real
vehicle a controller might be necessary to drive a straight line!

(ii) Measure repeatedly the distance to the obstacle using, e.g., an ultrasonic
sensor.

(iii) If the distance is reached for which the optimal collision avoidance trajec-
tory in (a) has been computed, then track the collision avoidance trajectory
using a suitable controller (P-, I-, D-, PID-controller, Ricatti, MPC).



Chapter 7

Mixed-Integer Optimal Control

Technical or economical processes often involve discrete control variables, which are
used to model finitely many decisions, discrete resources, or switching structures,
like gear shifts in a car or operating modes of a device. This leads to optimal control
problems with non-convex and partly discrete control set U. More specifically, some
of the control variables may still assume any real value within a given convex set
with non-empty interior, those are called continuous-valued control variables in the
sequel, while other control variables are restricted to a finite set of values, those are
called discrete control variables in the sequel.

An optimal control problem involving continuous-valued and discrete control vari-
ables is called mixed-integer optimal control problem. Mixed-integer optimal con-
trol is a field of increasing importance and practical applications can be found in
[31, 114, 116, 161, 170, 277, 278, 290]. For a web-site of further benchmark problems
please refer to [275].

One approach to solve mixed-integer optimal control problems is by exploiting nec-
essary optimality conditions. Unfortunately, the assumptions imposed in Chapter 3
on the set U, i.e. convexity and non-empty interior, do not hold for mixed-integer
optimal control problems. Hence, the techniques used to prove the local minimum
principles in Chapter 3 based on the Fritz John conditions in Chapter 2 cannot be
applied to mixed-integer optimal control problems. New techniques are required. In
Section 7.1 we will exploit an idea of Dubovitskii and Milyutin, see [78, 79], [133,
p. 95], [162, p. 148], who used a time transformation to transform the mixed-integer
optimal control problem into an equivalent optimal control problem without discrete
control variables. Necessary conditions are then obtained by applying the local min-
imum principles of Chapter 3 to the transformed problem. The result are necessary
conditions in terms of global minimum principles. The global minimum principle is
valid even for discrete control sets. Global minimum principles for DAE optimal con-
trol problems can be found in [273] for Hessenberg DAE optimal control problems,
in [63] for semi-explicit index-one DAEs, in [71] for implicit control systems, in [17]
for quasilinear DAEs, and in [186] for nonlinear DAEs of arbitrary index. The ap-
proach in [273] exploits known results for the ODE case and applies them to the DAE
setting by firstly solving an algebraic constraint for the algebraic variable expressing it
as a function of the control and the differential state by means of the implicit function
theorem. Then the algebraic variable is replaced by this implicitly defined function
and a standard ODE optimal control problem is obtained. Finally, the Pontryagin mini-
mum principle is applied and the resulting minimum principle is translated to the DAE



Section 7.1 Global Minimum Principle 339

formulation. Although this approach is convenient, we do not follow this approach as
it is our intention to work with the original DAE optimal control formulation.

The global minimum principle can be exploited numerically using an indirect ap-
proach, but a very good initial guess of the problem’s switching structure is needed.
Such an initial guess is often not available for practical applications. Based on the
minimum principle a graph-based solution method was developed in [168], which is
limited to single-state problems, though.

The time transformation method of Dubovitskii and Milyutin can be exploited nu-
merically and leads to the variable time transformation method in Section 7.2. This
method couples the direct discretization method of Chapter 5 and the variable time
transformation in Section 7.1, see [114, 116, 194–196, 290, 302].

Direct discretization methods based on relaxations and sum-up-rounding strategies
are investigated in [276, 279, 280]. These methods have shown their ability to solve
difficult real-world examples.

Section 7.3 particularly addresses the problem of including switching costs in
mixed-integer optimal control problems. Switching costs apply each time the discrete
control switches. From a mathematical point of view the assignment of switching
costs can be used to avoid so-called chattering discrete controls, which cannot be re-
alized in practice. The discussion is restricted to discretized optimal control problems
in combination with a dynamic programming approach, which exploits Bellman’s op-
timality principle.

7.1 Global Minimum Principle

We consider the following autonomous optimal control problem on a fixed time inter-
val Œt0; tf �:

Problem 7.1.1 (Mixed-Integer Optimal Control Problem). Let I WD Œt0; tf � 	 R be
a non-empty compact time interval with t0 < tf fixed. Let

' W Rnx �Rnx �! R;

f0 W R
nx �Rny �Rnu �! R;

f W Rnx �Rny �Rnu �! Rnx ;

g W Rnx �! Rny ;

 W Rnx �Rnx �! Rn 

be sufficiently smooth functions and U � Rnu a non-empty set. Let the index-two
Assumption 3.1.5 hold.
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Minimize the objective function

'.x.t0/; x.tf //C

Z tf

t0

f0.x.t/; y.t/; u.t//dt

with respect to

x 2 W nx
1;1.I/; y 2 L

ny
1 .I/; u 2 Lnu1 .I/;

subject to the semi-explicit DAE

Px.t/ D f .x.t/; y.t/; u.t// a.e. in I;

0Rny D g.x.t// in I;

the boundary condition

 .x.t0/; x.tf // D 0Rn ;

and the set constraint

u.t/ 2 U a.e. in I:

The set U in Problem 7.1.1 is supposed to be an arbitrary set. We particularly
allow that U may only contain finitely many vectors so that Problem 7.1.1 contains
problems with discrete controls.

Example 7.1.2 ( [290, Section 4.4.3]). The following optimal control problem has a
discrete control set:

Minimize

x.2/2 C

Z 2

0

�
sin
��
2
t
�
� x.t/

�2
dt

with respect to x 2 W1;1.Œ0; 2�/ and u 2 L31.Œ0; 2�/ subject to the constraints

Px.t/ D u1.t/ � u2.t/C 2tu3.t/; x.0/ D 0;

and 0
@ u1.t/u2.t/

u3.t/

1
A 2 U WD

8<
:
0
@ 10
0

1
A ;
0
@ 01
0

1
A ;
0
@ 00
1

1
A
9=
; :

When dealing with discrete controls it is important to relax the usual terminology
of a local minimum.
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Definition 7.1.3 (Strong and Weak Local Minima). Let . Ox; Oy; Ou/ be feasible for Prob-
lem 7.1.1.

(a) . Ox; Oy; Ou/ is called a (weak) local minimum of Problem 7.1.1, if . Ox; Oy; Ou/ mini-
mizes the objective function among all feasible .x; y; u/ with kx � Oxk1;1 < ",
ky � Oyk1 < ", and ku � Ouk1 < " for some " > 0.

(b) . Ox; Oy; Ou/ is called a strong local minimum of Problem 7.1.1, if . Ox; Oy; Ou/ mini-
mizes the objective function among all feasible .x; y; u/with kx� Oxk1 < ".

Notice that strong local minima are also weak local minima. The converse is not
true. Strong local minima are minimal with respect to a larger class of algebraic vari-
ables and controls. Especially, if the control or algebraic variable are discontinuous,
the difference between strong and weak local minima becomes apparent, since an "-
neighborhood of a discontinuous function with regard to the L1-norm basically con-
sists of functions with the same location of discontinuities and slightly varied function
values in the continuous parts. Even worse, weak neighborhoods of feasible discrete
controls typically only contain the discrete control itself.

In proving necessary conditions we cannot exploit a special structure of U as it
was done in Chapter 3 by assuming that the set was convex with non-empty interior.
Hence, the necessary optimality conditions in Chapter 3 do not hold for Problem 7.1.1.
The necessary optimality conditions in Chapter 3 are not worthless, though. As we
shall see, it is possible to use a special time transformation to transform Problem 7.1.1
into an equivalent problem with a nice convex control set with non-empty interior for
which the necessary optimality conditions of Chapter 3 are valid. This time transfor-
mation is due to Dubovitskii and Milyutin and the following proof techniques can be
found in [162, p. 148] and [133, p. 95] in the case of ODEs. The results are extended
to the DAE setting in Problem 7.1.1. To this end, let

H .x; y; u; 	f ; 	g ; `0/ WD `0f0.x; y; u/C .	
>
f C 	

>
g g
0
x.x//f .x; y; u/

denote the Hamilton function for Problem 7.1.1 and let . Ox; Oy; Ou/ be a strong local
minimum of Problem 7.1.1.

For � 2 Œ0; 1� we introduce the time transformation

t .�/ WD t0 C

Z �

0

w.s/ds; t.0/ D t0; t .1/ D tf ; w.s/ 
 0; (7.1)

compare Figure 7.1. The inverse mapping is defined by

�.s/ WD inf¹� 2 Œ0; 1� j t .�/ D sº: (7.2)



342 Chapter 7 Mixed-Integer Optimal Control

w.�/ W

t .�/:

�0 1

t0

tf

Figure 7.1. Time transformation t .�/ for a given function w.�/ 
 0: If w.�/ D 0, then the
time t stands still, otherwise the time t proceeds.

For any function w 2 L1.Œ0; 1�/ satisfying (7.1) define

Qu.�/ WD

²
Ou.t.�//; for � 2 �w ;
arbitrary; for � 2 Œ0; 1� n�w ;

Qx.�/ WD Ox.t.�//;

Qy.�/ WD

²
Oy.t.�//; for � 2 �w ;
suitable; for � 2 Œ0; 1� n�w ;

where

�w WD ¹� 2 Œ0; 1� j w.�/ > 0º:

Suitable values for Qy on Œ0; 1� n�w will be provided later.
The functions Qx, Qy, Qu are feasible for the following auxiliary DAE optimal control

problem in which w is considered a control and Qu a fixed function. In addition, it is ex-
ploited that the original index-two DAE in Problem 7.1.1 is mathematically equivalent
to the index-one DAE

Px.t/ D f .x.t/; y.t/; u.t//;

0Rny D g
0
x.x.t//f .x.t/; y.t/; u.t//

with the additional boundary condition g.x.t0// D 0Rny .
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Problem 7.1.4 (Auxiliary DAE Optimal Control Problem).

Minimize

'.x.0/; x.1//C

Z 1

0

w.�/f0.x.�/; y.�/; Qu.�//d�

with respect to

x 2 W
nx
1;1.Œ0; 1�/; y 2 L

ny
1 .Œ0; 1�/; t 2 W1;1.Œ0; 1�/; w 2 L1.Œ0; 1�/

subject to the constraints

Px.�/ D w.�/f .x.�/; y.�/; Qu.�// a.e. in Œ0; 1�;

0Rny D g
0
x.x.�//f .x.�/; y.�/; Qu.�// a.e. in Œ0; 1�;

Pt .�/ D w.�/ a.e. in Œ0; 1�;

 .x.0/; x.1// D 0Rn ;

g.x.0// D 0Rny ;

t .0/ D t0;

t .1/ D tf ;

w.�/ 
 0 a.e. in Œ0; 1�:

Note that the control w in Problem 7.1.4 is only restricted by the control constraint
w.�/ 
 0 and hence it is not a discrete control! Note further that . Qx; Qy;w/ is actually
a weak local minimum of Problem 7.1.4 for any feasible control w. This is because
solutions of the transformed DAE subject to the time transformation and solutions
of the original DAE coincide almost everywhere. A formal proof can be conducted
similarly to [162, pp. 149–156].

Remark 7.1.5. Note: If w � 0 on some interval, then on this interval

Px.�/ � 0 H) x.�/ � const;

Pt .�/ � 0 H) t .�/ � const:

Note further: If instead of the index-reduced DAE the original index-two DAE was
used in Problem 7.1.4, then the algebraic variable y would not be defined on regions
with w � 0, since differentiation of the algebraic constraint would lead to

0Rny D w.�/g
0
x.x.�//f .x.�/; y.�/; Qu.�//

and the index would not be defined in case w � 0. This is the reason, why we prefer
to use the index-reduced formulation in Problem 7.1.4.
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We apply the first order necessary optimality conditions in Theorem 3.4.4 to Prob-
lem 7.1.4 and note that the assumptions (ii)–(v) in Theorem 3.4.4 and Assumption
3.4.2 are automatically satisfied for Problem 7.1.4 for . Qx; Qy;w/ under Assumption
3.1.5. Assuming smoothness as in Assumption 2.2.8, we may apply Theorem 3.4.4
to Problem 7.1.4. To this end, let the reduced Hamilton function of Problem 7.1.1 be
defined by

R.x; y; u; 	f ; `0/ WD `0f0.x; y; u/C 	
>
f f .x; y; u/;

and the augmented Hamilton function of Problem 7.1.4 by

NH .�; x; y; t; w; 	f ; 	g ; 	t ; �; `0/

WD w.`0f0.x; y; Qu.�//C 	
>
f f .x; y; Qu.�//C 	t � �/C 	

>
g g
0
x.x/f .x; y; Qu.�//

D w.R.x; y; Qu.�/; 	f ; `0/C 	t � �/C 	
>
g r.x; y; Qu.�//;

where r W Rnx �Rny �Rnu �! Rny is defined by

r.x; y; u/ WD g0x.x/f .x; y; u/:

The first order necessary optimality conditions in Theorem 3.4.4 read as follows:
There exist multipliers Q̀0 2R; Q	f 2W

nx
1;1.Œ0; 1�/;

Q	g 2L
ny
1 .Œ0; 1�/; Q	t 2W1;1.Œ0; 1�/,

Q� 2 L1.Œ0; 1�/, Q� 2 Rn , and Q� 2 Rny not all zero with

(a) Q̀0 
 0

(b) In Œ0; 1� we have the adjoint equation

d

d�
Q	f .�/ D �w.�/R

0
x. Qx.�/; Qy.�/; Qu.�/;

Q	f .�/; Q̀0/
>

� r 0x. Qx.�/; Qy.�/; Qu.�//
> Q	g.�/;

0Rny D w.�/R
0
y. Qx.�/; Qy.�/; Qu.�/;

Q	f .�/; Q̀0/
>

C r 0y. Qx.�/; Qy.�/; Qu.�//
> Q	g.�/;

d

d�
Q	t .�/ D 0:

In particular, Q	t is constant.

(c) Transversality conditions:

Q	f .0/
> D �. Q̀0'

0
x0
C Q�> 0x0 C

Q�>g0xŒ0�/;
Q	f .1/

> D Q̀0'
0
xf
C Q�> 0xf :

(d) Almost everywhere in Œ0; 1� it holds

0 D R. Qx.�/; Qy.�/; Qu.�/; Q	f .�/; Q̀0/C Q	t .�/ � Q�.�/:

Owing to the complementarity condition in (e) below, we thus have

R. Qx.�/; Qy.�/; Qu.�/; Q	f .�/; Q̀0/C Q	t .�/

²
D 0; if � 2 �w ;

 0; if � … �w :
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(e) Almost everywhere in Œ0; 1� it holds

Q�.�/w.�/ D 0 and Q�.t/ 
 0:

Using the inverse time transformation defined in (7.2), we may define

`0 WD Q̀0; � WD Q�; � WD Q�; 	f .t/ WD Q	f .�.t//; 	t .t/ WD Q	t .�.t//;

and

	g.t/
> WD �R0y. Ox.t/; Oy.t/; Ou.t/; 	f .t/; `0/.g

0
x. Ox.t//f

0
y. Ox.t/; Oy.t/; Ou.t///

�1:

Then, for almost every � 2 �w it holds

	f .t.�// D Q	f .�/; w.�/	g.t.�// D Q	g.�/; 	t .t.�// D Q	t .�/;

and a short calculation shows that 	f and 	g satisfy the adjoint equation

P	f .t/ D �H 0x. Ox.t/; Oy.t/; Ou.t/; 	f .t/; 	g.t/; `0/
>;

0Rny D H 0y. Ox.t/; Oy.t/; Ou.t/; 	f .t/; 	g.t/; `0/
>;

and the transversality conditions

	f .t0/
> D �.`0'

0
x0
C �> 0x0 C �

>g0xŒt0�/; 	f .tf /
> D `0'

0
xf
C �> 0xf :

The above conditions hold for every w. Now we will choose w in a special way
in order to exploit this degree of freedom. The following construction follows [162,
p. 157], compare Figure 7.2. This construction principle will be exploited numerically
in Section 7.2.

Let w.�/ vanish on the intervals Ik WD .�k; �k C ˇk �, k D 1; 2; : : : ; which are to
be constructed such that the image of

S
k Ik under the mapping � 7! t .�/ is dense in

Œt0; tf �.
Therefore, let ¹
1; 
2; : : :º be a countable dense subset of Œt0; tf �. Choose ˇk > 0

with
P
k ˇk D

1
2

and let

�k WD

k � t0

2.tf � t0/
C

X
j W�j<�k

ǰ :

Then the intervals Ik D .�k ; �k C ˇk � are pairwise disjoint. Define

w.�/ WD

²
0; if � 2

S
k Ik ;

2.tf � t0/; if � …
S
k Ik :
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t .�/

tf

t0

�

�


`


k

Ik I`
�k �`�k C ˇk �` C ˇ`

u3

u2

u1

Ik I`
�k �`�k C ˇk �` C ˇ`

Figure 7.2. Construction principle of w.

We will show that t .�/ D 
k for any � 2 Ik . As ¹
kº was chosen to be dense in
Œt0; tf �, so is the image of

S
k Ik under the mapping � 7! t .�/.

We note that �j < �k , if and only if 
j < 
k and t .�/ D t .�k/ for all � 2 Ik . For
� 2 Ik we find

t .�/ D t0 C

Z �

0

w.
/d


D t0 C 2.tf � t0/
�
�k �

X
j W�j<�k

ǰ

�

D t0 C 2.tf � t0/
�
�k �

X
j W�j<�k

ǰ

�

D t0 C .tf � t0/

k � t0

tf � t0
D 
k :
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Now let

(i) Ik WD
S
j Ikj , where Ikj are non-empty closed from the right intervals;

(ii) ¹u1; u2; : : :º be a countable dense subset of U;

(iii) Qu.�/ WD uj if � 2 Ikj ;

(iv) Qy.�/ WD yj with

0Rny D r. Qx.�/; yj ; uj / D g
0
x. Qx.�//f . Qx.�/; yj ; uj /;

if � 2 Ikj ;

According to (d), we have for almost every � 2
S
k Ik the inequality

R. Qx.�/; Qy.�/; Qu.�/; Q	f .�/; Q̀0/C Q	t .�/ 
 0:

As every interval Ikj has a positive measure, there exists � 2 Ikj with t .�/ D 
k
such that

R. Qx.�/; Qy.�/; Qu.�/; Q	f .�/; Q̀0/C Q	t .�/

D R. Ox.
k/; yj ; uj ; 	f .
k/; `0/C 	t .
k/ 
 0:

Since the set ¹
1; 
2; : : :º is dense in Œt0; tf �, and since ¹u1; u2; : : :º is dense in U, and
since

h.t; y; u/ WD R. Ox.t/; y; u; 	f .t/; `0/

is continuous, it follows for almost all t 2 Œt0; tf � that

R. Ox.t/; y; u; 	f .t/; `0/C 	t .t/ 
 0

for all

.u; y/ 2 �. Ox.t// WD ¹.u; y/ 2 U �Rny j 0Rny D g
0
x. Ox.t//f . Ox.t/; y; u/º:

Note that R � H , whenever .u; y/ 2 �. Ox.t//.
On the other hand, according to (d), for almost every � 2 �w and thus for almost

every t 2 I it holds

R. Ox.t/; Oy.t/; Ou.t/; 	f .t/; `0/C 	t .t/ D 0:

Putting both relations together yields the minimality of the reduced Hamilton function
for almost every t 2 Œt0; tf �:

R. Ox.t/; Oy.t/; Ou.t/; 	f .t/; `0/

� R. Ox.t/; y; u; 	f .t/; `0/ for all .u; y/ 2 �. Ox.t//:
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Moreover, since Ou is essentially bounded and since the function h.t; y; u/ is continu-
ous, it follows that

R. Ox.t/; Oy.t/; Ou.t/; 	f .t/; `0/C 	t .t/ � 0

almost everywhere. Since 	t is continuous and constant according to (b), so is R as
a function of time. Exploiting R � H whenever .u; y/ 2 �. Ox.t//, we have thus
proved the following global minimum principle:

Theorem 7.1.6 (Global Minimum Principle). Let the following assumptions be ful-
filled for the optimal control problem 7.1.1.

(i) Let Assumption 2.2.8 hold for ',  , and the functions

Qf0.t; x; y/ WD f0.x; y; Ou.t//;

Qf .t; x; y/ WD f .x; y; Ou.t//:

Let g be twice continuously differentiable.

(ii) Let . Ox; Oy; Ou/ be a strong local minimum of the optimal control problem 7.1.1.

(iii) Let Assumption 3.1.5 be valid.

Then there exist multipliers

`0 2 R; 	f 2 W
nx
1;1.I/; 	g 2 L

ny
1 .I/; � 2 Rny ; � 2 Rn 

such that the following conditions are satisfied:

(a) `0 
 0, .`0; �; �; 	f ; 	g/ 6D ‚,

(b) Adjoint equations: Almost everywhere in I it holds

P	f .t/ D �H 0x. Ox.t/; Oy.t/; Ou.t/; 	f .t/; 	g.t/; `0/
>;

0Rny D H 0y. Ox.t/; Oy.t/; Ou.t/; 	f .t/; 	g.t/; `0/
>:

(c) Transversality conditions:

	f .t0/
> D �.`0'

0
x0
. Ox.t0/; Ox.tf //C �

> 0x0. Ox.t0/; Ox.tf //C �
>g0x. Ox.t0///;

	f .tf /
> D `0'

0
xf
. Ox.t0/; Ox.tf //C �

> 0xf . Ox.t0/; Ox.tf //:

(d) Optimality condition: Almost everywhere in I it holds

H . Ox.t/; Oy.t/; Ou.t/; 	f .t/; 	g.t/; `0/ � H . Ox.t/; y; u; 	f .t/; 	g.t/; `0/

for all .u; y/ 2 �. Ox.t//, where

�.x/ D ¹.u; y/ 2 U �Rny j g0x.x/f .x; y; u/ D 0Rny º:
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(e) The Hamilton function is constant with respect to time:

H . Ox.t/; Oy.t/; Ou.t/; 	f .t/; 	g.t/; `0/ � const:

Example 7.1.7. Consider the following optimal control problem:

Minimize Z 1

0

x.t/2 C ˛.y.t/ � u.t//2dt

subject to the constraints

Px.t/ D y.t/ � u.t/; x.0/ D 0;

0 D x.t/;

u.t/ 2 U WD Œ�1; 1�:

Apparently, every feasible control is optimal!
Hamilton function:

H .x; y; u; 	f ; 	g ; `0/ D `0x
2 C ˛.y � u/2 C 	f .y � u/C 	g.y � u/

Minimization of H with respect to

.u; y/ 2 � D ¹.u; y/ 2 U �R j y � u D 0º

yields that every u satisfies the global minimum principle.
Please note that the simultaneous coupling between u and y by means of the set �

is important in the global minimum principle. A wrong condition would be obtained,
if the Hamilton function was firstly minimized with respect to u (assuming y to be
fixed) and the consistent algebraic variable y corresponding to the minimizing u was
determined afterwards. For instance, consider the case ˛ D �1 and Ou � 0. The
algebraic equation, the adjoint equation and the transversality condition yield

P	f .t/ D �`0 Ox.t/ D 0; 	f .1/ D 0 H) 	f .t/ � 0:

Moreover, g0x. Ox.t//f . Ox.t/; Oy.t/; Ou.t// � 0 and hence

H . Ox; Oy; Ou; 	f ; 	g ; `0/ D ˛. Oy � Ou/
2 D �. Oy � Ou/2:

Minimizing H with respect to u 2 Œ�1; 1� yields either Ou D C1 or Ou D �1 depending
on Oy 2 Œ�1; 1�. This contradicts Ou � 0.

The global minimum principle allows to prove additional properties of the Hamilton
function in the case of a free final time. In this case, the Hamilton function vanishes
almost everywhere.
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Theorem 7.1.8. Let the assumptions of Theorem 7.1.6 hold and let the final time in
Problem 7.1.1 be free. Then H vanishes almost everywhere and

H . Ox.tf /; Oy.tf /; Ou.tf /; 	f .tf /; 	g.tf /; `0/ D 0:

Proof. We use the transformation technique in Section 1.2.1 to transform the problem
to an equivalent problem on a fixed time interval:

Minimize

'. Nx.0/; Nx.1//C

Z 1

0

.tf .�/ � t0/f0. Nx.�/; Ny.�/; Nu.�//d�

subject to the constraints

d

d�
Nx.�/ D .tf .�/ � t0/f . Nx.�/; Ny.�/; Nu.�// a.e. in Œ0; 1�;

0Rny D g. Nx.�// in Œ0; 1�;

d

d�
tf .�/ D 0 in Œ0; 1�;

 . Nx.0/; Nx.1// D 0n ;

Nu.�/ 2 U a.e. in Œ0; 1�:

The Hamilton function for the transformed problem reads as

NH . Nx; Ny; tf ; Nu; N	f ; N	g ; N	t ; Ǹ0/ D .tf � t0/H . Nx; Ny; Nu; N	f ; N	g ; Ǹ0/;

where H denotes the Hamilton function of the original problem.
The necessary optimality conditions in Theorem 7.1.6 yield the adjoint equation for

the adjoint variable N	t

d

d�
N	t .�/ D � NH

0
tf
Œ� � D �H Œ� �

and the transversality conditions

N	t .0/ D N	t .1/ D 0:

According to part (e) of Theorem 7.1.6, the Hamilton function NH is constant almost
everywhere and thus H is constant almost everywhere as well, since tf is constant.

From

N	0t .�/
> D �H Œ� � D const a.e. in Œ0; 1�; N	t .0/ D N	t .1/ D 0

it follows H Œ� � D 0 almost everywhere and particularly after back-transformation

H . Ox.tf /; Oy.tf /; Ou.tf /; 	f .tf /; 	g.tf /; `0/ D 0:
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7.1.1 Singular Controls

Singular controls may occur, if the control u and the algebraic variable y enter lin-
early into the optimal control problem. For simplicity, the discussion is restricted to
problems with only one control and one algebraic variable.

Problem 7.1.9 (DAE Optimal Control Problem with Control Appearing Linearly).
Let I WD Œt0; tf � 	 R be a non-empty compact time interval with t0 < tf fixed. Let

' W Rnx �Rnx �! R;

˛0; ˇ0; �0 W R
nx �! R;

˛; ˇ; � W Rnx �! Rnx ;

g W Rnx �! R;

 W Rnx �Rnx �! Rn 

be sufficiently smooth functions and U WD Œumin; umax� with �1<umin <umax <1.

Minimize

'.x.t0/; x.tf //C

Z tf

t0

˛0.x.t//C ˇ0.x.t//y.t/C �0.x.t//u.t/dt

with respect to x 2 W nx
1;1.I/, y 2 L1.I/, u 2 L1.I/ subject to the constraints

Px.t/ D ˛.x.t//C ˇ.x.t//y.t/C �.x.t//u.t/ a.e. in I;

0 D g.x.t// in I;

0Rn D  .x.t0/; x.tf //;

u.t/ 2 U D Œumin; umax� a.e. in I:

Let . Ox; Oy; Ou/ be a minimum of Problem 7.1.9.

Assumption 7.1.10 (Index-Two Assumption). Let a constant c > 0 exist with

ˇ̌
g0x. Ox.t//ˇ. Ox.t//

ˇ̌

 c in I:

The Hamilton function for Problem 7.1.9 reads as

H .x; y; u; 	f ; 	g ; `0/ D `0 .˛0.x/C ˇ0.x/y C �0.x/u/

C .	>f C 	
>
g g
0
x.x// .˛.x/C ˇ.x/y C �.x/u/ :
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Evaluation of the optimality condition (d) in the global minimum principle in Theo-
rem 7.1.6 yields

. Ou.t/; Oy.t// D arg min
.u;y/2
. Ox.t//

H . Ox.t/; y; u; 	f .t/; 	g.t/; `0/

with

�.x/ D ¹.u; y/ 2 Œumin; umax� �R j g0x.x/ .˛.x/C ˇ.x/y C �.x/u/ D 0º:

By Assumption 7.1.10 it holds . Ou.t/; Oy.t// 2 �. Ox.t// if and only if

Oy.t/ D �.g0x. Ox.t//ˇ. Ox.t///
�1g0x. Ox.t// .˛. Ox.t//C �. Ox.t// Ou.t//

and hence the optimality condition reduces to

Ou.t/ D arg min
u2Œumin;umax�

�. Ox.t/; 	f .t/; `0/u; (7.3)

where � denotes the switching function, which is defined in

Definition 7.1.11 (Switching Function). The function � W Rnx � Rnx � R �! R
with

�.x; 	f ; `0/ WD `0.�0.x/ � ˇ0.x/.g
0
x.x/ˇ.x//

�1g0x.x/�.x//

C 	>f .�.x/ � ˇ.x/.g
0
x.x/ˇ.x//

�1g0x.x/�.x//

is called switching function of Problem 7.1.9.

Since u appears linearly in (7.3), it follows

Ou.t/ D

8<
:
umin; if �. Ox.t/; 	f .t/; `0/ > 0;
umax; if �. Ox.t/; 	f .t/; `0/ < 0;
undefined; if �. Ox.t/; 	f .t/; `0/ � 0 on some interval:

(7.4)

If the switching function � vanishes on some interval Œt1; t2� � I, t1 < t2, then the
minimum principle does not explicitly define the optimal control.

Definition 7.1.12 (Bang-Bang Control, Singular Control). Let Œt1; t2��I with t1<t2.

(a) u is called bang-bang control in Œt1; t2�, if � has only isolated zeros in Œt1; t2�.
The isolated zeros of � are called switching points.

(b) u is called singular in Œt1; t2�, if � � 0 in Œt1; t2�. The time points t1, t2 are
called junction points, if u in Œt1 � "; t1� and in Œt2; t2 C "� for some sufficiently
small " > 0 is a bang-bang control.

Figure 7.3 illustrates the terms bang-bang control and singular control.
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umax

umin

umax

umin

� �

t t

t t

using

Figure 7.3. Bang-bang control for isolated zeros of the switching function (left) and bang-bang
control with singular subarc (right).

If � has only isolated zeros ti , i D 1; : : : ; q, then the optimal control Ou is a bang-
bang control, which is defined by (7.4). The switching points ti , i D 1; : : : ; q, are
implicitly defined by the conditions

�. Ox.ti /; 	f .ti /; `0/ D 0; i D 1; : : : ; q:

Computing a singular control is more involved. To this end, let Œt1; t2� � I be an
interval with � � 0. The idea to find the singular control on Œt1; t2� is closely related
to the determination of the differentiation index for DAEs. In fact, the original DAE
on a singular subarc can be interpreted again as a DAE (on Œt1; t2�) with the additional
algebraic constraint � � 0. In order to find the singular control, the identity � � 0 is
being differentiated in Œt1; t2� with respect to t until the control u appears for the first
time. Herein, the DAE for x and y and the adjoint DAE are exploited. In particular,
we use the relations

y D �.g0x.x/ˇ.x//
�1g0x.x/.˛.x/C �.x/u/ DW Y.x; u/;

	>g D �.`0ˇ0.x/C 	
>
f ˇ.x//.g

0
x.x/ˇ.x//

�1 DW ƒg.x; 	f ; `0/;

which result from the algebraic constraints of the respective DAEs. Notice that Y
depends linearly on u.

Let the functions � .k/.x; 	f ; u; `0/, 0 � k � 1, be defined recursively by

�.0/.x; 	f ; u; `0/ WD �.x; 	f ; `0/
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and for k D 0; 1; 2; : : : by

�.kC1/.x; 	f ; u; `0/

WD rx�
.k/.x; 	f ; u; `0/

> .˛.x/C ˇ.x/Y.x; u/C �.x/u/

Cr��
.k/.x; 	f ; u; `0/

>.�H 0x.x; Y.x; u/; u; 	f ; ƒg.x; 	f ; `0/; `0/
>/:

� .k/, k D 0; 1; 2; : : : ; can be expressed inductively as

�.k/.x; 	f ; u; `0/ DW Ak.x; 	f ; `0/C Bk.x; 	f ; `0/u

with suitable matrices Ak and Bk , since u always appears linearly.
Until u appears explicitly for the first time in �.k/ and if �.k/ is evaluated at a

solution of the DAE and the adjoint DAE, then �.k/ is just the k-th derivative of �
with respect to t and it holds

� .k/. Ox.t/; 	f .t/; Ou.t/; `0/ D 0 for all t 2 Œt1; t2�; k D 0; 1; 2; : : : :

Two cases may occur:

(a) There exists k <1 with

@

@u
�.j /.x; 	f ; u; `0/ D Bj .x; 	f ; `0/ D 0 for all 0 � j � k � 1; (7.5)

and

@

@u
�.k/.x; 	f ; u; `0/ D Bk.x; 	f ; `0/ 6D 0: (7.6)

In this case, the equation

�.k/. Ox.t/; 	f .t/; Ou.t/; `0/ D 0 for t 2 Œt1; t2�;

can be solved for Ou and the singular optimal control is given by

Ou.t/ D Ousing.t/ D �
Ak. Ox.t/; 	f .t/; `0/

Bk. Ox.t/; 	f .t/; `0/
; t 2 Œt1; t2�: (7.7)

(b) For all 0 � k � 1 it holds

@

@u
�.k/.x; 	f ; u; `0/ D Bk.x; 	f ; `0/ D 0:

In this case, Ou cannot be determined.
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This proves

Corollary 7.1.13. Let there exist k < 1 with (7.5) and (7.6). Then the singular
control Œt1; t2� is given by (7.7).

Unfortunately, there is no rule that indicates whether a singular subarc occurs or
not. Indirect methods therefore rely on hypotheses regarding existence and location
of singular subarcs.

Example 7.1.14. Consider the following DAE optimal control problem on
I WD Œ0; 3�:

Minimize

1

2

Z 3

0

x2.t/
2 dt

subject to the constraints

Px1.t/ D u.t/; x1.0/ D x1.3/ D 1;

Px2.t/ D y.t/; x2.0/ D 1;

0 D x1.t/ � x2.t/;

u.t/ 2 Œ�1; 1�:

Differentiation of the algebraic constraint yields 0 D u.t/ � y.t/ and hence the DAE
has index two. The Hamilton function with x WD .x1; x2/

> and 	f WD .	f;1; 	f;2/
>

is given by

H .t; x; y; u; 	f ; 	g ; `0/ D
`0

2
x22 C 	f;1uC 	f;2y C 	g.u � y/:

The adjoint DAE reads as

P	f;1.t/ D 0;

P	f;2.t/ D �`0 Ox2.t/; 	f;2.3/ D 0;

and hence 	f;1 is a constant. The switching function computes to

�.	f / D 	f;1 C 	f;2

and the optimality condition yields

Ou.t/ D

8<
:

�1; if �.	f .t// > 0;
1; if �.	f .t// < 0;

undefined; if �.	f .t// � 0 in some interval:
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The case `0 D 0 can be excluded by contradiction. Hence, we may set `0 D 1.
The objective function suggests that it is optimal to control x2 (respectively x1)

as quickly as possible to zero and to stay there as long as possible. Hence, it is
conjectured that the optimal switching structure is bang – singular – bang.

On the singular subarc it holds

0 D 	f;1.t/C 	f;2.t/

H) 0 D P	f;2.t/ D �Ox2.t/

H) 0 D R	f;2.t/ D � Oy.t/ D �Ou.t/:

Hence, using D 0.
Owing to the symmetry of the problem, we then find that the following functions

satisfy the global minimum principle:

Ou.t/ D Oy.t/ D

8<
:
�1; if t 2 Œ0; 1/;
0; if t 2 Œ1; 2/;
1; if t 2 Œ2; 3�;

Ox1.t/ D Ox2.t/ D

8<
:
1 � t; if t 2 Œ0; 1/;

0; if t 2 Œ1; 2/;
t � 2; if t 2 Œ2; 3�;

and

	f;1.t/ D �
1

2
; 	f;2.t/ D

8̂<
:̂
1
2
C 1

2
.1 � t /2; if t 2 Œ0; 1/;

1
2
; if t 2 Œ1; 2/;

1
2
� 1
2
.t � 2/2; if t 2 Œ2; 3�:

More generally: For I D Œ0; tf � with tf > 2 a singular subarc occurs in the interval
Œ1; tf � 1� with singular control Ou.t/ D using.t/ D 0. The control structure is lower
bound – singular – upper bound. For tf � 2 no singular subarc appears. The control
structure is lower bound – upper bound.

Example 7.1.15 (Simplified Robot Model). A simplified robot model in three space
dimensions is given by the task to control the acceleration of the joint angles by the
control ui .t/ 2 Œ�umax; umax�, i D 1; 2; 3, umax > 0, such that the robot moves in
minimum time tf from a given initial position q0 2 R3 with velocity v.0/ D 0R3 to
a given final position qf 2 R3 with velocity v.tf / D 0R3 . This leads to the following
optimal control problem:

Minimize

tf D

Z tf

0

1dt

subject to the constraints

Pq.t/ D v.t/; q.0/ D q0; q.tf / D qf ;

Pv.t/ D u.t/; v.0/ D v.tf / D 0R3 ;

ui .t/ 2 Œ�umax; umax�; i D 1; 2; 3:
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This problem admits an analytical solution. To this end, the Hamilton function
(with `0 D 1) reads as

H .q; v; u; 	q; 	v/ D 1C 	
>
q v C 	

>
v u:

The first order necessary optimality conditions for a minimum . Oq; Ov; Ou/ are given by
the minimum principle, that is, there exist 	q; 	v with

P	q.t/ D �H 0qŒt �
> D 0R3 ;

P	v.t/ D �H 0vŒt �
> D �	q.t/;

Oui .t/ D arg min
ui2Œ�umax;umax�

H . Oq.t/; Ov.t/; u; 	q.t/; 	v.t//

D arg min
ui2Œ�umax;umax�

	v;i.t/ui ; i 2 ¹1; 2; 3º;

0 � H Œt � D 1C 	q.t/
> Ov.t/C 	v.t/

> Ou.t/:

The adjoint equations yield

	q.t/ D cq 2 R3; 	v.t/ D �cqt C cv; cv 2 R3:

Hence, the optimal control is given by

Oui .t/ D

8<
:

umax; if � cq;i t C cv;i < 0;
�umax; if � cq;i t C cv;i > 0;

undefined; if � cq;i t C cv;i � 0;
i D 1; 2; 3:

The latter singular case for i 2 ¹1; 2; 3º with �cq;i t C cv;i � 0 can only occur, if
cq;i D cv;i D 0 and thus 	q;i � 0 � 	v;i . The minimum principle does not provide
any information about Oui in this case, except that it has to be feasible.

If c2v;i C c
2
q;i > 0, then there will be at most one switching point 0 � ts;i � tf of

the control Oui . The switching point is determined by

ts;i D
cv;i

cq;i
if cq;i 6D 0:

Let us assume that the control Oui does not switch, i.e. either Oui D umax or
Oui D �umax. Then the corresponding velocity satisfies Ovi .t/ D ˙umaxt and in partic-
ular Ovi .tf / D ˙umaxtf 6D 0 provided tf > 0. Hence, the boundary conditions cannot
be satisfied by using Oui D ˙umax and this control structure does not occur.

Notice furthermore that not all cq;i ; cv;i , i D 1; 2; 3, vanish, because this would
lead to the contradiction 0 � H Œt � D 1. Hence, there is at least one index i for which
cq;i and cv;i do not vanish simultaneously. For this index the optimal control will be
of bang-bang type.
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Case I: Let i 2 ¹1; 2; 3º and

Oui .t/ D

²
umax; if 0 � t < ts;i ;
�umax; otherwise:

Then,

Ovi .t/ D

²
umaxt; if 0 � t < ts;i ;

umax.2ts;i � t /; otherwise;

Oqi .t/ D

²
q0;i C

1
2
umaxt

2; if 0 � t < ts;i ;
q0;i C umax.t

2
s;i �

1
2
.2ts;i � t /

2/; otherwise:

The boundary conditions yield

umax.2ts;i � tf;i / D 0; q0;i C umax

�
t2s;i �

1

2
.2ts;i � tf;i /

2

�
D qf;i ;

where tf;i is the individual final time for the i-th component that is necessary to reach
the final position qi .tf;i / D qf;i and vi .tf;i / D 0.

The first equation yields 2ts;i � tf;i D 0 and thus the second equation yields

ts;i D

r
qf;i � q0;i

umax
;

and hence

tf;i D 2

r
qf;i � q0;i

umax
:

These expressions are valid for qf;i � q0;i 
 0.
Note that tf;i is not necessarily the final time for all three components i D 1; 2; 3.

The overall final time is tf D max¹tf;1; tf;2; tf;3º. If the i-th component needs less
time to reach the terminal condition, then one can set Oui .t/ D 0 for tf;i � t � tf .
This is possible because the individual motions are decoupled in this model. The
corresponding adjoints 	q;i and 	v;i are set to zero, leading to the singular case.

Case II: Let i 2 ¹1; 2; 3º and

Oui .t/ D

²
�umax; if 0 � t < ts;i ;
umax; otherwise:

Then

vi .t/ D

²
�umaxt; if 0 � t < ts;i ;

�umax.2ts;i � t /; otherwise;

qi .t/ D

²
q0;i �

1
2
umaxt

2; if 0 � t < ts;i ;
q0;i � umax

�
t2s;i �

1
2
.2ts;i � t /

2
�
; otherwise:
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The boundary conditions yield

�umax.2ts;i � tf;i / D 0; q0;i � umax

�
t2s;i �

1

2
.2ts;i � tf;i /

2

�
D qf;i :

The first equation yields 2ts;i � tf;i D 0 and thus the second equation yields

ts;i D

s
q0;i � qf;i

umax;i
;

and hence

tf;i D 2

s
q0;i � qf;i

umax;i
:

These expressions are valid for q0;i � qf;i 
 0.

Summarizing, an optimal solution can be obtained as follows:

(a) For i D 1; 2; 3 set

ts;i D

8<
:
q
q0;i�qf;i
umax

; if qf;i < q0;i ;q
qf;i�q0;i
umax

; otherwise:

Set tf;i D 2ts;i and tf D max¹tf;1; tf;2; tf;3º.

(b) For i D 1; 2; 3 set

Oui .t/ D

8̂̂̂
<̂
ˆ̂̂̂:

�umax; if qf;i < q0;i ; 0 � t � ts;i ;
umax; if qf;i < q0;i ; ts;i < t � tf;i ;
umax; if qf;i 
 q0;i ; 0 � t � ts;i ;
�umax; if qf;i 
 q0;i ; ts;i < t � tf;i ;

0; if tf;i < t � tf :

(c) Integrate Pq.t/ D v.t/ and Pv.t/ D Ou.t/.

Note that this solution is not necessarily unique.

7.2 Variable Time Transformation Method

The time transformation (7.1) was used in Section 7.1 as a theoretical tool to prove the
global minimum principle. Interestingly, the same variable time transformation can
be used numerically to solve mixed-integer optimal control problems, see [116, 195,
196,290,302], time optimal control problems, see [195], and singular optimal control
problems, see [291]. A method for solving nonlinear mixed-integer programming
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problems based on a suitable formulation of an equivalent optimal control problem
was introduced in [194].

In the sequel we distinguish between continuous-valued controls u with values in
the closed convex set U � Rnu with int.U/ 6D 0 and discrete controls v with values
in the discrete finite set

V WD ¹v1; : : : ; vM º vi 2 Rnv ; M 2 N: (7.8)

We investigate

Problem 7.2.1 (Mixed-Integer Optimal Control Problem (MIOCP)).
Let I WD Œt0; tf � 	 R be a non-empty compact time interval with t0 < tf fixed. Let

' W Rnx �Rnx �! R;

f W Rnx �Rny �Rnu �Rnv �! Rnx ;

g W Rnx �Rny �Rnu �Rnv �! Rny ;

s W Rnx �! Rnx ;

 W Rnx �Rnx �! Rn 

be sufficiently smooth functions, U � Rnu closed and convex with non-empty inte-
rior, and V as in (7.8).

Minimize the objective function

'.x.t0/; x.tf //

with respect to

x 2 W
nx
1;1.I/; y 2 L

ny
1 .I/; u 2 Lnu1 .I/; v 2 Lnv1 .I/

subject to the semi-explicit DAE

Px.t/ D f .x.t/; y.t/; u.t/; v.t// a.e. in I;

0Rny D g.x.t/; y.t/; u.t/; v.t// a.e. in I;

the state constraint

s.x.t// � 0Rns ;

the boundary condition

 .x.t0/; x.tf // D 0Rn ;

and the set constraints

u.t/ 2 U a.e. in I;

v.t/ 2 V a.e. in I:



Section 7.2 Variable Time Transformation Method 361

The semi-explicit DAE has to been seen as a generic DAE model for which ad-
ditional structural properties have to be imposed whenever necessary, e.g. uniform
non-singularity of g0y (index-one case) or uniform non-singularity of g0xf

0
y while y, u,

and v do not appear in g (index-two case). As we intend to present the basic idea of
the time transformation method and not the DAE specific theory, we prefer to use a
generic DAE model.

Remark 7.2.2 (Branch&Bound). Straightforward application of a direct discretiza-
tion approach of Section 5 to Problem 7.2.1 leads to a finite dimensional mixed-
integer nonlinear and non-convex optimization problem, which can be solved by a
Branch&Bound method, see [114]. In each node of the Branch&Bound tree a relaxed
discretized optimal control problem has to be solved to global optimality. Numerical
tests, however, show that the Branch&Bound method is computationally extremely
expensive for Problem 7.2.1.

The variable time transformation method is based on a discretization. For simplic-
ity, only equally spaced grids are discussed. A generalization towards non-equidistant
grids is straightforward. Let the major grid

GN WD ¹ti D t0 C ih j i D 0; : : : ; N º; h D
tf � t0

N

withN 2 N intervals be given. Each major grid interval is subdivided intoM equally
spaced subintervals, whereM denotes the number of values in the discrete control set
V in (7.8). This leads to the minor grid

GN;M WD

²
�i;j D ti C j

h

M

ˇ̌̌
ˇ j D 0; : : : ;M; i D 0; : : : ; N � 1

³
:

Similarly as in Figure 7.2 the fixed and piecewise constant function

vGN;M .�/ WD vj for � 2 Œ�i;j�1; �i;j /; i D 0; : : : ; N � 1; j D 1; : : : ;M; (7.9)

is defined, see Figure 7.4.

ti�1 ti tiC1 tiC2�i�1;j �i;j �iC1;

v1

:::

vM

Figure 7.4. Piecewise constant staircase function vGN;M used for re-parameterization of the
discrete controls.
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Now, the time transformation

t .�/ D t0 C

Z �

t0

w.s/ds; � 2 Œt0; tf �;

with Z tf

t0

w.s/ds D tf � t0

is invoked to control the length of the intervals Œt .�i;j /; t.�i;jC1/� by proper choice
of w, compare (7.1). Herein, w is considered a control. Note that this transformation
maps Œt0; tf � onto itself but changes the speed of running through this interval. In
particular, it holds

dt

d�
.�/ D w.�/ for � 2 Œt0; tf �:

It is convenient to consider monotone time transformations by imposing the constraint

w.�/ 
 0 for almost every � 2 Œt0; tf �: (7.10)

The function values w.�/ with � 2 Œ�i;j ; �i;jC1/ are related to the length of the inter-
val Œt .�i;j /; t.�i;jC1/� according toZ �i;jC1

�i;j

w.�/d� D t .�i;jC1/ � t .�i;j /:

The interval Œt .�i;j /; t.�i;jC1/� shrinks to the point ¹t .�i;j /º, if

w.�/ D 0 in Œ�i;j ; �i;jC1/:

Figure 7.5 illustrates the variable time transformation.
Later on, the state constraint s.x.t// � 0Rns will be discretized at the major

grid points ti , i D 0; : : : ; N , subject to the time transformation. If the time trans-
ormation was applied without further restrictions within an optimization procedure,
then it can be observed that the optimal time transformation mainly ‘optimizes’ the po-
sition of the time points t .ti / (in original time t ) such that state constraints
s.x.t.ti /// � 0Rns can be satisfied conveniently. In extreme cases, almost all time
points t .ti /, i D 0; 1; : : : ; N , are moved into regions, where the state constraints are
inactive. To avoid this undesired behavior we impose the additional constraintsZ tiC1

ti

w.�/d� D tiC1 � ti D h; i D 0; : : : ; N � 1; (7.11)

which ensure that the major grid points ti are fixed points subject to the time trans-
formation. Moreover, the parameterized time actually passes through the entire major
grid interval Œti ; tiC1� with a non-zero w.
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Joining the function vGN;M from (7.9) and any w satisfying the conditions (7.10)
and (7.11) yields a feasible discrete control v.t/ 2 V defined by

v.s/ WD vGN;M .t
�1.s//; s 2 Œt0; tf �

see Figure 7.6. Notice that minor intervals with w.�/ D 0 do not contribute to v.s/.
Vice versa, every piecewise constant discrete control v on the major grid GN can

be described by vGN;M and some feasible w.
Owing to the preference of values given by the definition of the fixed function

vGN;M on the minor grid GN;M , it is not possible to realize any discrete control with
values in V on the minor grid. For instance, a discrete control switching from vM to
v1 within a major grid interval cannot be represented. Admittedly, the order in which
vGN;M is defined is somehow arbitrary and any other order of the values v1 to vM
would be feasible as well.

However, one should keep in mind that already the major grid introduces a dis-
cretization with step-size h > 0. Moreover, any discrete control with finitely many
jumps can be approximated arbitrarily close on the major grid, if h tends to zero.
Hence, one can expect sufficiently good approximations for mixed-integer optimal
control problems with finitely many jumps in v, if h is sufficiently small.

Summarizing, the time transformation leads to the following partly discretized op-
timal control problem:

Problem 7.2.3. Minimize

'.x.t0/; x.tf //

with respect to

x 2 W
nx
1;1.I/; y 2 L

ny
1 .I/; u 2 Lnu1 .I/; w 2 L1.I/

subject to the constraints

Px.�/ D w.�/f .x.�/; y.�/; u.�/; vGN;M .�// a.e. in I;

0Rny D g.x.�/; y.�/; u.�/; vGN;M .�// a.e. in I;

s.x.�// � 0Rns in I;

 .x.t0/; x.tf // D 0Rn ;

u.�/ 2 U a.e. in I;

w 2 W :

Herein, the control set W is defined by

W WD

8<
:w 2 L1.I/

ˇ̌̌
ˇ̌̌ w.�/ 
 0;w piecewise constant on GN;M ;R tiC1

ti
w.�/d� D tiC1 � ti ; i D 0; : : : ; N

9=
; :
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ti�1 ti tiC1�i�1;j �i;j �iC1;j

w.�/

t.�/:

ti�1

ti

tiC1

tiC2

�

Figure 7.5. Illustration of variable time transformation: Parameterization w (top) and corre-
sponding time t D t .�/ (bottom).

vGN;M .�/: w.�/:

Corresponding control v.s/ D vGN;M .t
�1.s//:

ti�1 ti tiC1t .�i;1/
D t .�i;2/

t.�iC1;1/
D t .�iC1;2/

Figure 7.6. Back-transformation v (bottom) of variable time transformation for given w and
fixed vGN;M (top).
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Problem 7.2.3 has only continuous-valued controls and can be solved by the direct
discretization methods of Chapter 5 with minor adaptions. Let . Ox; Oy; Ou; Ow/ be an
optimal solution of Problem 7.2.3. The inverse time transformation

x.s/ WD Ox.t�1.s//; y.s/ WD Oy.t�1.s//;

u.s/ WD Ou.t�1.s//; v.s/ WD vGN;M .t
�1.s//

with

t .�/ D t0 C

Z �

t0

Ow.s/ds

and t�1.s/ according to (7.2) yields an approximate solution of Problem 7.2.1. For
higher index DAEs special measures have to be taken to deal with the difficulty out-
lined in Remark 7.1.5, e.g. by fixing the algebraic component on intervals withw � 0.

Remark 7.2.4. Notice that this approach is not limited to v being a scalar function.
For instance, consider the case of nv D 2 discrete controls each assuming values in
¹0; 1º. Then the control set V is given by all possible combinations of values:

V D

²�
0

0

�
;

�
1

0

�
;

�
0

1

�
;

�
1

1

�³
:

Example 7.2.5 (see [275]). Consider the following nonlinear optimal control prob-
lem with a discrete control v for an F8 aircraft:

Minimize tf subject to the constraints

Px1.t/ D �0:877x1.t/C x3.t/ � 0:088x1.t/x3.t/C 0:47x1.t/
2

� 0:019x2.t/
2 � x1.t/

2x3.t/C 3:846x1.t/
3 � 0:215v.t/

C 0:28x1.t/
2v C 0:47x1.t/v.t/

2 C 0:63v.t/3;

Px2.t/ D x3.t/;

Px3.t/ D �4:208x1.t/ � 0:396x3.t/ � 0:47x1.t/
2 � 3:564x1.t/

3

� 20:967v.t/C 6:265x1.t/
2v.t/C 46x1.t/v.t/

2 C 61:4v.t/3;

v.t/ 2 ¹�0:05236; 0:05236º;

and

x.0/ D .0:4655; 0; 0/>; x.tf / D .0; 0; 0/
>:

Figure 7.7 shows the solution of the variable time transformation method with
N D 500 and tf D 5:728674.
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-0.05

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0.3

 0.35

 0.4

 0.45

 0.5

 0  0.2  0.4  0.6  0.8  1
normalized time

state 1

-0.5

-0.4

-0.3

-0.2

-0.1

 0

 0.1

 0.2

 0  0.2  0.4  0.6  0.8  1
normalized time

state 2

-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0.6

 0  0.2  0.4  0.6  0.8  1
normalized time

state 3

 1

 1.2

 1.4

 1.6

 1.8

 2

 0  0.2  0.4  0.6  0.8  1
normalized time

control v (normalized values)

Figure 7.7.

Notice that this solution is just a local minimum of the transformed optimal control
problem 7.2.3. Better solutions can be found by techniques from global optimization
or by choosing more appropriate initial guesses.

We will consider a particular optimal control problem arising from automobile test-
driving with gear shifts. Herein, one component of the control is discrete.

Example 7.2.6 (Test-drive of a Car, see [114]). For modeling the test-drive of a car
we need three ingredients: a mathematical model of the car, a test-course, and a driver.

Model of a car

We use the single track model, which is a simplified car model that neglects rolling and
pitching behavior of the car, see [233, 238, 242, 268]. These simplifying assumption
allow to combine the wheels of each axle in one virtual wheel in the middle. In
addition, the center of gravity is assumed to be on ground level and hence it suffices
to consider the motion in the plane.

The following car model has four controls: The steering angle velocity jwı j � 0:5
Œrad=s�, the braking force 0 � FB � 15000 ŒN�, the gear 
 2 ¹1; 2; 3; 4; 5º, and the
gas pedal position � 2 Œ0; 1�. The configuration is depicted in Figure 7.8:
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�
�
�
�

�
�
�

�
�
�

lr

lf

eSP

Fsr

Flr

vr

˛r

v

ˇ

 

Flf

Fsf

f̨

vf

ı

FAx

FAy

.x; y/

Figure 7.8. Geometric description of the single track car model.

The following notion is used:

� .x; y/: center of gravity of car,

� v; vf ; vr : velocity of car, front wheel, and rear wheel, respectively,

� ı; ˇ;  : steering angle, side slip angle, yaw angle,

� f̨ ; ˛r : side slip angle at front and rear wheel, respectively,

� Fsf ; Fsr : lateral tire forces at front and rear wheel, respectively,

� Flf ; Flr : longitudinal tire forces at front and rear wheel, respectively,

� lf ; lr ; eSP : measurements,

� FAx ; FAy : air resistance forces in x- and y-direction, respectively,

� m: mass of car.
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The equations of motion are given by the differential equations

Px D v cos. � ˇ/; (7.12)

Py D v sin. � ˇ/; (7.13)

Pv D
1

m

�
.Flr � FAx/ cosˇ C Flf cos.ı C ˇ/ �

�
Fsr � FAy

�
sinˇ

� Fsf sin.ı C ˇ/
�
; (7.14)

P̌ D wz �
1

m � v

�
.Flr � FAx/ sinˇ C Flf sin.ı C ˇ/

C
�
Fsr � FAy

�
cosˇ C Fsf cos.ı C ˇ/

�
; (7.15)

P D wz; (7.16)

Pwz D
1

Izz
ŒFsf � lf � cos ı � Fsr � lr � FAy � eSP C Flf � lf � sin ı�; (7.17)

Pı D wı : (7.18)

The lateral tire forces depend on the side slip angles. A popular model is the magic
formula by Pacejka [248]:

Fsf . f̨ / D Df sin.Cf arctan.Bf f̨ �Ef .Bf f̨ � arctan.Bf f̨ ////;

Fsr .˛r/ D Dr sin.Cr arctan.Br˛r �Er .Br˛r � arctan.Br˛r////;

see Figure 7.9. Bf ; Br ; Cf ; Cr ;Df ;Dr ; Ef ; Er are constants depending on the tire.
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F
s
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]

Figure 7.9. Lateral tire forces at front (left) and rear (right) wheel as functions of the side slip
angle.
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The side slip angles compute to

f̨ D ı � arctan

 
lf P � v sinˇ

v cosˇ

!
; ˛r D arctan

 
lr P C v sinˇ

v cosˇ

!
;

compare [237, p. 23]. The air drag is given by

FAx D
1

2
� cw � � � A � v

2;

where cw denotes the cw-value, � the air density, and A the effective surface. For
simplicity side wind is neglected, that is FAy D 0.

For a car with rear wheel drive the longitudinal tire force at the front wheel is given
by

Flf D �FBf � FRf ;

where FBf denotes the braking force and FRf the rolling resistance at the front wheel,
respectively. Accordingly, the longitudinal tire force at the rear wheel is given by

Flr D
Mwheel.�; 
/

R
� FBr � FRr ;

where Mwheel.�; 
/ is the motor torque at the rear wheel.
According to [242] it holds

Mwheel.�; 
/ D ig.
/ � it �Mmot.�; 
/; (7.19)

where

Mmot.�; 
/ D f1.�/ � f2.wmot.
//C .1 � f1.�//f3.wmot.
//

denotes the motor torque and

wmot.
/ D
v � ig.
/ � it

R
(7.20)

denotes the rotary frequency of the motor depending on the gear 
. Notice that this
relation is based on the assumption that the longitudinal slip can be neglected. The
functions f1; f2, and f3 are given by

f1.�/ D 1 � exp.�3�/;

f2.wmot/ D �37:8C 1:54 � wmot � 0:0019 � w
2
mot;

f3.wmot/ D �34:9 � 0:04775 � wmot:
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It is assumed that the braking force FB , which is controlled by the driver, is dis-
tributed as follows:

FBf D
2

3
FB ; FBr D

1

3
FB :

Finally, the rolling resistance forces are given by

FRf D fR.v/ � Fzf ; FRr D fR.v/ � Fzr ;

where

fR.v/ D fR0 C fR1
v

100
C fR4

� v

100

�4
.v in [km/h]/;

is the friction coefficient and

Fzf D
m � lr � g

lf C lr
; Fzr D

m � lf � g

lf C lr

denote the static tire loads at the front and rear wheel, respectively, see [268].
For the upcoming numerical computations we used the parameters summarized in

Table 7.1.

Test-course

We model a standard maneuver in automotive industry—the double-lane-change ma-
neuver. The driver has to complete the test-course in Figure 7.10.

The boundaries of the test-course impose state constraints Pl .x/ (lower boundary)
and Pu.x/ (upper boundary) for a car of width B D 1:5 [m] by:

Pl .x/ D

8̂̂̂
ˆ̂̂̂̂<
ˆ̂̂̂̂̂
ˆ̂:

0; if x � 44;
4 � h2 � .x � 44/

3; if 44 < x � 44:5;
4 � h2 � .x � 45/

3 C h2; if 44:5 < x � 45;
h2; if 45 < x � 70;
4 � h2 � .70 � x/

3 C h2; if 70 < x � 70:5;
4 � h2 � .71 � x/

3; if 70:5 < x � 71;
0; if x > 71;

Pu.x/ D

8̂̂̂
ˆ̂̂̂̂<
ˆ̂̂̂̂̂
ˆ̂:

h1; ifx � 15;
4 � .h3 � h1/ � .x � 15/

3 C h1; if15 < x � 15:5;
4 � .h3 � h1/ � .x � 16/

3 C h3; if15:5 < x � 16;
h3; if16 < x � 94;
4 � .h3 � h4/ � .94 � x/

3 C h3; if 94 < x � 94:5;
4 � .h3 � h4/ � .95 � x/

3 C h4; if 94:5 < x � 95;
h4; if x > 95;

with h1 D 1:1 � B C 0:25, h2 D 3:5, h3 D 1:2 � B C 3:75, h4 D 1:3 � B C 0:25.



Section 7.2 Variable Time Transformation Method 371

Parameter Value Description

m 1239 [kg] mass of car
g 9:81 [m=s2] acceleration due to gravity
lf =lr 1:19016=1:37484 [m] dist. center of gravity to front/rear wheel
eSP 0:5 [m] dist. center of gravity to drag mount point
R 0:302 [m] wheel radius
Izz 1752 [kg m2] moment of inertia
cw 0:3 air drag coefficient
� 1:249512 [N=m2] air density
A 1:4378946874 [m2] effective flow surface
ig.1/ 3:91 first gear
ig.2/ 2:002 second gear
ig.3/ 1:33 third gear
ig.4/ 1:0 fourth gear
ig.5/ 0:805 fifth gear
it 3:91 motor torque transmission
Bf =Br 10:96=12:67 Pacejka-model (stiffness factor)
Cf D Cr 1:3 Pacejka-model (shape factor)
Df =Dr 4560:40=3947:81 Pacejka-model (peak value)
Ef D Er �0:5 Pacejka-model (curvature factor)
fR0=fR1=fR4 0:009=0:002=0:0003 coefficients

Table 7.1. Parameters for the single-track car model (partly taken from [242, 268]).

B

15 30 25 25 15

110

offset p

1.1 B + 0.25

marking cone

vehicle

1.2 B + 0.25

1.3 B + 0.25

Pu

Pl

Figure 7.10. Measurements of the double-lane-change maneuver with boundaries Pl and Pu
(dashed), compare [316].
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Model of the driver

The driver is modeled by formulating a suitable optimal control problem with free
final time tf . The boundaries of the test-course are obeyed by the state constraints

y.t/ � Pu.x.t// � B=2; y.t/ 
 Pl .x.t//C B=2: (7.21)

Let the initial position of the car at t D 0 be

.x.0/; y.0/; v.0/; ˇ.0/;  .0/; wz.0/; ı.0// D .�30; free; 10; 0; 0; 0; 0/: (7.22)

In order to force the driver to complete the test-course, the terminal conditions

x.tf / D 140;  .tf / D 0 (7.23)

are imposed. The latter guarantees that the longitudinal axis of the car at final time is
in parallel with the track. This constraint ensures that the car can continue its drive
after time tf without leaving the track immediately.

Finally, the (optimal) driver is modeled by minimizing a linear combination of steer-
ing effort and final time. This driver is a compromise between a race driver, who aims
at minimizing time, and a secure driver, who aims at minimizing steering effort.

Summarizing, the double-lane-change maneuver is modeled by the following opti-
mal control problem:

Minimize

tf C

Z tf

0

wı.t/
2dt

subject to the differential equations (7.12)–(7.18), the boundary conditions (7.22)
and (7.23), the state constraints (7.21), and the control constraints

wı.t/ 2 Œ�0:5; 0:5�; FB.t/ 2 Œ0; 15000�; � 2 Œ0; 1�; 
.t/ 2 ¹1; 2; 3; 4; 5º:

Note that this is a mixed-integer optimal control problem as the gear 
.t/ is restricted
to a discrete set of available gears.

Results

Figure 7.11 shows the numerical solution for the variable time transformation method
for N D 40. A direct discretization method for Problem 7.2.3 was used in com-
bination with an SQP method. It took 9 minutes and 39.664 seconds to solve the
problem on a CPU with 1.6 GHz with objective function value 6:787982 and final
time tf D 6:783380 [s]. Herein, the derivatives were computed simply by finite dif-
ferences. More efficient techniques would allow for a further reduction of CPU times.

In comparison, the Branch&Bound method in [114] needed 232 hours, 25 minutes
and 31 seconds of CPU time to solve the problem on a CPU with 750 MHz and yields
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Figure 7.11. Numerical result for N D 40: Path .x.t/; y.t// of the car’s center of gravity
(top), steering angle velocity wı.t/ (bottom, left), and gear shift 
.t/ (bottom, right).

the optimal objective function value 6.791374 and final time tf D 6:786781 [s]. The
Branch&Bound tree consists of 146941 nodes where each node requires to solve a
relaxed mixed-integer optimal control problem.

In all cases the optimal braking forces and the optimal gas pedal positions compute
to FB � 0 and ' � 1, respectively.

7.3 Switching Costs, Dynamic Programming, Bellman’s
Optimality Principle

One of the first method for solving (discretized) optimal control problems is the so-
called dynamic programming method, which is based on Bellman’s optimality prin-
ciple. The method is applicable to very general problem settings, but it suffers from
the curse of dimensionality as the resulting equations tend to require a large amount
of memory and computing power. For a more detailed discussion we refer to the
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monographs [22], [23], [32], [243]. Many applications and examples can be found
in [313].

Throughout, we focus on discrete time optimal control problems, which exist in
their own rights but also can be viewed as discretizations of continuous time optimal
control problems. We particularly distinguish continuous-valued controls and discrete
controls as we intend to include switching costs into the problem formulation. Switch-
ing costs only apply, if a discrete control switches from a discrete value to another
value on two consecutive time points. The resulting problems will be solved by a dy-
namic programming method that is based on Bellman’s famous optimality principle.

7.3.1 Dynamic Optimization Model with Switching Costs

For N 2 N let a fixed grid

GN D ¹t0 < t1 < � � � < tN º

be given.
The grid function z W GN �! Rnz , tj 7! z.tj /, is called state variable and it is

restricted by the state constraints

z.ti / 2 Z.ti /; i D 0; : : : ; N;

where

Z.ti / � Rnz ; Z.ti / 6D ;; i D i D 0; : : : ; N;

are closed connected sets.
The grid function u W GN �! Rnu , tj 7! u.tj /, is called continuous-valued

control and it is restricted by the control constraints

u.ti / 2 U.ti ; z.ti //; i D 0; : : : ; N;

where

U.ti ; z/ � Rnu ; U.ti ; z/ 6D ;; i D 0; : : : ; N;

are closed connected sets for z 2 Rnz .
The grid function v W GN �! Rnv , tj 7! v.tj /, is called discrete control and it is

restricted by the constraints

v.ti / 2 V.ti /; i D 0; : : : ; N;

where

V.ti / WD ¹v
1.ti /; : : : ; v

Mi .ti /º; vj .ti / 2 Rnv ; j D 1; : : : ;Mi ;

are discrete sets with Mi 2 N, i D 0; : : : ; N , elements at the respective time points.
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In the sequel, we aim at assigning costs at time ti , if and only if the discrete control
v switches, that is, if v.ti / 6D v.tiC1/ holds for subsequent time points ti and tiC1.
Hence, jumps in the grid function v can be measured with the help of the discrete
variation dv W GN �! Rnv defined by

dv.ti / D

²
v.tiC1/ � v.ti /; for i D 0; : : : ; N � 1;
v.tN / � v.tN�1/; for i D N:

A jump of v at ti occurs, if and only if dv.ti / 6D 0. To this end, dv detects switchings
and measures even the variation itself. Switching costs, however, can have different
nature, for instance it may merely be important that a switch does occur, while the
variation itself is not important and does not influence the switching costs. Contrarily,
it may not only be important that a switch occurs, but the switching costs may also
depend on the variation and/or direction of the switch.

In order to model different kinds of switching costs in the discrete control v, we will
make use of a function s D .s1; : : : ; snv /

> W GN �Rnv �! Rnv with the property

wj D 0 H) sj .t; w/ D 0 for all t 2 GN ; w D .w1; : : : ; wnv/
> 2 Rnv :

Example 7.3.1 (Switching Functions). Typical examples of s for a scalar w are as
follows:

(a) The function

s.t; w/ D

²
0; if w D 0;
1; otherwise

can be used to detect switches in v when applied to the grid function dv. The
height or direction of the switch is not measured by s.

(b) The function

s.t; w/ D w

can be used to measure height and direction of a switch in v, when applied to
the grid function dv.

(c) The function

s.t; w/ D jwj

can be used to measure the height of a switch in v, when applied to the grid
function dv. The direction of a switch is not measured.

(d) The function

s.t; w/ D sign.w/ D

8<
:

0; if w D 0;
1; if w > 0;
�1; if w < 0;

can be used to detect the direction of a switch in v, when applied to the grid
function dv. The height of the switch is not measured.
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With the above functions a dynamic optimization problem in discrete time that
takes into account switching costs caused by the discrete control v reads as follows:

Problem 7.3.2 (DMIOCP).

Minimize

J.z; u; v/ D '.z.tN //C

N�1X
iD0

f0.ti ; z.ti /; u.ti /; v.ti //

C

N�2X
iD0

g.ti ; z.ti /; u.ti /; v.ti //
>s.ti ; dv.ti//

D '.z.tN //C

N�1X
iD0

f0.ti ; z.ti /; u.ti /; v.ti //

C

N�2X
iD0

g.ti ; z.ti /; u.ti /; v.ti //
>s.ti ; v.tiC1/ � v.ti //

with respect to grid functions z W GN �! Rnz , u W GN �! Rnu , and
v W GN �! Rnv subject to the constraints

z.tiC1/ D f .ti ; z.ti /; u.ti /; v.ti //; i D 0; 1; : : : ; N � 1;

z.t0/ D z0;

z.ti / 2 Z.ti /; i D 0; 1; : : : ; N;

u.ti / 2 U.ti ; z.ti //; i D 0; 1; : : : ; N � 1;

v.ti / 2 V.ti /; i D 0; 1; : : : ; N � 1:

The function g W GN �Rnz �Rnu �Rnv �! Rnv is used to model the switching
costs. Note that v is interpreted as a piecewise constant control and hence the control
v.tN / does not have any influence in the problem. Consequently, only switches at the
time points t1; : : : ; tN�1 are taken into account. In the sequel, we will make use of
the convention vN D vN�1 whenever useful.

7.3.2 A Dynamic Programming Approach

Let tk 2 GN with k 2 ¹0; : : : ; N º be a fixed time point and

GkN WD ¹tj j j D k; k C 1; : : : ; N º:

DMIOCP is embedded into a family of perturbed problems:
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Problem 7.3.3 (DMIOCP(tk ; zk; vk)). Let k 2 N, tk 2 GN , zk 2 Rnz , and
vk 2 V.tk/ be given.

Minimize

Jk.z; u; v/ D '.z.tN //C

N�1X
iDk

f0.ti ; z.ti /; u.ti /; v.ti//

C

N�2X
iDk

g.ti ; z.ti /; u.ti/; v.ti //
>s.ti ; dv.ti //

with respect to grid functions z W GkN �! Rnz , u W GkN �! Rnu , v W GkN �! Rnv

subject to the constraints

z.tiC1/ D f .ti ; z.ti /; u.ti /; v.ti //; i D k; : : : ; N � 1;

z.tk/ D zk;

z.ti / 2 Z.ti /; i D k; : : : ; N;

u.ti / 2 U.ti ; z.ti //; i D k; : : : ; N � 1;

v.ti / 2 V.ti/; i D k; : : : ; N � 1;

v.tk/ D vk :

9>>>>>>>>>>=
>>>>>>>>>>;

(7.24)

Definition 7.3.4. The function W W GN �Rnz �Rnv �! R that assigns to

.tk ; zk ; vk/ 2 GN �Rnz � V.tk/

the optimal objective function value of DMIOCP(tk ; zk ; vk) is called optimal value
function of DMIOCP:

W.tk; zk ; vk/ WD

´
inf

z;u;v with (7.24)
Jk.z; u; v/; if DMIOCP(tk ; zk; vk) is feasible;

1; otherwise:

Bellman’s famous optimality principle holds for DMIOCP. In essence, the optimal-
ity principle states: The decisions in the periods k; kC1; : : : ; N of Problem DMIOCP
for a given state zk and a given discrete control vk are independent of the decisions in
the periods t0; t1; : : : ; tk�1, compare Figure 7.12.

Theorem 7.3.5 (Bellman Optimality Principle). Let . Oz; Ou; Ov/ be optimal grid func-
tions for DMIOCP and let GkN WD GN n ¹t0; : : : ; tk�1º. Then the restrictions on GkN
given by OzjGkN

, OujGkN
, and OvjGkN

are optimal for DMIOCP(tk ; Oz.tk/; Ov.tk/) for all k.
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t0 tk tN

Oz.�/
Oz.�/jŒtk ;tN �

Figure 7.12. Bellman’s optimality principle: Remaining trajectories of optimal trajectories
remain optimal.

Proof. Assume that OzjGkN
, OujGkN

, and OvjGkN
for some k 2 ¹0; : : : ; N � 1º are not

optimal for DMIOCP(tk; Oz.tk/; Ov.tk/). Then there exist feasible grid functions

Qz W GkN �! Rnz ; Qu W GkN �! Rnu ; Qv W GkN �! Rnv

for DMIOCP(tk; Oz.tk/; Ov.tk/) with

Jk. Qz; Qu; Qv/ < Jk. Oz; Ou; Ov/; (7.25)

Qz.tk/ D Oz.tk/, and Qv.tk/ D Ov.tk/. Hence, the trajectories

z W GN �! Rnz ; u W GN �! Rnu ; v W GN �! Rnv

with

z.ti / WD

²
Oz.ti /; for i D 0; 1; : : : ; k � 1;
Qz.ti /; for i D k; k C 1; : : : ; N;

u.ti / WD

²
Ou.ti /; for i D 0; 1; : : : ; k � 1;
Qu.ti /; for i D k; k C 1; : : : ; N;

v.ti / WD

²
Ov.ti /; for i D 0; 1; : : : ; k � 1;
Qv.ti /; for i D k; k C 1; : : : ; N;
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are feasible for DMIOCP and satisfy

J.z; u; v/ D '.z.tN //C

N�1X
iD0

f0.ti ; z.ti /; u.ti /; v.ti //

C

N�2X
iD0

g.ti ; z.ti /; u.ti /; v.ti //
>s.ti ; dv.ti //

D '. Qz.tN //C

k�1X
iD0

f0.ti ; Oz.ti /; Ou.ti /; Ov.ti //

C

k�1X
iD0

g.ti ; Oz.ti /; Ou.ti /; Ov.ti //
>s.ti ; Ov.tiC1/ � Ov.ti //

C

N�1X
iDk

f0.ti ; Qz.ti /; Qu.ti /; Qv.ti//

C

N�2X
iDk

g.ti ; Qz.ti /; Qu.ti /; Qv.ti //
>s.ti ; Qv.tiC1/ � Qv.ti //

< '. Oz.tN //C

k�1X
iD0

f0.ti ; Oz.ti /; Ou.ti /; Ov.ti //

C

k�1X
iD0

g.ti ; Oz.ti /; Ou.ti /; Ov.ti //
>s.ti ; Ov.tiC1/ � Ov.ti //

C

N�1X
iDk

f0.ti ; Oz.ti /; Ou.ti /; Ov.ti//

C

N�2X
iDk

g.ti ; Oz.ti /; Ou.ti /; Ov.ti //
>s.ti ; Ov.tiC1/ � Ov.ti //

D '. Oz.tN //C

N�1X
iD0

f0.ti ; Oz.ti /; Ou.ti /; Ov.ti //

C

N�2X
iD0

g.ti ; Oz.ti /; Ou.ti /; Ov.ti //
>s.ti ; d Ov.ti //

D J. Oz; Ou; Ov/;

where (7.25) and Qv.tk/ D Ov.tk/ are exploited. This contradicts the optimality of Oz.�/,
Ou.�/, and Ov.�/.
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For the validity of the optimality principle it is essential that the discrete dynamic
optimization problem can be divided into stages, i.e. the state z at tjC1 only depends
on the values of z, u, and v at the previous stage tj and not on the respective values
at, e.g., t0 and tN . Likewise the objective function is defined stage-wise and the
constraints only restrict z, u, and v at tj . This allows to apply a stepwise optimization
procedure.
From the definition of the optimal value function one immediately obtains

W.tN ; zN ; vN / D

²
'.zN /; if zN 2 Z.tN /;

1; otherwise:
(7.26)

Bellman’s optimality principle yields the following result:

Theorem 7.3.6. The optimal value function in Definition 7.3.4 satisfies the recursion

W.tk; zk ; vk/ D inf
u2U.tk;zk/;v2V.tkC1/

®
f0.tk; zk ; u; vk/

C g.tk ; zk; u; vk/
>s.tk ; v � vk/CW.tkC1; f .tk; zk ; u; vk/; v/

¯
;

which has to hold for .tk; zk ; vk/ 2 GN � Z.tk/ � V.tk/ and k D N � 1; : : : ; 0.
Herein, W at t D tN is given by (7.26) and the convention W.tk; zk ; vk/ D 1 is
used whenever .zk; vk/ … Z.tk/ � V.tk/.

Proof. Let .tk ; zk ; vk/ 2 GN � Z.tk/ � V.tk/ and k 2 ¹0; : : : ; N � 1º be given. If
.zk; vk/ … Z.tk/ � V.tk/, then W.tk; zk ; vk/ D1 by definition.

If f .tk ; zk ; u; vk/ … Z.tkC1/ for all u 2 U.tk; zk/, then DMIOCP(tk ; zk; vk)
and DMIOCP(tkC1; f .tk; zk ; u; vk/; v) are infeasible for every .u; v/ 2 U.tk; zk/ �

V.tkC1/ and hence W.tk ; zk ; vk/ D1.
For arbitrary u 2 U.tk ; zk/ and v 2 V.tkC1/ with f .tk ; zk ; u; vk/ 2 Z.tkC1/ the

definition of the optimal value function yields

W.tk; zk ; vk/ � f0.tk ; zk ; u; vk/

C g.tk ; zk ; u; vk/
>s.tk; v � vk/CW.tkC1; f .tk ; zk; u; vk/; v/:

Taking the infimum over all .u; v/ 2 U.tk; zk/ � V.tkC1/ yields the first part of the
assertion.

Now, let " > 0 and feasible Qz; Qu; Qv with Qz.tk/ D zk , Qv.tk/ D vk and

Jk. Qz; Qu; Qv/ � W.tk; zk ; vk/C "



Section 7.3 Switching Costs, Dynamic Programming, Bellman’s Optimality Principle 381

be given. Then,

W.tk ; zk ; vk/ 
 Jk. Qz; Qu; Qv/ � "


 f0.tk ; zk; Qu.tk/; vk/

C g.tk ; zk; Qu.tk/; vk/
>s.tk; Qv.tkC1/ � vk/

CW.tkC1; f .tk; zk ; Qu.tk/; vk/; Qv.tkC1// � "


 inf
u2U.tk ;zk/;v2V.tkC1/

®
f0.tk ; zk; u; vk/

C g.tk ; zk; u; vk/
>s.tk ; v � vk/

CW.tkC1; f .tk; zk ; u; vk/; v/
¯
� ":

As " > 0 was arbitrary, the assertion follows.

Theorem 7.3.6 allows to deduce the following generic dynamic programming algo-
rithm.

Algorithm 7.3.7 (Dynamic Programming).
Init: Let GN D ¹t0 < t1 < : : : < tN º be given. Set

W.tN ; zN ; vN / D

²
'.zN /; if zN 2 Z.tN /;

1; otherwise

for all zN 2 Rnx and all vN 2 V.tN /.

Phase 1: Backward solution
For k D N � 1; : : : ; 0 compute

W.tk ; zk; vk/ D inf
u2U.tk ;zk/;v2V.tkC1/

®
f0.tk ; zk; u; vk/

C g.tk ; zk; u; vk/
>s.tk ; v � vk/

CW.tkC1; f .tk; zk ; u; vk/; v/
¯

(7.27)

for all zk 2 Rnx and all vk 2 V.tk/.

Phase 2: Forward solution

(i) Find

Ov.t0/ D arg min
v2V.t0/

W.t0; z0; v/

and set Oz.t0/ D z0.
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(ii) For k D 0; : : : ; N � 1 find

. Ou.tk/; Ov.tkC1// D arg min
.u;v/2U.tk; Oz.tk//�V.tkC1/

®
f0.tk; Oz.tk/; u; Ov.tk//

C g.tk ; Oz.tk/; u; Ov.tk//
>s.tk ; v � Ov.tk//

CW.tkC1; f .tk; Oz.tk/; u; Ov.tk//; v/
¯

(7.28)

and set Oz.tkC1/ D f .tk ; Oz.tk/; Ou.tk/; Ov.tk//.

Note that owing to the presence of v.tiC1/ � v.ti / in DMIOCP, the recursive for-
mula for the optimal value function is not of standard type.

Practical Issues in the Dynamic Programming Algorithm

In a numerical implementation it is not possible to evaluate the optimal value function
for every z 2 Rnz . Firstly, it is necessary to restrict the z-range to a compact set

� D ¹z 2 Rnz j z` � z � zuº � Rnz

with lower and upper bounds z`; zu 2 Rnz and �1 < z` < zu <1, say. � should
contain Z.tk/ for all k D 0; : : : ; N . Secondly, the set � needs to be discretized. For
simplicity we choose an equidistant partition

�Nz D

8<
:.z1; : : : ; znz /> 2 �

ˇ̌̌
ˇ̌̌ zj D z`;j C i zu;j�z`;jNz

;

j D 1; : : : ; nz;

i 2 ¹0; : : : ; Nzº

9=
;

with Nz 2 N. More sophisticated partitions using finite element meshes and adaptive
schemes based on error estimates have been investigated in [143].

Thirdly, during the backward phase and the forward phase the optimal value func-
tionW needs to be evaluated at points of type .tkC1; Qz; v/, where Qz D f .tk ; zk ; u; vk/.
One cannot always expect Qz to be an element of �Nz and as W is only defined on
GN � �Nz � V.�/ the value of the optimal function needs to be approximated in a
suitable way. We will use an interpolating polynomial as follows:

(a) Assume Qz … �Nz . If Qz … �, then use1 as an approximation of W.tkC1; Qz; v/.
Otherwise, find a point z1 2 �Nz with z1 � Qz < z1 C H , where
H D .H1; : : : ;Hnz /

>, Hj D
zu;j�z`;j

Nz
, j D 1; : : : ; nz .

(b) Determine the interpolating polynomial function

QW .z/ WD

1X
i1D0

� � �

1X
inzD0

˛i1;:::;inz z
i1
1 � � � z

inz
nz
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that interpolates W.tkC1; �; v/ at the points

¹.z1; : : : ; znz /
> j zj D z

1
j C ıHj ; j D 1; : : : ; nz; ı 2 ¹0; 1ºº:

(c) Use QW . Qz/ as an approximation of W.tkC1; Qz; v/.

For simplicity, we will assume that the minimization problems (7.27) and (7.28) can
be solved by appropriate methods from nonlinear programming. For instance, an SQP
method might be used to solve the resulting minimization problem with respect to u
for each v 2 V.tkC1/ fixed. Note that this procedure is appropriate, if the cardinalities
Mi of the discrete sets V.ti /, i D 0; : : : ; N , are low.

Remark 7.3.8. The main drawback of Bellman’s dynamic programming method is
the so called curse of dimensionality. As it can be seen from the recursive formula in
Theorem 7.3.6, the method requires to compute and to store the valuesW.tk; z; v/ for
each k D N;N � 1; : : : ; 0, each z 2 Z, and each v 2 V . Depending on the value
N , this can become a really huge number. In the worst case, each discrete trajectory
emanating from z0 has to be considered.

7.3.3 Examples

Three illustrative examples are discussed. The first only involves continuous-valued
controls and no discrete controls. It serves to illustrate the dynamic programming
method. The second and third example contain discrete controls.

Example 7.3.9. Consider the following discrete dynamic optimization problem with
constants k > 0; c > 0; b D 0:6 and N D 5:

Minimize

�

N�1X
jD0

c.1 � u.j //z.j /

subject to the constraints

z.j C 1/ D z.j /.0:9C 0:6u.j //; j D 0; 1; : : : ; N � 1;

z.0/ D k > 0;

0 � u.j / � 1; j D 0; 1; : : : ; 4:

Since k > 0 and u.j / 
 0 it holds z.j / > 0 for all j . In the sequel we use the
abbreviation zj WD z.j /. A discrete control does not appear. The recursion for the
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optimal value function for N D 5 is given by

W.5; z5/ D 0;

W.j; zj / D min
0�uj�1

¹�czj .1 � uj /CW.j C 1; zj .0:9C 0:6uj //º;

0 � j � N � 1:

Evaluation of the recursion and observing c > 0; zj > 0 yields

W.4; z4/ D min
0�u4�1

¹�cz4.1 � u4/CW.5; z4.0:9C 0:6u4//„ ƒ‚ …
D0

º D �cz4; Ou4 D 0;

W.3; z3/ D min
0�u3�1

¹�cz3.1 � u3/CW.4; z3.0:9C 0:6u3//º

D min
0�u3�1

¹�cz3.1 � u3/ � cz3.0:9C 0:6u3/º

D cz3 min
0�u3�1

¹�1:9C 0:4u3º D �1:9cz3; Ou3 D 0;

W.2; z2/ D min
0�u2�1

¹�cz2.1 � u2/CW.3; z2.0:9C 0:6u2//º

D min
0�u2�1

¹�cz2.1 � u2/ � 1:9cz2.0:9C 0:6u2/º

D cz2 min
0�u2�1

¹�2:71 � 0:14u2º D �2:85cz2; Ou2 D 1;

W.1; z1/ D min
0�u1�1

¹�cz1.1 � u1/CW.2; z1.0:9C 0:6u1//º

D min
0�u1�1

¹�cz1.1 � u1/ � 2:85cz1.0:9C 0:6u1/º

D cz1 min
0�u1�1

¹�3:565 � 0:71u1º D �4:275cz1; Ou1 D 1;

W.0; z0/ D min
0�u0�1

¹�cz0.1 � u0/CW.1; z0.0:9C 0:6u0//º

D min
0�u0�1

¹�cz0.1 � u0/ � 4:275cz0.0:9C 0:6u0/º

D cz0 min
0�u0�1

¹�4:8475 � 1:565u0º D �6:4125cz0; Ou0 D 1;
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Hence, the optimal control is Ou0 D Ou1 D Ou2 D 1; Ou3 D Ou4 D 0. Forward evaluation
leads to Oz0 D k; Oz1 D 1:5 � k; Oz2 D 2:25 � k; Oz3 D 3:375 � k; Oz4 D 3:0375 � k; Oz5 D

2:73375 � k. The optimal objective value is �c Oz3 � c Oz4 D �c. Oz3 C Oz4/ D �6:4125 �
c � k.

Example 7.3.10 (compare [290]). Let

GN WD ¹ti D ih j i D 0; : : : ; N º; h D
2

N
; N 2 N;

and ˛ 
 0 be given. Let s W R �! R be defined by

s.w/ D

²
1; if w 6D 0;
0; if w D 0:

Minimize

J.z; v/ WD z.tN /
2 C h

N�1X
iD0

�
sin
��
2
ti

�
� z.ti /

�2

C ˛

N�2X
iD0

.s.dv1.ti //C s.dv2.ti //C s.dv3.ti ///

subject to the constraints

z.tiC1/ D z.ti /C h .v1.ti / � v2.ti /C 2tiv3.ti // ; i D 0; 1; : : : ; N � 1;

z.t0/ D 0;0
@ v1.ti /v2.ti /

v3.ti /

1
A 2 V WD

8<
:
0
@ 10
0

1
A ;
0
@ 01
0

1
A ;
0
@ 00
1

1
A
9=
; ; i D 0; 1; : : : ; N � 1:

The following numerical experiments use N D 1000 and Nz D 18 000.
Figure 7.13 shows the solution of the dynamic program without switching costs

(˛ D 0). If switching costs are neglected, a high number of switchings can be ob-
served, which appears to be similar to a chattering control on singular sub-arcs in
continuous time optimal control problems. In a practical application, this chattering
is not desired as it cannot be implemented and it has to be avoided.

Figures 7.14–7.16 illustrate solutions, if switching costs are considered in the ob-
jective function by choosing different values ˛ > 0.

Finally, Figure 7.17 depicts the optimal value function.



386 Chapter 7 Mixed-Integer Optimal Control

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 0  0.5  1  1.5  2

st
at

e 
x

time t

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.5  1  1.5  2

co
nt

ro
l v

1

time t

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.5  1  1.5  2

co
nt

ro
l v

2

time t

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.5  1  1.5  2

co
nt

ro
l v

3

time t

Figure 7.13. Optimal solution for ˛ D 0 (no switching costs) with objective function value
0:03164375965004069: Chattering controls with a high number of switches appear.
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Figure 7.14. Optimal solution for ˛ D 0:0001 (switching costs with small weighting) with
objective function value 0:03257074843026389: The number of switches has reduces drasti-
cally.
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Figure 7.15. Optimal solution for ˛ D 0:01 (switching costs with moderate weighting) with
objective function value 0:05611173096324493: The number of switches has reduced to one.
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Figure 7.16. Optimal solution for ˛ D 10 (switching costs with high weighting) with objec-
tive function value 5:10020700492513: No switching occurs. The switching costs became
dominant.
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Figure 7.17. Optimal value function W.�; �; v/ for ˛ D 0:75, N D Nz D 1000 and v D v1

(top left), v D v2 (top right), v D v3 (bottom).

Example 7.3.11 (Lotka–Volterra Fishing Problem, see [275]). Consider the follow-
ing optimal control problem:

Minimize Z 12

0

.x1.t/ � 1/
2 C .x2.t/ � 1/

2dt

subject to the constraints

Px1.t/ D x1.t/ � x1.t/x2.t/ � 0:4x1.t/v.t/;

Px2.t/ D �x2.t/C x1.t/x2.t/ � 0:2x2.t/v.t/;

v.t/ 2 ¹0; 1º;

x.0/ D .0:5; 0:7/>:

Figure 7.18 shows the solution of the relaxed problem with control v.t/ 2 Œ0; 1�.
The control exhibits a bang-bang arc until time t � 4 and a singular sub-arc thereafter.

The solution of the binary problem with v.t/ 2 ¹0; 1º in Figure 7.19 shows the
same bang-bang arc until t � 4 and a chattering control thereafter, which switches
between v D 0 and v D 1 back and forth.

Finally, the solution of the binary problem taking into account switching costs is
depicted in Figure 7.20. Only two switches occur.
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Figure 7.18. Solution of the relaxed problem.
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Figure 7.19. Solution of the binary problem.

Remark 7.3.12 (Extension to Optimal Control Problems). A natural extension to op-
timal control problems would be to measure switching costs by an integral

Z 1

0

g.t; x.t/; u.t/; v.t//s.t; dv.t//
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Figure 7.20. Solution of the binary problem with switching costs weighted by ˛ D 0:75.

of Riemann–Stieltjes type in the objective function. For s.t; w/ D w, the integral
becomes a standard Riemann–Stieltjes integral assuming that the discrete control v is
of bounded variation. For any other function s, the integral has to be defined appro-
priately, for instance according toZ 1

0

g.t; x.t/; u.t/; v.t//s.t; dv.t//

WD lim
GN W GND¹0Dt0<t1<���<tND1º

NX
iD0

g.
i ; x.
i /; u.
i /; v.
i //s.ti ; v.tiC1/ � v.ti //;

where 
i 2 Œti ; tiC1/ provided that u is piecewise continuous.

Remark 7.3.13 (Hamilton–Jacobi–Bellman Equation). The dynamic programming
method can be extended to the optimal control setting. As a result, the famous
Hamilton–Jacobi–Bellman equation has to be solved. This equation is a first-order
partial differential equation whose space dimension equals the state dimension of the
optimal control problem. In the simplest case, the equation reads as

@V

@t
.t; x/CH

�
t; x; Ou.t/;

@V

@x
.t; x/

�
D 0;

where H denotes the Hamilton function. There exists a vast literature on solution
methods and properties of this type of equation, see for instance [143], [20].
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7.4 Exercises

Exercise 7.4.1. Formulate the necessary optimality conditions for the optimal control
problem in Example 7.1.14 as a boundary value problem and solve it using a shooting
technique.

Herein, the correct switching structure ‘lower bound – singular – upper bound’ can
be assumed to be known, but the switching points and initial values of the adjoints are
supposed to be unknown.

Exercise 7.4.2. Prove an analog global minimum principle as in Theorem 7.1.6 for
the following index-one DAE optimal control problem with Assumption 3.4.2:

Minimize the objective function

'.x.t0/; x.tf //C

Z tf

t0

f0.x.t/; y.t/; u.t//dt

with respect to x 2 W nx
1;1.I/, y 2 L

ny
1 .I/, u 2 L

nu
1 .I/ subject to

Px.t/ D f .x.t/; y.t/; u.t//;

0Rny D g.x.t/; y.t/; u.t//;

0Rn D  .x.t0/; x.tf //;

u.t/ 2 U:

Exercise 7.4.3. Use the variable time transformation method to solve Example 7.1.2
with N D 4 and N D 80.

Exercise 7.4.4. Use the dynamic programming method to solve the following prob-
lem for N D 5:

Minimize

N�1X
jD0

u.j /2

subject to

x1.j C 1/ D x1.j /C 2x2.j /; j D 0; 1; : : : ; N � 1;

x2.j C 1/ D 2u.j / � x2.j /; j D 0; 1; : : : ; N � 1;

x1.0/ D 0;

x1.N / D 4;

x2.0/ D 0;

x2.N / D 0:
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Exercise 7.4.5. Consider the following optimization problem:

Minimize

nX
jD1

u>j Ajuj C 2x
>
j Bjuj C x

>
j Cjxj

subject to

xjC1 D Djxj CEjuj ; j D 1; : : : ; n � 1;

xjC1 2 Rm;

uj 2 Rr ;

x1 D xa:

The matrices Cj and Aj are supposed to be symmetric. Moreover, Aj is supposed to

be positive definite and
� Cj Bj

B>
j
Aj

�
is supposed to be positive semi-definite.

(a) Write down the Bellman equation for the optimal value function.

(b) Prove: If W.j C 1; xjC1/ is of type

W.j C 1; xjC1/ D x
>
jC1QjC1xjC1

with a symmetric and positive semi-definite matrix QjC1, then W.j; xj /, too,
is of type

W.j; xj / D x
>
j Qjxj

with a symmetric and positive semi-definite matrix Qj .

(c) Find feedback controls uj in terms of xj using the matrices QjC1 and the Bell-
man equation.

Exercise 7.4.6 (compare [32, Exercise 8.8]). Three different methods are available
in each time period of a production process at different costs, which are given by the
following table:

method I II III
volume of production 0 15 30

costs 0 500 800

The fixed costs for a positive production volume amount to 300 Euros per period.
The inventory costs amount to 15 Euros per part and period. The demand per period
amounts to 25 units of the product. Find a production plan with minimal costs for
three time periods, if the stock level at the beginning amounts to 35 parts and if the
stock level after three time periods is supposed to be 20 parts. Assume that inventory
costs apply at the beginning of each time period.
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Exercise 7.4.7 (compare [313]). Let us assume that a computer works, if and only
if three components A,B, and C work properly. In order to increase the reliability of
the computer system, it is possible to add certain emergency systems to each compo-
nent. It costs 100 dollars to add such an emergency system to the first component, 300
dollars for the second component, and 200 dollars for the third component. Further-
more, it is assumed that at most two emergency systems for each component can be
added. The probability that a component works properly depends on the number of
emergency systems added to the component according to the following table:

number/system A B C
0 0.85 0.60 0.70
1 0.90 0.85 0.90
2 0.95 0.95 0.98

We are looking for a configuration that maximizes the reliability of the computer
subject to the additional restriction that at most 600 dollars can be spent for additional
emergency systems. Use dynamic programming to solve this problem.

Exercise 7.4.8 (compare [32, Exercise 8.9]). A manager has to choose co-workers
for a project. There are four eligible co-workers to choose from. Each of them has
a number assigned that indicates the capability of the respective co-worker. The re-
spective numbers are 3; 5; 2, and 4. The costs for the co-workers are 30; 50; 20, and
40 thousand dollars, respectively. The manager has a maximal budget of 90 thousand
dollars available for the personnel expenditure. Use dynamic programming to decide
which co-workers the manager should choose for the project.



Chapter 8

Function Space Methods

This chapter addresses solution methods for optimal control problems that are formu-
lated in a function space setting. The basic idea is to consider the optimal control
problem as an infinite dimensional optimization problem in a suitable Banach space,
see Chapter 3. Then well-known algorithms for finite dimensional nonlinear opti-
mization problems like gradient methods, sequential quadratic programming (SQP)
methods, or penalty methods are extended to the Banach space setting and are applied
directly to the infinite dimensional optimization problem. An early overview on this
function space approach can be found in the paper [260], which provides an extensive
list of references. The Lagrange–Newton method and the SQP method are extended to
Banach spaces in [3,4] and are applied to optimal control problems in [7,8] and [209].
The function space approach is very famous in PDE constrained optimal control, see
the recent monographs [160, 163, 303] for the state-of-the-art in this field.

The function space approach is appealing because the algorithms typically work in
the same spaces in which the optimal control problem is stated. Hence, no discretiza-
tion error is introduced at this stage as it was done in the direct discretization method.
Moreover, the structure of the optimal control problem can be exploited very well. In
order to realize the function space approach on a computer, discretizations become
necessary at a lower level of the optimization algorithms. As we shall see later, the
search direction in a function space optimization algorithm like the gradient method
or the Lagrange–Newton method is given by initial value problems or boundary value
problems, which in general can only be solved numerically and hence suitable dis-
cretizations need to be introduced. It has to be mentioned, though, that the direct
discretization method and the function space approach with suitable discretizations at
lower level may coincide to some degree. But there may occur subtle deviations as
we shall demonstrate for the gradient method.

In Section 8.1 the well-known gradient method for finite dimensional unconstrained
optimization problems is extended to optimal control problems in a function space
setting. In order to define the method, one needs to identify a suitable gradient for
the function space problem. This task is not as straightforward as it might appear,
see [135].

In Section 8.2 the Lagrange–Newton method is applied to first order necessary op-
timality conditions for optimal control problems without control and state constraints.
The Lagrange–Newton method exhibits a locally quadratic convergence rate under
suitable assumptions and thus it is very efficient. Extensions towards problems with
control and/or state constraints can be found in [4] and [209].
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8.1 Gradient Method

One of the most basic methods for solving (unconstrained) optimization problems is
the gradient method or method of steepest descent. The idea of this method is to itera-
tively follow the direction of steepest descent of a given objective function at a current
iterate with the aim of converging to a stationary point. In order to achieve conver-
gence to a stationary point from arbitrary starting points, the gradient method is usu-
ally combined with a line-search strategy like Armijo’s rule. We summarize the gra-
dient method for minimizing the continuously differentiable function J W Rn �! R,
u 7! J.u/, in

Algorithm 8.1.1 (Gradient Method for Finite Dimensional Problems).

(0) Let J W Rn �! R be continuously differentiable, u.0/ 2 Rn, ˇ 2 .0; 1/,
� 2 .0; 1/, and k WD 0.

(1) Compute d .k/ WD �rJ.u.k//.

(2) If kd .k/k � 0, STOP.

(3) Perform line-search: Find smallest j 2 ¹0; 1; 2; : : :º with

J.u.k/ C ˇjd .k// � J.u.k// � �ˇj krJ.u.k//k22

and set ˛k WD ˇj .

(4) Set u.kC1/ WD u.k/ C ˛kd .k/, k WD k C 1, and go to (1).

Extensions of this approach towards constrained optimization problems with simple
constraints like box constraints exist and use projections onto the feasible region. A
convergence proof for a projected gradient method for finite dimensional optimization
problems can be found in, e.g., [105, pp. 300–302].

In the following, we derive a gradient method for an optimal control problem.
Herein, we restrict ourselves to optimal control problems subject to index-one DAEs
without state and control constraints:

Problem 8.1.2. Let I WD Œ0; 1�, Nx 2 Rnx a given vector, and

' W Rnx �! R;

f0 W R
nx �Rny �Rnu �! R;

f W Rnx �Rny �Rnu �! Rnx ;

g W Rnx �Rny �Rnu �! Rny

continuously differentiable functions.
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Minimize

�.x; y; u/ WD '.x.1//C

Z 1

0

f0.x.t/; y.t/; u.t//dt

with respect to x 2 W nx
1;1.I/, y 2 L

ny
1 .I/, u 2 L

nu
1 .I/ subject to the constraints

Px.t/ D f .x.t/; y.t/; u.t// a.e. in I; (8.1)

0Rny D g.x.t/; y.t/; u.t// a.e. in I; (8.2)

x.0/ D Nx: (8.3)

A reduction approach is applied to Problem 8.1.2 in order to eliminate the con-
straints. The idea is to solve the constraints (8.1)–(8.3) for x and y depending on u.
This gives rise to the control-state mappings

u 7! x.u/; u 7! y.u/

and we impose the following assumptions:

Assumption 8.1.3.

(a) The inverse matrix
�
g0y.x; y; u/

��1
exists and it is bounded for every .x; y; u/.

(b) The initial value problem (8.1)–(8.3) possesses a unique solution .x.u/; y.u// 2
W
nx
1;1.I/ � L

ny
1 .I/ for every control u 2 Lnu1 .I/.

(c) The mappingLnu1 .I/ 3 u 7! .x.u/; y.u// 2 W nx
1;1.I/�L

ny
1 .I/ is continuously

Fréchet-differentiable.

Some remarks are in order.

Remark 8.1.4.

(a) Assumption 8.1.3 (a) ensures that the DAE has index one.

(b) Assumption 8.1.3 (b) and (c) hold locally according to the implicit function
theorem in some neighborhood of an optimal solution . Ox; Oy; Ou/, if the linear
operator H 0

.x;y/
. Ox; Oy; Ou/ W W

nx
1;1.I/ � L

ny
1 .I/ �! L

nx
1 .I/ � L

ny
1 .I/ � Rnx

defined by

H 0.x;y/. Ox; Oy; Ou/.x; y/ WD

0
@ Px.�/ � f 0xŒ��x.�/ � f 0yŒ��y.�/g0xŒ��x.�/C g

0
y Œ��y.�/

x.0/

1
A

is continuous and bijective.
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By Assumption 8.1.3 (b), the constrained Problem 8.1.2 is reduced to an equivalent
unconstrained minimization problem by solving the constraints for x and y depending
on u and minimizing the reduced functional

J.u/ WD �.x.u/; y.u/; u/ (8.4)

with respect to u 2 Lnu1 .I/:

Problem 8.1.5 (Reduced Problem).

Minimize J.u/ with respect to u 2 Lnu1 .I/.

In order to construct the gradient method for Problem 8.1.5, we need to define what
the gradient of J with respect to u is supposed to be. Note that the gradient for a
Fréchet-differentiable mapping J W Rn �! R, u 7! J.u/, is well defined as the
vector of partial derivatives of J with respect to the components of u, that is

rJ. Ou/ WD J 0. Ou/> D

0
B@

@J
@u1

. Ou/
:::

@J
@un

. Ou/

1
CA :

In particular, the directional derivative of J at Ou in direction u satisfies

J 0. Ou/.u/ D rJ. Ou/>u D hJ. Ou/; uiRn ;

where h�; �iRn denotes the standard inner product in Rn.
More generally, if J was considered as a Fréchet-differentiable mapping from some

Hilbert space U into R, that is, J W U �! R, then the derivative J 0. Ou/.�/ at Ou 2 U
is an element of the dual space U � of U , that is J 0. Ou/.�/ W U �! R is linear and
continuous. According to Riesz’ Theorem 2.1.10 for every Ou there exists a unique
element �. Ou/ 2 U such that

J 0. Ou/.u/ D h�. Ou/; uiU (8.5)

for all u 2 U , where h�; �iU denotes the inner product of the Hilbert space U . In
accordance with the finite dimensional case we call �. Ou/ 2 U the gradient of J at Ou
and use the notion rJ. Ou/ for �. Ou/.

For the functional J W Lnu1 .I/ �! R in (8.4) it is less obvious how the gradient
should be defined, since Lnu1 .I/ is not a Hilbert space and Theorem 2.1.10 does not
apply. Golomb and Tapia [135] address this situation and define the so-called metric
gradient in normed linear spaces.

In the sequel we aim at deriving an expression similar to (8.5) for our optimal
control problem setting. To this end let the Hamilton function be defined by

H .x; y; u; 	f ; 	g/ WD f0.x; y; u/C 	
>
f f .x; y; u/C 	gg.x; y; u/:
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Let Ou 2 Lnu1 .I/ be fixed and denote by

. Ox; Oy/ WD .x. Ou/; y. Ou// 2 W
nx
1;1.I/ � L

ny
1 .I/

the corresponding solution of (8.1)–(8.3) and by

.Sx ; Sy/ WD .x0. Ou/.u/; y 0. Ou/.u// 2 W
nx
1;1.I/ � L

ny
1 .I/

the so-called sensitivity functions, which denote the Fréchet-derivative of .x.�/; y.�//
at Ou in the direction u 2 Lnu1 .I/. As the initial value x.0/ D Nx is fixed, it follows
Sx.0/ D 0Rnx .

Define the auxiliary functional

QJ . Ou/ WD J. Ou/C

�
	f .�/; f . Ox.�/; Oy.�/; Ou.�// �

d

dt
Ox.�/

�
L2

C h	g .�/; g. Ox.�/; Oy.�/; Ou.�//iL2

D '. Ox.1//C

Z 1

0

H . Ox.t/; Oy.t/; Ou.t/; 	f .t/; 	g.t// � 	f .t/
> d

dt
Ox.t/dt;

where 	f 2 W
nx
1;1.I/ and 	g 2 L

ny
1 .I/ are functions that will be specified later.

Partial integration of the last term yields

QJ . Ou/ D '. Ox.1// � Œ	f .t/
> Ox.t/�10

C

Z 1

0

H . Ox.t/; Oy.t/; Ou.t/; 	f .t/; 	g .t//C

�
d

dt
	f .t/

�>
Ox.t/dt:

Formal differentiation of QJ at Ou in the direction u and exploitation of Sx.0/ D 0Rnx
yields

QJ 0. Ou/.u/ D .'0. Ox.1// � 	f .1/
>/Sx.1/

C

Z 1

0

.H 0xŒt �C
P	f .t/

>/Sx.t/CH 0y Œt �S
y.t/CH 0uŒt �u.t/dt:

As the sensitivity functions Sx and Sy are expensive to compute, 	f and 	g are
chosen in such a way that the terms involving Sx and Sy are eliminated. This yields
the index-one adjoint DAE

P	f .t/ D �H 0x. Ox.t/; Oy.t/; Ou.t/; 	f .t/; 	g.t//
>; (8.6)

0Rny D H 0y. Ox.t/; Oy.t/; Ou.t/; 	f .t/; 	g.t//
>; (8.7)

	f .1/ D '
0. Ox.1//>; (8.8)
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and QJ 0. Ou/.u/ reduces to

QJ 0. Ou/.u/ D

Z 1

0

H 0uŒt �u.t/dt:

The adjoint DAE (8.6)–(8.7) is well-defined according to Assumption 8.1.3, (a).
Recall that we are looking for a direction u of steepest descent. Minimizing
QJ 0. Ou/.u/ with respect to u subject to kuk2 D 1 yields

Qu.t/ D �
1

kH 0uk2
H 0uŒt �

>;

because for every u with kuk2 D 1 it holds

j QJ 0. Ou/.u/j � kH 0uk2 � kuk2 D kH
0
uk2

by the Schwarz inequality and

QJ 0. Ou/. Qu/ D �kH 0uk2:

Hence, we may choose

d.t/ D �H 0uŒt �
>

as search direction at Ou. The following result links QJ 0. Ou/ to J 0. Ou/.

Theorem 8.1.6. Let Ou 2 Lnu1 .I/ be given, let Assumption 8.1.3 hold, and let 	f and
	g satisfy the adjoint DAE (8.6)–(8.8). Then it holds QJ 0. Ou/.u/ D J 0. Ou/.u/ for all
u 2 L

nu
1 .I/.

Proof. For arbitrary u 2 Lnu1 .I/ it holds

x.u/.t/ D Nx C

Z t

0

f .x.u/.�/; y.u/.�/; u.�//d� for all t 2 Œ0; 1�;

0Rny D g.x.u/.t/; y.u/.t/; u.t// a.e. in Œ0; 1�:

Differentiation of these identities in u with respect to u at Ou 2 Lnu1 .I/ yields

Sx.t/ D

Z t

0

f 0x Œ� �S
x.�/C f 0y Œ� �S

y.�/C f 0uŒ� �u.�/d� for all t 2 Œ0; 1�;

0Rny D g
0
xŒt �S

x.t/C g0y Œt �S
y.t/C g0uŒt �u.t/ a.e. in Œ0; 1�; (8.9)

where all derivatives of f and g are evaluated at Ox D x. Ou/, Oy D y. Ou/, and Ou. Dif-
ferentiation of the absolutely continuous function Sx.�/ and multiplication of (8.9) by
	g.�/

> from the left yields

PSx.t/ D f 0xŒt �S
x.t/C f 0y Œt �S

y.t/C f 0uŒt �u.t/;

0 D 	g.t/
>.g0xŒt �S

x.t/C g0y Œt �S
y.t/C g0uŒt �u.t//: (8.10)
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By exploitation of 0Rny D H 0y Œt �
> and (8.10) we find

d

dt
.	f .t/

>Sx.t// D P	f .t/
>Sx.t/C 	f .t/

> PSx.t/

D �H 0xŒt �S
x.t/

C 	f .t/
>.f 0x Œt �S

x.t/C f 0y Œt �S
y.t/C f 0uŒt �u.t//

D �H 0xŒt �S
x.t/ �H 0y Œt �S

y.t/

C 	f .t/
>.f 0x Œt �S

x.t/C f 0y Œt �S
y.t/C f 0uŒt �u.t//

C 	g.t/
>.g0xŒt �S

x.t/C g0y Œt �S
y.t/C g0uŒt �u.t//

D �f0
0
xŒt �S

x.t/ � f0
0
y Œt �S

y.t/ � f0
0
uŒt �u.t/

CH 0uŒt �u.t/:

Hence,

QJ 0. Ou/.u/ D

Z 1

0

H 0uŒt �u.t/dt

D Œ	f .t/
>Sx.t/�10 C

Z 1

0

f0
0
xŒt �S

x.t/C f0
0
y Œt �S

y.t/C f0
0
uŒt �u.t/dt

D ' 0. Ox.1//Sx.1/C

Z 1

0

f0
0
xŒt �S

x.t/C f0
0
y Œt �S

y.t/C f0
0
uŒt �u.t/dt

D J 0. Ou/.u/:

Definition 8.1.7 (Gradient of Reduced Functional). Let Ou 2 Lnu1 .I/ be given, let
Assumption 8.1.3 hold, and let 	f and 	g satisfy the adjoint DAE (8.6)–(8.8).

The gradient rJ. Ou/ 2 Lnu1 .I/ of J at Ou is defined by

rJ. Ou/.�/ WD H 0u. Ox.�/; Oy.�/; Ou.�/; 	f .�/; 	g.�//
>:

Exploitation of this result allows to formulate

Algorithm 8.1.8 (Gradient Method).

(0) Choose u.0/ 2 Lnu1 .I/, ˇ 2 .0; 1/, � 2 .0; 1/, and set k WD 0.

(1) Solve (8.1)–(8.3) with u D u.k/. Let x.k/ D x.u.k// and y.k/ D y.u.k//

denote the corresponding solution.
Solve the adjoint DAE

P	f .t/ D �H 0x.x
.k/.t/; y.k/.t/; u.k/.t/; 	f .t/; 	g .t//

>;

0Rny D H 0y.x
.k/.t/; y.k/.t/; u.k/.t/; 	f .t/; 	g.t//

>;

	f .1/ D '
0.x.k/.1//>:

Let 	.k/
f

and 	.k/g denote the corresponding solution.
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(2) If kH 0uk2 � 0, STOP.

(3) Set

d .k/.t/ WD �H 0u.x
.k/.t/; y.k/.t/; u.k/.t/; 	

.k/

f
.t/; 	.k/g .t//>:

(4) Perform an Armijo line-search: Find smallest j 2 ¹0; 1; 2; : : :º with

J.u.k/ C ˇjd .k//

� J.u.k// � �ˇj kH 0u.x
.k/.�/; y.k/.�/; u.k/.�/; 	

.k/

f
.�/; 	.k/g .�//k22

and set ˛k WD ˇj .

(5) Set u.kC1/ WD u.k/ C ˛kd .k/, k WD k C 1, and go to (1).

Theorem 8.1.9. Let Assumption 8.1.3 hold. Suppose that Algorithm 8.1.8 does not
terminate. Let u� be an accumulation point of the sequence ¹u.k/ºk2N generated by
Algorithm 8.1.8 and x� WD x.u�/, y� WD y.u�/.

Then it holds

krJ.u�/k2 D 0:

Proof. Assume that ¹u.kj /ºj2N is a subsequence with

u.kj / �! u� and krJ.u�/k2 6D 0:

By construction, the sequence ¹J.u.kj //ºj2N is monotonically non-increasing, and
by continuity of J and rJ with regard to the argument u, it holds

J.u.kj // �! J.u�/; (8.11)

d .kj / D �rJ.u.kj // �! �rJ.u�/ DW d� (8.12)

as j �!1. In addition, the line-search in step (4) of Algorithm 8.1.8 yields

J.u.kjC1// � J.u.kjC1// � J.u.kj // � �˛kj krJ.u
.kj //k22

for j 2 N. Rearranging terms yields

0 � �˛kj krJ.u
.kj //k22 � J.u

.kj // � J.u.kjC1//:

Owing to krJ.u�/k2 6D 0 and (8.11)–(8.12) it follows necessarily

˛kj �! 0 as j �!1:
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Hence, there is some index j0 2 N such that ˛kj < 1 for every j 
 j0. Moreover,

for every j 
 j0 there exists some index j̀ 2 ¹0; 1; 2; : : :º with ˛kj D ˇ j̀C1 �! 0,

J.u.kj / C ˇ j̀ d .kj // > J.u.kj // � �ˇ j̀ krJ.u.kj //k22

and

J.u.kj / C ˇ j̀ d .kj // � J.u.kj //

ˇ j̀
> ��krJ.u.kj //k22;

respectively. Taking the limit j �!1 on both sides yields

J 0.u�/.d�/ D J
0.u�/.�rJ.u�// D �krJ.u�/k

2
2 
 ��krJ.u�/k

2
2:

Herein, (8.12) and Lemma 8.1.10 below are exploited.
This inequality leads to a contradiction since � 2 .0; 1/.

Lemma 8.1.10. Let X be a Banach space and f W X �! R continuously Fréchet-
differentiable. Let ¹x.k/ºk2N � X , ¹d .k/ºk2N � X , and ¹˛kºk2N � RC be se-
quences with

lim
k�!1

x.k/ D x� 2 X; lim
k�!1

d .k/ D d� 2 X; lim
k�!1

˛k D 0:

Then it holds

lim
k�!1

f .x.k/ C ˛kd
.k// � f .x.k//

˛k
D f 0.x�/.d�/:

Proof. (i) Owing to the continuity of f 0.�/ in X , for every " > 0 there exists some
ı > 0 with

jf 0.x.k//.d .k// � f 0.x�/.d
.k//j

D kd .k/kX �

ˇ̌̌
ˇ̌f 0.x.k//

 
d .k/

kd .k/kX

!
� f 0.x�/

 
d .k/

kd .k/kX

!ˇ̌̌
ˇ̌

� kd .k/kX � sup
kdkXD1

jf 0.x.k//.d/ � f 0.x�/.d/j

D kd .k/kX � kf
0.x.k// � f 0.x�/kL.X;R/

� "kd .k/kX

for all kx.k/ � x�kX � ı. Hence,

lim
k�!1

jf 0.x.k//.d .k// � f 0.x�/.d
.k//j D 0:
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(ii) As f 0.x�/.�/ is a linear and continuous operator, it follows

jf 0.x�/.d
.k// � f 0.x�/.d�/j � Ckd

.k/ � d�kX

for some constant C > 0. Hence,

lim
k�!1

jf 0.x�/.d
.k// � f 0.x�/.d�/j D 0:

(iii) The mean value theorem [162, p. 27] yields

ˇ̌̌
ˇ̌f .x.k/ C ˛kd .k// � f .x.k//

˛k
� f 0.x.k//.d .k//

ˇ̌̌
ˇ̌

D
1

˛k
jf .x.k/ C ˛kd

.k// � f .x.k// � f 0.x.k//.˛kd
.k//j

D
1

˛k

ˇ̌̌
ˇ
Z 1

0

f 0.x.k/ C t˛kd
.k//.˛kd

.k//dt � f 0.x.k//.˛kd
.k//

ˇ̌̌
ˇ

�

Z 1

0

kf 0.x.k/ C t˛kd
.k// � f 0.x.k//kL.X;R/dt � kd

.k/kX :

By continuity of f 0.�/ it follows

lim
k�!1

ˇ̌̌
ˇ̌f .x.k/ C ˛kd .k// � f .x.k//

˛k
� f 0.x.k//.d .k//

ˇ̌̌
ˇ̌ D 0:

(iv) The assertion follows from

ˇ̌̌
ˇ̌f .x.k/ C ˛kd .k// � f .x.k//

˛k
� f 0.x�/.d�/

ˇ̌̌
ˇ̌

�

ˇ̌̌
ˇ̌f .x.k/ C ˛kd .k// � f .x.k//

˛k
� f 0.x.k//.d .k//

ˇ̌̌
ˇ̌

C jf 0.x.k//.d .k// � f 0.x�/.d
.k//j C jf 0.x�/.d

.k// � f 0.x�/.d�/j

and (i), (ii), and (iii).
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Example 8.1.11. Consider the following optimal control problem subject to an ordi-
nary differential equation:

Minimize x2.1/ subject to the constraints

Px1.t/ D �x1.t/C
p
3u.t/;

Px2.t/ D
1

2
.x1.t/

2 C u.t/2/;

x1.0/ D 2;

x2.0/ D 0:

The gradient method with initial guess u.0/.t/ � 0, ˇ D 0:9, � D 0:1, and a sym-
plectic discretization scheme based on the explicit Euler method for the dynamics and
the adjoint dynamics with N D 100 equally spaced time intervals yields the result in
Table 8.1 and Figure 8.1.

k ˛k J.u.k// kH 0uk1 kH 0uk
2
2

0 0:00000000E C 00 0:87037219E C 00 0:14877655E C 01 0:65717322E C 00

1 0:10000000E C 01 0:72406641E C 00 0:61765831E C 00 0:21168343E C 00

2 0:10000000E C 01 0:68017548E C 00 0:35175249E C 00 0:72633493E�01
3 0:10000000E C 01 0:66515486E C 00 0:20519966E C 00 0:24977643E�01
4 0:10000000E C 01 0:65999003E C 00 0:12021286E C 00 0:85902348E�02
:::

:::
:::

:::
:::

23 0:10000000E C 01 0:65728265E C 00 0:47781223E�05 0:13406009E�10
24 0:10000000E C 01 0:65728265E C 00 0:28158031E�05 0:46203574E�11
25 0:10000000E C 01 0:65728265E C 00 0:16459056E�05 0:15877048E�11
26 0:10000000E C 01 0:65728265E C 00 0:97422070E�06 0:54326016E�12

Table 8.1. Summary of iterations of gradient method. The iteration was stopped as soon as
kH 0uk1 < 10�6.
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Figure 8.1. Some iterates .x.k/; u.k/; 	.k// (thin lines) and converged solution (thick line).
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Example 8.1.12. Consider the following optimal control problem subject to an ordi-
nary differential equation:

Minimize x2.1/C 2:5.x1.1/ � 1/2 subject to the constraints

Px1.t/ D u.t/ � 15 exp.�2t/;

Px2.t/ D
1

2
.u.t/2 C x1.t/

3/;

x1.0/ D 4;

x2.0/ D 0:

The gradient method with initial guess u.0/.t/ � 0, ˇ D 0:9, � D 0:1, and a sym-
plectic discretization scheme based on the explicit Euler method for the dynamics and
the adjoint dynamics with N D 100 equally spaced time intervals yields the result in
Table 8.2 and Figure 8.2.

k ˛k J.u.k// kH 0uk1 kH 0uk
2
2

0 0:00000000E C 00 0:32263509E C 02 0:17750257E C 02 0:23786744E C 03

1 0:31381060E C 00 0:21450571E C 02 0:16994586E C 02 0:18987670E C 03

2 0:25418658E C 00 0:15604667E C 02 0:91485607E C 01 0:78563930E C 02

3 0:28242954E C 00 0:11414005E C 02 0:75417222E C 01 0:39835695E C 02

4 0:25418658E C 00 0:97695774E C 01 0:42526367E C 01 0:15677990E C 02
:::

:::
:::

:::
:::

61 0:28242954E C 00 0:84261386E C 01 0:22532128E�05 0:28170368E�11
62 0:28242954E C 00 0:84261386E C 01 0:16626581E�05 0:17267323E�11
63 0:28242954E C 00 0:84261386E C 01 0:16639237E�05 0:13398784E�11
64 0:22876792E C 00 0:84261386E C 01 0:83196204E�06 0:21444710E�12

Table 8.2. Summary of iterations of gradient method. The iteration was stopped as soon as
kH 0uk1 < 10�6.
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Figure 8.2. Some iterates .x.k/; u.k/; 	.k// (thin lines) and converged solution (thick line).
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Now, let us compare the function space approach with the direct discretization
method. To this end, we consider the following discretization of Problem 8.1.2 and
follow the same steps as in the function space setting to derive the gradient method
for the discretized problem:

Problem 8.1.13. Let Nx 2 Rnx be a given vector and let

' W Rnx �! R;

f0 W R
nx �Rny �Rnu �! R;

f W Rnx �Rny �Rnu �! Rnx ;

g W Rnx �Rny �Rnu �! Rny

be continuously differentiable functions. Let

GN WD ¹ti j ti D ih; i D 0; 1; : : : ; N º; h D
1

N
; N 2 N;

be a grid.

Minimize

�N .x; y; u/ WD '.xN /C h

NX
iD1

f0.xi ; yi ; ui /

with respect to x D .x0; x1; : : : ; xN /
> 2 R.NC1/nx , y D .y1; : : : ; yN /

> 2

RNny , u D .u1; : : : ; uN /> 2 RNnu subject to the constraints

xi � xi�1

h
D f .xi ; yi ; ui / i D 1; : : : ; N; (8.13)

0Rny D g.xi ; yi ; ui / i D 1; : : : ; N; (8.14)

x0 D Nx: (8.15)

Similarly as in Assumption 8.1.3, we assume

Assumption 8.1.14.

(a) The inverse matrix .g0y.x; y; u//
�1 exists and is bounded for every .x; y; u/.

(b) The system (8.13)–(8.15) possesses a unique solution x.u/ 2 R.NC1/nx and
y.u/ 2 RNny for every u 2 RNnu .

(c) The mapping u 7! .x.u/; y.u// is continuously Fréchet-differentiable.
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Solving the constraints (8.13)–(8.15) with respect to x and y yields

Problem 8.1.15 (Reduced Discretized Problem).

Minimize JN .u/ WD �N .x.u/; y.u/; u/ with respect to u 2 RNnu .

Let Ou 2 RNnu be given, Ox WD x. Ou/ and Oy WD y. Ou/. Define the auxiliary functional

QJN . Ou/ WD '. OxN /C h

NX
iD1

�
H . Oxi ; Oyi ; Oui ; 	f;i�1; 	g;i�1/ � 	

>
f;i�1

�
Oxi � Oxi�1

h

��
:

The Fréchet-derivative of QJN with respect to Ou computes to

QJ 0N . Ou/ D '
0. OxN /S

x
N

C h

NX
iD1

�
H 0x Œti �S

x
i CH 0y Œti �S

y
i CH 0uŒti �

@ Oui

@ Ou
� 	>f;i�1

�
Sxi � S

x
i�1

h

��

D .' 0. OxN /C hH 0xŒtN � � 	
>
f;N�1/S

x
N C 	

>
f;0S

x
0

C h

N�1X
iD1

�
H 0xŒti �C

1

h
.	>f;i � 	

>
f;i�1/

�
Sxi

C h

NX
iD1

�
H 0y Œti �S

y
i CH 0uŒti �

@ Oui

@ Ou

�
;

where the abbreviations

Sxi WD
@xi

@u
. Ou/ 2 Rnx�Nnu ; i D 0; : : : ; N;

S
y
i WD

@yi

@u
. Ou/ 2 Rny�Nnu; i D 1; : : : ; N;

are used. These sensitivity matrices are defined recursively by differentiating (8.13)–
(8.15) with respect to u at Ou:

Sxi � S
x
i�1

h
D f 0x Œti �S

x
i C f

0
y Œti �S

y
i C f

0
uŒti �

@ Oui

@ Ou
; i D 1; : : : ; N; (8.16)

0Rny�Nnu D g
0
xŒti �S

x
i C g

0
y Œti �S

y
i C g

0
uŒti �

@ Oui

@ Ou
; i D 1; : : : ; N; (8.17)

Sx0 D 0Rnx�Nnu : (8.18)
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In order to eliminate terms involving Sxi and Syi , 	f and 	g are chosen such that the
discretized adjoint DAE

	f;i � 	f;i�1

h
D �H 0x. Oxi ; Oyi ; Oui ; 	f;i�1; 	g;i�1/

>; i D 1; : : : ; N; (8.19)

0Rny D H 0y. Oxi ; Oyi ; Oui ; 	f;i�1; 	g;i�1/
>; i D 1; : : : ; N; (8.20)

	f;N D '
0. OxN /

> (8.21)

hold. Then,

QJ 0N . Ou/ D h

NX
iD1

H 0uŒti �
@ Oui

@ Ou
D h.H 0uŒt1� H 0uŒt2� � � � H 0uŒtN � /:

The following discrete counterpart of Theorem 8.1.6 links QJ 0N . OuN / to the gradient
rJN . Ou/.

Theorem 8.1.16. Let Ou 2 RNnu be given, let Assumption 8.1.14 hold, and let
	f 2 R.NC1/nx and 	g 2 RNny satisfy the discretized adjoint DAE (8.19)–(8.21).
Then it holds rJN . Ou/ D QJ 0N . Ou/

>.

Proof. Multiplication of (8.16)–(8.17) with h	>
f;i�1

and h	>g;i�1, respectively, yields

h	>f;i�1f
0
uŒti �

@ Oui

@ Ou
D 	>f;i�1.S

x
i � S

x
i�1/ � h	

>
f;i�1f

0
x Œti �S

x
i � h	

>
f;i�1f

0
y Œti �S

y
i ;

h	>g;i�1g
0
uŒti �

@ Oui

@ Ou
D �h	>g;i�1g

0
xŒti �S

x
i � h	

>
g;i�1g

0
y Œti �S

y
i

for i D 1; : : : ; N . By these expressions it follows

hH 0uŒti �
@ Oui

@ Ou
D hf 00;uŒti �

@ Oui

@ Ou

C 	>f;i�1.S
x
i � S

x
i�1/ � h	

>
f;i�1f

0
xŒti �S

x
i � h	

>
f;i�1f

0
y Œti �S

y
i

� h	>g;i�1g
0
xŒti �S

x
i � h	

>
g;i�1g

0
y Œti �S

y
i

D hf 00;uŒti �
@ Oui

@ Ou
C hf 00;xŒti �S

x
i C hf

0
0;y Œti �S

y
i

C 	>f;i�1.S
x
i � S

x
i�1/ � hH 0xŒti �S

x
i � hH 0y Œti �S

y
i
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for i D 1; : : : ; N . Summation and exploitation of (8.19)–(8.21) and (8.18) yields

QJ 0N . Ou/ D h

NX
iD1

H 0uŒti �
@ Oui

@ Ou

D h

NX
iD1

�
f 00;uŒti �

@ Oui

@ Ou
C f 00;xŒti �S

x
i C f

0
0;y Œti �S

y
i

�

C h

N�1X
iD1

�
	>
f;i�1

� 	>
f;i

h
�H 0xŒti �

�
Sxi

� 	>f;0S
x
0 C .	

>
f;N�1 � hH 0xŒtN �/S

x
N

D '0. OxN /S
x
N C h

NX
iD1

�
f 00;uŒti �

@ Oui

@ Ou
C f 00;xŒti �S

x
i C f

0
0;y Œti �S

y
i

�

D J 0N . Ou/ D rJN . Ou/
>:‘

In summary, the gradient method 8.1.1 applied to the reduced discretized prob-
lem 8.1.15 uses the search direction

d .k/ D �rJN .u
.k// D �h

0
B@ H 0uŒt1�

>

:::

H 0uŒtN �
>

1
CA

in iteration k.
Algorithm 8.1.1 for Problem 8.1.15 reads as follows:

Algorithm 8.1.17 (Gradient Method).

(0) Choose u.0/ 2 RNnu , ˇ 2 .0; 1/, � 2 .0; 1/, and set k WD 0.

(1) Solve (8.13)–(8.15) with u D u.k/. Let x.k/ D x.u.k// and y.k/ D y.u.k//

denote the corresponding solution.

Solve the adjoint DAE (8.19)–(8.21). Let 	.k/
f

and 	.k/g denote the correspond-
ing solution.

(2) Set

d .k/ WD �rJN .u
.k// D �h

0
B@ H 0uŒt1�

>

:::

H 0uŒtN �
>

1
CA

(3) If kd .k/k2 � 0, STOP.
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(4) Perform an Armijo line-search: Find smallest j 2 ¹0; 1; 2; : : :º with

JN .u
.k/ C ˇjd .k// � JN .u

.k// � �ˇj kd .k/k22

and set ˛k WD ˇj .

(5) Set u.kC1/ WD u.k/ C ˛kd .k/, k WD k C 1, and go to (1).

Clearly, (8.13)–(8.15) is a discretization of the DAE (8.1)–(8.3) by means of the im-
plicit Euler method. Accordingly (8.19)–(8.21) is a discretization of the adjoint DAE
(8.6)–(8.8). The combined discretization scheme is a symplectic integration scheme,
compare Subsection 5.3.2 and Theorem 5.3.3. The search direction in step (2) of Al-
gorithm 8.1.17 is a discretization of the search direction in step (3) of Algorithm 8.1.8,
except that the former is scaled by a factor of h. As a consequence, the scaling of the
search direction depending on the discretization parameter hmay lead to smaller steps
in the gradient method when applied to the discretized problem compared to the func-
tion space gradient method, if an Armijo type line-search with initial step-size ˇ0 D 1
is used. Hence, one has to expect a difference in computational performance between
the function space gradient method with suitable discretizations of the DAE and ad-
joint DAE and the direct discretization method. For the above examples the function
space approach needs significantly less iterations than the direct discretization method
with scaled search direction. Note that both methods would match up to the error in-
troduced by discretization if ˇj =h was used as a step-size in Armijo’s line-search
procedure in Algorithm 8.1.1. We illustrate this effect by revisiting Example 8.1.11.

Example 8.1.18 (compare Example 8.1.11). Consider the following optimal control
problem subject to an ordinary differential equation:

Minimize x2.1/ subject to the constraints

Px1.t/ D �x1.t/C
p
3u.t/;

Px2.t/ D
1

2
.x1.t/

2 C u.t/2/;

x1.0/ D 2;

x2.0/ D 0:

We follow the first discretize – then optimize approach and discretize the problem
for simplicity by the explicit Euler method, which was used in Example 8.1.11 as
well. We then apply Algorithm 8.1.1 directly with initial guess u.0/ D 0RN , N D
100, ˇ D 0:9, and � D 0:1. The gradient rJ.u.k// is approximated by a finite
difference scheme. According to the previous analysis, we have to expect that the
search-direction d .k/ D �rJ.u.k// in Algorithm 8.1.1 is approximately the search
direction in Algorithm 8.1.8 scaled by a factor of h D 1=N D 10�2. Likewise,
we have to expect that Algorithm 8.1.1 makes slower progress than Algorithm 8.1.8.
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This is actually the case as the results of the gradient method in Algorithm 8.1.1 for
the reduced discretized problem 8.1.15 in Table 8.3 show.

k ˛k J.u.k// kH 0uk1 kH 0uk
2
2

0 0:00000000EC00 0:87037219EC00 0:14877677E�01 0:65717185E�02

1 0:10000000EC01 0:86385155EC00 0:14671320E�01 0:63689360E�02

2 0:10000000EC01 0:85753209EC00 0:14468016E�01 0:61724878E�02

3 0:10000000EC01 0:85140755EC00 0:14267676E�01 0:59821683E�02

4 0:10000000EC01 0:84547186EC00 0:14070156E�01 0:57976919E�02

5 0:10000000EC01 0:83971919EC00 0:13875456E�01 0:56189844E�02

6 0:10000000EC01 0:83414385EC00 0:13683565E�01 0:54457966E�02

7 0:10000000EC01 0:82874034EC00 0:13494428E�01 0:52779702E�02

8 0:10000000EC01 0:82350335EC00 0:13307910E�01 0:51153368E�02

9 0:10000000EC01 0:81842770EC00 0:13124180E�01 0:49577892E�02
:::

:::
:::

:::
:::

812 0:10000000EC01 0:65728265EC00 0:11053883E�05 0:79804802E�11

813 0:10000000EC01 0:65728265EC00 0:10356781E�05 0:76292003E�11

814 0:10000000EC01 0:65728265EC00 0:10655524E�05 0:77345706E�11

815 0:10000000EC01 0:65728265EC00 0:98588398E�06 0:74390524E�11

Table 8.3. Summary of iterations of gradient method for the reduced discretized problem. The
iteration was stopped as soon as kd .k/k1 < 10�6.

8.2 Lagrange–Newton Method

The Lagrange–Newton method is based on the numerical solution of first-order nec-
essary optimality conditions for an optimal control problem without control and state
constraints by means of Newton’s method. The necessary conditions for such prob-
lems lead to a nonlinear operator equation of type

T .z/ D ‚Y (8.22)

for the operator T W Z �! Y , where Z and Y denote suitable Banach spaces en-
dowed with norms k � kZ and k � kY . Application of Newton’s method to (8.22) results
in the well-known Lagrange–Newton method provided that T is continuously Fréchet-
differentiable. More specifically, the Lagrange–Newton method generates sequences
¹z.k/º, ¹d .k/º, and – if a globalization procedure is added – ¹˛kº related by the itera-
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tion

z.kC1/ D z.k/ C ˛kd
.k/; k D 0; 1; 2; : : : :

Herein, the search direction d .k/ is the solution of the linear operator equation

T 0.z.k//.d .k// D �T .z.k//

and the step length ˛k > 0 is determined by a line-search procedure of Armijo type
for a suitably defined merit function.

We investigate the details of the outlined Lagrange–Newton method for the follow-
ing problem setting:

Problem 8.2.1. Let I WD Œ0; 1� and let

' W Rnx �Rnx �! R;

f0 W R
nx �Rny �Rnu �! R;

f W Rnx �Rny �Rnu �! Rnx ;

g W Rnx �Rny �Rnu �! Rny ;

 W Rnx �Rnx �! Rn 

be twice continuously differentiable functions.

Minimize

�.x; y; u/ WD '.x.0/; x.1//C

Z 1

0

f0.x.t/; y.t/; u.t//dt

with respect to x 2 W nx
1;1.I/, y 2 L

ny
1 .I/, u 2 L

nu
1 .I/ subject to the constraints

Px.t/ D f .x.t/; y.t/; u.t// a.e. in Œ0; 1�; (8.23)

0Rny D g.x.t/; y.t/; u.t// a.e. in Œ0; 1�; (8.24)

0Rn D  .x.0/; x.1//: (8.25)

Note that Problem 8.2.1 is more general than Problem 8.1.2 as it contains general
boundary conditions of type (8.25). As a consequence, a complete reduction approach
as it became possible owing to Assumption 8.1.3 (b) in Section 8.1 cannot be applied
anymore as the boundary conditions (8.25) in general will not be feasible for an ar-
bitrary control u. It is still possible to apply a partially reduced approach however,
where (8.23)–(8.24) are solved with respect to x D x.u; x0/ and y D y.u; x0/ for a
given control u and a given initial value x0 D x.0/. The reduced problem then leads
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to a constrained optimization problem with the aim to minimize the reduced func-
tional J.u; x0/ WD �.x.u; x0/; y.u; x0/; u/ with respect to u and x0 subject to the
constraint  .x0; x.u; x0// D 0Rn . This approach is the function-space-equivalent
to the direct multiple shooting method in Subsection 5.1.2 in Chapter 5. This partially
reduced approach is not followed here, though. Problem 8.2.1 is considered instead
as it is without a further reduction.

Although the application of Newton’s method to the optimality system seems to be
straightforward, several issues have to be addressed, for instance the computation of
search directions, local speed of convergence, and globalization. For simplicity we
restrict ourselves to semi-explicit index-one DAEs again.

Assumption 8.2.2. The inverse matrix .g0y.x; y; u//
�1 exists and it is bounded for

every .x; y; u/.

To this end first order necessary optimality conditions for a weak local minimizer
.x�; y�; u�/ of Problem 8.2.1 under the Mangasarian–Fromowitz constraint qualifica-
tion in Theorem 3.4.6 read as follows, compare Theorem 3.4.3:

There exist Lagrange multipliers 	f;� 2 W
nx
1;1.I/, 	g;� 2 L

ny
1 .I/, and �� 2 Rn 

with

Px�.t/ � f .x�.t/; y�.t/; u�.t// D 0Rnx ; (8.26)

g.x�.t/; y�.t/; u�.t// D 0Rny ; (8.27)

P	f;�.t/CH 0x.x�.t/; y�.t/; u�.t/; 	f;�.t/; 	g;�.t//
> D 0Rnx ; (8.28)

H 0y.x�.t/; y�.t/; u�.t/; 	f;�.t/; 	g;�.t//
> D 0Rny ; (8.29)

 .x�.0/; x�.1// D 0Rn ; (8.30)

	f;�.0/C �
0
x0
.x�.0/; x�.1/; ��/

> D 0Rnx ; (8.31)

	f;�.1/ � �
0
x1
.x�.0/; x�.1/; ��/

> D 0Rnx ; (8.32)

H 0u.x�.t/; y�.t/; u�.t/; 	f;�.t/; 	g;�.t//
> D 0Rnu : (8.33)

Herein, we used the abbreviation � WD ' C �> and the Hamilton function

H .x; y; u; 	f ; 	g/ WD f0.x; y; u/C 	
>
f f .x; y; u/C 	

>
g g.x; y; u/:

Let z� WD .x�; y�; u�; 	f;�; 	g;�; ��/ and let the Banach spaces

Z D W
nx
1;1.I/ � L

ny
1 .I/ � L

nu
1 .I/ �W

nx
1;1.I/ � L

ny
1 .I/ �Rn ;

Y D Lnx1 .I/ � L
ny
1 .I/ � L

nx
1 .I/ � L

ny
1 .I/ �Rn �Rnx �Rnx � Lnu1 .I/

be equipped with the maximum norm for product spaces. Then the necessary condi-
tions (8.26)–(8.33) are equivalent with the nonlinear equation

T .z�/ D ‚Y ; (8.34)
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where T W Z �! Y is given by

T .z/.�/ WD

0
BBBBBBBBBBB@

Px.�/ � f .x.�/; y.�/; u.�//

g.x.�/; y.�/; u.�//
P	f .�/CH 0x.x.�/; y.�/; u.�/; 	f .�/; 	g.�//

>

H 0y.x.�/; y.�/; u.�/; 	f .�/; 	g.�//
>

 .x.0/; x.1//

	f .0/C �
0
x0
.x.0/; x.1/; �/>

	f .1/ � �
0
x1
.x.0/; x.1/; �/>

H 0u.x.�/; y.�/; u.�/; 	f .�/; 	g.�//
>

1
CCCCCCCCCCCA
: (8.35)

The standard approach to solve (8.35) numerically is to apply Newton’s method.

Algorithm 8.2.3 (Lagrange–Newton Method).

(0) Choose z.0/ 2 Z and set k WD 0.

(1) If kT .z.k//kY � 0, STOP.

(2) Compute the search direction d .k/ from the linear equation

T 0.z.k//.d .k// D �T .z.k//: (8.36)

(3) Set z.kC1/ WD z.k/ C d .k/, k WD k C 1, and go to (1).

Theorem 8.2.4. Let z� be a zero of T . Suppose that there exist constants � > 0 and
C > 0 such that for every z 2 B�.z�/ the derivative T 0.z/ is non-singular and

kT 0.z/�1kL.Y;Z/ � C:

(a) If '; f0; f; g;  are twice continuously differentiable, then there exists ı > 0

such that Algorithm 8.2.3 is well-defined for every z.0/ 2 Bı.z�/ and the se-
quence ¹z.k/ºk2N converges superlinearly to z� for every z.0/ 2 Bı.z�/.

(b) If the second derivatives of '; f0; f; g;  are locally Lipschitz continuous, then
the convergence in (a) is quadratic.

(c) If in addition to the assumption in (a), T .z.k// 6D ‚Y for all k, then the residual
values converge superlinearly:

lim
k�!1

kT .z.kC1//kY

kT .z.k//kY
D 0:

Proof. Owing to the non-singularity of T 0.z/ and the uniform boundedness of
T 0.z/�1 in B�.z�/, the algorithm is well-defined in B�.z�/. For z.k/ 2 B�.z�/
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we find

T 0.z.k//.z.kC1/ � z�/ D T
0.z.k//.z.k/ C d .k/ � z�/

D T 0.z.k//.z.k/ � z�/C T
0.z.k//.d .k//

D T 0.z.k//.z.k/ � z�/ � T .z
.k//C T .z�/

and

kz.kC1/ � z�kZ D kT
0.z.k//�1.T 0.z.k//.z.k/ � z�/ � T .z

.k//C T .z�//kZ

� kT 0.z.k//�1kL.Y;Z/ � kT .z
.k// � T .z�/ � T

0.z.k//.z.k/ � z�/kY

� C � kT .z.k// � T .z�/ � T
0.z.k//.z.k/ � z�/kY : (8.37)

(i) As T is continuously Fréchet-differentiable in some neighborhood of z�, then
by the mean value theorem, [162, p. 28],

kT .z.k// � T .z�/ � T
0.z.k//.z.k/ � z�/kY (8.38)

� sup
0�t�1

kT 0.z� C t .z
.k/ � z�// � T

0.z�/kL.Z;Y / � kz
.k/ � z�kZ :

Owing to the differentiability assumptions in (a), T 0.�/ is continuous in some neigh-
borhood of z�. Hence, for every " > 0 there exists some 0 < ı � � such that

kT 0.z� C t .z
.k/ � z�// � T

0.z�/kL.Z;Y / � " (8.39)

for every kz.k/ � z�kZ � ı and every t 2 Œ0; 1�. Hence,

kT .z.k// � T .z�/ � T
0.z.k//.z.k/ � z�/kY � "kz

.k/ � z�kZ

for every kz.k/ � z�kZ � ı.
Particularly for " < 1

C
it holds kz.kC1/ � z�kZ � ı � � and the sequence

¹z.k/ºk2N stays in Bı.z�/.
As " > 0was arbitrary, this shows the locally superlinear convergence of ¹z.k/ºk2N

to z� in (a).
(ii) If the second derivatives of '; f0; f; g;  are locally Lipschitz continuous, then

T 0 satisfies locally the Lipschitz condition

kT 0.z� C t .z
.k/ � z�// � T

0.z�/kL.Z;Y / � L.z�/kz
.k/ � z�kZ

with Lipschitz constant L.z�/ for every z.k/ in that neighborhood. With (8.37) and
(8.38) this shows the locally quadratic convergence in (b).

(iii) Let " > 0 be arbitrary. Because of (8.37), (8.38), and (8.39) there exists
0 < ı � � with

kz.kC1/ � z�kZ � "kz
.k/ � z�kZ whenever kz.k/ � z�kZ � ı:
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Notice that for any ı > 0 there exists some k0.ı/ such that kz.k/ � z�k � ı for every
k 
 k0.ı/ since z.k/ converges to z�. As T is continuously Fréchet-differentiable, it
satisfies the Lipschitz condition

kT .z.kC1//kY D kT .z
.kC1// � T .z�/kY

� QL.z�/kz
.kC1/ � z�kZ

� QL.z�/"kz
.k/ � z�kZ

locally around z� and the Newton iteration implies

kz.kC1/ � z.k/kZ � kT
0.z.k//�1kL.Y;Z/ � kT .z

.k//kY � CkT .z
.k//kY :

Thus,

kz.k/ � z�kZ � kz
.kC1/ � z.k/kZ C kz

.kC1/ � z�kZ

� CkT .z.k//kY C kz
.kC1/ � z�kZ

� CkT .z.k//kY C "kz
.k/ � z�kZ

and

kz.k/ � z�kZ �
C

1 � "
kT .z.k//kY :

Finally,

kT .z.kC1//kY � QL.z�/"kz
.k/ � z�kZ �

QL.z�/"C

1 � "
kT .z.k//kY :

Since T .z.k// 6D ‚Y and " was arbitrary, this shows the assertion in (c).

Similarly as in the reduced gradient method in Algorithm 8.1.8 a globalization
technique can be employed to enlarge the convergence region of the local Lagrange–
Newton method in Algorithm 8.2.3. To this end, the squared L2-norm of T , i.e.

�.z/ WD
1

2
kT .z/k22;

is used as a merit function in combination with a line-search procedure of Armijo type
leading to

Algorithm 8.2.5 (Globalized Lagrange–Newton Method).

(0) Choose z.0/ 2 Z, ˇ 2 .0; 1/, � 2 .0; 1=2/.

(1) If �.z.k// � 0, STOP.
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(2) Compute the search direction d .k/ from (8.36).

(3) Find smallest j 2 ¹0; 1; 2; : : :º with

�.z.k/ C ˇjd .k// � �.z.k//C �ˇj � 0.z.k//.d .k//

and set ˛k WD ˇj .

(4) Set z.kC1/ WD z.k/ C ˛kd .k/, k WD k C 1, and go to (1).

The function � W Z �! R is Fréchet-differentiable, if '; f0; f; g;  are twice
continuously differentiable and it holds

� 0.z.k//.d .k// D �2�.z.k// D �kT .z.k//k22; (8.40)

where d .k/ satisfies T 0.z.k//.d .k// D �T .z.k//. As a consequence d .k/ is a direction
of descent of � at z.k/ and the line-search in Algorithm 8.2.5 is well-defined unless
z.k/ is a zero of T .

8.2.1 Computation of the Search Direction

The main effort in Algorithms 8.2.3 and 8.2.5 is caused by the computation of the
search direction d .k/ in step (2) for which the operator equation (8.36) needs to be
solved. The Fréchet-derivative of T at z.k/ D .x.k/; y.k/; u.k/; 	.k/

f
; 	
.k/
g ; � .k// 2 Z

in the direction z D .x; y; u; 	f ; 	g ; �/ 2 Z is given by

T 0.z.k//.z/ D

0
BBBBBBBBBBBBBB@

Px � f 0xx � f
0
yy � f

0
uu

g0xx C g
0
yy C g

0
uu

P	f CH 00xxx CH 00xyy CH 00xuuCH 00
x�f

	f CH 00
x�g

	g

H 00yxx CH 00yyy CH 00yuuCH 00
y�f

	f CH 00
y�g

	g

 0x0x.0/C  
0
x1
x.1/

	f .0/C �
00
x0x0

x.0/C �00x0x1x.1/C �
00
x0�

�

	f .1/ � �
00
x1x0

x.0/ � �00x1x1x.1/ � �
00
x1�

�

H 00uxx CH 00uyy CH 00uuuCH 00
u�f

	f CH 00
u�g

	g

1
CCCCCCCCCCCCCCA
:

Herein, all partial derivatives of the functions ', f0, f , g, and  are evaluated at the
current iterate z.k/. The linear operator equation (8.36) with d .k/D.x;y;u;	f ;	g ;�/
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in step (2) of Algorithms 8.2.3 and 8.2.5 reads as0
BBBBB@

Px

P	f

0Rny

0Rny

0Rnu

1
CCCCCA �

0
BBBBB@

f 0x ‚ f 0y ‚ f 0u
�H 00xx �H 00

x�f
�H 00xy �H 00

x�g
�H 00xu

�g0x ‚ �g0y ‚ �g0u
�H 00yx �H 00

y�f
�H 00yy �H 00

y�g
�H 00yu

�H 00ux �H 00
u�f
�H 00uy �H 00

u�g
�H 00uu
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BBBB@
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	g
u

1
CCCCA

D �

0
BBBBBBB@

Px.k/ � f

P	
.k/

f
C
�
H 0x

�>
g�

H 0y
�>�

H 0u
�>

1
CCCCCCCA

(8.41)

and 0
@  0x0 ‚ ‚

�00x0x0 Inx �00x0�
��00x1x0 ‚ ��00x1�

1
A
0
@ x.0/

	f .0/

�

1
AC

0
@  0x1 ‚ ‚

�00x0x1 ‚ ‚

��00x1x1 Inx ‚

1
A
0
@ x.1/

	f .1/

�

1
A

D �

0
B@

 

	
.k/

f
.0/C .�0x0/

>

	
.k/

f
.1/ � .�0x1/

>

1
CA : (8.42)

(8.41) and (8.42) define a linear DAE boundary value problem with differential vari-
ables x and 	f and algebraic variables y, 	g , and u.

Such linear DAE boundary value problems can be solved numerically by the col-
location method in [187] or the shooting methods in Section 4.6. This requires to
introduce a grid on which the solution of the DAE boundary value problem is ap-
proximated. Of course, this introduces a discretization error, but only at this stage a
discretization method enters the scene.

The following result provides a sufficient condition for the DAE being index-one.
It follows immediately from (8.41).

Theorem 8.2.6. The DAE (8.41) has index one, if the matrix function

M.t/ WD

0
B@ g0y Œt � ‚ g0uŒt �

H 00yy Œt � H 00
y�g

Œt � H 00yuŒt �

H 00uy Œt � H 00
u�g

Œt � H 00uuŒt �

1
CA D

0
@ g0y Œt � ‚ g0uŒt �

H 00yyŒt � .g
0
y Œt �/

> H 00yuŒt �

H 00uyŒt � .g
0
uŒt �/

> H 00uuŒt �

1
A

is non-singular for almost every t 2 Œ0; 1� and kM.t/�1k � C for some constant C
and almost every t 2 Œ0; 1�.
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If the operatorM.�/ is not invertible, the situation becomes more involved as (8.41)
becomes a higher index DAE in this case. Especially the computation of consistent
initial values imposes additional difficulties as it may happen that, owing to the lin-
earization at some iterate z.k/, algebraic constraints and boundary conditions contra-
dict themselves and eventually lead to an infeasible boundary value problem.

In order to demonstrate the performance of the Lagrange–Newton method, we
firstly consider a slight modification of the trolley example in [119].

Example 8.2.7. We consider an optimal control problem for a trolley of mass m1
moving in a high rack storage area. A load of mass m2 is attached to the trolley by
a rigid cable of length `, see Figure 8.3. Herein, x1 and x3 denote the x-coordinate
of the trolley and its velocity, respectively, and x2 and x4 refer to the angle between
vertical axis and cable and its velocity, respectively.

The acceleration of the trolley can be controlled by the control u. The equations
of motion of the trolley are given by the following differential equations for the state
x D .x1; x2; x3; x4/

>:

Px1 D x3; (8.43)

Px2 D x4; (8.44)

Px3 D
m22`

3 sin.x2/x24 �m2`
2uCm2Iy`x

2
4 sin.x2/ � Iyu

�m1m2`2 �m1Iy �m
2
2`
2 �m2Iy Cm

2
2`
2 cos.x2/2

C
m22`

2g cos.x2/ sin.x2/

�m1m2`2 �m1Iy �m
2
2`
2 �m2Iy Cm

2
2`
2 cos.x2/2

; (8.45)

Px4 D
m2`.m2` cos.x2/x24 sin.x2/ � cos.x2/uC g sin.x2/.m1 Cm2//

�m1m2`2 �m1Iy �m
2
2`
2 �m2Iy Cm

2
2`
2 cos.x2/2

:

(8.46)

The optimal control problem is defined as follows:

Minimize

1

2

Z tf

0

u.t/2 C 5x4.t/
2 dt

subject to (8.43)–(8.46), the initial conditions

x1.0/ D x2.0/ D x3.0/ D x4.0/ D 0;

and the terminal conditions

x1.tf / D 1; x2.tf / D x3.tf / D x4.tf / D 0

within the fixed time tf D 2:7.
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x

z

u.x1; z/

x2

�m2g

`

Figure 8.3. Configuration of the trolley and the load.

The objective function aims at minimizing the steering effort and the angle velocity
of the cable to avoid extensive swinging of the load.

The following parameters were used for the numerical computations:

g D 9:81; m1 D 0:3; m2 D 0:5; ` D 0:75; r D 0:1; Iy D 0:002:

Table 8.4 shows the output of the Lagrange–Newton method with line-search, i.e.
step size ˛k , residual norm kT .z.k//k22, and search direction kd .k/k1. The iterations
show the rapid quadratic convergence.

k ˛k kT .z.k//k22 kd .k/k1

0 0:000000EC00 0:100000EC01 0:451981EC01

1 0:100000EC01 0:688773E�03 0:473501E�02

2 0:100000EC01 0:809983E�12 0:118366E�06

3 0:100000EC01 0:160897E�24 0:141058E�11

Table 8.4. Output of globalized Lagrange–Newton method for the trolley example for
N D 1000 subintervals and Euler discretization: local quadratic convergence.

Table 8.5 summarizes CPU times for the Lagrange–Newton method depending on
the numberN of equidistant intervals used in the linear boundary value problems. The
number of iterations is nearly constant, which indicates—at least numerically—the
mesh independence of the method. Furthermore, the CPU time grows at a linear rate
with N . Mesh independence of the Lagrange–Newton method has been established
in [5] and for a certain class of semi-smooth Newton methods in [159].
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N CPU time [s] Iterations

100 0.022 3

200 0.050 3

400 0.093 3

800 0.174 3

1600 0.622 3

3200 0.822 3

6400 1.900 4

12 800 3.771 4

25 600 7.939 4

Table 8.5. Results for the trolley example for different step sizes N .
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Figure 8.4. Numerical solution of the trolley example for N D 1000 Euler steps: States,
adjoints, and control at initial guess (thin lines) and converged solution (thick lines).

Finally, Figure 8.4 illustrates the iterates of the Lagrange–Newton method.

Example 8.2.8 (compare [158, 307]). A model for a specific chemical reaction

AC B �! C and C CD �! D
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of substances A, B , C , and D is modeled by the following index-one DAE:

PMA D �V � A1 � e
�E1=TR � CA � CB ; (8.47)

PMB D FB � V.A1e
�E1=TR � CA � CB C A2 � e

�E2=TR � CB � CC /; (8.48)

PMC D V.A1e
�E1=TR � CA � CB � A2 � e

�E2=TR � CB � CC /; (8.49)

PM 0D D V � A2 � e
�E2=TR � CB � CC ; (8.50)

PH D 20FB �Q

� V.�A1e
�E1=TR � CA � CB � 75A2 � e

�E2=TR � CB � CC / (8.51)

0 D H �
X

iDA;B;C;D

Mi

�
˛i .TR � Tref/C

ˇi

2
.T 2R � T

2
ref/

�
; (8.52)

where

V D
X

iDA;B;C;D

Mi

�i
; Ci DMi=V; i D A;B;C;D:

Herein, FB is the feed rate of substance B and Q the cooling power. Mi denotes
the mass of substance i D A;B;C;D. H is the total energy. Tref D 298 is a given
target temperature and the algebraic variable TR denotes the temperature.

The parameters ˛i , ˇi , �i , i D A;B;C;D, A1, A2, E1, E2, are given by

˛A D 0:1723; ˇA D 0:000473; �A D 11 250; A1 D 0:8;

˛B D 0:2; ˇB D 0:0005; �B D 16 000; A2 D 0:002;

˛C D 0:16; ˇC D 0:00055; �C D 10 400; E1 D 3000;

˛D D 0:155; ˇD D 0:000323; �D D 10 000; E2 D 2400:

Initial conditions are given by

MA.0/ D 9000; MB.0/ D 0; MC .0/ D 0; MD.0/ D 0; H.0/ D 152 509:97:

(8.53)

The optimal control problem reads as follows:

Minimize

�MC .tf /C 10
�2

Z tf

0

FB.t/
2 CQ.t/2dt

with tf D 20 subject to the DAE (8.47)–(8.52) and the initial conditions (8.53).
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k ˛k kT .z.k//k22 kd .k/k1

0 0:000000EC00 0:465186EC12 0:599335EC05

1 0:100000EC01 0:759821EC10 0:523150EC07

2 0:147809E�01 0:755228EC10 0:127262EC07

3 0:423912E�01 0:745716EC10 0:835212EC05

4 0:100000EC01 0:351002EC09 0:344908EC06

5 0:121577EC00 0:340325EC09 0:667305EC05

6 0:100000EC01 0:131555EC08 0:370395EC05

7 0:100000EC01 0:295389EC07 0:169245EC04

8 0:100000EC01 0:114958EC01 0:336606EC00

9 0:100000EC01 0:852576E�11 0:104227E�02

10 0:100000EC01 0:125527E�11 0:658317E�03

11 0:100000EC01 0:283055E�14 0:605453E�05

Table 8.6. Output of globalized Lagrange–Newton method for the chemical reaction example
for N D 20 000 subintervals and Euler discretization.

Table 8.6 summarizes the output of the globalized Lagrange–Newton method in
Algorithm 8.2.5 for the parameters ˇ D 0:9 and � D 0:1.

The initial vector z.0/ was chosen to be constant with respect to time. For the
state vector the respective constants were given by the initial values in (8.53), for the
algebraic variable TR the initial guess was chosen to be Tref, all remaining components
of z.0/ were set to zero.

Figures 8.5–8.7 illustrate the states, adjoints, and controls obtained in the Lagrange–
Newton iterations.
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Figure 8.5. Numerical solution of the chemical reaction example for N D 20 000 Euler steps:
Controls at intermediate iterates (thin lines) and converged solution (thick lines).
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Figure 8.6. Numerical solution of the chemical reaction example for N D 20 000 Euler steps:
Differential and algebraic states at intermediate iterates (thin lines) and converged solution
(thick lines).
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Figure 8.7. Numerical solution of the chemical reaction example for N D 20 000 Euler steps:
Adjoints at intermediate iterates (thin lines) and converged solution (thick lines).

The Lagrange–Newton method can be extended in a similar way to index-two
DAEs, if the necessary conditions in Theorem 3.1.11 are used and some safeguards
regarding consistent initial values for the resulting linear index-two DAE boundary
value problems are obeyed, see [124] for details. The following example from [124]
demonstrates the application of the Lagrange–Newton method to an optimal control
problem with the Navier–Stokes equation.
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Example 8.2.9 (Unconstrained 2D Navier–Stokes Problem, communicated by
M. Kunkel). We illustrate the Lagrange–Newton method for the distributed control
of the two dimensional non-stationary incompressible Navier–Stokes equations on
Q WD .0; tf / �� with � D .0; 1/ � .0; 1/.

The task is to minimize the distance to the desired velocity field

yd .t; x1; x2/ D .�q.t; x1/q
0
x2
.t; x2/; q.t; x2/q

0
x1
.t; x1//

>;

q.t; z/ D .1 � z/2.1 � cos.2�zt//

within a given time tf > 0:

Minimize

1

2

Z
Q

ky.t; x1; x2/ � yd .t; x1; x2/k
2 dx1 dx2 dt

C
ı

2

Z
Q

ku.t; x1; x2/k
2 dx1 dx2 dt

with respect to the velocity vector field y D .v; w/>, the pressure p and the control
vector field u D .u1; u2/> subject to the 2D Navier–Stokes equations

yt D
1

Re
�y � .y � r/y � rp C u in Q;

0 D div.y/ in Q;

0R2 D y.0; x1; x2/ for .x1; x2/ 2 �;

0R2 D y.t; x1; x2/ for .t; x1; x2/ 2 .0; tf / � @�:

The non-stationary incompressible Navier–Stokes equations can be viewed as a par-
tial differential-algebraic equation with differential variable y and algebraic variable
p. We discretize the problem in space on an equally spaced mesh with step-length
h D 1

N
, N 2 N, while the time stays continuous. Let

yij .t/ D .vij .t/; wij .t//
> � y.t; x1;i ; x2;j /;

pij .t/ � p.t; x1;i ; x2;j /;

uij .t/ � u.t; x1;i ; x2;j /;

for i D 0; : : : ; N and j D 0; : : : ; N denote the approximations at the grid points. The
operators in the Navier–Stokes equations are approximated at the points .t; x1;i ; x2;j /,
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i; j D 1; : : : ; N � 1, by the finite difference schemes

�y �
1

h2
.yiC1;j .t/C yi�1;j .t/C yi;jC1.t/C yi;j�1.t/ � 4yi;j .t//;

.y � r/y �
1

2h
.vij .t/.yiC1;j .t/ � yi�1;j .t//C wij .t/.yi;jC1.t/ � yi;j�1.t///;

rp �
1

h
.piC1;j .t/ � pi;j .t/; pi;jC1.t/ � pi;j .t//

>;

div.y/ �
1

h
.vi;j .t/ � vi�1;j .t/C wi;j .t/ � wi;j�1.t//:

The undefined pressure components pi;j with i D N or j D N are set to zero.
Introducing these approximations into the Navier–Stokes equations and exploiting

the boundary conditions yi;0.t/ D yi;N .t/ D 0 for i D 1; : : : ; N � 1 and y0;j .t/ D
yN;j .t/ D 0 for j D 1; : : : ; N � 1 yields the following index-two DAE optimal
control problem:

Minimize

1

2

Z tf

0

kyh.t/ � yd;h.t/k
2 dt C

ı

2

Z tf

0

kuh.t/k
2 dt

subject to the DAE

Pyh.t/ D
1

Re
Ahyh.t/ �

1

2

0
B@ yh.t/

>Hh;1yh.t/
:::

yh.t/
>Hh;2.N�1/2yh.t/

1
CA � Bhph.t/C uh.t/;

0R.N�1/2 D B
>
h yh.t/;

yh.0/ D 0R.N�1/2 :

Herein, we used the vectors

yh D .y1;1; : : : ; yN�1;1; y1;2; : : : ; yN�1;2; : : : ; y1;N�1; : : : ; yN�1;N�1/
>;

ph D .p1;1; : : : ; pN�1;1; p1;2; : : : ; pN�1;2; : : : ; p1;N�1; : : : ; pN�1;N�1/
>;

uh D .u1;1; : : : ; uN�1;1; u1;2; : : : ; uN�1;2; : : : ; u1;N�1; : : : ; uN�1;N�1/
>:

The matrices Ah 2 R2.N�1/
2�2.N�1/2 and Bh 2 R2.N�1/

2�.N�1/2 represent the dis-
cretized Laplacian respectively the discretized gradient. Hh;i 2 R2.N�1/

2�2.N�1/2

is the Hessian of the i -th component of the discretized convective term with respect
to yh, that is

Hh;2.iCj.N�1//�1 WD r
2
yh
qij;1.t/; i; j D 1; : : : ; N � 1;

Hh;2.iCj.N�1// WD r
2
yh
qij;2.t/; i; j D 1; : : : ; N � 1;
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where

qij .t/ WD .y � r/yj.t;x1;i ;x2;j / 2 R2:

Note that the matrices Hh;k , k D 1; : : : ; 2.N � 1/2, do not depend on yh.t/ since the
convective term is quadratic and thusHh;k may be calculated once in a preprocessing
step.

Figures 8.8 and 8.9 show the results of the Lagrange–Newton method applied
to the discretized Navier–Stokes problem for the parameters tf D 2, ı D 10�5,
Re D 1, N D 31, Nt D 60. In this case the DAE optimal control problem has
nx D 2.N � 1/2 D 1800 differential variables, ny D .N � 1/2 D 900 algebraic
variables, and nu D 1800 controls.

Recall that the search direction satisfies a linear DAE boundary value problem that
is being solved by a collocation method, see [187]. To this end, in each iteration of
the Lagrange–Newton method a linear equation with almost two million variables has
to be solved to find the search direction.

As an initial guess for the Lagrange–Newton method we use the solution of the
Stokes problem that is obtained for Re D 1, Qh;i D 0, i D 1; : : : ; nx .

The desired flow, controlled flow and the control are depicted in Figure 8.9. The
pressure is depicted in Figure 8.8. The progress of the algorithm is shown in Table 8.7.

Figure 8.8. Optimal control of Navier–Stokes equations: Pressure p at t D 0:6, t D 1:0,
t D 1:4 and t D 1:967.
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Figure 8.9. Optimal control of Navier–Stokes equations. Desired flow (left), controlled flow
(middle) and control (right) at t D 0:6, t D 1:0, t D 1:4 and t D 1:967.
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Solve Stokes problem:

k
R 1
0 f0Œt �dt ˛k�1 kT .z.k//k2

0 1:763432802EC03 5:938741958EC01

1 3:986109778EC02 1.0000000000000 7:255927209E�10

Solve Navier–Stokes problem with solution of Stokes problem as initial guess:

k
R 1
0 f0Œt �dt ˛k�1 kT .z.k//k2

0 3:986109778EC02 1:879632471EC04

1 3:988553051EC02 1:0000000000000 1:183777963EC01

2 3:988549264EC02 1:0000000000000 4:521653291E�04

3 3:988549264EC02 1:0000000000000 9:576226032E�10

Table 8.7. Optimal control of Navier–Stokes equations: Progress of Lagrange–Newton
method.

Instead of finite difference schemes one often prefers finite element methods (FEM)
for the space discretization of the Navier–Stokes equations. FEM leads to a similar
DAE where yh is multiplied from the left by a symmetric and positive definite mass
matrix M . By (formally) multiplying with M�1 one can transform the FEM DAE
into a semi-explicit DAE of index two which can be treated as above.

Extensions of the Lagrange–Newton method towards optimal control problems
with mixed control-state constraints use semi-smooth Newton methods, which have
been investigated in finite dimensions in [264, 265] and in [123] for discretized opti-
mal control problems. Extensions to infinite spaces can be found in [58,163,179,180,
304, 305]. The application of a semi-smooth Newton method to DAE optimal control
problems can be found in [124]. SQP methods in function space, see [3, 4], extend
the Lagrange–Newton method towards optimal control problems with control and/or
state constraints. Details can be found in [7, 8, 209].

8.3 Exercises

Exercise 8.3.1 (Speed of Convergence of Gradient Method). Apply the gradient
method in Algorithm 8.1.1 to the function J.u1; u2/ D u21 C 100 u22 with
u.0/ D .1; 0:01/>.

Instead of the Armijo line-search in step (3) use exact step-sizes, which are obtained
in iteration k by one-dimensional minimization of J.u.k/C ˛d .k// with respect to ˛.
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Provide explicit representations of the iterates u.k/ and show

J.u.kC1// � J. Ou/ D

�
	max � 	min

	max C 	min

�2
.J.u.k// � J. Ou//;

where 	max and 	min, respectively, denote the largest and smallest eigenvalue of the
Hessian matrix J 00. Ou/ with Ou D .0; 0/>.

Exercise 8.3.2 (compare [104, Exercise 6.2]). Implement Algorithm 8.1.1 for the
minimization of J W R �! R and test it for the following functions with u.0/ D 0,
ˇ D 0:9, and � D 10�4:

(a) J.u/ D � u
u2C2

,

(b) J.u/ D .uC 0:004/5 � 2.uC 0:004/4,

(c) J.u/ D w.c1/

q
.1 � u/2 C c22 C w.c2/

q
u2 C c21 with w.c/ D

p
1C c2 � c

and c1 D 0:01, c2 D 0:001 and c1 D 0:001, c2 D 0:01, respectively.

Compare the results with those for the following modification of the line-search pro-
cedure in step (3) of the algorithm:

In step (3) consider the Armijo line-search with expansion phase:

(i) Let ˇ 2 .0; 1/, and � 2 .0; 1/. Set ˛ WD 1.

(ii) If

J.u.k/ C ˛d .k// � J.u.k// � �˛krJ.u.k//k22

is not satisfied, proceed as in step (3) of Algorithm 8.1.1. Otherwise go to (iii).

(iii) Set ˛k WD ˛. Then set ˛ WD ˛
ˇ

(expansion) and go to (iv).

(iv) If

J.u.k/ C ˛d .k// � J.u.k// � �˛krJ.u.k//k22

is satisfied, go to (iii). Otherwise stop the line-search with step-size ˛k .

Exercise 8.3.3. Solve the following optimal control problems using the gradient
method in Algorithm 8.1.8 and the Lagrange–Newton method in Algorithm 8.2.3:

(a) Minimize

1

2

Z 10

0

.10.x.t/ � 1/2 C u.t/2/ dt

subject to

Px.t/ D u.t/; x.0/ D 0:
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(b) Minimize Z 1

0

1

2
.x.t/2 C u.t/2/ dt

subject to

Px.t/ D �x.t/C
p
3u.t/; x.0/ D 2:

Exercise 8.3.4. Solve the following optimal control problem using the Lagrange–
Newton method in Algorithm 8.2.3:

Minimize Z 4:5

0

u.t/2 C x1.t/
2dt

subject to

Px1.t/ D x2.t/; x1.0/ D �5; x1.4:5/ D 0;

Px2.t/ D �x1.t/C x2.t/y.t/C 4u.t/; x2.0/ D �5; x2.4:5/ D 0;

0 D 1:4 � 0:14x2.t/
2 � y.t/:

You can use a single shooting method using the implicit Euler method to solve the
linear boundary value problems in each step.

Exercise 8.3.5. Consider the linear index-two DAE

Px.t/ D A.t/x.t/C B.t/y.t/C u.t/; x.t0/ D x0;

0Rny D C.t/x.t/

on the compact interval I D Œt0; tf � with consistent initial value x0 and

A.�/ 2 Lnx�nx1 .I/; B.�/ 2 L
nx�ny
1 .I/; C.�/ 2 W

ny�nx
1;1 .I/; u.�/ 2 Lnu1 .I/:

Let M.t/ WD C.t/ � B.t/ be non-singular almost everywhere in I and let M.�/�1 be
essentially bounded on I.

Prove that the control to state mapping

Lnu1 .I/ 3 u 7! .x.u/; y.u// 2 W
nx
1;1.I/ � L

ny
1 .I/

is continuously Fréchet-differentiable.

Exercise 8.3.6. For t 2 I, I 	 R compact, consider the matrix function

M.t/ D

�
Q.t/ A.t/>

A.t/ ‚

�
with Q 2 Ln�n1 .I/; A 2 Lm�n1 .I/:
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Suppose that

(a) Let there exist ˛ > 0 such that almost everywhere in I it holds

d>Q.t/d 
 ˛kdk2 for all d 2 Rn with A.t/d D 0Rm :

(b) Let there exist ˇ > 0 with

kA.t/>dk 
 ˇkdk for all d 2 Rm:

Prove that M.t/ is non-singular for almost every t 2 I and that M.t/�1 is essentially
bounded.
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